Approximating the two-mode two-photon Rabi model
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The Rabi model describes the simplest nontrivial interaction between a few-level system and a
bosonic mode, featuring in multiple seemingly unrelated systems of importance to quantum science
and technology. While exact expressions for the energies of this model and its few-mode extensions
have been obtained, they involve roots of transcendental functions and are thus cumbersome and unintuitive. Utilizing the symmetric generalized rotating wave approximation (S-GRWA), we develop a
family of approximations to the energies of the two-mode two-photon Rabi model. The simplest elements of the family are analytically tractable, providing better approximations in regimes of interest
than the RWA such as in the ultra- and deep-strong coupling regimes of the system. Higher-order
approximate energies can be used if more accuracy is required.
Keywords: Rabi Hamiltonian, two bosonic modes, two-level systems, rotating wave approximation,
approximate spectrum

I.

INTRODUCTION

Introduced 80 years ago, the Rabi model has
proven successful in describing the most basic interaction between light and matter [1]. The original
model depicts the interaction between an atom, approximated by a two-level system, and a single mode
of radiation. Due to its simplicity and ubiquitousness, the model has found applications in various
fields ranging from quantum optics [2–5] to solid
state physics [6–11]. In particular, its prominent
presence in Josephson junctions [12], transmons [13],
and flux qubits [14] has cemented the model, and its
simplified Jaynes-Cummings and dispersive versions
[15], as a cornerstone of quantum technology.
Interest in the model and its extensions to multilevel systems and multiple modes continues, as such
systems have presented many exciting experimental opportunities to explore rich physical phenomena [16–28]. In particular, cavity and circuit QED
experiments have proposed constructions of quantum switches [29–33], single-photon transistors [34],
and various two-qubit gates [35,36]. Stabilization
schemes for quantum computing require three- or
higher-wave mixing terms [37]. Moreover, tuning the
light-matter coupling provides new avenues for exploring controlled photon entanglement experiments
[38] in two-photon quantum systems.
All of the mentioned efforts drive the necessity
to better understand Rabi-type models analytically.
∗
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Despite its simple looks, this has actually proven
quite hard for even the original case [39]. Early work
[40] utilized the parity symmetry of the model to
derive Juddian solutions — analytic expressions for
energies at crossings between eigenstates of different
parity [41,42]. Only recently, however, has Braak’s
use of discrete symmetries obtained the spectrum of
the model, deeming it “exactly solvable” [43]. In the
“exact” solution, eigenvalues of the Rabi Hamiltonian are zeroes of an infinite series of transcendental
functions. While such solutions demonstrate a novel
notion of integrability and are a mathematical step
forward, their complexity presents a formidable obstacle to increasing physical understanding.
Recently, there has been additional interest in
finding analytical solutions to generalizations of the
quantum Rabi model [44–56]. These include the
two-photon Rabi model, where the coupling between
the spin and the oscillator creates photons in pairs,
and the two-mode two-photon Rabi model, where
each photon in the pair corresponds to a different
oscillator. These models (listed in Table I) can be
thought of as belonging to the same “integrable”
[43] class as the original Rabi model, and “exact”
solutions of similar complexity have also been derived for them using different mathematical tools
[44, 47, 48, 50, 57, 58]. However, physically motivated yet accurate approximation methods, such as
generalizations of the rotating wave approximation
[8, 45], have not yet been fully applied to these cases.
In this paper, we apply the symmetric generalized
rotating wave approximation (S-GRWA) [45] to the
two-mode two-photon Rabi model, deriving a closed-

in the removal of off-diagonal entries in the above
matrix. The transformation can be thought of as a
spin Hadamard rotation “conditional” on the state
of the boson,


1
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,
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form and relatively simple expression for the energies of the system. This approximation respects the
underlying composite symmetry of the system and
remains accurate in regimes of large spin-oscillator
coupling. The approximation accuracy is tunable
and is governed by how many matrix elements of a
partially diagonalized Hamiltonian one includes in
the approximation. We verify our approximation
method against exact numerical results.
In Section II, we briefly review the S-GRWA. In
Section III, we apply the S-GRWA to the two-mode
two-photon system.

where the bosonic parity operator P satisfies
[P, Hbos ] = 0

P2 = 1 .

(4)

Applying this transformation to H and once again
writing out the spin part, one will see that the spin
off-diagonal entries in U † HU are proportional to the
anticommutator of Vbos and P. Thus, in order to
remove the off-diagonal entries, the parity operator
needs to anticommute with the coupling,

II. GENERALIZED SYMMETRIC
ROTATING WAVE APPROXIMATION

The rotating wave approximation (RWA) has been
a well established method for solving the Rabi
model, a well known Hamiltonian in quantum optics.
This approximation works well when the assumption
that the coupling strength between the two systems
is weak such that the Stark effect and Bloch-Siegart
shift are small [59]. The RWA works on the basis
that fast oscillating terms can be ignored [60]. However, in doing this, the RWA is not as effective when
solving generalized Rabi-type models, such as the
two-photon or two-mode models, as it fails to deliver accuracy in the strongly coupled regions of the
Hamiltonian [61–64]. Therefore, a more powerful
method is required for solving such systems.
Let us review the steps leading to the symmetric
generalized rotating wave approximation (S-GRWA)
[45] in a way that applies to all models that we consider. We consider Rabi-type systems coupling a
two-level system to one or two bosonic modes. Their
Hamiltonians are all of the form
H = Hbos + Jσx + σz Vbos ,

and

Vbos P = −PVbos .

(5)

If one can find a P satisfying properties (4,5), then
one obtains the spin block-diagonal Hamiltonian


Hbos + Vbos + JP
0
†
.
U HU =
0
Hbos − Vbos − JP
(6)
For the single-mode Rabi model, Vbos ∝ a + a†
(with a being the mode’s annihilation operator),
†
P = eiπa a is simply the parity operator. For
the two-mode case with coupling Vbos ∝ a2 + a†2 ,
Ref. [45] introduced a generalized parity (see Table I)
with which they were able to block-diagonalize that
case. Here, we introduce a two-mode parity operator
with which we block-diagonalize the two-mode twophoton Rabi model with coupling Vbos ∝ ab + a† b† .
This partial diagonalization was implicitly done in
Ref. [44], but here we give the explicit form of the
parity on the entire Hilbert space.
Once the Hamiltonian is diagonal in the spin degree of freedom, we are left with two bosonic Hamiltonians H ± = Hbos + Vbos ± JP containing the nonlinear component P. Additional symmetries in the
latter two-photon Rabi models can then be used to
further block diagonalize the Hamiltonians in the
bosonic space (see Table I). This procedure exhausts
all symmetries present in the system and brings
about substantial numerical advantages: we are left
with bosonic Hamiltonians that correspond to tridiagonal matrices in the bosonic Fock space.
Instead of attempting to diagonalize the resulting
tridiagonal matrices exactly, the S-GRWA proceeds
by applying another unitary rotation to each matrix, and then truncating the resulting matrix into
block-diagonal form. For example, in the case of

(1)

with Hbos and Vbos both purely bosonic. The former
operator represents the purely bosonic “frequency”
of the Hamiltonian, while Vbos is the bosonic part of
the spin-boson coupling. The spin operators σz , σx
are the usual Pauli matrices, while J is a parameter.
Writing out the Hamiltonian (1) explicitly in the
σz eigenstate basis of the spin yields a two-by-two
matrix consisting of bosonic operators,


Hbos + Vbos
J
H=
.
(2)
J
Hbos − Vbos
The next step is to partially diagonalize this Hamiltonian in the spin space, which is done with the
Fulton-Gouterman transformation [65]. This results
2
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†
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†
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eiπa
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σx e

Additional symmetry

a† a+b† b
2

)

a

(Z2 )

†

a a − b† b (U(1))

S-GRWA unitary


exp ωλ (a − a† )σz


exp α(a2 − a2† )σz


exp α(ab − a† b† )σz

TABLE I. The three Rabi-type models covered by the S-GRWA approximation, their symmetries, and the unitary
operators used in the approximation procedure. The first two models were treated in Ref. [45], while the third one is
treated here.

the Rabi model, a conditional (i.e., with direction
depending on the spin state) displacement operator
D is applied, and the resulting matrix of Laguerre
polynomials (matrix elements of the displaced parity operator D† PD = PD2 ) is truncated into blocks
of varying sizes. For the other two systems, squeezing operators are used instead of displacement. This
forced block-diagonalization may seem ad-hoc, but
it is rooted in effectively similar procedures in the
original RWA and its generalization, the GRWA [8].
It was verified that such truncations reproduce approximations obtained via other means [45, 66, 67].
The other benefit gained from taking this leap of
faith is that, unlike the GRWA, the S-GRWA is better aligned with the Z2 symmetry σx P of the joint
system than the other approximations [45].
III.

FIG. 1. Comparison among eigenenergies of the twomode two-photon Rabi Hamiltonian obtained by diagonalizing Eq. (2) truncated to a 100-by-100 matrix (solid
black lines), applying the RWA (dotted green lines), and
applying the S-GRWA Eq. (15) and using its next-tosimplest eigenenergies obtained from diagonalizing Eq.
(21) (dashed blue lines) for ∆ = 0, J = ω = ω1 = ω2 = 1.

TWO-MODE TWO-PHOTON SYSTEM

The Hamiltonian of the two-mode two-photon
Rabi model, introduced in [44, 50, 57, 58], is
H = ω1 a† a + ω2 b† b + Jσx + λσz (ab + a† b† ),

trix in spin space with bosonic entries

(7)

H ± = ω1 a† a + ω2 b† b ± λ(ab + a† b† ) ± JP.

where λ is the interaction strength, σx , σz are the
Pauli matrices describing the two-level system with
energy gap 2J, and ω1 , ω2 are the frequencies of the
bosonic modes with annihilation(creation) operators
a(a† ) and b(b† ). The complete set of commutation
relations among these operators is
[a, b] = [a† , b† ] = 0, [a, b† ] = [a† , b] = 0,
[a, a† ] = 1, [b, b† ] = 1.

(10)

In this way, the spin degree of freedom has been
decoupled.
Each of the above bosonic Hamiltonians has a
U (1) symmetry, generated by the photon number
difference operator
ˆ = a† a − b† b.
∆

(8)

(11)

As H ± acts on the two-mode Fock space, where each
state can be labeled as |n, mi for n, m ≥ 0, we can
further decompose each bosonic Hamiltonian into
block diagonal form,
M
±
H± =
H∆
.
(12)

Similar to the single-mode cases (see Table I), we
first apply the Fulton-Gouterman transformation (3)
that block-diagonalizes the system in spin space using the parity operator
h π
i
P = exp i (a† a + b† b)(a† a + b† b − 1) .
(9)
2

∆∈Z

Plugging this into the formulas of the previous section transforms the Hamiltonian into a diagonal ma-

Each Hamiltonian block in this finer form acts on
its corresponding subspace of fixed photon number
3

(a) ∆ = 0

(b) ∆ = 1

(c) ∆ = 2

(d) ∆ = 0

(e) ∆ = 1

(f) ∆ = 2

FIG. 2. Exact solution of the two-mode two-photon Rabi Hamiltonian (black lines), plotted with the S-GRWA results
(colored lines). The black lines represent the numerical solution corresponding to properly diagonalizing Eq. (10)’s
tridiagonal matrices, each truncated to a 100-by-100 matrix in the Fock subspace of fixed photon number difference
(11). The positive (negative) parities of each manifold is represented via solid (dashed) black lines for exact energies
and solid blue (red) lines for the S-GRWA energies. The results represent two cases: (a-c) J = ω = 1 and (d-f)
2J = ω = 1 where ω = ω1 = ω2 .

and an unimportant constant offset ω̃ − ω+ + ω− ∆
that we have removed (although one should keep in
mind that the ∆ part of the offset is not constant
on the entire Hilbert space). We can readily read
off the regime of physicality of the system from the
equation for ω̃. When λ surpasses ω+ , the bosonic
frequency becomes negative and the discrete spectrum collapses. This is readily seen in the numerical
plots in Figure 2. The collapse of the spectrum was
also predicted in [50, 58, 69].
So far, the transformations have yielded exact results. We now express the above Hamiltonians in
the Fock subspace basis {|n, n + ∆i}∞
n=0 and further
truncate to a direct sum of blocks of fixed size. The
simplest truncation results in simply taking the diagonal entries (i.e., one-by-one blocks), which yields
the following approximate energies,

difference ∆ = n−m. The Hamiltonian on the block
is a tridiagonal matrix when written in the fixed-∆
Fock subspace {|n, n + ∆i}∞
n=0 for ∆ ≥ 0 (with the
entries swapped for ∆ < 0 [68]). The parity operator
P earns its name by reducing to a diagonal operator
proportional to (−1)n in this basis.
To complete the S-GRWA, we apply a similar twomode squeezing operator used in [50] in order to get
rid of the two-mode driving term ab + a† b† :
S(±α) = exp( ± α[ab − a† b† ]).

(13)

The sign of the squeezing will be conditional on the
± spin block, while the magnitude α > 0 satisfies
tanh(2α) = λ/ω+ ,

(14)

where it becomes convenient to express frequencies
as ω± = 12 (ω1 ± ω2 ) from now on. Upon squeezing,
the bosonic Hamiltonians transform as [7]
±
H∆
→ ω̃(a† a + b† b) ± JPS(±2α),

with a new λ-modulated frequency
q
2 − λ2
ω̃ = ω+

n

(∆,0)

ω̃(2n+∆)±J(−1) sech∆+1 (α) P2n


2 tanh2 α − 1 ,
(17)
indexed by ±, Fock state index n, and photon number difference ∆. Above, we have plugged in the
diagonal m = n matrix elements of the squeezing

(15)

(16)
4

Nevertheless, despite exhibiting the proper scaling
and level crossings as they approach the point of col∆
Sm,n
= hm, m + ∆| S(2α) |n, n + ∆i ,
(18)
lapse, the simplest S-GRWA energies and the point
of spectral collapse are both slightly offset form the
(α,β)
written in terms of Jacobi polynomials Pn
(x).
exact results. Additionally, we note that, particular
For the more accurate two-by-two block trunto the ground state energy, the RWA remains more
cation, we require off-diagonal matrix elements of
accurate than the S-GRWA even at higher-order apthe two-mode squeezing operator [70] (see also [71,
proximations.
Sec. 6.5.6]):
In Figure 2, the comparison is done by comparing the approximated energies obtained from the Ss
GRWA against the exact energies obtained by exact
n!Γ(2κ + m)
∆
Sm,n
= (−1)n η m−n (1 − |η|2 )κ
diagonalization of Eq. (2). In particular, we are
m!Γ(2κ + n)
concerned with two cases: (1) J = ω1 = ω2 = 1,
× Ψ2κ−1,m−n
(|η|2 ) (19)
n
the resonance case, and (2) 2J = ω1 = ω2 = 1,
an off-resonance case. As we have the Hamiltonian
given that η = tanhα, 2κ − 1 = ∆, and
consisting of infinite orthogonal Fock subspaces, we
investigate the performance of this S-GRWA when
β,m−n
Ψn
(ρ)
∆ = 0, 1, 2 for each parity (±), i.e. the accu( (β,m−n)
±
racy of S-GRWA in each H∆
as described in Eq.
(2ρ − 1)
for m ≥ n
Pn
=
−
(β,n−m)
m!Γ(β+n+1)
n−m
(12).
We
have
that
H
contains
the ground state
(2ρ − 1)ρ
for m ≤ n.
Pm
∆
n!Γ(β+m+1)
in each fixed-∆ sector. Furthermore, the orthog(20)
onality of subspaces in the Hilbert space supports
the argument of given an initial state in the positive
We truncate the Hamiltonian into two-by-two
manifold, then the resulting ground energy will be
blocks such that the nth block is
present strictly in the positive manifold’s spectrum.


∆
∆
ω̃(2n + ∆) ± JS2n,2n
JS2n,2n+2
Contrary to the observation from single-mode Rabi
∆
∆
JS2n+2,2n
ω̃(2n + 2 + ∆) ∓ JS2n+2,2n+2
Hamiltonians in [45], the S-GRWA approach pro(21)
vides great accuracy at small values of λ in the ultraDiagonalizing this matrix yields the S-GRWA enerstrong coupling regime while it becomes less accugies for the two-mode two-photon Rabi Hamiltonian.
rate at larger values of λ for lower eigenenergies of
One can consider higher-dimensional blocks if more
the entire spectrum of the Hilbert space, particularly
accuracy is required.
the deep-coupling regime λ → ω. However, consider
The accuracy of this two-by-two block approxilarger block truncations extends the accuracy of the
mation is depicted above in both Figure 1 and Figenergies into that regime. The method also provides
ure 2. In Figure 1, we present the eigenenergies oba good approximation to the level crossings between
tained using exact diagonalization, the RWA, and
energies associated with different values of ∆.
the S-GRWA defined previously. The RWA eigenenergies are obtained from applying the unitary parity
operator and, similar to our S-GRWA, we perform
IV. CONCLUSION
a two-by-two matrix truncation to derive the RWA
eigenenergies numerically. We can see that for the
Building on previous results, we have shown that
first couple of eigenenergies of the system, both the
the symmetric general rotating wave approximation
RWA and the S-GRWA provide reasonable approxi(S-GRWA) [45] that has been utilized to approximations in the weak-coupling regime λ  ω. Howmate the spectrum of single-mode two-photon Rabi
ever, we note that, at resonance (J = ω1 = ω2 ),
Hamiltonian can be successfully extended into the
relative to the exact eigenenergies of the system,
two-mode two-photon quantum system. Using a
the S-GRWA eigenenergies are more accurate in this
similar approach, we have derived a parity operaregime than the standard RWA eigenenergies. Furtor that explicitly diagonalizes the spin part of the
thermore, the RWA fails to deliver accuracy in the
Hilbert space. Furthermore, we utilize the U (1)
ultra- and deep-strong coupling regime for higher
symmetry of the two-mode case to produce a finer
eigenenergies of the system and exhibits significant
block-diagonalization that is amenable to a numerdivergence from the exact eigenenergies. In particuical treatment. We then approximate the exact
lar, while the S-GRWA manages to capture the specenergies of the system via the S-GRWA. The detral collapse of the system, the RWA fails to do so.
operator,

5

rived eigenenergies can accurately capture the dynamics of the system even in complicated setups
where counter-rotating terms play crucial effects in
the interactions.
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