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1. Introduction and main results

Motivated by applications in physics, mathematical biology and economics, a certain class of minimization
problems involving a nonlocal interaction energy has attracted a lot of attention recently in the mathematics
literature. In these models ‘particles’ interact with each other through a pair potential that corresponds to a
force that is repulsive on short distances and attractive on long ones. For background and also the connection
to a class of time-dependent aggregation equations we refer to [2,3,5,8,11-13] and the references therein.

Here we consider one very simple family of minimization problem of this type in one spatial dimension.
This family has been studied before, but a certain regime has been left open and it is our goal to complete
this investigation. For a parameter o > 2 we consider the energy functional, defined for u € P(R), the set
of Borel probability measure on R, by

&l =5 [ /R (o=l =2 e =) ) dit). (1)
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The corresponding minimization problem is
E, =inf{&[u]: ne P(R)}.

Recently, Davies, Lim and McCann have shown in [11, Theorem 2.2] and [12, Theorem 1.2] that for o > 3
the minimizers for E, are precisely of the form p = 2*1(5(1_1/2 + 0441/2) for some a € R. Earlier, Kang,
Kim, Lim and Seo [16, Theorem 2] had shown that in the case 2 < a < 3, for any m € (0,1) and a € R
the measure md,_1/2 + (1 —m)de41/2 is a saddle point for £, (with respect to the oo-Wasserstein metric)
and therefore, in particular, not a minimizer. Finding the minimizer for 2 < o < 3 was explicitly stated as
an open problem in [12, Remark 1.6]. As far as we know, up to now it was not even known whether or not
optimizers are supported on a finite number of points, as the mild repulsivity assumption in [2,8] barely fails
in the above problem.

Our goal in this paper is to explicitly compute the minimal energy F, and its minimizers. This settles
the above open problem and shows, in particular, that for 2 < o < 3 minimizers are absolutely continuous
and supported on an interval.

Theorem 1. Let2 < a < 3 and set

Then

Moreover, the infimum is attained if and only if for some a € R,
-1 pa—2 (P2 2y—azt
du(x) =C, R (R — (r—a)®)” 2 1(Jz — a|] < Ry) dz,
where Cy, is an explicit normalization constant given in (7).

Denoting the measure in the theorem with a = 0 by 4, it is not difficult to see that pg — 2’1(5_1/2 +
041/2) in M(R) = (Co(R))* and E, — E3 as a /3. Thus, one can think of the transition at o = 3 as a
‘singular bifurcation’.

The same technique of proof used for Theorem 1 allows us to solve the following related minimization
problem. Let now —1 < o < 2 and consider for © € P(R) the energy functional

1 _ - @
&alid =5 [ (2o~ a Mo = ol”) dule) duto). (1)
RxR
The corresponding minimization problem is
E, =inf{&[u]: ne P(R)}.

For a = 0 we understand o~ !|z — y|* as In|z — y.

Theorem 2. Let —1 < a < 2 and define R, by (2). Then the conclusions of Theorem 1 remain true, except
that the sign of the right side in (3) is switched.

This result in the restricted range 1 < a < 2 appears in the recent preprint [10, Theorem 5.1]. As far as
we know, Theorem 1 and the part of Theorem 2 corresponding to —1 < o < 1 are proved here for the first
time. There are precursors in the literature, notably the works [9] by Carrillo and Huang and [1] by Agarwal
et al. and we now discuss the similarities and differences with these works.
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In [9], it is shown that the measures appearing in Theorems 1 and 2 satisfy ‘half’ of the Euler-Lagrange
relations corresponding to the minimization problem FE,. This does not allow one to conclude that these
measures are minimizers (and neither is this claimed in [9]). Let us be more precise concerning the Euler—
Lagrange relations. These are well known for a large class of minimization problems including E,, and appear,
for instance, in [2]. They consist of two parts, namely first, that the ‘potential’ generated by a minimizing
measure is constant on the support of this measure and second, that this potential is nowhere smaller than
this constant. What is shown in [9] is the constancy on the support. (In fact, three different proofs of this
fact are given by Polya and Szeg6 in [20, Hilfssatz I].) We should stress, however, that [9] also has results
about a larger class of minimization problems, which are outside the scope of the present paper.

In [1], the statement of Theorem 2 appears, but from a mathematically rigorous perspective the argument
given there is not completely satisfactory. More precisely, in [1], (a) the existence of a minimizing measure
is taken for granted, (b) the minimizing measure is assumed to be absolutely continuous and supported on
an interval, (c) rather precise properties of the Sonin inversion formula are used. Issue (a) can be overcome
using relatively standard tools in the calculus of variations; see, e.g., [5,19]. Issue (b) is quite subtle and we
are not aware of general theorems from which one can deduce the desired properties. We do not doubt that
the arguments concerning (c) are correct, but we would like to stress that the proof takes place in a rather
singular setting with unbounded and barely integrable functions. Also, in absence of an easily accessible
reference more self-contained arguments might be preferable. In [9] (which is not quoted in [1]) the authors
employed a similar approach via singular integral equations, but replaced some of the general theory by
direct arguments. A detailed analysis of related singular integral equations appears also in [17].

In view of these previous works, our contribution in this paper is threefold. On the one hand, we provide
a mathematically complete proof of Theorem 2 and, on the other hand, we show that a modification of these
ideas can be used to prove Theorem 1. Finally, we provide a proof without any direct analysis of singular
integral equations.

Our proof of Theorem 2 is rather different from the arguments in [1,9]. Namely, we rely on an elegant
convexity argument that Lopes [18] developed in the framework of a problem studied in [4,14]. This argument
has proved useful in several other works since [18] and has been slightly strengthened in [6,7,10-12] (extension
to measures and characterization of cases of equality). The upshot of this argument is that one only
needs to ‘guess’ a solution to the Kuler-Lagrange relations of the minimization problem and then this
solution is automatically the unique (up to translations) minimizer. This conclusion is familiar from convex
minimization problems and, indeed, Lopes’s realization was that there is a ‘hidden’ convexity. We present
this argument in Lemma 3. We emphasize that this argument also proves existence of a minimizer. Thus, it
takes care of issue (a) mentioned above and makes (b) obsolete.

To guess a solution of the Euler—Lagrange relations we could follow the arguments in [1] based on singular
integral equations and the Sonin inversion formula. Instead, we opt for another approach, based on Fourier
analysis. It relies on the computation of two Fourier transforms (namely (9) and (10)) that are probably
not completely standard, but nevertheless contained in the usual tables. For the proof of Theorem 2 we use
some analytic continuation arguments which are a bit lengthy, but not deep. Computationally, our approach
is not more involved than that in [1].

We also want to stress that our arguments can be applied to related minimization problems. For instance,
it should be possible to explicitly compute the minimal energy corresponding to the interaction kernel
4=_1|z|4 — a7 Yz|* with —1 < a < 4 (or, more precisely, up to a certain critical value of a until which the
guessed measure stays nonnegative). Results for this problem in a restricted range appear in [10, Theorem
5.1]; see also [9]. We will not pursue this question here.

We conclude this introduction with two remarks. First, it is interesting to compare the results in this
paper with those for the minimization problem, depending on a parameter § > —1,

in {—é / /[MMM] BV — yI” du(w) du(y) € P(I-1, 1])}
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with a ‘strict confinement’ to the interval [—1,1]. For this problem, the minimizing measure is absolutely
continuous for 3 < 1 (indeed, it is Z;'(1 — 22)~(*#/2dz) and equal to (1/2)(6_1 + &1) for B > 1. These
results are classical; see, e.g., [20, Section 7.5] for 5 > 0.

Our second remark concerns the question to which extent some structural properties of the minimizers
in Theorems 1 and 2 are universal in the sense that they are valid in similar, but more general minimization
problems. One question is which additional properties of interaction kernels vanishing like a negative
quadratic at the origin guarantee that minimizing measures do not have atoms. (Recall that if the interaction
kernel vanishes faster than quadratically, then minimizing measures are supported on a finite number of
points [8].) Moreover, all our minimizers are even and they are decreasing with respect to the distance
from the center of symmetry for a < 1 and increasing for o« > 1. It is natural to inquire which structural
assumptions on the interaction kernel ensure these properties. The behavior of minimizers near the edges of
their support have been studied in [17] in a different, but related problem.

2. Proof of Theorem 1

The following lemma is the theoretical backbone of our argument. It reduces the proof of our main result
to finding a measure with certain properties. It is strongly influenced by Lopes’s work [18].

Lemma 3. Let 2 < o <4 and assume that there are € P(R) and n € R such that

pol@)i= [ (a7 o=yl =2 e =of)duy),  weR,

satisfies

Ya>n onR and ©o =17 On Supp . (5)

Then  is the unique (up to translations) minimizer for E, and n = 2E,.

Proof. Since the integrand in the definition of ¢, is bounded from below, the integral is well-defined with
values in R U {+oo}. Since ¢4 is finite on supp p, we infer that [p 2| du(z) < oo and therefore ¢, is
finite everywhere and the center of mass of u is well-defined. By translation invariance of the statement of
Lemma 3 we may assume that [, x du(z) = 0.

Let i € P(R). Our goal is to show that, if & is not a translate of u, then E,[f] > £,[n]. We may assume
that £,[f1] < 400 and, consequently, [, [z|* dfi(z) < oo and the center of mass of fi is well-defined. By
translation invariance of &, we may assume that [, x dfi(x) = 0. Our goal now is to prove that Eq[a] > Eq[u]
if oo # p.

For 6 € [0, 1] we consider f(0) = E,[(1 — @) + 0fi] and show that (a) f'(0) > 0 and (b) f” > 0 on [0, 1]
if i # p. Since

1 1 0 1
F(1) — £(0) = / 1(6) do = / (f’(0)+ / f”(t)dt> d6 = f'(0) + / (1= ) f"(t) dt,

this implies that f(1) > f(0) if & # p, which is the claimed strict inequality.
We begin with the proof of (a). We write

PO = [[ (07—l =2 = o) dute) = )0) = [ ealw) =)o)
=/%MMMM—/%@MMW
R R
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The first and second assumptions in (5), respectively, imply

/]R%(y) dii(y) > nAdﬂ(y) =n  and /Rwa(y) du(y) =77/Rdu(y) =1.

Thus, f/(0) > n—n =0, as claimed.
We finally turn to the proof of (b). Abbreviating v := i — u we have for all 6 € [0, 1],

//M oo —yl* =27 o~y ) dv(a) du(y)
:a_l//ﬂw|x—yla dv(z) dv(y).

In the last equality we expanded the square and used the fact that v has vanishing integral and vanishing
center of mass. The fact that f”(6) > 0 now follows from [18, Theorem 2.4]. Inspection of this proof (see
also [11, Corollary 3.2]) shows that one has, indeed, f”(8) > 0 if v # 0. This concludes the proof of the
lemma. O

Lemma 4. Let2 < a < 3. Then

1
a—1
/ o —y*(1— )T dy
—1

iflel <1,
=aCl 2+ C! + —a 6
alese g, 17y 1) (o] — )y il > 1, ©
with
Com v IOy e ™)
Ir'(=%)
Proof. Step 1. We begin by proving that for 2 < a < 3,
0 if || <1,

(8)

-1

1
34+ oy—a-1
sgn(x — — 2 dy = a
/ (sgn(@ —y))le =91 =v7) Y {C'Oé(sgnx)(x2 — 1)*37 if |z] > 1.
We note that three proofs of this formula in the case |x| < 1 appear in [20, Hilfssatz I]. We argue differently,
using Fourier transforms, and also derive the formula for |z| > 1. According to [15, (17.23.26), (17.34.10)]
we have

(a2
(sgna)fe] Ste = 7 Tl@=2) [ otz ae
m R
and ,
a—1 2_7[' a
(1—2?) T 1(jz] < 1) = —/ €7 s (6) cos(é) de (9)

Thus, since the Fourier transform turns convolutions into products,

1
o _a—1
/ (sgn(z — y))|z — g (1 - ?) T dy
—1

Sm% I'la—2) 9%3* INE=C

= ) [* -7 2 in(§x
= — | e T T e (singea) ac.

Finally, according to [15, (6.699.5)]

0 if0<z<1,
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This proves the claimed formula (8) with the constant

98- gin (2227 (o — 2) [(359)

rezt)

Cy =

By Legendre’s duplication formula and Euler’s reflection formula, respectively,

_ r(e=2
I'a 712) _ g g r(es2y - 7 .
F(OLT) 23—aﬁ sin (a—2) F(@)

Using these formulas we can bring C, into the claimed form.

Step 2. We now show that the formula in the lemma follows from (8) by triple integration. Indeed,
integrating (8) with respect to z yields

1
a— _a—1
/ o —y[* (1 —y?)" T dy
-1
N 0 if || <1,
—Ca xT a .
(a—2)C, f‘ly —1) dy if x| > 1,

with
! a—2 oy—a=1 ! (a=3)/2 —a-l a—1 3—«a
0
sin 7(0“_21)77 '

Here we changed variables y? = t, expressed the beta function in terms of gamma functions and used Euler’s
reflection formula for the gamma function. Integration of (11) with respect to x shows that

1
a— _a—1
[ et =gl ol 0 - ?) T dy
-1

Dewt + \ if |z <1,
¢ (o = 1)(a—2)Cqy(sgnz) 1|x‘ 1|y|(z2 — 1) "2 dzdy if |z > 1.

(o (12)

No additional integration constant appears since the left side is an odd function of x. The double integral
on the right side of (12) equals

/1 /y (22— 1) dzdy = /1|r(z2 — 1)—3%&(@‘ — 2)de.

One final integration with respect to x shows that
1
a— -1
[ eara-p ey =t e e
-1
N 0 if |z <1, (13)
ala—1)(a —2)C, fm Wi, 1)7%Ta(|y| —2)dzdy if |z| > 1,
where
! Iy _a-1 —axl
ch= [ Wit = [ PR = e e
—1 0
(a—1)m
2

2 . — :
sin w

6
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The double integral on the right side of (13) equals

/lx /ly (2 =1)" (|y|—z)dzdy_;/1lx<z 177 (ly| - 2)% de.

This completes the proof of (6). O
Corollary 5. Let2 < o < 3 and let R, be defined by (2). Then the measure
du(x) = O3 B> (R = %) ~°F La] < Ro) da

satisfies the assumptions of Lemma 3 with
a—2
=~ _R2.
K ald—a) @

Proof. By Lemma 4 and scaling one has, for any R > 0,

1 [F _a-1
—/ lz—y|* (R?—y?) % dy=CLz*+a 'CLR*+ R*f(z/R)
-R

e
with
f(x) = 0 3— if|x|§1’
o=V c fllw\(y2 — 1)~ (Jz| —y)2dy if x| > 1.
Moreover,
I 2 (p2 2\ 1 —at2,2  La paa
o)l (B =yf) % dy= 5 CoaR™ a4 S CuR
2/ & 2 2
with
) 1 1 o p(§)p 377&) \/EF(J’—“)
Co = 2(1 —y?)~(e)/2g :/ H(1—t)" "7 dt = —2 2 - = :

and where we used the fact that, by a similar computation,

1
/ (1— )T dy = Ca.

—1

Choosing R = R,, and noting that R¥~2? = C,/(2C.), we see that the coefficients of 22 coincide and we

obtain
Ra a—1
[ (ot ul =2 e ) (B2 - 02) Ty
—Ra
=—(27'CoRY* —a 'CLR%) + R f(x/R2).

Since f (R2 —y )77 dy = CoR; T2, we see that p € P(R). Since f > 0 with equality for |z| < 1 we
see that u satlsﬁes the assumptions of Lemnm 3. The constant appearing there is

n=—2"1C,RE*—a 'CLR2) C;'RE 2 = — (27'C, — o 'CLRY?) O ' R2.

Inserting first the definition of R, and then the explicit form of Cy, and C, gives
1

(27'Ch —a 'CLREA) Ot =271 (CuCy — a7t = 3 (4—a) ' —a™)
o a—2
Cald—a)’

This completes the proof. [

Of course, Theorem 1 is an immediate consequence of Lemma 3 and Corollary 5.

7
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3. Proof of Theorem 2

Since the proof of Theorem 2 is similar to that of Theorem 1, we mostly focus on the differences. The
analogue of Lemma 3 reads as follows.

Lemma 6. Let —1 < o < 2 and assume that there are p € P(R) and n € R such that

pal)i= [ (2= —a oy duty), R
R

satisfies
Yo >n onR and Yo =1 ON SUpp U.

Then  is the unique (up to translations) minimizer for E, and n = 2E,.

Proof. The proof is rather similar to that of Lemma 3, except that the argument that ¢” > 0 is more
standard. Indeed, in the notation of the previous proof, we find

0= [[ o=yl dvta) vty

For —1 < a < 0 we use the fact that the Fourier transform of |z — y|® is positive definite. For 0 < o < 2
(recall that we interpret a=!|x — y|* as In|x — y| for a = 0) we use the fact that the Fourier transform of
—|z — y|® is positive definite when restricted to signed measures with vanishing integral. This allows one to
conclude the proof as before. [

Lemma 7. Formula (6) holds for 1 < a < 2. Moreover, for —1 < a < 2 we have

0 if el <1,
aDy(Jz| = 1)% + MC’Q fm o] flj(uﬂ — 1)’377‘1 dwdzdy if |z|>1,

1
e} _oa—1
/ lz—y|"(1—y*)" Z dy=aCLz*+C),
1

1 1

with

(e i)

D, =C, T

Proof. The first assertion follows easily by analytic continuation, since for fixed x € R both sides of (6)
are analytic in « in an open set in the complex plane containing {1 < a < 3}. The restriction here to o > 1
comes from the integral on the right side and its converges near y = 1. To prove the second assertion in
the lemma we will construct an analytic continuation of that integral. To do so, we review the second step
of the proof of Lemma 4. The same analytic continuation argument shows that (11) holds for 1 < a < 3.
Restricting ourselves to 1 < o < 2, we can rewrite (11) as

1
/ o —y[* T2 (1 —y?) "7 dy

-1

. 0 . if |[x] <1, (14)
T = (@=2)Ca [R 0P -D)TT dy el > 1,

with
o —a -2 ! —a
i) = (04—2)Ca/ (y2—1)_3T dy = M/ (1—3)_37.9—“/2&9
1 0

2
_ (@=2)Cy P(5HI(@2=0)/2) _ , T(F)I(452)

2 VT VT
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We integrate (14) with respect to 2 and obtain

[ Gsen(e = )la —yl" (1 =) T dy = (= e

0 if || <1,
+{ (a—1)cd (sgna) (o] — 1) (15)

—(a=1)(a—2)Ca (sgna) [{ [>(z2 = 1) 3" dedy if|a| > 1.

The important observation now is that

r(FHrs2)

NG

is analytic in complex open set containing —1 < « < 4. Thus, formula (15) holds at least for 0 < a < 2. (We

(a—1)cP =-20C,

restrict ourselves here to o > 0 so that the integral on the left side converges absolutely.) We also note that
33—«

I\ZT(22 —1)""2 dz behaves like a constant times (Jy| — 1)~(1=*)/2 as |y| — 1 and therefore it is integrable

near |y| =1 as long as o > —1.

Integrating (15) with respect to x we obtain

1

a -1

[ e—yra-pytay =2l
-1

0 if |z] <1,
ala— 1
= ( = 1) C((y) (x| — 1)2 (16)

—ala—1)(a—2)C, fllxl Jyl f‘j(w2 — 1)_3%& dwdzdy if |z] > 1.

This formula, which we derived under the assumption 0 < a < 2 extends, by analytic continuation to
—1 < a < 2. This completes the proof of the lemma. [

Remark 8. There is a partially alternate proof of Lemma 7, which proceeds by verifying the claimed
formulas using Fourier transforms in the spirit of our proof of Lemma 4. More precisely, one verifies (16)
for =1 < a < 0, (15) for 0 < a < 1 and (14) for 1 < a < 2. (In these cases the Fourier transform
of the convolution kernels is well-defined without the need of analytic continuation.) The relevant formulas
are [15, (6.699.1) and (6.699.2)]. The disadvantage of such a proof is that the ‘remainder terms’ are expressed
as hypergeometric functions and one needs some of their properties. For this reason we chose the above
somewhat lengthy, but elementary proof.

Corollary 9. Let —1 < a < 2 and define Ry and p as in Corollary 5. Then p satisfies the assumptions of
Lemma 6 with )
-«
= R2.
K ad—a) ©
Proof. For 1 < a < 2 we argue in exactly the same way as in the proof of Corollary 5. Concerning the sign
of the remainder term we note that there is change of sign in the definition of ¢, when « passes through 2,
but this change is compensated by the factor « — 2 in f. Thus, everything goes through as before, except
that the change of sign of ¢, leads to a change of sign of 7.
In the case —1 < a < 1 we have by Lemma 7, for any R > 0,

1 [k _a-1
a/ 2 —y|* (R*—y?) 7 dy=CL2*+a 'C,R*— R’g(z/R)
R

9
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with
0 if ] <1,

Do(lz] — 1)? + 22, 1 [ w2 — )= dwdzdy if |2 > 1.

g(z) =

The assertion in the corollary follows from the fact that both terms in the definition of g(x) for |z| > 1 are
nonnegative. The rest follows from computations that are similar as in the proof of Lemma 4 and that are
omitted. [
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