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1

Introduction

In the modern conformal bootstrap approach to conformal field theory (CFT), symmetries
and consistency conditions are leveraged to quantitatively constrain the space of CFTs
and properties thereof [1, 2]. A similar spirit animates the approach to the landscape of
theories of quantum gravity broadly known as the swampland program [3, 4]. This work
conjoins these perspectives to explore properties of conformal manifolds in CFT and their
holographically dual moduli spaces in anti-de Sitter (AdS) space.1
One of the important features of string theory is the existence of duality symmetries.
From the viewpoint of an effective theory this corresponds to the emergence of new descriptions of the physical system in terms of new light fields when we go to extreme limits
of parameter spaces, e.g. moduli spaces, which are captured by expectation values of scalar
fields. In such limits a dual description emerges leading to new weakly-coupled effective descriptions of the system. In particular, effective field theories break down as we go from one
extreme limit of scalar field vev’s to another. This is a general feature of theories coupled
to gravity, and so it has been proposed as a swampland criterion, known as the Distance
Conjecture (DC) [20] (or “Duality Conjecture”), which is believed to encode consistency
requirements of a quantum gravitational system.
1

See [5–19] for some other works investigating the swampland conjectures using CFT techniques.
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3 Conformal manifolds for SCFTs
3.1 d = 4, N = 2
3.2 d = 4, N = 1
3.3 d = 3, N = 2

The DC in particular quantifies how quickly these light states emerge in extreme
limits. Let d(p, p0 ) denote the shortest distance in moduli space between two expectation values p and p0 of the scalar fields, where distance is measured using the metric hij defined by the kinetic term of the scalar fields in Einstein frame with action
R
√
S(φ) = 12 dD x ghij ∂µ φi ∂ µ φj . Then the DC suggests that as p goes to extreme points
of the moduli space where d(p, p0 )  1, we get a tower of light states whose masses (in
Planck units) vanish as
m ∼ e−αd(p,p0 ) ,
(1.1)

2

A generalization of the DC has also been considered in AdS space in [46], viewing the absolute value of
the vacuum energy |Λ| as such a parameter. Using this generalized notion, it was proposed there that the
nearly flat limit of pure AdS, where Λ → 0, cannot exist, because in such a limit we always get a tower of
light states with mass m ∼ |Λ|a . In this paper we consider the usual application of DC where we vary the
vev of scalar fields, for which Λ in the Einstein frame does not vary.
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where α is an O(1) number [20, 21]. This has been observed in many examples in string
theory [22–42]. Moreover, it is believed that there is a lower bound α ≥ αD depending only
on the dimension of spacetime, D. This lower bound has been motivated in [43–45] from the
Trans-Planckian Censorship Conjecture [43] and it is consistent with the bound obtained
in four-dimensional N = 2 theories arising from string theory compactifications [22, 40].
Most of the evidence for the DC comes from the study of the string landscape in flat
space. The DC presumably also holds in AdS. In particular, we expect that in a theory
of AdS quantum gravity with moduli, extreme limits in moduli space are accompanied
by towers of light states.2 The key to turning this into a more concrete proposal is to
define what tower of operators is becoming light, and what exactly “light” means in the
presence of an extra length scale, LAdS . Noting that the holographic dictionary maps the
bulk moduli space to the space of exactly marginal couplings in CFT, this general intuition
encourages a search for a precise conjecture about limits of conformal manifolds phrased
purely in the language of CFT.
The conformal bootstrap approach to constraining CFTs is most effective when the
CFT universality class in question contains isolated fixed points, the canonical paradigm
being that of the d = 3 Ising CFT [47–51]. In contrast, a CFT with exactly marginal
operators presents certain challenges. Such a CFT possesses a conformal manifold, call it
M, parameterized by the exactly marginal couplings. That the CFT data depend on these
free parameters a priori prevents the crossing symmetry-based approach from shrinking
the allowed theory space down to a point: while the points on M where CFT data are
extremized as a function of the couplings lie on the boundary of allowed theory space,
the functional dependence of CFT data across M is quite difficult to ascertain from the
bootstrap. Such extremal points are interesting in their own right (e.g. [52, 53]), but it
remains an outstanding problem for the conformal bootstrap to develop robust methods
for solving CFTs with conformal manifolds. (See [52–58] for some initial approaches.)
Of course, this is not just a bespoke bootstrap problem: the reasons to study conformal
manifolds are manifold, with a long and rich history.
Narrowing the scope slightly, a reasonable and highly rewarding goal for the bootstrap
approach to conformal manifolds would be to find explicit connections between metric data

of M and the local operator spectral data of a CFT. A logical step forward is to focus on
degeneration limits of M. On general grounds, one might expect enhanced symmetries to
play an important role at such points. A suggestive tip comes from the fact that free CFTs
enjoy a higher-spin symmetry and that, in a sense to be recalled later, the converse is also
true: all higher-spin CFTs are essentially free [59].

The organization of this paper is as follows. Section 2 presents the CFT Distance
Conjecture, which contains a few components. In section 3 we gather some strong evidence
for our conjecture by surveying the landscape of SCFTs in various dimensions. Section 4
phrases the conjecture in terms of quantum gravity in AdS and writes the exponential
decay rate of anomalous dimensions in Planck units. In subsection 4.1, we observe a lower
bound on the exponent and catalog its value in some SCFTs. Subsection 4.2 examines the
interplay with the DC in the Swampland program, and subsection 4.3 explores how the
higher-spin towers are manifest in gravity duals of a few well-studied CFTs.
Note added. While finalizing this paper, we became aware of [64], which partially overlaps with our results.

2

A CFT Distance Conjecture

We are interested in families of d-dimensional CFTs with exactly marginal parameters. We
assume the CFTs to be unitary and local, by which we mean in particular that they have
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Inspired by these bootstrap and swampland considerations in tandem (as well as some
earlier work on the landscape of quantum field theory [60–63]), we will present a series
of conjectures about the properties of infinite distance limits of conformal manifolds as
a function of the higher-spin spectrum. These conjectures are valid for generic d > 2
CFTs, with arbitrary central charge. They are sustained by known data collected from
the landscape of conformal manifolds of superconformal field theories (SCFTs), and yet
they suggest a number of intriguing new properties of SCFTs, particularly those with
reduced supersymmetry. Let us summarize the core idea very briefly, leaving the precise
statement of the conjectures for the next section. A natural notion of distance on M,
which we will use henceforth, is defined by the Zamolodchikov metric, the matrix of twopoint functions of exactly marginal operators. The gravity intuition of the DC suggests
that as one approaches infinite distance from the interior of M, a tower of operators in
the CFT saturates some bound. Our proposal is that this tower is always comprised of
higher-spin operators of unbounded spin which saturate their respective unitarity bounds
in the infinite distance limit, thus becoming conserved. In other words, the leading Regge
trajectory becomes exactly linear with unit slope at infinite distance. Moreover, their
anomalous dimensions vanish exponentially in the distance. This emergent symmetry is,
we conjecture, a necessary and sufficient condition for M to have infinite diameter. The rest
of this paper is devoted to formalizing these conjectures, and developing their consequences
for AdS quantum gravity and the relation to the DC.

a local stress tensor operator.3 The associated conformal manifold, M, is endowed with a
natural notion of distance between two points, namely, the geodesic distance with respect
to the Zamolodchikov metric [65],
|x − y|2d hOi (x)Oj (y)i = gij (ti ) ,

(2.1)

∆J ≥ d − 2 + J .

(2.2)

The J = 2 current is the stress tensor, which exists in any local CFT. Via [59, 68] and
various follow-ups [69–74], the converse is also known to be true. A more precise version
of the main statement is as follows: in a unitary CFT with finite central charge and a
unique stress tensor (i) the presence of one current with J > 2 implies the existence of
an infinite tower of HS currents of unbounded spin, and (ii) the correlation functions of
the HS currents are those of a free theory.5 This implies that, at the level of correlation
3

In particular, the two-point function coefficient CT of the canonically normalized stress tensor must be
finite. This excludes from consideration e.g. the infinite N limit of gauge theories. We will briefly comment
on non-local CFTs at the end of this section.
4
By “limiting point of M” we mean a CFT Tt∗ defined by a convergent sequence of CFTs Tt , with
t ∈ M, in the limit t → t∗ .
5
The works [59, 68] proved these statements for symmetric traceless currents. In d > 3 there exist
operators in mixed-symmetry representations of the Lorentz group, and one needs a broader definition of
HS currents. E.g. in the physically relevant case of d = 4 (the only dimension d > 3 where SCFTs can
admit a conformal manifold, see discussion in section 3), a HS current is a primary operator of Lorentz
quantum numbers (j1 , j2 ) for SO(4) ∼
= SU(2)1 × SU(2)2 saturating the unitarity bound ∆ = 2 + j1 + j2 ,
and with j1 + j2 > 2. We will continue to phrase things in terms of symmetric traceless tensors, leaving
implicit the more general situation in which J is a multi-index.
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where {Oi } are exactly marginal operators and {ti } are the associated local coordinates of
M. We will use these definitions of “distance” and “metric” henceforth. For reasons that
will become clear, the case of d = 2 must be distinguished from the case of d > 2. We will
focus on d > 2 and make some brief comments about d = 2 below.
In many examples, there are distinguished limiting points of M where a free subsector
of the CFT decouples.4 The best understood class of examples are d = 4 SCFTs with N = 2
supersymmetry: these will serve as motivation and paradigm for our general conjectures.
As we review below (section 3.1), all examples of d = 4, N = 2 conformal manifolds
are parametrized locally by complexified gauge couplings and exhibit “cusp” points where
one or more gauge couplings are going to zero. A typical d = 4, N = 2 conformal
manifold exhibits several such cusps. This is often phrased as a statement of generalized
S-duality [66, 67]: the same abstract SCFT is described by different weakly-coupled frames
in different regions on M. In the generic case, the limiting theory at the cusp becomes the
direct sum of a free CFT and of an interacting SCFT.
We can characterize these limiting points more abstractly, with no reference to a Lagrangian description nor supersymmetry, in terms of higher-spin (HS) symmetry enhancement. It is known that all free CFTs enjoy HS symmetry: that is, a free CFT contains at
least one Regge trajectory comprised of an infinite tower of HS currents. These are local
primary operators that furnish symmetric traceless representations of the Lorentz group of
rank J = 2, 4, . . . , whose conformal dimensions saturate the spin-J unitarity bound,

functions, the CFT must be the direct sum of a free theory and a (possibly trivial) CFT 0 .
We will refer to a limiting point of M with HS symmetry enhancement as a HS point. An
equivalent characterization of a HS point is as a CFT with an accumulation in the twist
spectrum at t = d − 2, where twist is defined as t := ∆ − J.
In all examples of conformal manifolds we are aware of, for CFTs in any dimension
d > 2, the geodesic distance between an HS point and any point on M is infinite. In
other words, by the definition given in the previous sentence, HS points are “at infinite
distance.”6 A prelude to the CFT Distance Conjecture is that this is a general fact:

We will prove Conjecture I for SCFTs in section 3. Our main conjecture, deeper but more
adventurous, is the converse statement:
Conjecture II. All CFTs at infinite distance are HS points.
This can be phrased more quantitatively in terms of an upper bound on the diameter of
M, defined in the obvious way,
diam [M] := sup{d(t1 , t2 ) | t1 , t2 ∈ M} ,

(2.3)

where d(t1 , t2 ) is the distance. Our claim is that the diameter is controlled by the anomalous
dimensions of HS operators,
γJ := ∆ − (J + d − 2) .
(2.4)
Let us introduce some further notation. Consider a family of CFTs Tt labelled by t ∈ M.
The collection of Hilbert spaces Ht of Tt defines a bundle. By the usual state/operator
map, Ht is isomorphic to the space of local operators of Tt . We can grade Ht by the spin
quantum number,
M (J)
Ht =
Ht .
(2.5)
J

We define γJ (t) to be the smallest anomalous dimension for operators of spin J at point t
on M,
(J)
γJ (t) := min{γO | O ∈ Ht } .
(2.6)
Note that γ2 (t) = 0 for all t, because we assume the existence of a stress tensor. The
criterion for a limiting point to exhibit HS symmetry is γ4 → 0, because a J = 4 current is
present in any HS algebra (whereas odd-spin currents need not be). Then a slightly weaker
version of Conjecture II may be stated as follows:
6

As studied in [60, 63, 75, 76] using the rigorous machinery of d = 2 CFTs, different infinite distance limits
may exist, not all of which need satisfy the axioms of quantum field theory. The claims in this work pertain
only to limits which converge to bona fide CFTs. Note also that the limit of the sequence of points t ∈ M
may not be strictly “on” M (absent a compactification of the moduli space). For free-field limiting points,
this manifests itself in more physical terms in two ways: first, the breakdown of conformal perturbation
theory around free CFTs; and second, the number of independent stress tensors changes discontinuously in
the strict decoupling limit. For these (somewhat formal) reasons, we sometimes refer to limiting points as
being at infinite distance from M.
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Conjecture I. All HS points are at infinite distance.

Conjecture II0 . If γ4 (t) >  for a fixed  > 0, ∀ t ∈ M, then diam [M] < ∞.
Next, let us consider how the HS points are approached. Suppose limt→t0 γ4 (t) = 0
for some limiting point t0 . The behavior in several class of examples leads us to a yet
more quantitative conjecture: the anomalous dimension near a HS point approaches zero
exponentially in the distance. To motivate this from purely CFT considerations, consider
the simple situation of a d = 4, N = 2 gauge theory with a single exactly marginal
complexified gauge coupling, τ . The metric is locally hyperbolic near the cusp [77],
dτ dτ̄
(Im τ )2

as

Im τ → ∞

(2.7)

where β is a constant. The proper distance from an arbitrary point τ 0 ∈ M to the HS
point is thus logarithmic,
d(τ, τ 0 ) ≈ β log Im τ

as

Im τ → ∞

(2.8)

At O(g 2 ), where Im τ ∼ g −2 , all HS currents must acquire anomalous dimensions. This can
be shown by explicit perturbative calculation in examples, but also follows abstractly from
the following logic. At O(g 2 ), if there is at least one local operator with nonzero anomalous
dimension, the CFT is no longer free. The results of [59, 68–74] then imply that the HS
symmetry must be broken. Furthermore, since the existence of a single HS current implies
an infinite tower of HS currents, all HS currents must be broken at this order. Therefore,
ignoring possible degeneracy at a given spin, the leading-order anomalous dimensions γJ
of the HS currents are
d(τ, τ 0 )
γJ ∼ f (J) g ∼ f (J) exp −
β
2





as

d(τ, τ 0 ) → ∞

(2.9)

for some analytic function f (J). For example, in d = 4, N = 4 super-Yang-Mills (SYM)
theory, the HS currents on the leading single-trace Regge trajectory obey [78–80]
γ(J) ≈

2 N
gYM
4
H(J) + O(gYM
)
2π 2

where

H(J) :=

J
X
1

n
n=1

.

(2.10)

If we make the assumption that (2.9) is indeed the general asymptotic behavior near HS
points — equivalently, that the asymptotic metric approaching infinite distance is locally
hyperbolic, à la (2.7) — then we can refine the CFT Distance Conjecture as follows. We
define M as the subset of the conformal manifold where the anomalous dimension γ4 is
bounded below by  > 0,
M ≡ {t ∈ M | γ4 (t) ≥ } .
(2.11)
Suppose M contains a HS point. We then conjecture that as  → 0, the diameter diverges
logarithmically:
Conjecture III. If inf{γ4 (t) | t ∈ M} = 0, then diam [M→0 ] ∼ β |log | .
The constant β is theory-dependent. Below we will derive β when t is a complexified gauge
coupling in d = 4.

–6–

JHEP10(2021)070

ds2 ≈ β 2

This conjecture admits a further refinement using conformal Regge theory. By defi(J)
nition, the set of operators O ∈ Ht , with anomalous dimensions γJ (t) at point t ∈ M,
comprises the leading Regge trajectory. The foregoing conjectures may be equally phrased
in terms of the Regge slope of the leading trajectory; for example, Conjecture II is the
statement that all CFTs at infinite distance have a linear leading trajectory with unit
slope. In general, γJ (t) may be continued to an analytic function in J [81]. It was proven
in [82] that in any CFT, the leading trajectory is monotonic and convex:
γJ0 > 0 ,

γJ00 < 0.

(2.12)

:= {t ∈ M | γJ (t) ≥ J } .
M(J)


(2.13)
h

(J)

i

From the discussion earlier, J ∝  as  → 0, and diam M→0 diverges logarithmically. Together with Conjecture III, (2.12) implies that as  → 0, there is a monotonicity and convexity condition on theh subsets
i of the conformal manifold graded by spin: if
(J)
inf{γ4 (t) | t ∈ M} = 0, then diam M→0 should be monotonic and convex as a function
of J.
Our Distance Conjectures assume that the CFT is local, i.e. that it has a local stress
tensor. Our whole discussion also relies on the standard geometric picture of the conformal
manifold: the exactly-marginal local operators of Tt , where t ∈ M, define the tangent space
of M at point t. This can also be understood as a statement of locality — correlation functions at nearby points of M are related by standard conformal perturbation theory, i.e. by
integrating insertions of the local exactly marginal deformations. Conformal manifolds for
local CFTs are very constrained — e.g., as we shall review below, the only known examples in d > 2 occur in supersymmetric theories. On the other hand, it is easy to construct
continuous families of CFTs if one gives up locality, see e.g. [83, 84]. The simplest (indeed
trivial) example is just “generalized free-field theory” (GFFT), the mean field theory generated by a “single-trace” primary operator, e.g. a scalar primary O∆ of conformal dimension
∆, and its arbitrary “multi-trace” composites, assuming exact large N factorization. The
dimension ∆ is a free continuous parameter; as ∆ → d2 − 1 we approach the usual local
CFT of a free scalar, which enjoys HS symmetry. For ∆ > d2 − 1, GFFT is unitary but
non-local: there is no local stress tensor operator nor a local exactly marginal operator that
could be identified as the tangent vector to the conformal manifold. More elaborate and
physically interesting examples of continuous families of non-local, non-supersymmetric
CFTs are given in [83, 84]. They all lie outside the framework of our conjectures, indeed
it is not even clear how to define a natural notion of distance, or of a conformal manifold,
in the absence of local exactly marginal deformations. Locality appears to be essential for
the CFT Distance Conjecture. When reinterpreted holographically, this statement is in
nice agreement with the expectation that swampland constraints require the presence of
dynamical gravity.
In d = 3, there are many fascinating sequences of Chern-Simons-matter CFTs admitting large N ’t Hooft limits, e.g. [85–92]. The prototypical ’t Hooft coupling takes the form
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Near HS points, the tower of HS currents with exponentially vanishing anomalous dimensions must obey (2.12). Following (2.11), we define

3

Conformal manifolds for SCFTs

In dimension greater than two, all known examples of conformal manifolds occur in superconformal field theories (SCFTs) with at least four real Poincaré supercharges. 8 It is
currently not understood whether this is a lamppost effect or a deep fact about quantum
field theory. One may hope to show by abstract bootstrap methods that the existence of
a conformal manifold implies supersymmetry, e.g. by leveraging the intricate constraints
on the spectrum and OPE coefficients imposed by the existence of exactly marginal operators [55, 56], or perhaps to find a non-supersymmetric example. With present technology,
this appears to be a difficult problem. In this section, our more modest aim will be to
support our conjectures by surveying the landscape of SCFTs in various dimensions. In
doing so we will prove Conjecture I for SCFTs.
7

The WN minimal models are familiar examples.
Even in d = 2, non-supersymmetric CFTs with conformal manifolds are sparse. The only known
examples are toroidal orbifolds.
8
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λ = N/k, where k is the Chern-Simons level. Since k is quantized, λ is not a continuous
parameter away from large N , and hence does not parameterize a conformal manifold.
Certain vector models of this type also include a scalar φ6 coupling which, while exactly
marginal at infinite N [91], ceases to be so at finite N .
Finally, let us make some comments on the d = 2 case. The discussion needs to be
modified, for several reasons. First, from the perspective of the global conformal symmetry
in d = 2, local CFTs always have HS currents, constructed from composites of the holomorphic stress tensor. To formulate a criterion based on HS symmetry, one might instead
require that the relevant HS currents be Virasoro primaries, but this does not appear to
be useful either: composites of the Virasoro primary HS currents are themselves Virasoro
primary, and they, too, are infinite in number. Going one step further, one might use the
number of strong generators of the HS algebra (i.e. those currents which cannot be written
as composites) as a HS criterion; however, in d = 2 there do exist HS algebras that are
finitely generated. Finally, and most relevant for us, we know of no reason to associate HS
points with infinite distance, e.g CFTs with HS chiral algebras need not be free. 7 Instead,
it appears that the best d = 2 analog of the CFT Distance Conjecture makes reference to
the scalar gap, i.e. γ0 . Limiting points with γ0 → 0 are at infinite distance (for example,
large volume limits of Calabi-Yau sigma models). Kontsevich and Soibelman [60, 61] and
Acharya and Douglas [62] have conjectured that the converse is true: the only way to go
to infinite distance is if γ0 → 0.
Nevertheless, both the d = 2 conjecture in [60–62] and our d > 2 conjectures involve
infinite towers of operators approaching unitarity bounds at infinite distance. Therefore,
they can be recast as the following universal but weaker statement applicable to d ≥ 2:
at infinite distance, there is an infinite tower of operators whose anomalous dimensions
vanish. As we will note in section 4.2, in the holographic context this maps nicely to the
DC in the Swampland program, in which there are infinite towers of massless fields with
no universal constraint on their spin.

Considerations of superconformal representation theory [93–95] restrict the number of
preserved supercharges on the conformal manifold. Superconformal field theories in d > 2
that can admit conformal manifolds belong to the following list:
• In d = 3, SCFTs with N = 2 or (in principle) N = 1 supersymmetry.9 If N >
2, there are no marginal operators preserving the additional supercharges, though
supersymmetry enhancement is allowed at isolated points of the conformal manifold.

Superconformal field theories in d = 5 and d = 6 are always isolated fixed points, and of
course there are no SCFTs in d > 6 [96].
We will restrict attention to SCFTs with at least four supercharges, i.e. d = 3, N = 2
theories and d = 4, N = 1, 2, 4 theories. In all these cases, supersymmetry implies that the
conformal manifold is complex, and that the Zamolodchikov metric is Kähler (see e.g. [97]).
3.1

d = 4, N = 2

The best understood class of examples of conformal manifolds in d > 2 occur in fourdimensional SCFTs with N = 2 supersymmetry.
Some structural properties can be established from general principles. It is easy to
argue from representation theory of the su(2, 2|2) superconformal algebra (see e.g. [93, 94,
98]) that N = 2 exactly marginal deformations10 must take the form
δS =

1
4π 2

Z

4





d4 x δτ i Q4 φi + δτ̄ ı̄ Q φı̄ ,

(3.1)

where φi and φi are N = 2 chiral and antichiral primaries of U(1)R charge R = ±4 and
scaling dimension11 ∆ = |R|/2 = 2,
h

i

h

I

i

QIα , φi = Qα̇ , φi = 0 ,

h i

R [φi ] = −R φi = 4 .

(3.2)

4

(3.3)

The Zamolodchikov metric is given by
gī = |x − y|8 hQ4 φi (x)Q φ̄ (y)i = ∂i ∂̄ K ,
9

There are no known examples of conformal manifolds in d = 3, N = 1 SCFTs. This amount of
supersymmetry is too little to establish the existence of exactly marginal operators. They are in principle
allowed by superconformal representation theory, but they are top components of long supermultiplets; as
such, one does not expect them to remain marginal beyond leading order in conformal perturbation theory,
barring some deeper dynamical reason. In this regard, d = 3, N = 1 SCFTs appear to be on a similar
footing as non-supersymmetric CFTs.
10
We focus here on deformations that preserve the full N = 2 supersymmetry. The N = 1 conformal
manifold is often larger, and will be discussed below.
11
Our conventions for the supersymmetry algebra follow [99]: I = 1, 2 are SU(2)R indices, α = ± and
α̇ = ±̇ spinor indices; the normalization of R is fixed by R[Q] = −1 and R[Q] = +1. We also assume that
φı̄ is the hermitian conjugate of φı̄ , and δτ̄ ı̄ the complex conjugate of δτ i , as required by unitarity.
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• In d = 4, SCFTs with N = 1, N = 2 or N = 4 supersymmetry. A genuine N = 3
SCFT is necessarily an isolated fixed point. There are many examples of N = 1
conformal manifolds where supersymmetry enhances to N = 2 or N = 4 on submanifolds.

τ=

4πi
θ
+
.
2
g
2π

(3.4)

As we approach the cusp from the interior of M, the leading-order contribution to two-point
function hOτ Oτ̄ i as τ → i∞ is simply found by performing tree-level Wick contractions,
and thus gτ τ̄ ∼ g 4 (dim G). In the normalization conventions of [99], one finds
ds2 ≈ β 2

dτ dτ̄
(Im τ )2

as Im τ → ∞ ,

12

β 2 = 24 dim G.

(3.5)

N = 2 chiral operators can also be viewed as sections of a holomorphic line bundle on M with an
interesting geometric structure [77].
13
Non-renormalization theorems ensure that it is sufficient to check the vanishing of the one-loop beta
function. To have a chance at a zero beta function, each Gi must be non-abelian.
14
One can sometimes leverage the relation of the Kähler potential with the S 4 partition function, which in
Lagrangian examples can in principle be evaluated using the techniques of supersymmetric localization [99,
105–108].
15
Similarly, the (CPT conjugate) antichiral primary is given by φ = Tr ϕ̄2 and the corresponding marginal
2
operator by Oτ̄ ∼ Tr(F + . . . ), where F α̇β̇ is the anti-selfdual field strength.
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where K is the Kähler potential. A remarkable property of d = 4, N = 2 SCFTs (for which
however we will have little use in our analysis) is that one can identify the Kähler potential
with the logarithm of the S 4 partition function, K = 192 log ZS 4 [100]. What’s more,
the conformal manifold M is Kähler-Hodge [101] and its Kähler class can be determined
from anomaly considerations [102, 103]. Supercharges are associated to a holomorphic line
bundle L over M, whose curvature is proportional to the Kähler form of the Zamolodchikov
metric [77].12
In all known examples of N = 2 conformal manifolds, the exactly marginal parameters
arise as holomorphic gauge couplings, one for each simple factor of the total gauge group,
Gtot = G1 × G2 . . . Gn . To wit, even in non-Lagrangian SCFTs, the only known mechanism
to generate N = 2 exactly marginal couplings is by gauging a subgroup of the global
symmetry group of a collection of isolated SCFTs, in such a way that the beta function
for each gauge coupling vanishes.13 All Lagrangian examples and all theories of class
S [67] are of this type, with the isolated SCFTs being just a set of free hypermultiplets in
the Lagrangian case, and more general “matter” SCFTs in the class S case. It has been
conjectured [104] that this “decomposability” in elementary isolated building blocks (glued
by gauging) is a general fact about the landscape of N = 2 SCFTs, but a proof is lacking.
At a generic point of M the metric is generally hard to compute,14 but fortunately
we are mostly concerned with its behavior near each of the weakly-coupled “cusps” where
a coupling τ → i∞, as these are HS limiting points where vector multiplets are becoming
free. Let us focus (just for notational simplicity) on a single simple factor G of the total
gauge group, and on its coupling τ . Near the cusp, we identify the chiral primary φ as Tr ϕ2 ,
where ϕ is the complex scalar of the N = 2 vector multiplet in the adjoint representation
of G, and the marginal operator with Oτ ∼ Tr(F 2 + . . . ), where Fαβ is the self-dual field
strength and the dots denote higher-order terms in the Yang-Mills coupling. 15 In the
vicinity of the cusp, τ is then interpreted as the usual holomorphic gauge coupling,

16

The conclusion still holds if one allows for the requisite composite operator to be the product of an
operator from the free hyper SCFT and an operator from the decoupled SCFT’ — there is no candidate
with the correct quantum numbers.
17
While not strictly needed for our considerations, a piece of lore which would be nice to establish more
firmly is that conformal perturbation theory at an interior point of M has finite radius of convergence, see
e.g. [109].
18
Even in cases where the “matter” SCFT that is being gauged is strongly coupled, we can adopt a
hybrid formalism where the gauge field degrees of freedom, which have a standard Lagrangian description,
are coupled to the “abstract” conserved current Jµ of the strongly-coupled SCFT, as e.g. in [66, 110].
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Note that the local hyperbolic behavior of the metric follows from a perturbative argument.
We also see that near the free vector point the metric depends only on the gauge group G
that is becoming free — not on the rest of the SCFT — and is proportional to its dimension.
Having set the stage, let us now examine our conjectures. Conjecture I follows at once.
Suppose that M admits a HS point at finite distance. Higher-spin symmetry implies the
existence of a free decoupled sector, which in an N = 2 SCFT means a collection of free
hypermultiplets and/or free vector multiplets. We can argue against the possibility that
only hypermultiplets become free using representation theory: the free hyper SCFT has
no candidate composite operator with the quantum numbers16 of the chiral primary φ.
Therefore, the HS point must include free vectors. But as the analysis leading to (3.5)
shows, such a point lies an infinite distance away, with a logarithmic divergence of the
diameter as a function of the HS anomalous dimensions.
Now we consider Conjecture II. This would follow from the above analysis if we could
show that the only way to go to infinite distance is by approaching a limiting point with free
vectors. (Conjecture III would then be an easy consequence of the local hyperbolic behavior
of the metric). This is harder to establish, but perfectly plausible. Starting from a generic
point of M, we can move to a nearby point by conformal perturbation theory.17 For the
distance to diverge, we need conformal perturbation theory to break down. This is indeed
what happens at the free vector points: feynman perturbation theory applies, 18 but it is
outside the standard framework of conformal perturbation theory, in that the perturbing
operator (the supersymmetrization of Aµ J µ ) is not part of the physical spectrum. Our
Conjecture II would follow if one could show this is the only way for conformal perturbation
theory to break down. If one were to find examples of N = 2 SCFTs with exactly marginal
deformations that could not be interpreted as holomorphic gauge couplings — that is, if
the SCFT were not decomposable — then we are predicting that such exotic deformations
would correspond to compact directions in M. It is an interesting question whether the
circle of ideas developed in this paper, possibly combined with the geometric constraints
studied in [77, 101–103], may lead to a general proof of the decomposability conjecture for
N = 2 SCFTs.
We can treat d = 4, N = 4 SCFTs as special cases of N = 2 theories. The conformal
manifold of an irreducible N = 4 theory has complex dimension one, because the exactly
marginal deformation is the top component of the stress-tensor multiplet. One can argue
abstractly that M is locally a homogeneous hyperbolic manifold [77], but the global structure is a priori unknown, e.g. we do not know of an abstract argument that it should be
non-compact. All known examples of N = 4 SCFTs are of course SYM theories, specified

by a choice of simple gauge group G and complexified gauge coupling τ . The global structure is determined by the S-duality group, e.g. for G simply laced M is the fundamental
domain of SL(2, Z), endowed with the exact hyperbolic metric (3.5).
3.2

d = 4, N = 1

δS =





d4 x δti Q2 χi + h.c. ,

h

i

Qα̇ , χi = 0 , r [χi ] = 2 .

(3.6)

Starting from a reference SCFT, which we call TP (we think of P as a point of M), one can
enumerate all chiral scalar operators {χi } with r = 2, but in general only a subset of them
is exactly marginal. The rest are marginally irrelevant: they acquire a positive anomalous
dimension away from P , becoming part of a long multiplet by recombining with a current
multiplet. A careful analysis [112] shows that the conformal manifold in a neighborhood
of P is given by the Kähler quotient
M = {ti }/GC
global ,

(3.7)

where Gglobal is the continuous global symmetry group of TP , and GC
global its complexification. Properly interpreted, the recipe works both when TP does not contain free nonabelian20 gauge fields and when it does, but the two situations are physically quite different:
(i): TP does not contain free non-abelian gauge fields. The candidate marginal operators
{χi } are interpreted as “matter” superpotential deformations.21 We expect conformal
perturbation theory to hold. In particular, a small deformation in an exactly marginal
direction (3.7) should cost a small distance in the Zamolodchikov metric, i.e. P is a
regular interior point of M.
(ii): TP contains free non-abelian gauge fields. It then consists of a free gauge multiplet
Wα in the adjoint representation of Ggauge , and of a decoupled “matter” sector with
global symmetry Gtotal . One gauges a subgroup Ggauge ⊂ Gtotal . The recipe (3.7)
applies, if one includes the complexified gauge coupling τ in the list of {ti }, and
interprets Gglobal as the centralizer22 of Ggauge in Gtotal . However, as we have already remarked in the context of N = 2 SCFTs, the gauging procedure falls outside
19

Here we follow the usual conventions for N = 1 supersymmetry, with r(Q) = −1, r(Q) = 1. Chiral
operators have dimension ∆ = 32 r.
20
Abelian gauge fields cannot occur as their beta function would be positive, unless they are completely
decoupled from the rest of theory.
21
Here and below we use “matter” to indicate a collection of free chiral multiplets, a strongly-coupled
SCFT, or any combination thereof.
22
Gglobal is the global symmetry group at zero gauge coupling. The coupling to gauge fields may render
a subgroup of Gglobal anomalous, so that it acts non-trivially on τ .
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Conformal manifolds are ubiquitous in N = 1 SCFTs. Their study was systematized in
the classic paper of Leigh and Strassler [111]. A simpler recipe to identify the space of
exactly marginal deformations of a given N = 1 SCFT (i.e., locally on M) was found by
Green et al. [112]. For a sample of the recent literature see e.g. [113–116]. Superconformal
representation theory informs us that an N = 1 preserving marginal operator must be the
descendant of a chiral scalar operator19 with U(1)r charge r = 2 and scaling dimension
∆ = 3,
Z

the framework of conformal perturbation theory, and the deformation by Tr Wα W α
cannot be considered “small”. We can repeat almost verbatim the analysis that led
to (3.5), and find exactly the same answer (in the usual normalization (3.4) of the
holomorphic gauge coupling),
ds2 ≈ β 2

dτ dτ̄
(Im τ )2

as Im τ → ∞ ,

β 2 = 24 dim G.

(3.8)

The Zamolodchikov metric has local hyperbolic behavior near the limiting point with
free gauge fields, which is then an infinite distance away.

W =

h
i 1
h
i
τ
h̃
Tr Wα W α + ijk Tr Φi Φj Φk + hijk Tr Φi Φj Φk ,
8πi
6
3

(3.9)

with hijk a fully symmetric tensor. A quick counting (which is easily confirmed by a careful
construction of the Kähler quotient) gives 12 − dim U(3) = 12 − 9 = 3 exactly marginal
23

The candidate deformation may be the product of free chiral superfields, or the product of a free-chiral
piece times a chiral operator of T 0 .
24
Note that this argument doesn’t work if the free sector contains vector superfields as well: the holomorphic gauge coupling τ is charged under the U(1) (i.e. the U(1) is rendered anomalous by the coupling
to the gauge fields) and it may be possible to find invariant combinations of the couplings.
25
We assume that the gauge group is a simple non-abelian group different from SU(2).
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Let us now examine our distance conjectures in the light of this analysis. Mimicking the
N = 2 argument of the previous subsection, Conjecture I follows from the fact that no HS
point at finite distance on M can have a free sector with just free chiral superfields. Suppose
that this unwanted scenario were realized, i.e. that as we approach the interior point P
we have HS symmetry enhancement, with TP the direct sum of a collection of free chiral
superfields and of a decoupled theory T 0 . There is a U(1) global symmetry, U(1) ⊂ Gglobal ,
which rotates all chiral superfields by a common phase. It then follows from (3.7) that there
cannot be any exactly marginal operator χi that receives a contribution for the free-chiral
sector,23 as there is no way to cancel the U(1) charge. All exactly marginal deformations
must be part of T 0 , but then they do not move us away from the HS symmetry locus, against
the original assumption.24 Then Conjecture I follows from the argument leading to (3.8),
which shows that a HS limiting point containing free gauge fields lies at infinite distance.
Conjecture II (the only way to go to infinite distance is by approaching a HS point)
is harder, and we can only repeat what we said in the N = 2 case: it would follow if we
could show that the only mechanism for conformal perturbation theory to break down is
by approaching a free vector point. The local hyperbolic behavior (3.8) would then easily
imply Conjecture III as well.
As our discussion has been quite abstract so far, let us illustrate it with a few concrete
examples of N = 1 conformal manifolds.
Let us start with a classic example of type (ii), the N = 1 conformal manifold of N = 4
SYM [111] (see [117] for a nice discussion). Taking the free-field point as reference point,
TP consists of the non-abelian gauge multiplet25 and of three adjoint chiral superfields Φi ,
i = 1, 2, 3. The global symmetry group is Gglobal = U(3). There is one complexified gauge
coupling τ and 11 cubic superpotential couplings, which split as the 1 + 10 irreps of SU(3),

couplings. The choice h̃ = g (where g is the Yang-Mills coupling) and hijk = 0 preserves
the full N = 4 supersymmetry. By a suitable SU(3) rotation, one can parametrize the
general exactly marginal deformation by τ and two superpotential couplings26 h1 and h2 ,
i h
h
i
h1 h 1 2 3
2
Tr Φ Φ Φ + Φ1 Φ3 Φ2 + Tr (Φ1 )2 + (Φ2 )2 + (Φ3 )2 .
2
2

(3.10)

26

The precise statement is that M is found by imposing one complex constraint for four complex couplings,
f (τ, h̃, h1 , h2 ) = 0. What’s more, at generic point on the N = 4 fixed line (parametrized by τ ), the two
deformations (3.10) are exactly marginal to leading order in h1 and h2 [117].
27
To apply the recipe (3.7) when P is a generic point on the N = 4 fixed line, one enumerates only the 11
superpotential couplings and takes Gglobal = SU(3), because the U(1) is explicitly broken; this gives again
11 − 8 = 3 exactly marginal parameters, as it should.
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In a neighborhood of free field theory, one confirms by inspection of the two-point functions
that the only infinite distance direction is associated to the gauge coupling τ , whose metric
takes the form (3.8). Conversely, any point on the N = 4 SYM fixed line with finite τ (and
h1 = h2 = 0) is an interior point27 of type (i). Moving into the directions parametrized
by h1 and h2 is a regular perturbation that can be described by conformal perturbation
theory. The associated operators are in fact protected, so their two-point functions are
independent of τ to leading order in h1 and h2 .
This example admits a plethora of generalizations. A complete classification of N =
1 Lagrangian gauge theories with simple gauge group that admit a conformal manifold
was recently given in [115], and many more cases could be generated with product gauge
groups. There are also interesting examples of theories where the matter sector that is
being conformally gauged contains a strongly-coupled SCFT, see e.g. [114] and section 9.2
of [115]. All of these gauge theory examples work along similar lines, exhibiting a cusp at
τ → i∞ with local hyperbolic behavior.
The systematic exploration of N = 1 conformal manifolds in the search for dualities
has been pioneered in [113, 114]. While in its infancy, it has already led to some very
curious discoveries. Let us focus on a example from [113] that nicely illustrates the relation
between different kinds of symmetry enhancement and distance. The T4 “trinion” theory
is a strongly-coupled N = 2 SCFT with global symmetry SU(4)3 [67]. While it has no
N = 2 exactly marginal deformations (and so it should be viewed an elementary “matter”
building block from the N = 2 viewpoint), it admits an 83-dimensional N = 1 conformal
manifold M. At a generic point of M the global symmetry is completely broken. A first
observation is that all exactly marginal deformations of T4 are of “matter” superpotential
type. While very special from the viewpoint of global symmetry (and supersymmetry)
enhancement, the T4 point is otherwise a smooth interior point of M. The second much
less obvious claim is that M admits (at least) another special limiting point, described
by a weakly-coupled fully Lagrangian theory with gauge group USp(4) × SU(2)3 and 99
chiral multiplets [113]. The free gauge theory, with emergent HS symmetry, lies an infinite
distance away.
Our distance conjecture has some non-trivial implications for the qualitative behavior
of the Zamolodchikov distance. We are claiming that either a conformal manifold M
admits a limiting point an infinite distance away with an emergent weakly-coupled (or

partially weakly-coupled) dual description, or else it is compact. Take (as just one of many
possible examples) the IR N = 1 SCFT that is obtained from N = 4 SYM as the endpoint
of the RG flow triggered by a superpotential mass deformation for one of the three scalar
superfields, say Φ3 . The IR theory admits a three-dimensional conformal manifold MIR ,
of which a one-dimensional submanifold preserves an SU(2) flavor symmetry (realized in
the UV by rotations of Φ1 and Φ2 ). We are predicting that either MIR is compact or there
exists a limiting point with some novel dual description.28
3.3

d = 3, N = 2

4

AdS interpretation

Our CFT Distance Conjecture admits a straightforward translation into the language of
AdS quantum gravity. We consider an AdSd+1 vacuum whose spectrum of excitations
includes massless scalar fields. The bulk moduli space parameterized by scalar vevs is the
conformal manifold M of the dual CFT. Via the holographic dictionary, the scalar twopoint functions with conformal boundary conditions define the metric on M. A HS point
is holographically dual to an AdS background containing an infinite tower of HS gauge
fields. Our conjectures herein relate the spectrum of perturbative HS fields in a fixed AdS
background — that is, with fixed AdS radius in Planck units — to the metric as follows:
approaching a limiting point at infinite distance, a tower of bulk fields of unbounded spin
28

More elaborate examples of compact N = 1 conformal manifolds have been discussed in [118].
As we have already remarked in section 2, there are many interesting examples of conformal ChernSimons-matter theories which fall outside the scope of our conjecture because they do not possess a genuine
conformal manifold at finite N .
30
See also [119, 120] for recent analyses of N = 2 preserving exactly marginal deformations of special
classes of N = 4 SCFTs.
29
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Conformal manifolds of three-dimensional SCFTs are comparatively much less studied.
The representation theory for the d = 3, N = 2 works very similarly to the d = 4, N = 1
case, and so does the analysis of [112], leading to the same recipe (3.7), where the χi ’s
are now interpreted as chiral primary operators with ∆ = 2. Accordingly, the status of
our conjectures is the same as in d = 4 SCFT. An important difference is that the YangMills coupling is relevant in three dimensions, so case (ii) of the previous subsection is
never realized.29 In all examples we are aware of, exactly marginal deformations are of the
matter superpotential kind. Correspondingly, we expect all d = 3 conformal manifolds to
be compact.
A nice example that has been worked out in detail [57] is the theory of three chiral
superfields with a cubic superpotential.30 Its conformal manifold is an orbifold of CP1 ,
endowed with a metric that is a certain regular deformation of the Fubini-Study metric
(the deviation from Fubini-Study can be computed perturbatively in 4 −  dimensions).
While there are special points on M with enhanced global symmetry, none of them has
HS symmetry; so the compactness of M is in concordance with our conjectures. It would
be nice to investigate d = 3, N = 2 conformal manifolds more systematically.

b τ 0 ) is the (diverging) proper field distance in (d + 1)-dimensional Planck units.
where d(τ,
As we will see, this exponent obeys a lower bound.
Near an infinite distance point with metric (2.7), we write the action for the complex
scalar modulus τ as


Z
1
∂µ τ ∂ µ τ̄
√
Sbulk = d−1 dd+1 z g R − η
+
.
.
.
(4.2)
(Imτ )2
2`p

`p is the (d + 1)-dimensional Planck length, η is a constant and z are bulk coordinates. We
have included the Einstein action to set our conventions for the Planck length. We set the
AdS radius to unity. The assertion of the previous section is that as Im τ → ∞, a tower
of HS fields becomes massless, mJ → 0, with scaling (2.9). The AdS/CFT dictionary for
spin-J fields implies m2J ∝ γJ as γJ → 0, so the masses approach zero with parametric
1
scaling mJ ∝ (Imτ )− 2 . Due to the choice of conventions for η in (4.2), we immediately
read off the exponent in Planck units as
1
α= √
(4.3)
2 η
We may further relate (4.3) to our field theory parameterization (2.7) by using the holographic dictionary to determine the constant of proportionality in η ∝ β 2 . A metric (2.7)
defined with respect to a marginal deformation normalized as
Z


1
δSCFT = 2 dd x τ Oτ (x) + τ̄ Ōτ (x)
(4.4)
4π
31

In the present context, we know of no special role played by CFTs with a ≈ c and sparse light spectra,
which have Einstein gravity duals at strong coupling. It would, however, be interesting to find one.
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becomes massless, at a rate exponential in the proper distance. As is perhaps familiar
from previous studies of HS holography (e.g. [90, 91, 121–126]) and its embedding in string
theory (e.g. [92, 127–134]), the relevant bulk regime is not that of Einstein (super)gravity,
whose dual CFTs are far from any cusps on M.31
In the context of string theory in AdSD>3 , our claim is that all infinite distance points
in moduli space give rise to massless HS string excitations. For large N CFTs with string
duals, this is a statement about the spectrum of classical string theory in an AdS background of large, i.e. string-scale, curvature; the infinite-dimensional HS gauge symmetry
emerges from a tensionless limit, with the spectrum given by that of a strongly-coupled
worldsheet sigma model. More generally, the emergent HS symmetry that we are conjecturally associating with infinite distance arguably suggests that the gravity duals have
some avatar of stringy structure, in a similar sense as [135]. Also note that our Conjecture
I is very natural in the AdS context: it is a reflection of the implausibility that an Einstein
gravity theory can be connected to a Vasiliev-type gravity with infinitely many massless
HS fields by a finite field deformation.
In preparation for a more quantitative relation with the DC of the swampland program,
let us now write the conjectured exponential behavior (2.9) in gravitational variables. Given
a spin-J field in AdS with mass mJ approaching zero, we denote by α the exponential
decay rate,


b τ 0) → 0
mJ := exp −α d(τ,
(4.1)

yields the following relation obtained by matching two-point functions [136],
η
β 2 π d/2 Γ(d/2)
=
.
(4π 2 )2 Γ(d + 1)
2`d−1
p

(4.5)

To write η in purely CFT terms, we trade `d−1
for CT , the norm of the stress tensor
p
two-point function, using the holographic dictionary (e.g. [137]), yielding
η=

β2
d+1
.
4
CT 8π (d − 1)

(4.6)

4.1

A lower bound for the exponential rate

The result (4.3) shows that α admits a lower bound: the scalar kinetic term in (4.2) must
have finite normalization η relative to the gravitational term, since both are normalized
with respect to the Planck length which defines the shortest length scale in quantum gravity.
A lower bound is interesting because it implies in turn an upper bound on the scalar field
range that can be travelled in the moduli space before the quantum gravity breakdown
induced by HS fields. However, there is no upper bound, as the scalar kinetic term may
be parametrically suppressed (as we will see later).
When τ is a complexified gauge coupling in d = 4, we earlier derived β 2 = 24 dim G.
Trading CT = π404 c for convenience, where c is the c-type central charge defined in the
conventions of [137], plugging into (4.6) yields
α=

r

2c
dim G

(d = 4)

(4.7)

Thus, α is minimized by the CFT with the smallest value of c relative to dim G. For
application to N = 2 SCFTs, recalling that the c-type central charge of a single N = 2

– 17 –

JHEP10(2021)070

By writing the distance in Planck units, we have computed α in units of the central
charge CT .
Let us make the following brief remark. One may find it natural to use CFT con√
ventions that rescale the distance by a factor of CT . In that case, β 2 /CT instead of β 2
parameterizes the asymptotic behavior (2.7). Though the strongest motivation for this
choice comes from natural (Planck) units in holography, the quantity CT is simply the
canonical stress tensor normalization and is not inherently holographic. This suggests that
the normalization of the Zamolodchikov metric by the stress tensor two-point function is
an interesting quantity even at finite CT .
We pause to note that AdS vacua in quantum gravity often appear together with a
compact space, AdSd+1 × XD−d (which is also a consequence of a generalized DC of the
Swampland in the AdS context [46]). One may wonder how sensitive α is to whether we
measure the field distance in (D + 1)- or (d + 1)-dimensional Planck units. They are related
d−1
as `D−1
p,D+1 = `p Vol(X). Therefore, if there is no scale separation between the AdS and
X radii, then α changes only by order one numerical factors inherited from the volume
Vol(X). The same applies if X is a direct product space with only a subset of its dimensions
admitting scale separation.

vector multiplet is cv = 1/6, one may write this as α = c/3cv . Analogously, for N = 1
p
SCFTs, we get α = c/4cv where cv = 1/8 for a single N = 1 vector multiplet. There
seems to be no upper bound for α, as we can in principle select a subsector cv  c. On
the other hand, for the case of vanishing gauge couplings, a lower bound on α follows from
c > cv . Noting that a gauge theory with c = cv is not conformal, we conclude that α
satisfies the following strict inequalities,
p

1
α> √
3

(d = 4, N = 2) ;

1
α> √
4

(d = 4, N = 1)

(4.8)

Moreover, this bound is saturated by N = 4 SYM, for which c =

dim G
4 .

• N = 2 SCFTs with simple gauge group. A complete classification of d = 4, N = 2
Lagrangian gauge theories was presented in [138]. Extracting those which admit a
large N limit, we compute the exponent α using (4.7) and present the results in
table 1. All of them satisfy (4.9).32
• N = 1 SCFTs with simple gauge group. A complete classification of d = 4, N = 1
Lagrangian conformal manifolds with simple gauge groups was presented in [115].
Extracting those which admit a large N limit, we compute the exponent α using (4.7)
and present the results in table 2. All of them satisfy (4.9).
• N = 1 SCFTs with AdS5 × SE5 duals. Consider N = 1 SCFTs with conformal
manifolds and a ≈ c at large N . Some of these SCFTs admit a supergravity description at strong coupling. A well-studied class of supergravity backgrounds dual to
N = 1 SCFTs are AdS5 × SE5 solutions of type IIB, where SE5 is a Sasaki-Einstein
5-manifold. Consider a theory in this class, call it T∗ , with a weakly-coupled fixed
point with G-valued gauge fields. Compared to N = 4 SYM with the same gauge
group G, T∗ will have α∗ > αN =4 if and only if c∗ > cN =4 . Due to supersymmetry,
c is not renormalized and can hence be computed in supergravity. The holographic
dictionary [139] fixes the central charge c to be inversely proportional to the volume
of the Sasaki-Einstein SE5 manifold,
c∝

1
Vol(SE5 )

(4.10)

It is an old result in the theory of Einstein manifolds (not necessarily Sasakian), due
to Bishop [140], that the volume of a closed Einstein n-manifold is bounded above
32

We also computed (4.7) for all of the N = 2 theories in [138] with finite N . This calculation is motivated
by the discussion below (4.6). The result is that all such cases satisfy the bound (4.9) with the exception
of USp(4) with a half hypermultiplet in the 16 representation. Amusingly, this theory has the property,
unusual among Lagrangian SCFTs, that a > c. We conclude that the stricter bound (4.9) does not hold
away from large N . We leave open the interesting question of the optimal bound at finite N .
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This begs the question of how much these bounds can be improved. We now prove that
in several classes of large c SCFTs with N = 1 and N = 2 supersymmetry listed below, α
obeys the stronger bound
1
α≥ √
(d = 4)
(4.9)
2

Hypermultiplets

G

c

α

1
2
6 (2N

− 1)

q
q

2N fund

SU(N )

1 asym, N + 2 fund

1
2
24 (7N

+ 3N − 4)

SU(N )

2 asym, 4 fund

1
2
12 (3N

+ 3N − 2)

SU(N )

1 asym, N − 2 fund

1
2
24 (7N

− 3N − 4)

SU(N )

1 sym, 1 asym

1
2
12 (3N

− 2)

USp(2N )

4N + 4

1
6 N (4N

+ 3)

USp(2N )

1 asym, 4 fund

SO(N )

1
2

fund

1
2
12 (6N

N − 2 vect

7
12

√1
2

q

7
12

√1
2

q

+ 9N − 1)

1
12 N (2N

2
3

2
3

√1
2

q

− 3)

2
3

Table 1. Computation of α for d = 4, N = 2 SCFTs with simple gauge group, to leading order in
large N . We list all entries of the classification of [138] that admit large N limits, in the notation
of [138].

G

Theory

c
1
2
24 (7N

α

SU(N )

Table 2, #1

SU(N )

Table 2, #5

SU(N )

Table 3, #4

1
2
24 (7N

− 4)

q

SU(N )

Table 5, #4

1
2
24 (8N

− 3)

q

USp(2N )

Table 12, #1

1
2
24 (14N

+ 15N − 1)

q

USp(2N )

Table 13, #9

1
2
8 (4N

USp(2N )

Table 13, #10

SO(N )

Table 18, #1

SO(N )

Table 18, #2

SO(N )

Table 18, #3

1
2
24 (6N

− 5)

q

+ 3N − 5)

+ 8N − 1)

7
12

√1
2
7
12
2
3

7
12

√1
2

+ 21N − 2)

q

7
12

1
2
48 (7N

− 21N − 4)

q

7
12

1
2
48 (7N

− 15N − 2)

q

7
12

− 9N − 1)

q

1
2
24 (14N

1
2
24 (4N

2
3

Table 2. Computation of α for d = 4, N = 1 SCFTs with simple gauge group, to leading order in
large N . We list all entries of the classification of [115] that admit large N limits, referring to the
table entry in [115].
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SU(N )

by that of the unit round n-sphere, with saturation only for the sphere. Applied to
our case,
Vol(SE5 )
< 1 , SE5 6= S 5 ,
(4.11)
Vol(S 5 )
a statement which is readily checked for examples with known metrics, e.g. Lpqr
spaces [141]. Therefore, (4.10) implies α∗ > αN =4 = √12 .

where k is again the number of complexified gauge couplings sent to zero simultaneously,
√
bounded by the genus as k ≤ g. The α ∼ N scaling for fixed g and large N , a somewhat surprising result, highlights a difference between the CFT Distance Conjecture and
expectations from the DC in flat space, in which α is O(1).33
4.2

Comparison with the DC in the swampland program

As explained in the introduction, the AdS formulation of the CFT Distance Conjecture
makes contact with the Distance Conjecture (DC) in the swampland program. In this
section, we will delve into this comparison, although the reader should keep in mind that
the CFT Distance Conjecture applies regardless of whether the CFT has a semiclassical
dual AdS description. Even though it pertains to families of CFTs with fixed central
charge, which is incompatible with taking the flat space limit of AdS [143], it is natural to
expect that the DC applies also in the AdS background. Higher-spin symmetry plays an
essential role in our conjectures, which assume d > 2. However, similar conjectures [60–62]
in d = 2 involve instead the scalar gap. Hence, as noted in section 2, it is possible to unify
both CFT conjectures into a weaker statement valid for d ≥ 2 involving infinite towers of
operators at infinite distance which are dual to massless fields in AdS, without referring
to the spin. This more universal but weaker statement maps directly to the DC in the
swampland program, while the additional constraints on the spin can be understood as
stronger refinements of the latter for the specific case of AdS. Indeed, from the perspective
of the DC in the Swampland program, for large N CFTs with an Einstein gravity dual the
HS aspect of our conjectures is natural: the emergence of a tower of light states in the DC
for AdSd+1 with d > 2 would imply a tower of vanishing anomalous dimensions in the dual
33

In [102], the Kähler class of the Zamolodchikov metric of class S theories was computed from an
anomaly perspective. However, in order to extract the metric from those computations, one must avoid
degeneration limits in which the Kähler class is ill-defined. Our computation of α is relevant precisely
in the degeneration limit, so there is no comparison to be made. The authors of [102] also compute the
Zamolodchikov metric from supergravity, but that is likewise not at infinite distance. We thank Yuji
Tachikawa for helpful correspondence.
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In contrast to these lower bounds, a simple example in which α can become arbitrarily
large is the case of d = 4, N = 2 class S theories, reviewed in e.g. [142]. Associated to a
class S theory is, among other data, a simply-laced Lie algebra and a (possibly punctured)
genus g Riemann surface. Focusing on the AN series for concreteness, the central charge
3
is c ≈ N3 (g − 1) to leading order in large N . Since dim G ∼ N 2 , (4.7) will scale with N .
Explicitly,
s
2N (g − 1)
α≈
,
(4.12)
3k

D

or αT CC

≥ √

1
(D−1)(D−2)

(D−1)(D−2)

[44, 45] depending on the specific relation between the mass

of the tower and the scalar potential, where D is the spacetime dimension. This yields
1
αT CC ≥ 5√
or αT CC ≥ √112 for D = 5, respectively. In the previous subsection we
3

collected evidence for a universal lower bound of α ≥ √12 for the case of vanishing gauge
couplings, which we proved to hold for some prominent classes of SCFTs. This value is
larger than the TCC prediction. It is also larger than the bound obtained for CalabiYau CY3 compactifications, namely αCY3 ≥ √16 [22, 40].34 Amusingly, for the case of
simple gauge groups, we found in the previous section that α can only take three values:
p
p
p
α = 6/12, 7/12, 8/12, whose squares are all multiples of 1/12 which is precisely the
above minimum value predicted by the TCC.
How does the swampland DC inform the CFT Distance Conjecture? Conjecture III
and the exponential decay of HS anomalous dimensions (2.9) were shown here to hold in
the gauge case, but are conjectural more generally. On the other hand, exponential decay
is the central feature of the swampland DC: not only has it been tested in a wider variety
of top-down models, but its origins (in certain supersymmetric cases) have been more
rigorously tied to certain theorems of limiting mixed Hodge structures [22, 26, 39, 144].
We take this as an independent suggestion that the Zamolodchikov metric asymptoting
to infinite distance is indeed locally hyperbolic. In fact, it would be interesting to check
34

For theories with eight supercharges arising from CYn compactifications, it was found in [22, 40] a
universal bound αCY ≥ √12n with n = dimC (CY ) for towers of BPS states.
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CFT for HS states, since an accumulation of spin J ≤ 2 operators in d > 2 is forbidden by
the expected finiteness of the CFT partition function even in the infinite distance limit.
In the context of the DC in the swampland program, one of the most important open
questions is to understand the properties, and range of possible values, of the exponential
decay rate of the tower. Progress in this direction has been performed in the context of
Calabi-Yau (CY) flat space compactifications [22, 26, 27, 33, 40], where the exponential
decay rate is parametrized by the monodromy properties of the large field limit and roughly
indicates how much of the space is getting decompactified. There is some similarity with
the result for the exponent α for the gauge case in (4.7), which parametrizes what portion
of the theory decouples at infinite distance. In the CY case, a lower bound on the exponent
corresponds to decompactifying all dimensions; in AdS, the lower bound corresponds to the
full CFT becoming free. Furthermore, in the CY case, the exponent also has a maximum,
corresponding to equi-dimensional string perturbative limits. Thus, the upper bound is
possible only because the maximum number of total dimensions is bounded for effective
field theories arising from (sub)critical string theory and M-theory compactifications. On
the contrary, α in AdS has no upper bound, so the tower can get light parametrically fast.
Of course, in both AdS and flat space, these constraints disappear when decoupling gravity;
this is as expected from experience in the swampland.
Let us analyse in more detail the specific value of the lower bound for α. In the
context of the DC in quantum gravity, determining precisely this lower bound is one of
the most important aspects of the conjecture. As mentioned in the introduction, the TCC
motivates a lower bound for the DC exponent given either by αT CC ≥ √ 2
[43]

4.3

Application to some AdS/CFT dual pairs

We close this section with some phenomenology for d = 4 SCFTs at large central charge.
We compute α from CFT and make some comments about the AdS dual in the relevant
regime. To be clear, AdS/CFT guarantees that the bulk and boundary HS spectra will
agree everywhere on M. In general, one cannot use a supergravity approximation (if it
exists), which does not lie at infinite distance, to compute the spectrum and the metric
near a HS point. For the special case of N = 4 SYM at large N , we explain the sense in
which one can actually match to a supergravity computation.
4.3.1

N = 4 SU(N ) super-Yang-Mills

As derived earlier,

1
α= √
2

(4.13)

There is substantial literature on the local operator spectrum of free N = 4 SYM [127–
129, 131, 145, 146], including the algebra of HS conserved currents [147]. The bulk dual is
35

Another possibility, which we think is unlikely to be the case, is for our HS conjecture to be incorrect
without invalidating the DC in the Swampland context by getting a partial decompactification of X leading
to a light tower of KK modes comprised of massless J = 0 modes in this limit.
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whether the same mathematical techniques based on Hodge theory used in the context of
CY spaces might also be used to prove our Conjectures I and III for conformal manifolds
in section 2. We leave this for future work.
Conversely, the CFT Distance Conjecture lends support for stronger versions of the DC
that specify the nature of the tower of states. In particular, the CFT Distance Conjecture
requires the universal presence of HS fields furnishing an emergent infinite-dimensional
gauge symmetry at infinite distance in d > 2. This suggests similar properties at infinite
distance in flat space quantum gravity. It also resonates with the proposal in [41], for
which every infinite field distance limit can be identified with the RG flow endpoint of
codimension-two objects universally present at these limits (i.e. particles in D = d + 1 = 3
and extended objects containing HS fields in D > 3), and with the proposal in [40] that any
infinite distance limit corresponds to the weak coupling limit of some p-form gauge field.
The CFT Distance Conjecture lends a different conceptual motivation for these. In [33] the
Emergent String Conjecture was proposed, which claims that any infinite distance limit
should either correspond to a decompactification limit or a limit in which a critical weaklycoupled string becomes tensionless with respect to the Planck mass. Our conjecture in
d > 2 is consistent with the latter case, as the string spectra contain towers of HS fields,
but we are making the prediction that at fixed AdS curvature, there can be no (even partial)
decompactification of X in AdSD>3 × X: in particular, assuming that decompactification
would lead to an infinite tower of massless scalars, our conjecture asserts that the massless
modes in AdS must instead be HS fields. Note that our HS conjecture in the context of
holographic dual AdSD>3 × X implies that the scale of no part of X can be decoupled from
that of AdS and thus leads to a refined version of the absence of AdS scale separation [46],
which in principle allows for part of X to decompactify (as is the case in AdS3 examples).35

α=

r

n
2k

(4.14)

There is no upper bound on the rank n in the CFT, though the classical gravity approximation breaks down when Vol(S 5 /Zn ) = Vol(S 5 )/n is of order the Planck scale.
4.3.2

SU(N ) SQCD with Nf = 2N

We next consider SU(N ) SQCD with Nf = 2N at large N , which preserves N = 2
supersymmetry. From the first entry in table 1,
r

α≈

2
3

(4.15)

The bulk dual of this SCFT was explored in [149]. N = 2 supersymmetry is not powerful
enough to constrain the metric to be globally hyperbolic, unlike N = 4 SYM. In order to
faithfully match (4.15) to a bulk computation, one must compute the HS spectrum in the
highly stringy regime of large curvature. (See [149] for some comments and speculations
about the string-scale geometry.) We note that the bulk dual of SQCD has no supergravity
regime anywhere on M, as a 6= c at large N .
4.3.3

d = 4, N = 1 β-deformed CFTs

The result (3.8) gives the asymptotic behavior of the metric in a d = 4, N = 1 SCFT as a
gauge coupling vanishes. One class of N = 1 SCFTs with well-studied holographic duals are
β-deformations, which preserve N = 1 supersymmetry and a U(1) × U(1) flavor symmetry.
The result (3.8) is invariant under β-deformation, which preserves the gauge group G. AdS
vacua for β-deformed SCFTs were constructed in supergravity by performing an SL(2, R)
transformation of the original solutions [150]. By inspection of the actions given in [150],
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type IIB string theory on AdS5 × S 5 . In the regime of large (but finite) N , small coupling
2
2 N  1, a good approximation to the
gs ∼ gYM
 1 and small ’t Hooft coupling λ = gYM
bulk theory is given by classical string theory in a highly curved (string size) geometry.
It is believed that in this regime, the holographic dictionary is modified such that L ∼ `s
corresponds to λ = 0. (For a compelling case, see [129]; analogous claims in AdS3 × S 3 × T 4
were firmly established in [134].) Nevertheless, due to the maximal supersymmetry, the
exponent α may be computed in the supergravity regime. Maximal supersymmetry implies
that the metric is in fact given by the Poincaré metric over all of moduli space, and one
needs only determine the overall constant β 2 . We are free to compute β in type IIB
supergravity. From e.g. [148], the graviton-axio-dilaton part of the type IIB supergravity
action in Einstein frame takes the form (4.2) with η = 1/2, in agreement with the CFT
result above.
One may also perform Zn orbifolds of N = 4 SYM that preserve N = 2 supersymmetry,
dual to type IIB string theory on AdS5 × S 5 /Zn , with central charge c = n dim G/4. The
gauge group is SU(N )n , so the moduli space of this conformal manifold is parameterized
by one complexified gauge coupling for each gauge factor. If we take the weak coupling
limit of k gauge couplings simultaneously, where k = 1, . . . , n, we get

one can notice that the directions associated to superpotential couplings are compact while
the one associated to the gauge coupling is non-compact, in harmony with the discussion in
section 3.2. Focusing on the β-deformation of N = 4 SYM for concreteness, one observes
that the purely axio-dilaton action given in [150] is identical to the one in AdS5 × S 5 ,
before the SL(2, R) transformation. This would suggest the same value of α as before
the β-deformation if the leading term of the bulk field metric could be trusted at weak
coupling; however, a priori this is not the case. It would be interesting to determine the
fate of the backgrounds of [150] and their associated string spectra as one interpolates
between supergravity and string theory, and whether non-renormalization theorems exist.
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