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ABSTRACT
Ultra-short period (USP) planets are exoplanets which have orbital periods of less than one day and are unique because they

orbit inside the nominal magnetic truncation gap of their host stars. In some cases, USP planets have also been observed to exhibit
unique dynamical parameters such as significant misalignments in inclination angle with respect to nearby planets. In this paper,
we explore how the geometry of a multi-planet system hosting a USP planet can be expected to evolve as a star ages. In particular,
we explore the relationship between the mutual inclination of the USP planet and the quadrupole moment (𝐽2) of the host star.
We use secular perturbation theory to predict the past evolution of the example TOI-125 system, and then confirm the validity of
our results using long-term N-body simulations. Through investigating how the misalignment between the candidate USP planet
and the three other short-period planets in the TOI-125 system arose, we intend to derive a better understanding of the population
of systems with misaligned USP planets and how their observed parameters can be explained in the context of their dynamical
histories.
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1. INTRODUCTION
The space-based transit missions Kepler, K2, and TESS

have discovered thousands of planets and found a large num-
ber of new planetary orbital architectures. One of the most
remarkable results coming from TESS in particular is a
deeper understanding of the covariances in planet formation,
as TESS’ bright targets enable follow-up efforts, which al-
low more complete measures of which types of planets are
most likely to occur together within a single system. Previ-
ously, Kepler and K2 found that exoplanets frequently reside
in multi-planet systems. Systems of multiple planets resid-
ing in a fairly narrow orbital plane and within a fairly short
(𝑎 < 0.5 AU) orbital radius have an occurrence rate of roughly
∼20-30% (Muirhead et al. 2015; Zhu et al. 2018). These sys-
tems are observed to have greater degrees of intra-system
regularity compared to the entire exoplanet sample (Weiss
et al. 2018; Millholland et al. 2017). Simultaneously, these
tightly packed systems of inner planets (STIPs) can also host
ultra-short-period planets (Winn et al. 2018; Adams et al.
2021).

Ultra-short-period (USP) planets (defined as those with
orbital periods of less than a day) occur around ∼0.5% of G-
dwarf stars (Sanchis-Ojeda et al. 2014), and when they occur
in STIPs, they often exist in apparently decoupled dynamical
modes as compared to the rest of the system, sometimes in
a coplanar configuration (ex: Swift et al. 2013; Becker et al.
2015; MacDonald et al. 2016) and sometimes in a misaligned
configuration (ex: Rodriguez et al. 2018; Quinn et al. 2019).
Since the (sometimes near-resonant) geometry of STIPs indi-
cates that they formed via disk migration (Rein 2012; Baty-
gin 2015; Deck & Batygin 2015), the presence of an interior
planet in a different dynamical mode requires an explanation
(Pu & Lai 2019; Petrovich et al. 2019; Millholland & Spald-
ing 2020; Becker et al. 2021). Dai et al. (2018) noted that
USP planets’ orbital inclinations have a wider range of values
with respect to nearby, exterior planets than do similar but
longer-period planets. The finding of Dai et al. (2018) sug-
gests a mechanism producing these mutual inclinations that
is orbital-radii-dependant.

Recently, work by Becker et al. (2020) studied the K2-266
system and suggested the misalignment between the STIP and
its interior, misaligned USP planet could arise post-disk mi-
gration in two ways: via the presence of an exterior planetary
companion at very particular orbital locations, or by dynami-
cal evolution during the spin-down of the host star when some
initial stellar obliquity is present (Spalding & Batygin 2016;
Li et al. 2020). The latter explanation, if true, would create
ubiquitous misalignments in systems containing USP planets
and other nearby planets with slightly longer orbital periods,
consistent with the correlation discussed in Dai et al. (2018).

Already, TESS has provided several new examples of multi-
planet systems that host USP planets, which give new tests of

the explanations of the dynamics for systems with similar ge-
ometry that came from Kepler/K2 data. The TOI-125 system
is a good example of this. TOI-125 has three confirmed plan-
ets and one additional planet candidate, and the innermost
planet candidate is misaligned by about 14 degrees compared
to the other planets (Quinn et al. 2019; Nielsen et al. 2020).
For K2-266, TOI-125, and other yet-undiscovered systems
with similar geometries, the inclination structure seen in the
planetary system leaves a clue as to its past evolution.

In this work, we consider the evolution of a multi-planet
system with a misaligned USP in the presence of an evolving
star, with a goal of describing how relative oscillations of
planetary orbits change as the stellar non-spherical potential
decreases with time. We use the measured parameters of
the TOI-125 system as our test case, but the conclusions of
this work apply more generally to systems with the TOI-
125/K2-266 archetypal geometry as well. First, in Section
2, we describe the TOI-125 problem using a secular model
and make secular predictions for stellar 𝐽2 values that denote
transitions in the dynamics of the system. In Section 3, we
perform full N-body simulations to evaluate the continuous
evolution of the TOI-125 planetary system under a changing
stellar potential, and demonstrate the effect of stellar obliquity
coupled with stellar spin-down. In Section 4, we discuss the
implications of our results on the exoplanet sample in general,
and conclude in Section 5 with a summary of our results.

2. SEMI-ANALYTICAL PREDICTIONS
Li et al. (2020) and Becker et al. (2020) suggest that the

evolution of the stellar potential can alter the character of the
planet-planet interactions in a planetary system containing a
STIP with a USP planet. In particular, as the star ages and
spins down, the quadrupole moment (𝐽2) which describes the
oblateness of the star will decrease. The impact of the 𝐽2
moment is to induce a nodal precession on nearby planets.
As the star ages, this can result in planet-planet interactions
becoming dominant over the stellar-induced precession for
short-period planets. This will occur if the precession term
(due to 𝐽2) of the Hamiltonian is small in comparison to
the planet-planet term for a particular planet. We can use
analytical methods to make predictions about at what values
of stellar 𝐽2 these transitions would have occurred in the TOI-
125 system.

We note that of the five candidate planets originally an-
nounced in Quinn et al. (2019), only three have been con-
firmed (Nielsen et al. 2020). Nielsen et al. (2020) finds an
upper mass limit for the other two candidates, and finds that
while TOI-125.05 is no longer a likely viable planet candi-
date. At the time this paper was written, TOI-125.04 remains
a viable candidate with a consistent radius measurement and
mass upper limit. In this work, we include in our analysis
TOI-125 b, c, d and .04 and use the orbital parameters from



3

Quinn et al. (2019) and Nielsen et al. (2020). The dynamics
discussed in this work is applicable to any system with a sim-
ilar geometry. We use TOI-125 as an illustrative example of
this geometric archetype. We note that even if TOI-125.04 is
proven to be a false positive, then the dynamics described in
this paper can easily be applied to other systems with similar
geometries such as K2-266 or any future systems discovered
to have similar properties.

Figure 1. Plot of the secular inclination evolution over 105 years
using the current-day measured orbital elements for the TOI-125
planets for a singular 𝐽2 value of 3.3 · 10−6. This timescale was
chosen in order to allow for visualization of several secular cycles,
and the anti-correlation of the oscillations illustrates the planet-
planet interactions that can be seen in the system.

2.1. The Secular Theory

In the absence of changes in planetary semi-major axis or
orbital resonance, the dynamics of an exoplanet system can
be well-approximated using Laplace-Lagrange secular the-
ory (Murray & Dermott 1999). In order to represent the
dynamical interactions between the planets of TOI-125, and
to understand the evolution of their inclinations over time, we
apply the secular theory to the disturbing function. Essen-
tially, this entails treating the planets as their time-averaged
potentials, and evolving a system of rings representing the
orbits. The approximation holds for small planetary eccen-
tricities and inclinations (<30 degrees). We can write the
disturbing function to second order in terms of planetary in-
clinations as

R (𝑠𝑒𝑐)
𝑗

= 𝑛 𝑗𝑎
2
𝑗 [

1
2
𝐵 𝑗 𝑗 𝐼

2
𝑗 +

𝑁∑︁
𝑘=1

𝐵 𝑗𝑘 𝐼 𝑗 𝐼𝑘𝑐𝑜𝑠(Ω 𝑗 −Ω𝑘 )], (1)

where 𝑛 is the planetary mean anomaly, 𝑗 the planet index
whose evolution is being computed, 𝑘 the index of the per-
turbing planet, 𝐼 is the inclination, Ω is the longitude of
ascending node, and 𝑎 is the semi-major axis. Note that the

full second-order secular theory also can compute the evolu-
tion of planetary eccentricities, but we neglect those terms in
our analysis since we are concerned with planetary inclina-
tions. The full disturbing function can be found in Murray &
Dermott (1999). The coefficients 𝐵 𝑗 𝑗 , and 𝐵 𝑗𝑘 can then be
written as

𝐵 𝑗 𝑗 = −𝑛 𝑗 [
3
2
𝐽2 (

𝑅𝑐

𝑎 𝑗

)2 − 27
8
𝐽2

2 (
𝑅𝑐

𝑎 𝑗

)4

+1
4

𝑚𝑘

𝑚𝑐 + 𝑚 𝑗

𝛼 𝑗𝑘𝛼 𝑗𝑘𝑏
(1)
3/2 (𝛼 𝑗𝑘 )],

(2)

𝐵 𝑗𝑘 = +𝑛 𝑗

1
4

𝑚𝑘

𝑚𝑐 + 𝑚 𝑗

𝛼 𝑗𝑘𝛼 𝑗𝑘𝑏
(1)
3/2 (𝛼 𝑗𝑘 ), (3)

where 𝐽2 describes the oblateness of the star, 𝑅𝑐 is the radius
of the star, 𝛼 𝑗𝑘 is the ratio of the inner planet’s semi-major
axis to the outer planet’s semi-major axis ( 𝑎 𝑗

𝑎𝑘
when 𝑎 𝑗 < 𝑎𝑘

and 𝑎𝑘

𝑎 𝑗
otherwise) and 𝛼 𝑗𝑘 = 𝛼 𝑗𝑘 except when 𝑎 𝑗 < 𝑎𝑘 , in

which case 𝛼 𝑗𝑘 = 1. The parameter 𝐽2 can also be written
in terms of the star’s physical parameters as follows (Sterne
1939; Ward et al. 1976):

𝐽2 =
𝑘2
3

(
Ω∗
Ω∗,𝑏

)2
(4)

where Ω∗ is the stellar rotational frequency, Ω∗,𝑏 is that fre-
quency at break-up, and 𝑘2 is the love number of the star. In
general, as the spin of a star decreases, its quadrupole mo-
ment 𝐽2 will also decrease. The value 𝑏

(1)
3/2 denotes a Laplace

coefficient, defined as

𝑏
(𝑛)
3/2 (𝛼) =

1
𝜋

∫ 2𝜋

0

𝑐𝑜𝑠(𝑛𝜓)𝑑𝜓
(1 − 2𝛼𝑐𝑜𝑠(𝜓) + 𝛼2) 3

2
, (5)

The 𝐵 coefficients above are frequencies which describe the
interactions between the pairs of planets in the system (and
themselves), and are parts of their respective matrix 𝐵, which
describes the inclination evolution of the planets. These ma-
trices can be solved for their eigenfrequencies and eigenvec-
tors in order to determine this evolution. For 𝐵 they are
respectively labeled 𝑓𝑘 and 𝑒𝑘 . We then define variables in
order to describe the time evolution of the system in terms of
inclination and longitude of the ascending node:

𝑝 𝑗 = 𝐼 𝑗 𝑠𝑖𝑛 Ω 𝑗 , 𝑞 𝑗 = 𝐼 𝑗𝑐𝑜𝑠 Ω 𝑗 (6)

The time dependent solutions for these equations then take
the form

𝑝 𝑗 (𝑡) =
𝑁∑︁
𝑘=1

𝐼 𝑗𝑘 𝑠𝑖𝑛( 𝑓𝑘 𝑡 + 𝛾𝑘 ) (7)

𝑞 𝑗 (𝑡) =
𝑁∑︁
𝑘=1

𝐼 𝑗𝑘𝑐𝑜𝑠( 𝑓𝑘 𝑡 + 𝛾𝑘 ) (8)
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Where the phases (𝛾𝑘 ) are determined by the initial condi-
tions. Our true inclination values can be determined through
the equation

𝐼 𝑗𝑘 = I𝑗𝑘𝑇𝑗𝑘 (9)

The constant 𝑇𝑗𝑘 being determined once more through the
boundary conditions, which are in most cases the current-day
best-fit values of the planet parameters found by an analysis
of the transit data obtained by TESS (Quinn et al. 2019)
and follow-up radial velocity constraints from Nielsen et al.
(2020), which are reproduced in Table 1 of this work. To
reduce the degeneracy in our solutions, we consider only the
best-fit solution from the observational fit and consider it
representative of the observational posteriors.

After solving Equations 1-9 using Hamilton’s equation and
Lagrange’s planetary equations, one can use the following
equation to determine the inclination evolution of the planets
in the system over a given period of time.

𝐼 𝑗 (𝑡) =
√︃
𝑝 𝑗 (𝑡)2 + 𝑞 𝑗 (𝑡)2 (10)

These equations present the evolution of orbital parame-
ters for each planet, dependant upon the stellar and planetary
parameters. An example of what this time series looks like
is shown in Figure 1 for a 𝐽2 = 3.3 · 10−6 and the initial pa-
rameters set to be the current-day values (Table 1). Figure 1
illustrates the expected evolution based on the secular equa-
tions of motion, where the exact amplitudes of the motion are
set by the masses and semi-major axes of the planets. Since
we use second-order secular theory, the initial eccentricities
do not factor into the time evolution of the inclination angle.

2.2. Specific Predictions for TOI-125

The goal of our secular analysis is to determine how the
dynamics of the planetary systems responds to a change in
stellar 𝐽2, as the stellar 𝐽2 is expected to decrease as the
planetary system ages. To do this, we can use the equations
outlined above to map how the dynamics of the system will
change for different values of 𝐽2.

These equations were solved in Python for the parameters
in Table 1, over a 105 year integration, which was long enough
to include at least several secular cycles for all values of 𝐽2.
We were particularly interested in understanding the planets’
secular behavior as related to the 𝐽2 of the star, and so to
test this, we computed the inclination evolution described by
Equation 10 for a range of 500 discrete 𝐽2 values equally
spaced in log-space between between 10−2 and 10−9. These
computations were identical except for the size of the 𝐽2, as all
planetary parameters were set to the be best-fit values from
Quinn et al. (2019) and Nielsen et al. (2020). The values
used are reproduced in Table 1. For each value of 𝐽2, we
compute the inclination evolution and generate a time series
of inclination over time, each of which looks analogous to the

Figure 2. Plot of inclination amplitude as a function of 𝐽2 for the
TOI-125 planets using the secular theory. Amplitude in this case is
the difference between maximum and minimum inclination in a 104

year integration, and the USP planet is represented by the blue line
labeled 𝑓0. There are two clear spikes, occurring at 𝐽2 = 1.3 · 10−5

and 3.3 ·10−6. These peaks allow us to determine that at these values
of 𝐽2 a system-wide instability occurs, which decouple the planets
and cause them to oscillate widely in their inclination.

time series plotted in Figure 1 but with periods and amplitudes
that depend on the exact value of 𝐽2 used.

For each discrete value of 𝐽2, we found the respective max-
ima of the inclination oscillations. The value for each planet
by 𝐽2 is plotted in Figure 2. This figure shows two values
of 𝐽2 where the oscillation amplitudes reach values upwards
of 5 degrees for the outer planets and more than 10 degrees
for TOI-125.04. These spikes are atypical behavior, with os-
cillation amplitudes generally being much lower. This result
demonstrates that for most values of 𝐽2, the planetary dynam-
ics will be very similar, but for a relatively small range of
𝐽2 values, the dynamics will look very different. Figure 1
demonstrates the behavior seen at one of these local maxi-
mums of dynamical activity.

To understand the behavior shown in Figure 2 more quan-
titatively, we can examine the modes of the dynamics that
are described by the secular theory. In Figure 3, we plot the
eigenfrequencies of the 𝐵 matrix as a function of 𝐽2. Each
frequency corresponds to a different mode driving the overall
dynamics of the system.

The system eigenfrequencies and planetary intrinsic fre-
quencies (given in Equation 2) together can be used to com-
pute when resonances occur in the system. Secular reso-
nances can lead to excitation of orbital elements, and occur
when the eigenfrequencies of the system are commensurate
with the planetary frequencies (or some combination of fre-
quencies). When a intrinsic planetary frequency is commen-
surate with a system eigenfrequency, a linear secular reso-
nance will occur (ex: Namouni & Murray 1999; Batygin &
Laughlin 2008), which can lead to large excitations in orbital
elements.
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Figure 3. Top panel: Plot of the intrinsic frequencies (Equation
2) for each planet. Bottom panel: Plot of eigenfrequencies of the
system as a function of 𝐽2. A clear commensurability occurs between
two of the four eigenfrequencies at two 𝐽2 values: roughly 1.3 ·10−5

and 3.3 · 10−6. Thus, an evolving 𝐽2 (decreasing with time, as
represented in the figure) can cause dynamical action in the system as
the system passes through these commensurabilities. Additionally,
the intrinsic frequency for the inner planet, TOI-125.04 (𝐵00), is
approximately equal to the eigenfrequency for that planet, meaning
that those crossings correspond to linear secular resonances.

In a system where the host star’s 𝐽2 is decreasing with
time, the system as a whole will pass through these points
of secular resonance, where a planetary intrinsic frequency
becomes commensurate with a system eigenfrequency, which
will substantially alter the distribution of the angular momen-
tum within the system. The times (values of 𝐽2) where this
will happen are predicted by the secular theory, which can be
used to compute at what values of 𝐽2 the relevant frequencies
will be close. For TOI-125, the specific values of 𝐽2 at which
the instabilities will occur is given by the intersections in Fig-
ure 3. While the total angular momentum deficit (AMD) will
generally be conserved (Laskar & Petit 2017), its distribution
among planets can be altered significantly at these points, re-
sulting in the relative values of eccentricity and inclination
for each planet changing. This can be seen in the definition
of AMD found in Laskar (1997); Laskar & Petit (2017):

𝐶 =

𝑛∑︁
𝑘=1

Λ𝑘 (1 −
√︃

1 − 𝑒2
𝑘

cos 𝑖𝑘 ) (11)

Where Λ𝑘 = 𝑚𝑘
√
`𝑎𝑘 (` reducing further into 𝐺𝑀 , where

𝐺 is the gravitational constant and 𝑀 is the mass of the
star), 𝑒𝑘 is the eccentricity of the 𝑘 𝑡ℎ body, and 𝑖𝑘 is its
accompanying inclination. The points at which this will occur
can approximately but not exactly be predicted by the secular
theory.

Since the results found in the theory described above can
be perturbed by additional effects not present in the secular
model (ex: Granados Contreras & Boley 2018), to further and
more exactly examine how this evolution proceeds with time,
we turn now to numerical simulations of the planetary system
under the influence of the evolving star.

Figure 4. Plot of the inclination evolution of the four planets in
TOI-125 as a function of 𝐽2, for the 1 degree obliquity run. The
USP planet is represented by the blue color, labeled .04, and shows a
clear transition away from the original orbital plane as 𝐽2 decreases.

Figure 5. Plot of the USP-STIP misalignment in degrees as a
function of 𝐽2 for the 1 degree obliquity. This misalignment was
calculated by taking the median of the STIP inclinations for each
step of the loop and subtracting it from the inclination values of .04.
It is thus clear to see the transition of the USP planet out of the
orbital plane, due to the instabilities discussed in Figure 3.
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3. NUMERICAL SIMULATIONS
To study the long-term dynamical evolution of the TOI-

125 system, we use N-body simulations, which allow for a
full characterization of how the planetary orbits will change
as 𝐽2 evolves. The second order secular theory described
above will solve for the inclination evolution decoupled from
the eccentricity evolution, but the numerical integrations will
compute the full solution and remove other approximations
imposed by the secular theory, including the fixed semi-major
axis ratios. To compute the N-body solutions, we use the
Rebound (Rein 2012) and Reboundx (Tamayo et al. 2020)
packages.

3.1. A Numerical Exploration of Long-Term Dynamics

The purpose of the N-body integrations is to study the
evolution of the known planets in the TOI-125 system as the
star ages (and its 𝐽2 moment decreases). The initial conditions
of the planets are set to be a combination of the current-day
values and some assumptions about what the system looked
like at formation. At the time of disk dispersal, it is expected
that the planets would have resided in a roughly coplanar
configuration, so the initial planetary inclinations are confined
to a narrow disk, being drawn from a Rayleigh distribution
with a width of 1.4 degrees (Fabrycky et al. 2014). The star
was also assigned an initial obliquity with respect to the mean
plane containing the planets. The initial value tested for the
stellar obliquity was 1 degree. Otherwise, the simulation was
initialized using the planetary and stellar parameters reported
in Table 1. This initial set-up corresponds to the following
assumptions about the system’s formation: we assume that
the planets migrated into their final orbital radii in a coplanar
manner, resulting in a initial condition that matches the orbital
parameters summarized in 1. Some slight dispersion in initial
inclination is allowed, but the mutual inclinations are low to
start and allowed to change over the course of the integration.

The simulated system was integrated using the ias15 inte-
grator. Each simulation was run for 1 Myr (roughly 7 × 109

orbits of the inner planet). The effects of general relativity
(GR) and the 𝐽2 potential were included using the Reboundx
(Tamayo et al. 2020) package. To model 𝐽2, we used the
gravitational harmonics package1, with the stellar axis fixed
to the z-axis of the simulation. The 𝐽2 of the star was ini-
tialized with a value of 10−2 at a time of 0, and decreased
linearly in log-space over time, ending at 10−9 at 1 Myr of
simulation time (Batygin & Adams 2013; Bouvier 2013). A
𝐽2 = 10−2 corresponds to a ratio of the stellar rotational fre-
quency to breakup of around Ω∗/Ω∗,𝑏 = 0.3, which resides
at roughly the 50th percentile for young stars according to

1 See https://reboundx.readthedocs.io/en/latest/effects.html and the gravi-
tational harmonics example

Gallet & Bouvier (2013). Although the stellar quadrupole
moment will decay much more slowly than our simulated rate
over a real star’s life, the dynamical time of the system is
extremely short compared to the timescale of the change in
𝐽2. The integration time (1 Myr) was chosen to both allow
computation feasibility of the problem (each integration as
described above took one week on a single CPU core running
at roughly 2.8 GHz), as well as ensure that the character of
the dynamics is preserved as compared were the evolution to
proceed for the full multi-Gyr system lifetime.

The inclination evolution of the planets in an integration
with the properties described above and for an initial stellar
obliquity of one degree is shown in Figure 4. Early in the
simulation, where the 𝐽2 is larger, all four planets remain in
the same orbital plane, with only slight oscillations about the
median; however, once the 𝐽2 decreases to a value of 1.3 ·
10−5, the planets reach the first predicted secular instability,
at which time TOI-125.04 begins to become misaligned with
the original orbital plane. At the same time, the three planets
remaining within the plane also transition to a new mean plane
location, except instead of their inclinations increasing with
respect to the initial planar value, they decrease in order to
conserve the AMD. This system-wide inclination evolution
continues until the star spins down to a 𝐽2 of 3.3 ·10−6, where
the final secular instability is encountered. The transition of
TOI-125.04 out of the plane levels off at this 𝐽2 value, and
the STIP plane stabilizes in its inclination as well. After this
point, the orbits of all four planets are relatively consistent as
the star continues to spin down.

Figure 5 plots the USP misalignment from the STIP plane
for this particular initial stellar obliquity. The location of the
STIP plane was defined as the median inclination of the outer
three planets. Compared to the secular prediction in Figure
3, the large transition in the USP-STIP alignment occurs right
where the secular theory predicts an instability. This inte-
gration suggests that for a very small initial stellar obliquity
(1 degree), the USP-STIP misalignment will be measurable
(∼ 7 degrees) when the system is mature. Note that for large
differences in planetary inclinations, variations in Ω may also
affect the observed alignment of the system, but for transiting
systems as considered here the effect is very small.

Simultaneously, as the systems evolves, the phase-space
behavior of the planets will similarly change. In Figure 6,
we show the both the inclination evolution for the second
planet TOI-125 b (bottom panel) and the 𝑖 − Ω phase space
evolution for three representative times points (top panels).
The angle Ω𝑏 − Ω𝑐 is computed using the differential nodal
alignment between adjacent planets, and this angle changes
between libration and circulation as the 𝐽2 decays and the
planet transitions from an early nodal circulation (because
the nodal precession caused by 𝐽2 is large compared to the li-
bration cycles in Ω induced by the planet-planet interactions)
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Figure 6. Figure representing the evolution of the nodal alignment of planet TOI-125b with TOI-125c as a function of inclination over the
course of stellar spin down for a 1 Myr integration, in the 1 degree obliquity run. The three top phase portraits correspond with the 𝐽2 ranges of
the same color in the bottom plot, showing that as the system evolves, the phase spaces transition from circulation to libration. This implies that
as the star spins down, the nodal alignment-inclination relationship becomes less oscillatory and more chaotic, a situation which could warrant
further study.

to later nodal libration (as the planet-planet effects dominate
the dynamics). The point at which this transition between
circulating and librating occurs differs for each planet, as it
depends strongly on the planet’s orbital period. The transi-
tion in the range 𝐽2 ∼ 10−5 − 10−6 also denotes a transition
between clear libration cycles between planets b and c and a
more complex phase space where TOI-125.04 plays a more
important role in the dynamics.

3.2. The Effect of Varying the Initial Stellar Obliquity

The integration presented in Figure 4 and Figure 5 demon-
strates the behavior of the TOI-125 system with a star that
has an initial obliquity of 1 degree relative to the plane of
the planets. Such low obliquities could be generated easily if
the precession rates of the planet-forming disk and the stellar
axis have some very slight mismatch, and the approximate
resultant mismatch between the inner and outer planet in-
clinations will be roughly 7 degrees, which is smaller than
the current day value observed in the TOI-125 system. To
check how the misalignment at late times will be affected by
the initial value of the stellar obliquity, we performed a total
of 15 integrations with identical parameters as described in
the previous section, except for different initial values of the
stellar obliquity between 0.2 and 10 degrees. For each inte-
gration, we compute the median and spread in the USP-STIP
misalignment at late times (when 𝐽2 > 10−7). The results are
plotted in Figure 7. The errorbars indicate the distribution

Figure 7. For a variety of initial stellar obliquities with respect
to the plane containing the four TOI-125 planets, the eventual USP-
STIP misalignment computed numerically after the star is allowed to
evolve to 𝐽2 ∼ 10−8. The prediction of Spalding & Batygin (2016)
for a two-planet system is overlaid. The multi-planet dynamics in this
case is more complex than the prediction, but the prediction does a
good job of predicting the general trend of USP-STIP misalignment.

of misalignment values present within one integration, as the
planetary inclinations will oscillate with time.

As predicted in Spalding & Batygin (2016), the misalign-
ment between adjacent planets increases for an increased ini-
tial stellar obliquity. In Figure 7, we also plot the prediction for
a simple two-planet system from Spalding & Batygin (2016)
for small value of 𝐽2 < 10−6. The prediction for such a simpli-
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fied system is that the misalignment between adjacent planets
in a two-planet system (measured in degrees of inclination)
will be twice the stellar obliquity. The numerically computed
values of the mutual planet inclinations (between the USP
planet and the STIP) generally follow this trend, with devia-
tions at low values of stellar obliquity. The deviation between
the numerical results for TOI-125 and the analytic prediction
of Spalding & Batygin (2016) is explained by the complexity
of multi-planet dynamics: rather then a two-planet pair, the
TOI-125 system has a set of three planets exterior to the USP
planet. As shown in Figure 6, the phase space behavior of two
planets in the STIP changes over time. At later times where
STIP components no longer circulate in Ω𝑏 −Ω𝑐 , this planet-
planet coupling can significantly alter the planets’ precession
frequencies. The presence of additional planets beyond the
two-planet system considered in Spalding & Batygin (2016)
serves to perturb the precession frequency of TOI-125 b, re-
sulting in the presence of secular resonances at particular
values of 𝐽2 and deviation between the model and simulation
results presented in Figure 7. We also note that for much larger
stellar obliquities than are considered here, the multi-planet
dynamics may cause further deviation from the theory.

4. DISCUSSION
The Kepler data set yielded constraints on exoplanet demo-

graphics which suggested that tightly packed, multi-planet
systems are relatively common (Muirhead et al. 2015), de-
spite their dissimilarity to our own solar system. Although
exoplanet system geometries with misalignment in the incli-
nation angle between components of a STIP apparently sub-
vert this archetype, simultaneously, in the exoplanet sample
as a whole, planets with particularly short orbital periods in
multi-planet systems have a larger range of inclinations com-
pared to other planets in their systems (Dai et al. 2018). Pre-
vious work has discussed how this orbital-radius-dependant
inclination dispersion can be related to stellar parameters, in-
cluding the stellar quadrupole moment and stellar obliquity
(Li et al. 2020; Becker et al. 2020). In this work, we have
studied a system, TOI-125, whose tightly-packed geometry
fits into this picture, with a high mutual inclination for the
ultra-short-period planet, and a coplanar geometry for the
outer planets. We use this system as a test case, and expand
on previous work to demonstrate how an evolving star can
naturally generate the system geometry described above from
a typical, multi-planet system that formed in the protoplane-
tary disk. In our analysis, we assume that the disk dissipates
sufficiently rapidly that the planet-planet dynamics is allowed
to emerge by the time the secular resonance crossings occur,
and we also assume that the disk dissipation is fast enough
that the natal misalignment between the star and the disk is
retained as star-planet misalignment (Spalding & Millholland
2020). We also show that the specific initial stellar parameters

(particularly the stellar obliquity) set the exact geometry (the
USP-STIP angle) which will be observed after the system has
evolved to a relatively old age.

This evolution in planetary inclination is born from asym-
metry in the stellar potential, parameterized both as a stellar
quadrupole moment (𝐽2) and a stellar obliquity. If we as-
sume that a system formed in a protoplanetary disk, some
misalignment between the host star and the planet-forming
disk must exist in order for the dynamics described above to
become relevant. Otherwise, as shown for the low values of
stellar obliquity in Figure 7, the USP-STIP misalignment will
remain low. A stellar obliquity can originate in, for example,
the presence of some misaligned external potential, either
stellar (Spalding & Batygin 2014) or due to a misaligned
outer component of the protoplanetary disk (Loomis et al.
2017; Ansdell et al. 2020; Francis & van der Marel 2020).

Considering the evolving system from a secular perspec-
tive, the relative importance of the planetary eigenfrequen-
cies in the system will change as the stellar quadrupole mo-
ment decays. At times where fundamental system frequencies
are very close to each other and planetary frequencies, this
can cause the emergence of secular resonances that were not
present at other 𝐽2 values. This effect can cause a redistribu-
tion of the phase space area of the system while conserving
the total AMD (see also Faridani et al. 2021). This is seen
clearly in Figure 4, where the increase in the inner planet’s
orbital inclination occurs simultaneously with the alignment
of the outer planets with the stellar equator. The AMD of the
system as a whole is conserved, and for the dynamics in this
paper, the evolution takes place at constant semi-major axis.
Petrovich et al. (2019) describes a similar chaotic instability
due to secular resonances and tidal effects which can result in
significant migration of planets, but the dynamics described
in this paper is comparatively non-violent and will lead only
to a redistribution of AMD rather than planetary migration in
semi-major axis.

It is important to note that the locations of these instabil-
ities will change for different geometries of systems. In this
paper, we have considered the TOI-125 system, and during its
evolution two instabilities occurred (as shown in Figure 3). In
the TOI-125 system, the current day misalignment between
the USP planet and the outer three planets is 14 - 18 degrees.
Based on the results of Figure 7, this corresponds to an initial
∼ 5 − 10 degree stellar obliquity with respect to the forming
plane of planets. This value is similar to that of the solar
obliquity (Beck & Giles 2005).

In other systems with differing planet multiplicities or
planet parameters, these instabilities may be more or less
common. In many cases, they may not occur at all, both due
to the fundamental system parameters as well as if the plan-
ets arrive in their final orbital positions after the star has spun
down sufficiently. Systems will attain the geometry described
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in this paper when the planets arrive in their final orbital lo-
cations at a time before that when the planetary fundamental
frequencies will become commensurate. This occurs in the
case where there exists some non-zero stellar obliquity with
respect to the inner planet forming disk. Even for a relatively
small initial stellar obliquity, the USP-STIP misalignment will
be measurable when the system is a few Gyr old. However,
in systems where the stellar obliquity is sufficiently low or
in which planets arrive close to the star after the quadrupole
moment has decayed significantly for the planets’ particular
orbital radii, then the inclination dynamics described in this
paper will not arise.

For this latter set of systems, limits on dynamical stellar
obliquity or the arrival time of planets (if the true obliquity
history is known) could be possible. In the TOI-125 system,
the planets likely arrived into their observed locations early
enough that the dynamics in this paper was allowed to operate.
If the planets migrated inwards too late, then 𝐽2 would have
decayed sufficiently such that the inclination-exciting dynam-
ics would no longer operate; see Figure 6, which shows that
for this particular geometry, the dynamics no longer actively
alters orbits after a 𝐽2 of 10−6 or so (see also discussion in
Schultz et al. 2021). The mechanism described in this paper
will not occur for planets will sufficiently large orbital radii.

5. CONCLUSION
We present the relationship between the observed misalign-

ment between TOI-125.04 and the outer three planets in the
TOI-125 system as it depends on the stellar quadrupole mo-
ment and the stellar obliquity. Using the secular perturbation
theory, we were able to predict values of 𝐽2 at which the

TOI-125 system would be expected to have instabilities in
inclination angle (Figure 2). We then evaluated the long-term
evolution of the system with changing 𝐽2 using N-body in-
tegrations, in which we showed that the conservation of the
phase space area results in a redistribution of the AMD in
the system, creating a misalignment between TOI-125.04 and
the other planets which emerges at roughly the time predicted
by the secular theory. We conclude that if TOI-125.04 had
started in the same orbital plane as the other planets in the
TOI-125 system and if the system had some small (∼ 5 − 10
degree) stellar obliquity, TOI-125.04 could naturally have mi-
grated to its current 14 degree separation as a product of the
stellar spin down. The mechanism described in this paper
can be applied more generally to systems with STIPs and
inner misaligned USP planets, and naturally explains their
geometries as observed at present day.
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Stellar Parameters

Stellar Mass (𝑀�) 0.871

Stellar Radius (𝑅�) 0.852

Planet Parameters .04 b c d

Period (days) 0.528474 4.65382 9.15067 19.9807

Semi-Major Axis (AU) 0.01222 0.05210 0.0818 0.1376

Mass (𝑀⊕) 2.65 8.5 8.6 9.5

Inclination (degrees) 72.80 88.99 88.52 88.753

Eccentricity 01 0.183 0.065 0.075

Time of Conjunction (BJD) 2458350.8394 2458355.35520 2458352.7582 2458342.8514

Table 1. Table containing all necessary planetary and stellar parameters to perform both secular theory and n-body integrations. All values
reported come from (Quinn et al. 2019) and are the median values drawn from the ExoFastv2 fit of that paper. 1: The eccentricity of the inner
planet was set to 0 in the ExoFastv2 fit in Quinn et al. (2019), and we use that value here as well.


