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S1. THEORY
A. Notations
1. Some Basic Quantities in Quantum Chemistry

For a molecule, lowercase Greek letters u, v, A, o, and p are used to index atomic orbitals (AO). And we use indices
i, j to represent its occupied Kohn-Sham orbitals, and a, b to denote its unoccupied (virtual) Kohn-Sham orbitals. The
corresponding orbital energies will be written as €;,¢€;, €4, and €5. Np,s denotes the number of atomic basis functions,
while N, and N, denote the number of occupied and virtual molecular orbitals, respectively. C, is a Npas X N, matrix
and contains occupied orbital coefficients, C\;. Similarly, C, is a Npas X N, matrix and contains all virtual orbital
coefficients, C,,,. The ground state density matrix is Pg = C,C!, and the corresponding Fock matrix is denoted by
F

3

Fu = Hu + ) Wupo 7 + Fp (S1)
Ao
with H being the core Hamiltonian and other components defined below.
We use

W xo = (pv | Ao) — ak(pA | vo) (52)

to represent “antisymmetrized” electron repulsion integrals over atomic basis functions, where

(uv | o) = / u(P)pu(r)——x (v') o (r') drdr’ (S3)

7|
In Eq. (S2), ak is the ratio of Hartree-Fock exchange for hybrid functionals. For range-separated functionals, the
exact exchange term in Eq. (S2) involves an operator that combines short-range and long-range components.

For the exchange-correlation energy component of the KS-DFT energy, Exc = [ fxcdr, the corresponding exchange-
correlation matrix is,

we _ OBxc _ Ofse 08
FW_ P = / 5% apw | (54)

where £ refers to alpha and beta electron densities and their gradient components,

§€ {pmaxpmaypaaazpo} oc {avﬁ} (85)

Subsequently, for the Kohn-Sham response kernel, the exchange-correlation portion will be represented by!

xe OFLY ?fxe 06 OF
QHV’)\U = P)\cr :/ g afagl OPrv §PAc dr (86)
and the next derivative is
—xcC aQ;u/ Ao
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2. Quantities in TDDFT and cQED-TDDFT Calculations

A and B will be used to refer to TDDFT super-matrices,?®
Aai,bj - (ea - 'L)(Sab(sz] + Haz ,bj + Qaz ,bj (88)

Baiv; = aijo + Q55 o (89)

where Il4;p; and €7 ) are MO transformations of supermatrices in Eqgs. (S2) and (S6). Within TDDFT, the excitation
amplitudes X = {X,;} and the de-excitation amplitudes Y = {Y;;} each contain N, x N, elements. For convenience,
amplitudes X and Y can alternatively be regarded as 1-dimensional vectors, as in Eqgs. (S32), (S33), (S34), and (S36).

For an optical cavity with M photon modes, its a-th mode of frequency is denoted by w, and the corresponding
fundamental coupling strength by A,.°'' For convenience, the inner product of the transition dipole moment of each
virtual-occupied pair and the photon field will be written as

Agi = Hai - A (S10)

where p,; is the dipole moment vector in the basis of the molecular orbitals

i (<aaz=|z'> {aldl) <a|z|z'>) (s11)

Accordingly, the electron-photon coupling is defined as

o ~Q W, ¢ «
9ai = YGai = \/ 70)‘(“' (812)

az bj — Z )\ a (813)

and the DSE term is!2:13

The AO counterparts of these elements are

A, = My Aa (S14)

~ [Wa
g;oju = g;oju = 7)‘511 (815)

Ao = Z A% (S16)

3. Full, Skeleton, and Direct Derivatives
The superscript [z] implies a full /total derivative with respect to the nuclear coordinate 2, which includes derivatives

of the molecular orbitals. In contrast, the skeleton derivative, [#], does not contain orbital responses.!* ¢ For example,

for a one-electron operator, O (such as the kinetic energy, nuclear-attraction, and electron dipole operators) in MO
representation,

= (p|Olbg) = Zczpowcuq (S17)

its nuclear derivative Oz[aq can be written as,

Opi = +Z ool

+ Z 8Opq S[z] Z pq @[w].

(S18)
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Here the skeleton derivative, (Opq)m is further split into the overlap derivative, OS - SII, and the direct derivative
(i.e. excluding both orbital response and overlap derivative contributions),

(0, =3 0., (S19)
ng

In KS-DFT calculation, the direct derivatives can also involve the change in the electron density/gradient, & [5], as
well as the derivatives of Becke weights for the numerical integration.
4. Overlap Derivatives

For MO coeflicients, the skeleton derivatives contain only overlap derivatives,

1

cll = —iccT sklc, (S20)
. 1
cll = —iccfsmcv. (S21)

Accordingly, the skeleton derivatives of various density matrices (which can be symmetric or nonsymmetric) are,

_ 1 1
Dl = —§Ds[ﬂﬂlccT — 5CCTSWD,
D e [Po,PA,Rx,Ry] (822)

One can then compute their product with a Fock-like matrix (F, which can also be non-symmetric) as

DI . F = *i > (sl + skl (ceh)” Fy,
UG
- 12; (ca)™ (sl +si)) Do 7,
= —i > sl [pF, (el + (ceh) ™ 7y, D]
Y
3 X sk [preEe (eeh) ™ + (e B D]
uv Ao

= skl w (523)

where W is a generalized “energy-weighted density matrix”,

W = —%ACCT - %CCTAT (S24)
A= % (p'F+DF) (S25)
5. Orbital Rotations
At first order, the orbital rotations are,
C,=C,-C,0 (S26)
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Therefore, D® - F =Y 9D Fuv can be found to be

v 90a;
PY.F=—cl(F+F)C, (S28)
PR F = XX'Cl (F+F')C,
+ci (.7-' 4 Ff ) C. XX (S29)
RS - F=XC!F'c,-ClFC,X (S30)
RL®.F=YvClIFC, - ClFC,Y (S31)

B. TDDFT-PF Energy and Gradient
1. TDDFT-PF Energy Expression in AO Representation

Based on Eq. (4) of the main text, the TDDFT-PF energy of a molecular system in a microcavity can be written
as

Qrpprr-PF = Qele + Qete-ph + 2ph + Qdse

A+A B+A gt gf] 1X
B+A A+A gfhgf| |Y
g g w 0 M
g g 0 w| LN

o

=[xt YT M Nf] (S32)

where the electronic, electronic-photon, photon, and dipole self-energy portions of the excitation energy are, (notice
that g = g)

Qe =X-A-X+Y -A'Y
+X-B-Y+Y -B-X (S33)
Qeteph = (X +Y) -gl - (M +N)
+M+N)-g-(X+Y)

=2(M+N) - ga - (Rx +Ry) (S34)
Qoh=M - w-M+N-w-N (S35)
Qase = (X+Y) A (X+Y)

— (Rx + Ry)- Aw - (Rx + Ry) (S36)

where the electron-photon and DSE components are already converted into AO representation using the transition
density matrices (Egs. (8) and (9) of the main text) as well as the coupling matrix (Eq. (S15)) and DSE supermatrix
(Eq. (S16)).

For convenience, we can further define

Guv = Y_(Ma + Na)gji, (837)

87

which allow us to write the electron-photon coupling term more compactly as

Qele—ph =2 (M + N) * 8ao * (RX + RY)
= Z 2G (R + Ry

nv

—2G - (Rx + Ry) (S38)
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The one-electron component of the electronic energy in Eq. (S33) can be cast in the atomic orbital basis as

chc,l = Z (st + Yazl) (€a - 51’)

at

= (XaiXpi + YaiYei) Fap

abi
- Z (XaiXaj + YaiYaj) Fij
aij
=Pa-F (S39)
which depends on the unrelaxed difference density matrix in Eq. (7) of the main text. Through a similar procedure,

the two-electron component of the electronic energy in Eq. (S33) can be written as

Qele,2 = Z (XaiXpj + YaiYs;) [Maipy + Q5]

ai,bj
+ 3 (XaiVj + Yai X)) Maijo + Q5545
ai,bj
= " (RYRY +RYRY) Mo + 2S5, ]
Y
+ Y (R R + RYRR) Mo + 05 0]
VAo
_ (I:X +R}) - (IT+9) - (Ry +R]) (540)

using the electron repulsion integral and exchange-correlation portions of the response kernels defined in Egs. (S2)
and (S6).

2. TDDFT-PF Energy Gradient

It should be noted that our TDDFT-PF energy in Eq. (S32) is fully variational to the amplitudes, X,Y, M, and N.
According to the Hellmann-Feynmann theorem, the net contribution from amplitude derivatives — X1, Y= Ml
and NI — to the TDDFT-PF energy gradient would vanish. Namely, from Eq. (S32), the corresponding energy
gradient contribution

A+A B+A g gf] X
xt vt mt Nt B+A A+A gl gl |Y
g g w 0 M
g g 0 w| LN
A+A BraA g gt] rx1¥
toat
+[xt yi mi N [BTA A+TA e gl Y
g g w 0 M
g g 0 w|lLN
X
_ t oyt vt NE | TY
=0 [XI Yi M N
~N
+Q Xt YT Mf —NT] M
M
N
=0 (XIX - Y'Y + MM - NtV = (S41)

because each eigenvector of Eq. (S32) is normalized according to Eq. (3) of the main text.
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The nuclear gradient, Q!*!, of our TDDFT-PF energy in Eq. (S32) can be separated into the skeleton derivative,
Q] and the orbital response term, Q® - Q@ = 2£ . @[],
Qlel = qlal L 0® . el
— il L 08.gll 4 0@ . @l
=M+ w. sl 4o el (S42)

where the skeleton derivative is further separated into the overlap derivative term, QS - S[*) = W . S[#!and all other
direct components (IIT = H,II, F* Q* g.,, and A,,). Amongst, the core Hamiltonian (H) contribution comes
from Eq. (S39),

Qi . HE — oH . gl — p, . H? (S43)

while the electron repulsion integral contributions arise also from Eq. (S40),
Q. 1l — QI 1ql#l — .yl (S44)
I'=Pr@P;+ (Rx +R}) @ (Rx + RY). (S45)

The two exchange-correlation contributions are

QF ()T = py . () (S46)
0% (@) = Ry +R) - ()" (Rx + R)) (847)
where (F"C)[z] and (£2%°) ¥ are direct derivatives of the exchange-correlation matrix in Eq. (S4) and the exchange-
correlation portion of the response kernel in Eq. (S6), both excluding the orbital response and overlap contributions.

The expressions for these two derivatives can be found in Eqs. 25 and 26 of Reference 1. For the DSE and electron-
photon energy, the corresponding direct contributions are

02 AP = (Ry + Ry)- A (Ry + Ry) (S48)
()80 g;@ —oqlel. (Rx + Ry) (S49)

where both A([ff)] and G/l arise from the derivative of dipole matrix,

Al =2 Z (u[w ) (Hao " Aa) (S50)
G =" (M. + Vo) \/? (ugﬁ,] : )\a> (S51)

For the overlap derivative of the electronic energy components in Eqgs. (S39) and (S40), we can use Eq. (525) to

obtain

Aceg = PAF + Py [Pa - FP?]
=PAF + Py [(IL+ Q%) - P4 (S52)

[
[
vz = (R + Ry) [(T+9) - (Rx +R})|
+ (R +RY) [+ 09) - (Rx +RY)||
+Po [(Rx +R}) -2 (Ry +R})| (853)

with the 2 = (€2°)P° term involves the computation of functional third derivatives (see Eq. (S7)). Similarly, for
the DSE and electron-photon energies in Egs. (10) and (11) of the main text, we can obtain

Adse - (RX + RY) [Aao . (RX + RY)] (854)
Acle—ph = 2(Rx + Ry)G (855)
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To obtain the orbital response term in the analytical gradient in Eq. (S42),

0°. ekl =22 6l =2%"r,0.]

ai ?

(S56)

at
one needs to compute the various components of the Lagrangian,

1 00
Lai = 200,

(S57)
From Eqgs. (S28) and (S29), the first electronic contribution to the Lagrangian are

Laer = 3PS (F™-Ps) = ~C [(I+2) - P4] C,
(S58)
while the second electronic contribution is (see lines 110-126 in libcp/makeal.F)
Loz = (R +R)® - (IT+ 0 - (Ry +RY)
%(Rx +R}) - (2 (Rx +RY)

.
— XC} [(+2) - (Rx +R})| G

+YC] [(TL+9) - (Rx + R})| C,
r T
-l [(m+9) - (Rx +R})| C.X

~Cf [(m+ <) - (Rx +R})| €Y

~Cf [(Rx +R}) -2 (Rx +R})| C,
(S59)
using Egs. (S30) and (S31). Similarly, for the DSE and electron-photon energies in Egs. (10) and (11), one has
‘Cdse = (RX + RY>® . Aao . (RX + RY)
=(X+Y) Cl [An - (Rx + RY)]]L Co
~Cl[Au - (Rx +Ry)]' C, (X +Y)
(S60)

and

‘Cele—ph =G- (RX + RY)Q
= (X+Y)CIGC, - CIGC, (X +Y)
(S61)

3. Efficient Gradient Evaluation with z-Vector

A straightforward evaluation of the orbital response contribution to the TDDFT-PF gradient in Eq. (S56) would
require 6[“], a set of 3N,tom vectors that are solutions to the CPKS equations,

E®® . @kl = oS glal _ peul ypylE, (S62)

This expensive step can be mitigated by solving only for a single z-vector via Eq. (13) of the main text. Specifically,
by writing the orbital responses as

el = — (F°°) . [E@S SR i (A
(S63)
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one can reduce the orbital response term of the TDDFT-PF gradient in Eq. (S56) to
o . @ — _op. (E@@)—l . [Ees .glel 4 perr III@}
— {E@S .gl#l 4 pemT. 111[51} (S64)

Using Eq. (528), one has
E® =FP.P® =F.P® = -C! (F+F')C..

(S65)
Thus, for the first component in Eq. (S64), one has
—z-E®5 = — (z . EG)S
=P, F)°=P5 . F+P, FS (S66)
where
1 1
PS.F = —iszccT — §CCTFPZ (S67)
P, -FS=P, . F.P}
= [(+9<)-P.] - P§
1
=—-P, [(II+ Q) P,]CCT
Lp, (114 @) P
1
—500T [(TT+ Q) -P.] Py (S68)
Therefore,
1 1
—z-E®S = —§AzCCT - 5CCTAZ, (S69)
where
A.=P.F+ Py [(II+ Q%) -P.] (S70)
will be combined with Eq. (S52) to yield
Ale = PAF + Po [(IT 4+ 2%) - PL]. (S71)
Similarly, we can find other components of Eq. (S64) to be
g . E®H HE _ P, HF, (S72)
—z-EO. O = (P, g Py) - II1¥, (S73)
2 EO () —p. ), (574)

which will be added to the corresponding terms in Eqgs. (S43), (S44), and (S46), respectively.
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ETHYLENE MOLECULE

A. Ground-State Geometry of Ethylene Molecule Optimized Using the PBEOQ Functional and 6-311++G** Basis Set

C2H4 PBEO 6-311++G*x*

6

-78.5042464024453

0.0000000000 0.6662105645 0.0000000000
C 0.0000000000 -0.6662105645 0.0000000000
H 0.0000000000 1.2386216337 0.9292861049
H 0.0000000000 1.2386216337 -0.9292861049
H 0.0000000000 -1.2386216337 0.9292861049
H 0.0000000000 -1.2386216337 -0.9292861049

B. TDDFT and cQED-TDDFT Results

TABLE S1. Composition of TDDFT-PF nonpolaritonic, lower and upper polaritonic states of ethylene within the optical cavity
using the PBEO functional and cc-pVDZ basis set. The expansion coefficients are computed as Cr, = (V2| ¥).

State NP LP UpP
Index 2 1 3
Energy (eV) 8.237 8.026 8.312
C? 0.0000 0.5289 0.4696
C3 0.0000 0.4704 0.5296
C3 1.0000 0.0000 0.0000
C3 0.0000 0.0000 0.0000
Cc3? 0.0000 0.0000 0.0000
C? 0.0000 0.0000 0.0000
Cc? 0.0000 0.0000 0.0000
C? 0.0000 0.0000 0.0000
Cc? 0.0000 0.0000 0.0000
Cc? 0.0000 0.0000 0.0000
C? 0.0000 0.0005 0.0006

TABLE S2. Excitation energies (in €V) and transition dipole moments (in a.u.) of TDDFT excited states of gas-phase ethylene
using the PBEO functional and cc-pVDZ basis set.

State Energy T Y z
1 8.173 -0.000 1.360 -0.000
2 8.237 0.000 0.000 0.000
3 8.644 -0.309 -0.000 -0.000
4 9.146 0.000 0.000 -0.000
5 9.590 -0.000 -0.000 -0.000
6 9.826 0.000 -0.000 0.000
7 10.865 -0.000 0.000 -0.000
8 11.248 -0.000 -0.000 -0.000
9 11.611 -0.000 -0.000 0.000
10 11.748 -0.000 1.106 0.000
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TABLE S3. Gradients (in a.u.) of ground-state and first TDDFT excited state of gas-phase ethylene molecule using the PBEO
functional and cc-pVDZ basis set. Also shown are the linear combinations.

Atom T Y z T y z
Ground-state (E([)x]) First excited-state (EW)
C -0.0000000 0.0034322 0.0000000 0.0000000 -0.1804117 -0.0000000
C 0.0000000 -0.0034322 0.0000000 0.0000000 0.1804117 0.0000000
H 0.0000000 -0.0007447 -0.0013775 -0.0000000 -0.0023960 -0.0003592
H 0.0000000 -0.0007447 0.0013775 0.0000000 -0.0023960 0.0003592
H 0.0000000 0.0007447 -0.0013775 0.0000000 0.0023960 -0.0003592
H -0.0000000 0.0007447 0.0013775 -0.0000000 0.0023960 0.0003592
0.5289 EX*) 4 0.4704 B} E —0.5289 B — 0.4704 EL”)
C 0.0000000 -0.0830588 -0.0000000 -0.0000000 -0.0004198 -0.0000000
C 0.0000000 0.0830588 0.0000000 -0.0000000 0.0004198 0.0000000
H -0.0000000 -0.0015211 -0.0008975 0.0000000 -0.0000180 -0.0000477
H 0.0000000 -0.0015211 0.0008975 -0.0000000 -0.0000180 0.0000477
H 0.0000000 0.0015211 -0.0008975 -0.0000000 0.0000180 -0.0000477
H -0.0000000 0.0015211 0.0008975 0.0000000 0.0000180 0.0000477
0.4696 EI" 4 0.5296 EI*! EY. —0.4696 EX — 0.5296 EL"
C -0.0000000 -0.0939389 -0.0000000 0.0000000 0.0007306 0.0000000
C -0.0000000 0.0939389 0.0000000 0.0000000 -0.0007306 -0.0000000
H -0.0000000 -0.0016187 -0.0008371 0.0000000 -0.0001382 -0.0000536
H 0.0000000 -0.0016187 0.0008371 -0.0000000 -0.0001382 0.0000536
H 0.0000000 0.0016187 -0.0008371 -0.0000000 0.0001382 -0.0000536
H -0.0000000 0.0016187 0.0008371 0.0000000 0.0001382 0.0000536
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C. Optimized Geometry for Lower and Upper Polaritons

S0 wp = 0.2507 au wp = 0.2507 au wo = 0.2507 an — S )
= TN = 0.0050 au A =0.0100 au A =0.0200 au — 5,0
2 750 r

wp = 0.2568 au wp = 0.2568 au wp = 0.2568 au

;\m' A =0.0050 au A =0.0100 au A =10.0200 au
- I

=

L

|

e — o —

136 138 140 142

125 130 132 134 136 138 140 142 123 130 132 134 130 138 140 142 1285 130 132 L34
C-C bond length (A) C-C bond length (A) C-C bond length (A)

FIG. S1. Potential energy curves of a single ethylene molecule scanned with respect to C—C bond lengths. Optimized C-C
bond lengths are marked with stars for upper and lower polaritons of ethylene molecule coupled to a single cavity mode from
TDA-JC model calculations with the PBEO functional and 6-311++G** basis set, using the analytic gradient developed in this
work. The photon E-field is aligned with the transition dipole moment of the first excited state, which is perpendicular to the
molecule. The photon energy is 0.2507 au, which is equal to the gas-phase adiabatic excitation energy, in the top three panels;
while it is set to be 0.2568 au, which corresponds to the gas-phase vertical excitation energy, in the lower three panels. The
coupling strengths are set to 0.005, 0.01, and 0.02 au. Note that, due to vibronic decoupling,!” ' such geometry optimization
is not directly applicable to the molecule in a reduced CIS-TC model (Eq. (23) in the main text), where the electron—photon
coupling is scaled by v N (or v/N/3) to capture a collective excitation among N parallel (or randomly-oriented) molecules.
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A. Ground-State Geometry of Benzaldehyde Molecule Optimized Using the PBEO Functional and 6-311++G** Basis Set

BENZALDEHYDE MOLECULE

C6HS5CHO PBEO 6-311++G**
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B. QED-TDDFT Results

TABLE S4. Energy (in €V) and photon character of the first non-polaritonic (NP) and the first two polaritonic states of
benzaldehyde with various cavity methods, functionals, and basis sets. Hopefield populations are enclosed in the round brackets.

Cavity State cc-pVDZ aug-cc-pVDZ
HF PBEO PBE HF PBEO PBE
TDA-JC NP  4.667 (0.000) 3.635 (0.000) 3.144 (0.000) 4.695 (0.000)  3.620 (0.000)  3.135 (0.000)
P1 7.383 (0.519)  5.460 (0.566) 5.110 (0.567) 5.577 (0.588)  5.252 (0.569)  4.890 (0.583)
P2 7.844 (0.340) 5.715 (0.420)  5.349 (0.420) 5.762 (0.370)  5.509 (0.415)  5.113 (0.378)
TDA-RWA NP  4.667 (0.000) 3.635 (0.000) 3.144 (0.000) 4.695 (0.000)  3.620 (0.000)  3.135 (0.000)
P1 7.392 (0.535)  5.465 (0.577)  5.114 (0.578) 5.580 (0.594)  5.256 (0.581)  4.894 (0.594)
P2 7.848 (0.314)  5.717 (0.409)  5.351 (0.409) 5.763 (0.363)  5.511 (0.403) 5.114 (0.367)
TDA-Rabi NP  4.667 (0.000) 3.635 (0.000) 3.144 (0.000) 4.695 (0.000)  3.620 (0.000)  3.135 (0.000)
P1 7.381 (0.515)  5.459 (0.563)  5.109 (0.564) 5.577 (0.586)  5.250 (0.566)  4.889 (0.580)
P2 7.843 (0.347)  5.715 (0.423)  5.349 (0.423) 5.762 (0.372)  5.509 (0.418) 5.112 (0.380)
TDA-PF NP 4.667 (0.000) 3.635 (0.000) 3.144 (0.000) 4.695 (0.000)  3.620 (0.000)  3.135 (0.000)
P1 7.390 (0.531)  5.463 (0.574) 5.113 (0.575) 5.580 (0.593)  5.255 (0.578)  4.893 (0.591)
P2 7.847 (0.320) 5.717 (0.412)  5.351 (0.412) 5.763 (0.365)  5.510 (0.406) 5.114 (0.370)
TDDFT-JC NP 4.497 (0.000) 3.609 (0.000) 3.128 (0.000) 4.528 (0.000)  3.595 (0.000)  3.119 (0.000)
P1 6.953 (0.528)  5.212 (0.573)  4.858 (0.573) 6.678 (0.531)  5.030 (0.578)  4.678 (0.580)
P2 7.343 (0.315)  5.442 (0.416)  5.075 (0.419) 7.058 (0.278)  5.264 (0.410)  4.897 (0.407)
TDDFT-RWA NP  4.497 (0.000) 3.609 (0.000) 3.128 (0.000) 4.528 (0.000)  3.595 (0.000)  3.119 (0.000)
P1 6.959 (0.543) 5.216 (0.584)  4.862 (0.583) 6.685 (0.546)  5.034 (0.589)  4.682 (0.591)
P2 7.346 (0.288)  5.444 (0.406)  5.077 (0.408) 7.060 (0.255)  5.266 (0.399)  4.898 (0.396)
TDDFT-Rabi NP 4.497 (0.000)  3.609 (0.000)  3.128 (0.000) 4.528 (0.000)  3.595 (0.000)  3.119 (0.000)
P1 6.951 (0.525)  5.211 (0.571)  4.857 (0.570) 6.676 (0.527)  5.029 (0.575) 4.677 (0.577)
P2 7.342 (0.321)  5.442 (0.419)  5.075 (0.421) 7.057 (0.284) 5.264 (0.413)  4.896 (0.410)
TDDFT-PF NP 4.497 (0.000)  3.609 (0.000) 3.128 (0.000) 4.528 (0.000)  3.595 (0.000)  3.119 (0.000)
P1 6.958 (0.539)  5.215 (0.581)  4.861 (0.581) 6.683 (0.542)  5.033 (0.586)  4.681 (0.588)
P2 7.345 (0.295)  5.443 (0.408) 5.077 (0.411) 7.060 (0.261)  5.265 (0.402)  4.898 (0.399)
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TABLE S5. Root mean square differences (RMSD, in a.u.) between analytic and numerical gradient of the first non-polaritonic
(NP) and the first two polaritonic states of benzaldehyde with various cavity methods, functionals, and basis sets. Numerical

gradients were evaluated using a step size of 1.0 x 10™% ag.

Cavity State cc-pVDZ aug-cc-pVDZ
HF PBEO PBE HF PBEO PBE
TDA-JC NP 0.00000002 0.00000050 0.00000053 0.00000003 0.00000060 0.00000111
P1 0.00000001 0.00000048 0.00000059 0.00000003 0.00000058 0.00000057
P2 0.00000001 0.00000048 0.00000059 0.00000003 0.00000062 0.00000060
TDA-RWA NP 0.00000002 0.00000050 0.00000053 0.00000003 0.00000060 0.00000111
P1 0.00000001 0.00000048 0.00000059 0.00000003 0.00000058 0.00000056
P2 0.00000001 0.00000048 0.00000059 0.00000003 0.00000062 0.00000061
TDA-Rabi NP 0.00000002 0.00000050 0.00000053 0.00000003 0.00000060 0.00000111
P1 0.00000001 0.00000048 0.00000059 0.00000003 0.00000058 0.00000057
P2 0.00000001 0.00000048 0.00000059 0.00000003 0.00000062 0.00000060
TDA-PF NP 0.00000002 0.00000050 0.00000053 0.00000003 0.00000060 0.00000111
P1 0.00000001 0.00000048 0.00000059 0.00000003 0.00000058 0.00000057
P2 0.00000001 0.00000048 0.00000059 0.00000003 0.00000062 0.00000061
TDDFT-JC NP 0.00000003 0.00000050 0.00000053 0.00000015 0.00000060 0.00000111
P1 0.00000001 0.00000049 0.00000059 0.00000005 0.00000057 0.00000058
P2 0.00000002 0.00000049 0.00000060 0.00000014 0.00000060 0.00000058
TDDFT-RWA NP 0.00000003 0.00000050 0.00000053 0.00000019 0.00000060 0.00000111
P1 0.00000001 0.00000049 0.00000059 0.00000004 0.00000057 0.00000057
P2 0.00000001 0.00000049 0.00000060 0.00000011 0.00000061 0.00000059
TDDFT-Rabi NP 0.00000003 0.00000050 0.00000053 0.00000009 0.00000060 0.00000111
P1 0.00000001 0.00000049 0.00000059 0.00000003 0.00000057 0.00000058
P2 0.00000001 0.00000048 0.00000060 0.00000007 0.00000061 0.00000058
TDDFT-PF NP 0.00000003 0.00000050 0.00000053 0.00000016 0.00000060 0.00000111
P1 0.00000001 0.00000049 0.00000059 0.00000004 0.00000057 0.00000057
P2 0.00000001 0.00000049 0.00000060 0.00000010 0.00000061 0.00000058
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S4. ANTHRACENE MOLECULES

A. Geometry of Anthracene Mononer from the Crystal Structure

C14H10

24
0.2563736 3.7093242  -0.0449170
0.5661749 2.6600202  -0.8759363
0.2797705 1.3088920 -0.4472129
0.5792674 0.2032321 -1.2704153
-0.3070134 1.1003717 0.8329083
-0.6166401 2.2409959 1.6556819
-0.3421122 3.4996589 1.2157780
0.4571640 4.7262713  -0.5058270
1.0831985 2.7719441 -1.8914144
1.0162632 0.3794854  -2.2827959
-1.0014252 2.0088645 2.6893248
-0.5448425 4.2520931 2.1112237

0.3070134  -1.1003717 -0.8329083
-0.5792674  -0.2032321 1.2704153
-0.2797705 -1.3088920 0.4472129

0.6166401 -2.2409959 -1.6556819
-1.0162632 -0.3794854 2.2827959
-0.5661749 -2.6600202 0.8759363

0.3421122 -3.4996589 -1.2157780

1.0014252 -2.0088645 -2.6893248
-0.2563736 -3.7093242 0.0449170
-1.0831985 -2.7719441 1.8914144

0.5448425 -4.2520931 -2.1112237
-0.4571640 -4.7262713 0.5058270

j==jp=cii=: o=l oNoN--loNoNoNe == J: - o NoNONONO NG NP
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B. Geometry of Anthracene Dimer from the Crystal Structure

C28H20

48
0.2563736 3.7093242 -0.0449170
0.5661749 2.6600202 -0.8759363
0.2797705 1.3088920 -0.4472129
0.5792674 0.2032321 -1.2704153
-0.3070134 1.1003717 0.8329083
-0.6166401 2.2409959 1.6556819
-0.3421122 3.4996589 1.2157780
0.4571640 4.7262713 -0.5058270
1.0831985 2.7719441 -1.8914144
1.0162632 0.3794854  -2.2827959
-1.0014252 2.0088645 2.6893248
-0.5448425 4.2520931 2.1112237

0.3070134  -1.1003717 -0.8329083
-0.5792674  -0.2032321 1.2704153
-0.2797705 -1.3088920 0.4472129
0.6166401 -2.2409959 -1.6556819
-1.0162632 -0.3794854 2.2827959
-0.5661749 -2.6600202 0.8759363
0.3421122 -3.4996589 -1.2157780
1.0014252 -2.0088645 -2.6893248
-0.2563736 -3.7093242 0.0449170
-1.0831985 -2.7719441 1.8914144
0.5448425 -4.2520931 -2.1112237

.4571640  -4.7262713 0.5058270
0.1300580 3.9115478  -6.0782105
0.4398595 2.8622435  -6.9092207
0.1534549 1.5111156  -6.4805064
0.4529518 0.4054558  -7.3037088

-0.4333289 1.3025950 -5.2003762
-0.7429555 2.4432193  -4.3776025
-0.4684278 3.7018826  -4.8175155
0.3308486 4.9284946  -6.5391115
0.9568829 2.9741678  -7.9247079
0.8899478 0.5817087  -8.3160804
-1.1277408 2.2110881 -3.3439687
-0.6711581 4.4543168  -3.9220698
0.1806978 -0.8981481 -6.8662018
-0.7055828 -0.0010088  -4.7628692
-0.4060859 -1.1066686 -5.5860716
0.4903245  -2.0387723  -7.6889754
-1.1425788  -0.1772617  -3.7504976
-0.6924905  -2.4577965  -5.1573572
0.2157966  -3.2974353  -7.2490715
0.8751096  -1.8066408 -8.7226183
-0.3826892 -3.5071005 -5.9883765

-1.2095141 -2.5697205 -4.1418791
0.4185269 -4.0498695 -8.1445172
-0.5834796 -4.5240476 -5.5274665

=g llo M- HoNoN:"loNoNoNo =l J- -l oNoNoNoNoNoNo Il oo Nol - NoNoNo eIl j: - o NoNoNoNo NoNe!
1
o
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C. Geometry of Anthracen Trimer from the Crystal Structure

C42H30

72
0.2563736 3.7093242  -0.0449170
0.5661749 2.6600202  -0.8759363
0.2797705 1.3088920 -0.4472129
0.5792674 0.2032321 -1.2704153
-0.3070134 1.1003717 0.8329083
-0.6166401 2.2409959 1.6556819
-0.3421122 3.4996589 1.2157780
0.4571640 4.7262713  -0.5058270
1.0831985 2.7719441 -1.8914144
1.0162632 0.3794854  -2.2827959
-1.0014252 2.0088645 2.6893248
-0.5448425 4.2520931 2.1112237

0.3070134  -1.1003717 -0.8329083
-0.5792674  -0.2032321 1.2704153
-0.2797705 -1.3088920 0.4472129
0.6166401 -2.2409959 -1.6556819
-1.0162632 -0.3794854 2.2827959
-0.5661749 -2.6600202 0.8759363
0.3421122 -3.4996589 -1.2157780
1.0014252 -2.0088645 -2.6893248
-0.2563736 -3.7093242 0.0449170
-1.0831985 -2.7719441 1.8914144
0.5448425 -4.2520931 -2.1112237

-0.4571640 -4.7262713 0.5058270
0.1300580 3.91156478  -6.0782105
0.4398595 2.8622435  -6.9092207

.1534549 1.5111156  -6.4805064
0.4529518 0.4054558  -7.3037088

-0.4333289 1.3025950  -5.2003762

-0.7429555 2.4432193  -4.3776025

-0.4684278 3.7018826  -4.8175155
0.3308486 4.9284946  -6.5391115
0.9568829 2.9741678  -7.9247079
0.8899478 0.5817087 -8.3160804

-1.1277408 2.2110881 -3.3439687

-0.6711581 4.4543168  -3.9220698

0.1806978 -0.8981481 -6.8662018
-0.7055828 -0.0010088 -4.7628692
-0.4060859 -1.1066686 -5.5860716
0.4903245 -2.0387723 -7.6889754
-1.1425788 -0.1772617 -3.7504976
-0.6924905 -2.4577965 -5.1573572
0.2157966 -3.2974353 -7.2490715
0.8751096 -1.8066408 -8.7226183
-0.3826892 -3.5071005 -5.9883765
-1.2095141 -2.5697205 -4.1418791
0.4185269 -4.0498695 -8.1445172
-0.5834796 -4.5240476 -5.5274665

oNoNoNoNeoN:I-:-Nol:-oNoN:-HNoNoNoNe:J-J:-J:- - NoNoNoNoNoNoNe NIl ol HNoNo N NoNoNoNeN:J= i J::j:- o No NoNoNoNo o]
o

0.3826892 3.5071005 5.9883765
0.6924905 2.4577965 5.15735672
0.4060859 1.1066686 5.5860716
0.7055828 0.0010088 4.7628692
-0.1806978 0.8981481 6.8662018
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C -0.4903245 2.0387723 7.6889754
C -0.2157966 3.2974353 7.2490715
H 0.5834796 4.5240476 5.5274665
H 1.2095141 2.5697205 4.1418791
H 1.1425788 0.1772617 3.7504976
H -0.8751096 1.8066408 8.7226183
H -0.4185269 4.0498695 8.1445172
C 0.4333289  -1.3025950 5.2003762
C -0.4529518 -0.4054558 7.3037088
C -0.1534549 -1.5111156 6.4805064
C 0.7429565  -2.4432193 4.3776025
H -0.8899478 -0.5817087 8.3160804
C -0.4398595  -2.8622435 6.9092207
C 0.4684278 -3.7018826 4.8175155
H 1.1277408 -2.2110881 3.3439687
C -0.1300580 -3.9115478 6.0782105
H -0.9568829 -2.9741678 7.9247079
H 0.6711581 -4.4543168 3.9220698
H -0.3308486  -4.9284946 6.5391115
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