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ABSTRACT

Turbulence is a vital part of the interstellar medium (ISM) of galaxies, contributing significantly to

galaxy energy budgets and acting as a regulator of star formation. Despite this, little is understood

about ISM turbulence empirically. In the Milky Way, multiple tracers are used to reconstruct the

density- and velocity-fluctuation power spectra over an enormous range of scales, but questions remain

on the nature of these fluctuations at the smallest scales. Even less is known about the ISM of distant

galaxies, where only a few tracers of turbulence, such as non-thermal broadening of optical recombi-

nation lines, are accessible. We explore the use of radio-wave scattering of fast radio bursts (FRBs) to

add a second probe of turbulence in extragalactic galaxies on scales many orders of magnitude smaller

than those probed by emission-line widths. We first develop the formalism to compare the scattering

measures of FRBs to alternative probes of density and velocity fluctuations in the host-galaxy ISM.

We then apply this formalism to three FRBs with detailed host-galaxy analyses in the literature, with

the primary motivation of determining whether FRB scattering within the host galaxy probes the

same turbulent cascade as the gas seen in Hα emission. In all cases we consider, we find such an

association plausible, although in one of these sources, FRB 20121102A, the radio-scattering limit on

the turbulent energy is much less constraining than the Hα line width. We anticipate that future

FRB surveys, especially those at frequencies below 1 GHz, will find many FRBs that illuminate the

small-scale properties of extragalactic ISM.

Keywords: Interstellar medium (847) – Interstellar scattering (854) – Radio bursts (1339) – Extra-

galactic astronomy (506)

1. INTRODUCTION

Turbulence has long been thought to cause observed density fluctuations in the Galactic interstellar medium (ISM)

on sub-AU to tens of parsec scales (Elmegreen & Scalo 2004; Scalo & Elmegreen 2004). Models for turbulence in
the ISM, from the Kolmogorov (1941) self-similar cascade to Iroshnikov-Kraichnan (Iroshnikov 1964; Kraichnan 1965)

magneto-hydrodynamic (MHD) turbulence, generally predict a power-law spectrum of density fluctuations between

outer and inner length scales (lo and li respectively). Energy is injected at the outer scale, likely by a combination

of supernovae and O-type stars (Norman & Ferrara 1996; Mac Low & Klessen 2004; Hill et al. 2012; Krumholz et al.

2018) and MHD instabilities that extract energy from Galactic differential rotation (Sellwood & Balbus 1999), and

dissipated at the inner scale. Turbulence in the cold/warm neutral phases of the ISM likely causes the formation of

molecular-cloud structures that are the sites of present-day star formation (McKee & Ostriker 2007; Lada et al. 2010).

Turbulence in the warm ionized medium (WIM) has been traced for over 50 years (e.g., Rickett 1970) using obser-

vations of radio-wave propagation (Spangler 2001; Haverkorn & Spangler 2013) and Hα emission (Haffner et al. 2009).

A remarkable finding from these observations is the “big power-law in the sky”: the concordance of several tracers of

density fluctuations with a Kolmogorov spectrum (P (k) ∝ k−11/3, where k is the spatial wavenumber) between outer

scales lo ∼ 1018 m and inner scales li ∼ 105 m (Armstrong et al. 1995; Chepurnov et al. 2010). More precisely, the

outer scale has been found to vary from a few parsec in spiral arms and the inner Galaxy (Haverkorn et al. 2004) to

∼ 100 pc in the interarm regions (Haverkorn et al. 2008), possibly associated with the sizes of HII regions and old
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supernova-driven bubbles respectively. The observed inner scale likely corresponds to characteristic kinetic scales (ion

inertial length or the Larmor radius) in the WIM (Spangler & Gwinn 1990).1 Power laws with similar slopes have also

been observed in the densest regions of the WIM (Spangler & Cordes 1988; Rickett et al. 2009). Density fluctuations in

the WIM on all scales, and the associated magnetic-field irregularities, are critical to our understanding of cosmic-ray

transport and feedback processes in the ISM (Zweibel 2013; Hopkins et al. 2021; Lazarian & Xu 2021). Tantalizingly,

it may be that the approximate balance between the WIM, magnetic-field, and cosmic-ray pressures observed in the

Galactic ISM (Ferrière 1998) may not be universal in other galaxies (e.g., Beck 2007; Beck et al. 2020), with interesting

implications for feedback in different environments.

The above picture of WIM turbulence is complicated by instances of extreme scattering of radio sources. Radio-

wave diagnostics of conditions in the WIM (and the coronal component of the ISM) can be understood in terms of the

dispersion relation of a magnetized plasma (e.g., Rybicki & Lightman 1986):

c2k2
λ

ω2
= 1− ω2

p

ω2 ± ωωB
, (1)

where c is the vacuum speed of light, ω is the angular frequency, kλ is the wavevector, ωp = 4πneq
2
e/me is the plasma

frequency (ne is the electron number density, qe is the electron charge, me is the electron mass), and ωB = qeB0/(mec)

is the cyclotron frequency (B0 is the magnetic-field strength). The sign of the term in the right-hand denominator

depends on the sense of circular polarization. Equation 1 implies that radio waves (a) experience different propagation

delays at different frequencies, (b) are differentially refracted (i.e., scattered) by a spatially inhomogeneous medium,

and (c) in the case of linearly polarized radiation, trace the magnetic field strength through Faraday rotation. Extreme

scattering was first observed as few-month chromatic magnification/de-magnification episodes in compact extragalactic

radio sources (Fiedler et al. 1987). If caused by spherically symmetric plasma structures, these extreme scattering

events (ESEs) are associated with small (0.1–10 AU), dense (ne ∼ 10 to 103 cm−3) features that are over-pressured

relative to the 8000 K, ne ∼ 0.1 to 0.5 cm−3 WIM. Structures with similar properties have been identified at specific

distances along the sightlines of Galactic radio pulsars (Stinebring et al. 2001; Hill et al. 2005; Coles et al. 2015),

which have been found to result in highly anisotropic scattering (i.e., the scattering medium has a preferred axis for

ray deflections; Walker et al. 2004; Brisken et al. 2010). Anisotropic scattering by structures at just a few parsec from

the Earth is also responsible for the extreme scintillations of intra-day variable sources (e.g., Kedziora-Chudczer et al.

1997).

Extreme radio-wave scattering is difficult to reconcile with models for turbulent cascades in the Galactic ISM (Scalo

& Elmegreen 2004). In particular, the localized nature of the dominant scattering medium along the majority of pulsar

sightlines (Bhat et al. 2004), and the implied physical properties of the extreme scattering media, cannot be explained

by standard turbulence models. This raises serious questions about the physical nature of the observed power-law

spectrum of density fluctuations, given that on ∼AU scales the spectrum is probed primarily by radio-wave scattering

(Armstrong et al. 1995). Furthermore, there are important implications for our understanding of the structure of

the WIM, and of the dissipation of energy injected at the observed outer scales of the density-fluctuation spectrum.

Anisotropic scattering at least is expected in models for strong turbulence caused by non-linear interactions between

Alfvén waves in the WIM (Goldreich & Sridhar 1995). Folded corrugated sheet-like magnetic structures, motivated

physically by numerical simulations of small-scale dynamos (Goldreich & Sridhar 2006), may explain instances of

extreme scattering and solve the over-pressurization problem (Pen & King 2012; Pen & Levin 2014).

This paper is motivated by the prospect of comparing tracers of density fluctuations on multiple scales (tens of

parsecs to AU) in the WIM of galaxies besides the Milky Way. By doing so, we aim to study multiple instances of

density-fluctuation spectra, and thus obtain insights into their astrophysical origins. Pulsars, one of the few types of

radio sources sufficiently compact to undergo refractive scintillation, are not luminous enough for their pulsed radio

emission to be detected from distant galaxies. However, fast radio bursts (FRBs) associated with specific regions

within galaxies (e.g., Bassa et al. 2017; Marcote et al. 2020; Chittidi et al. 2020) offer unique opportunities to probe

extragalactic AU-scale density fluctuations.

Since the discovery of FRBs over a decade ago, several hundreds of bursts from more than five hundred FRB sources

have been detected.2 FRBs are dispersed by the ISM of host galaxies, the intergalactic medium (IGM), the circum-

1 Recent in situ measurements of plasma-density fluctuations beyond the heliosheath by the Voyager 1 spacecraft have extended the power
law to scales of just 50 m, in fact revealing an excess of power on the kinetic scales (Lee & Lee 2019).

2 http://frbcat.org
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galactic medium (CGM) of intervening galaxies, and the halo and interstellar medium (ISM) of the Milky Way (Cordes

& Chatterjee 2019). Density fluctuations along FRB sightlines at any of these locations can also cause FRBs to be

observed along multiple paths, resulting in an exponential distribution of burst arrival times. Rays propagating along

multiple paths may coherently interfere, resulting in strong spectral modulations. Although such scattering effects are

not ubiquitous in FRB samples (Ravi 2019a), both cases have been observed (e.g. Farah et al. 2018; CHIME/FRB

Collaboration et al. 2019a; Day et al. 2020), and in some cases attributed to the host galaxy (Masui et al. 2015) or

the IGM (and CGM of intervening galaxies) (Ravi et al. 2016; Cho et al. 2020). FRB scattering promises to provide

diagnostics of the characteristics of the density fluctuations in extragalactic plasmas.

In this paper, we develop the formalism to constrain density fluctuations on multiple scales in extragalatic ISM. We

do so by comparing measures of FRB scattering with optical recombination-line tracers of their host environments.

We start in Section 2 by describing the formalism we will adopt for comparing these two different tracers of turbulence.

In Section 3, we discuss ways to determine the location of scattering material, in order to reasonably ensure that the

FRB scattering measure is indeed probing the host galaxy environment or material immediately surrounding the FRB

source, rather than the Milky Way or intervening galaxy halos. Then, in Section 4, we illustrate the application of

the formalism we develop to three FRBs localized to specific regions within their host galaxies with detailed optical

follow-up observations. In Section 5 we present some concluding remarks with a focus on targeting future optical and

VLBI follow-up campaigns of localized FRBs for understanding extragalactic ISM properties.

2. PROBES OF TURBULENCE ON MULTIPLE SCALES

Studies of turbulence in the Milky Way ISM take advantage of tracers of density and velocity fluctuations on multiple

scales. Diffractive scattering of pulsars probes some of the smallest scales of density fluctuations in the Milky Way.

Analyses of pulsar scattering have been used to constrain the inner scale, which is the scale at which energy is dissipated

from the turbulent cascade (Spangler & Gwinn 1990; Rickett et al. 2009). At the largest scales, gas velocities, for

example from HI velocity maps, can be used to reconstruct the velocity fluctuation structure function (Chepurnov &

Lazarian 2010).

Very few of these tracers are accessible at extragalactic distances. Some galaxies of interest may be sufficiently

nearby to study velocity dispersion through maps of, for example, HI emission. When we do not have sufficient spatial

resolution to resolve scales below the outer scale, we can instead access the velocity dispersion of ionized gas through

broadening of recombination lines. Such a measurement is sensitive to velocity fluctuations on scales below the spatial

resolution of the instrument but dominated by the largest contributing scale (i.e., the smaller of the outer scale and the

resolution of the instrument). Pulsars, used to probe density fluctuations at the other end of the fluctuation spectrum

in the Milky Way, are unfortunately not sufficiently bright to be routinely observed at extragalactic distances.

Diffractive scattering of FRBs probes density fluctuations at the Fresnel scale, the radius of the region in the lens

plane that contributes to phase fluctuations for any ray that passes through the lensing material. In the case studies

presented in Section 4, the Fresnel scale is ∼ 109 m for scattering within the host galaxies. The velocity-widths of

emission lines, on the other hand, are sensitive to the outer scale of the turbulent fluctuations, ∼ 1018 m in our case

studies and orders of magnitude larger than the scales probed by scattering.

The power spectrum of turbulent density fluctuations is typically parameterized as a power law,

Pn(q, l) = C2
n(l)q−βe−q

2l2i (2)

on scales smaller than the outer scale, i.e., for q < qo.
3 Here q = 2π

l is the spatial frequency, qo = 2π
lo

, and li and lo
are the inner and outer scales of the density fluctuations. We will use l to represent light travel distances and d for

angular diameter distances. The power spectrum of velocity fluctuations takes the same form

Pv(q, l) = C2
v (l)q−βe−q

2l2i , (3)

with the same inner and outer scale but a different fluctution amplitude, Cv. The velocity fluctuation spectrum is

proportional to the energy spectrum (per unit mass),

E(q) = 2πq2Pv(q) ∝ q2−β . (4)

3 We have used the same definition of the inner scale, li, as Macquart & Koay (2013). Many authors use a definition of the inner scale that
is larger by a factor of 2π (e.g. Spangler & Gwinn 1990; Cordes & Rickett 1998). This factor should be accounted for when comparing
values from different works.
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When β > 2, the largest scales (smallest q) dominate the energy in turbulence. Turbulence in the Milky Way ISM is

studied through many different tracers; the amalgamation of these tracers over 11 orders of magnitude is consistent

with Kolmogorov turbulence, for which β = 11/3 (Armstrong et al. 1995).

2.1. Density fluctuations and radio-wave scattering

The scattering medium can be characterized by the scattering measure (SM), which is the integral of the density

fluctuations along the path through the medium,

SM =

∫
C2
n(l)dl . (5)

Macquart & Koay (2013) generalize the relation between the SM and the diffractive scale, rdiff (the characteristic

correlation length of fluctuations in the scattering medium) for scattering at cosmological distances:

SM =


(
r2
diffπr

2
eλ

2(1 + zlens)
−2lβ−4

i
β
4 Γ(−β2 )

)−1

rdiff < li(
rβ−2
diff 22−βπr2

eλ
2(1 + zlens)

−2β Γ(−β/2)
Γ(β/2)

)−1

rdiff � li .
(6)

Here, re is the classical electron radius and zlens is the redshift of the scattering material.

The diffractive scale is related to the observed scattering time τ ,

rdiff =

√
dlensdlens,src

dsrc

(
λ

2π

)2

(1 + zlens)−1(cτ)−1 , (7)

where λ is the observing wavelength. If rdiff < li,

τ =
1

4πc

dlensdlens,src

dsrc

λ4r2
e

(1 + zlens)3
lβ−4
i

β

4
Γ

(
−β

2

)
SM . (8)

Equations (8) and (5) allow us to use FRB scattering to constrain the amplitude of the density fluctuations at the

Fresnel scale, rF , given by Schneider et al. (1992) and Macquart & Koay (2013) for a cosmological lens

rF (z) =

√
dlensdlens,srcλobs

2πdsrc(1 + zlens)
, (9)

where λobs is the observing wavelength, and dlens, dlens,src and dsrc are the angular diameter distances between the

observer and the scattering screen, the screen and the FRB source, and the observer and the FRB source respectively.

Note that dlens,src 6= dsrc − dlens; instead, in a flat Universe,

dlens,src = dsrc −
1 + zlens

1 + zsrc
dlens , (10)

where zsrc is the redshift of the source (Peebles 1993, pp. 336-337). In this work we focus on cases where the lens is

close to the source and zlens ≈ zsrc, for which we write

rF (z) ≈
√

λ

2π

dlens,src

1 + zsrc
(11)

≈ 3.7× 108 m

(
fobs

1 GHz

)−1/2(
dlens,src

100 pc

)1/2(
1 + zsrc

1.1

)−1/2

. (12)

Note from the form of equation (8) that temporal scattering is greatest for screens approximately half-way between

the observer and the source. At low redshifts, scattering from the Milky Way and the FRB host galaxy is weighted

approximately equally, but the additional redshift term will weight scattering in the Milky Way over scattering in the

host galaxy for sources at high redshifts.
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2.2. Velocity fluctuations and dispersion

Broadening of emission and absorption lines provides a probe of the velocity distribution in the emitting or absorbing

gas. This distribution includes thermal and turbulent motions, as well as bulk motion due to, for example, gravitational

infall or rotation of a disk. While bulk motion can have a more complex distribution, line broadening due to both

thermal and turbulent motions is well-described by a Gaussian broadening function, and the total velocity dispersion

is the quadrature sum of the thermal and turbulent velocity dispersions in the absence of bulk motion. In this work,

we will use the Hα recombination line as our velocity tracer. We assume that the Hα-emitting regions do not have

significant bulk motions, and we account for only the turbulent and thermal velocity distributions.

Information on the velocity fluctuation spectrum is present in the turbulent contribution to the velocity dispersion.

The velocity power spectrum captures the mean-square fluctuations at a scale q, and so the variance of the velocity is

given by the integral of the power spectrum over all (but the 0th) scales:4

σ2
v,nt =

∫ ∞
qo

d3qPv(q) (13)

= 2πC2
vq

3−β
i Γ

(
3− β

2
, (qoli)

2

)
. (14)

Since Pv(q) ∝ q−β , we see that the integral in equation (13) is dominated by large spatial scales when β > 2. (In

Kolmogorov turbulence, β = 11/3 ≈ 3.7). When β < 2, the smallest scales dominate the velocity dispersion and

therefore the energy.

Using the relation Γ(s+ 1, x) = sΓ(s, x) + xse−x, we can write

Γ

(
3− β

2
, (qoli)

2

)
=

2

β − 3
(qoli)

3−β
2 e−(qoli)

2 − 2

β − 3
Γ

(
5− β

2
, (qoli)

2

)
. (15)

For 3 < β < 5 and qoli � 1, this simplifies to

Γ

(
3− β

2
, (qoli)

2

)
≈ 2

β − 3
(qoli)

3−β
. (16)

and we find

σ2
v ≈

2(2π)4−β

β − 3
C2
v l
β−3
o , (17)

which more immediately shows the dependence of the velocity dispersion (and the energy) on the outer scale.

2.3. Relating the density and velocity power spectra

If we can relate the amplitude of the velocity fluctuation power spectrum to that of the density power spectrum, we

can calculate the turbulent velocity dispersion in the ionized medium from the FRB SM. This assumes: (a) the plasma

probed by FRB scattering is part of the same turbulent cascade as the gas emitting in Hα; and (b) the turbulent

fluctuations follow a power-law spectrum between the scales probed by FRB scattering (the Fresnel scale of the lens,

∼ 108 m) and the velocity dispersion (the outer scale). If we equate the outer scale to the size of knots of Hα emission

close to FRB sources in their host galaxies, we infer outer scales of ∼ 100 pc ' 3 × 1018 m, similar to the outer scale

in the Milky Way (Armstrong et al. 1995); see Section 4 for further details. If the velocity dispersion anticipated from

scattering disagrees with the observed velocity dispersion, at least one of these assumptions must be incorrect.

If the amplitude of the turbulent fluctuations inferred from FRB scattering is much larger than the amplitude inferred

from emission line widths, this may suggest that FRBs originate from anomalously highly-scattered environments in

their host galaxies. This would be analogous to the case of the Crab pulsar; the Crab nebula is one of the most highly-

scattered environments that we observe in the Milky Way. The Crab pulsar exhibits variable scattering timescales

up to 600µs at 610 MHz (McKee et al. 2018). The variability of this scattering time indicates that scattering is

occurring close to the source, likely within the nebula itself. Adopting a distance of 0.5 pc between the source and

4 Normally this includes the zeroeth mode: 〈x2〉 =
∫∞
o Px(q)dq. We are not including the zeroeth mode as we only consider power on scales

below the outer scale. As a result, we measure
∫∞
q0>0 Px(q)dq = 〈x2〉 − 〈x〉2 = σx.
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scattering screen5, and assuming a Kolmogorov spectrum with an inner scale of 1000 km, this corresponds to a SM

of ∼300 kpc m−20/3 (equation 8). Similarly, underscattering of FRBs compared to expectations from Hα line widths

implies that the observed FRBs are in fact not associated with the nearby Hα-emitting regions. Associations (or non-

associations) of FRBs with star-forming regions are especially impactful for understanding the progenitors of FRB

sources.

An alternative explanation for a discrepancy in the turbulent energies inferred from radio-wave scattering and optical

line widths is that the assumption that the turbulent power spectrum follows a simple power law with β = 11/3 is

incorrect. Inferred departures from β = 11/3 are not unprecedented in the Milky Way. The evolution of some pulsar

scattering timescales over frequency (τ ∝ ν−α) suggests a departure from Kolmogorov turbulence; pulsar scattering

exponents (of α ∼ 3 to 4, compared to the Kolmogorov value of α = 4.4; e.g., Geyer et al. 2017) suggest β > 11/3,

and indicate increased power on large scales compared to Kolomogorov turbulence, although it is likely that this

effect arises from anisotropic scattering at discrete screens.6 VLBI observations towards the Galactic center indicate

increased power in turbulence on small scales compared to a Kolmogorov spectrum. From the size of the scattered

disk of Sgr A* (sensitive to the smallest fluctuations, at the inner scale, ∼ 800 km) and refractive substructure in the

disk (sensitive to scales of 1013−1014 cm) Johnson et al. (2018) infer a slope of the density fluctuation power spectrum

of β = 3.38. Heightened power near the inner scale is also observed in the density spectrum of the solar wind (Coles

et al. 1991), in this case due to a flattening of the power spectrum at small scales. Johnson et al. (2018) note that a

similar flattening is consistent with their Sgr A* measurements. Obtaining additional tracers at intermediate scales

would allow us to measure the index of the power spectrum and discern breaks or changes in the power-law form.

We examine the feasibility of probing density and velocity fluctuations at additional scales for FRB host galaxies in

Section 5.

Simulations of isothermal turbulence (e.g. Passot & Vázquez-Semadeni 1998; Konstandin et al. 2012) show a linear

relationship between the standard deviation of the density distribution, σρ, and the rms Mach number, M = vrms/cs,

of the gas,

σρ = bM〈ρ〉 , (18)

where vrms is the rms velocity, cs is the speed of sound in the gas, 〈ρ〉 is the volume-weighted mean density, and b

is a constant. Konstandin et al. (2012) find that, in the supersonic regime, b = 1 and b = 1/3 for compressive and

solenoidal forcing respectively. A mixture of both types of forcing is likely in the ISM (Federrath et al. 2010); for

simplicity we choose a fiducial value b = 1.

In analogy to equation (14), we can write

σ2
δne = (2π)4−βC2

nq
3−β
o

2

β − 3
. (19)

This allows us to relate the amplitudes of the velocity and density fluctuations

C2
v =

(
cs

b〈ne〉

)2

C2
n , (20)

where 〈ne〉 is the average electron number density, and also provides a relationship between the velocity dispersion,

σv, and the amplitude of the velocity perturbation power spectrum.

The emission measure, EM, calculated from the Hα emission line, probes the square of the electron density along

the line-of-sight, EM =
∫
n2
edl. The EM in a clumpy medium, with electron density fluctuations within the clumps, is

related to the mean electron density by (Cordes et al. 2016, equation B3):

EM =
ζ(1 + ε2)

ff
〈ne〉2LEM . (21)

We adopt fiducial values of ε = 1 and ζ = 2 corresponding to complete modulation of the electron density inside the

clouds and 100% variation of the average ne between clouds for consistency with Tendulkar et al. (2017). LEM is

5 Main & van Kerkwijk (2018) argue that optically-emitting filaments in the Crab Nebula at this distance are the source of the the temporal
radio-wave scattering.

6 Geyer et al. (2017) find that fitting anisotropic models can increase the inferred α for some pulsars, while Oswald et al. (2021) find a mean
value of α = 4.0±0.6 for a sample of distant pulsars, which are expected to be scattered by many screens with different orientations leading
to an overall isotropic scattering kernel.
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the path length through the medium that contributes to the EM and ff is the filling factor of the clouds within the

medium.

Using this in equation (20), we can write,

C2
v =

(cs
b

)2 ζ(1 + ε2)

fffr

LEM

EM
C2
n (22)

=
(cs
b

)2 ζ(1 + ε2)

fffr

SM

EM
, (23)

where we have used SM = C2
nLSM and assumed that the path length that contributes to the SM LSM = frLEM, where

fr ≤ 1. This accounts for the possibility that the FRB source is embedded in the scattering medium, in which case a

shorter path length will contribute to the SM than to the EM.

We can then write the velocity dispersion as

σ2
v =

2(2π)4−β

β − 3
lβ−3
o

(cs
b

)2 ζ(1 + ε2)

fffr

SM

EM
(24)

=
2(2π)4−β

β − 3
lβ−3
o

(
cs
b ne

)2
4πc

fr

dsrc

dlensdlens,src

(1 + zlens)
3

λ4r2
e

l4−βi

4

βΓ(−β/2)
τ . (25)

For Kolmogorov (β = 11/3) turbulence,

σ2
v = 3(2π)1/3l2/3o

(cs
b

)2 ζ(1 + ε2)

fffr

SM

EM
(26)

=
(
1.4× 105 km s−1

)2( lo
150 pc

)2/3 ( cs
10 km s−1

)2
(
b

1

)−2(
ζ

2

)(
ff
0.1

)−1(
fr
0.5

)−1(
1 + ε2

2

)
×(

SM

105 kpc m−20/3

)(
EM

600 pc cm−6

)−1

.

(27)

With a measurement of the SM (from radio observations of the FRB) and EM (from optical observations of the host

galaxy), combined with an estimate of the path length through the star-forming region, we can directly compare the

velocity dispersion predicted from the SM and EM to the velocity dispersion from optical recombination-line widths.

We will use a fidicual sound speed of cs =
√

kT
µ = 10 km s−1, for hydrogen gas at a temperature of 104 K. Increased

gas metallicities increase the mean molecular weight µ and decrease the sound speed, but the sound speed is most

sensitive to the temperature of the medium. An independent measure of the temperature would allow us to constrain
the sound speed more accurately.

If instead we assume that the optical emission lines and the FRB SM are probing the same turbulent spectrum,

we can assert that the velocity dispersions inferred from these two tracers must be equal and constrain the nature of

the turbulent cascade. Particularly, as σ2
v ∝ lβ−3

o l4−βi n−2
e , we can constrain the inner and outer scales and the index

of the turbulent power spectrum through this method. We can also vary the electron density, ne; the inference of

the average electron density from the EM of the emitting gas depends on the clumpiness of the electrons in the gas,

parameterized through the filling factor of ionized gas in the medium and the electron density variations between and

within the ionized clouds. Additional constraints on 〈ne〉 translate to constraints on these clumpiness parameters.

2.4. Energetics of turbulence at the scattering screen

In addition to testing whether FRB scattering and the velocity dispersion of the ionized gas are probing the same

plasma and the same turbulent cascade, we can use both observations to estimate the turbulent energy in the region.

In this section, we develop the formalism for relating the SM and the velocity dispersion to the turbulent energy.

As above, we will consider isotropic turbulence with density and velocity fluctuations described by equations (2) and

(3). Since we are considering scattering originating in the host galaxy, the path length through the scattering plasma

is only a small percentage of the entire path length between the observer and source, and we will use a thin-screen

formalism to relate the FRB SM and the amplitude of the density fluctuation power spectrum.
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The energy per unit mass can be calculated from the integral of the the kinetic energy in the velocity fluctuations,

E =
1

2

∫
d3qPv(q) (28)

= 2π

∫ ∞
qo

C2
vq

2−βe
− q

2

q2
i (29)

=
(2π)4−β

β − 3
lβ−3
o

(cs
b

)2 ζ(1 + ε2)

fffr

SM

EM
(30)

=
(2π)4−β

β − 3
lβ−3
o

(
cs
b ne

)2
4πc

fr

dsrc

dlensdlens,src

(1 + zlens)
3

λ4r2
e

l4−βi

4

βΓ(−β/2)
τ . (31)

For Kolmogorov turbulence,

E =
3

2
(2π)1/3l2/3o

(cs
b

)2 ζ(1 + ε2)

fffr

SM

EM
(32)

= 2.0× 1053 ergM−1
�

(
lo

150 pc

)2/3 ( cs
10 km s−1

)2
(
b

1

)−2(
ζ

2

)(
ff
0.1

)−1(
fr
0.5

)−1(
1 + ε2

2

)
×(

SM

105 kpc m−20/3

)(
EM

600 pc cm−6

)−1

.

(33)

Equation (32) can also be written in terms of the non-thermal velocity dispersion as

E =
1

2
σ2
v,nt . (34)

Using this equation, we can also estimate the energy in the turbulence from the non-thermal gas velocity dispersion

measured from ionized emission lines.

3. DETERMINING THE DISTANCE TO THE SCATTERING PLASMA

As the radio emission from FRBs propagates towards us, it interacts with the intervening ionized plasma. This

includes any plasma associated with the FRB source itself, such as a pulsar wind nebula, supernova remnant or other

ejecta from a compact binary merger (e.g. Piro & Gaensler 2018; Straal et al. 2020; Kundu & Ferrario 2020; Zhao et al.

2021), the host galaxy ISM, including star-forming and HII regions, the IGM and the CGM of intervening galaxies,

halos of the Milky Way and intervening galaxies (Ocker et al. 2021), and the ISM of the Milky Way.

The effects of the Milky Way ISM are constrained observationally by pulsar scattering and dispersion. From these

measurements, models of the electron density distribution within the Milky Way ISM, such as the NE2001 model

(Cordes & Lazio 2002, 2003) and the YMW16 model (Yao et al. 2017), have been developed. These include features,

such as spiral arms, within the Milky Way and predict the effects of dispersion and scattering in the Milky Way ISM
on both galactic and extragalactic radio sources.7 Using these predictions, we can determine if the scattering observed

towards any particular FRB predominantly originates from the Milky Way.

A similar tomography is yet to be realized for the IGM, although FRB dispersion and scattering measurements hold

promise for mapping the electron content of the IGM out to high redshifts (e.g. McQuinn 2014; Zheng et al. 2014; Ravi

2019b; Caleb et al. 2019). Macquart et al. (2020) present the first DM-z relation constructed from five FRBs with

localizations and host-galaxy associations, out to redshifts of z ∼ 0.5; the trend of this relation describes the mean

electron content of the IGM. FRBs that fall outside of this relation may intercept a deficit of ionized electrons due to

voids along the light-travel path, or an abundance due to heightened dispersion in the host galaxy, and filaments or

CGM of intervening galaxies along the light-travel path. Detailed analyses of individual FRBs have also yielded rich

information about scattering in the IGM (Ravi et al. 2016; Cho et al. 2020; Simha et al. 2020), the halos and CGM of

intervening galaxies (Prochaska et al. 2019; Connor et al. 2020) and the host galaxy (Masui et al. 2015).

One of the challenges of using FRBs to study density fluctuations in intervening material is attributing extragalactic

scattering to the appropriate material along the line-of-sight. This is especially key for in-depth studies of individual

7 We use the term scattering to refer to various effects due to multi-path propagation, including scintillation, temporal broadening, and
angular broadening.
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systems, where we do not have the opportunity to marginalize over many lines-of-sight and host galaxies. One way to

constrain the distance to the scattering material is to use the relationship between angular and temporal broadening,

which depends on the distances between the observer and the source and scattering screen. Scattering angles can and

have been measured by modelling the scintillation pattern on the Earth (to localize interstellar scattering towards

both pulsars (Rickett et al. 2014; Reardon et al. 2019, 2020; Marthi et al. 2020) and AGN (e.g. Bignall et al. 2007;

Oosterloo et al. 2020; Wang et al. 2021)), directly through VLBI (to localize interstellar scattering towards pulsars;

Brisken et al. 2010; Smirnova et al. 2014; Popov et al. 2016; Shishov et al. 2017; Fadeev et al. 2018), and using size

constraints from the presence of scintillation in two-screen scattering systems (applied to FRB scattering to place an

upper limit on the source-screen distance; Masui et al. 2015; Farah et al. 2018).

For scattering of emission from a source at an angular diameter distance dsrc from the observer by a single thin

screen at an angular diameter distance dlens and redshift zlens from the observer, the temporal broadening τ , angular

broadening θ and scintillation bandwidth ∆ν are related by (see Appendix A)

τ ' 1

c

dsrcdlens

dlens,src
θ2(1 + zlens) (35)

(Schneider et al. 1992) and

2π∆ντ = C1 (36)

(Cordes & Rickett 1998), where C1 is a constant that depends on the distribution of the scattering material and the

density fluctuations within the scattering material. For isotropic Kolmogorov turbulence in a thin screen, C1 = 0.957

(Cordes & Rickett 1998). For consistency, we will work with the scattering delay, τ , when considering extragalactic

scattering, but equation (36) can be used to convert from the scintillation bandwidth ∆ν to the delay τ .

Even if the redshift of the source is known from association of the FRB with a host galaxy, there remains a degeneracy

between the distance to the scattering material, the angular broadening of the source and the scattering timescale. To

determine the location of the scattering screen using the observed temporal scattering or scintillation, we need to first

constrain the broadening angle.

3.1. Constraining the broadening angle through VLBI

One might first approach this problem hoping to directly measure the broadening angle through VLBI. Brisken

et al. (2010) have shown that this can be used to measure the brightness distribution of scattered pulsars at 100µas

resolution, but angular broadening due to scattering outside of the Milky Way is a much smaller effect.

The rms scattering angle is related to the diffractive scale by (see Appendix A):

θ ' 1

rdiff

dlens,src

dsrc

λ

2π

1

1 + zlens
(37)

' 70 nas
( rdiff

107 cm

)−1
(
dlens,src

100 pc

)(
dsrc

400 Mpc

)−1(
fobs

300 MHz

)−1(
1 + zlens

1.1

)−1

, (38)

and to the delay by

θ '
√
cτ
dlens,src

dlensdsrc

1

1 + zlens
(39)

' 70 nas
( τ

25 ms

)1/2
(
dlens,src

100 pc

)1/2(
dsrc

400 Mpc

)−1(
1 + zlens

1.1

)−1/2

(40)

Here, we use a fiducial observing frequency of 300 MHz, as the best constraints are placed at low frequencies, where

the decrease in the angular resolution of VLBI (∝ fobs) is offset by the increased angular broadening of the source

(∝ f−2.2
obs ). Resolving angles on this scale would require baselines of & 2.8 × 109 km at 300 MHz, 4 × 105 times the

radius of the Earth.

Even if the capabilities existed to resolve this broadening, a further complication arises in detecting this broadening

in the presence of additional scattering in the Milky Way and IGM. The dlens,src/(1 + zlens) term in equation (37)

more strongly weights scattering occurring closer to the observer. As a result, angular broadening in the Milky Way

will likely obscure any from scattering within the host galaxy. Scattering in the IGM is also likely to obscure angular
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broadening contributed by scattering in the host galaxy. The CGM of an intervening galaxy consisting of a fog-like

two-phase medium, as proposed by McCourt et al. (2018), is expected to impart an angular broadening ∼ 15µas for a

source at redshift z ∼ 1 (Vedantham & Phinney 2019), two orders of magnitude larger than the expected broadening

from scattering in the host galaxy. Macquart & Koay (2013) estimate angular broadening from a clumpy IGM, in which

the density fluctuations of clouds throughout the IGM follow a log-normal probability distribution, to be . 100µas at

z . 1.8

3.2. Constraining the broadening angle by modelling the scintillation pattern

The spatial coherence scale of the scintillation pattern, ld, depends directly on the rms scattering angle, θ:

ld =
λ

2πθ
(41)

(Cordes & Rickett 1998, equation (6)) . With single-epoch single-dish measurements, only the decorrelation timescale,

which depends on both the speed of the scintillation pattern and spatial coherence scale, can be measured. Multi-

station observations or observations over the orbital period of the Earth or, for Galactic sources in binary systems, the

source, can break this degeneracy and even constrain any anisotropy in the scattering (including both the axial ratio

and position angle of the scattered disk). See Bignall et al. (2006) and Reardon et al. (2019) for details and Fadeev

et al. (2018), Simard et al. (2019), and Marthi et al. (2020) for further examples.

Measuring the spatial scintillation patterns of FRBs is not feasible in most cases, due to the one-off nature of non-

repeating sources, and the long waiting times often observed between repeat bursts, although an upper limit on the

scintle size can be placed if different scintillation patterns are observed at different stations for the same burst. It

is also plausible that some systems will be discovered with high repetition rates and duty-cycles, from which we can

constrain the scintillation pattern. Superluminal motion of FRB emission regions would similarly act to constrain the

scintillation pattern size (Simard & Ravi 2020).

Using the rms scattering angle from equation (39), we find

ld ≈
λ

2π

(
cτ

1 + zlens

dlens,src

dlensdsrc

)−1/2

. (42)

For lensing occurring close to the source,

ld ≈ 4.6× 108 km

(
fobs

1405 MHz

)−1 ( τ

1 ms

)−1/2
(
dlens,src

100 pc

)−1/2(
dsrc

400 Mpc

)(
1 + zlens

1.1

)1/2

. (43)

Again, baselines between stations orders of magnitude larger than the radius of the Earth are needed to constrain the

angular size of the scattered disk using this technique.

3.3. Constraining the broadening angle through scattering in the Milky Way

Alternatively, we can take advantage of scattering in the Milky Way ISM to constrain the angular broadening at an
extragalactic screen. In order for scintillation due to scattering in the Milky Way to be observed, the source must be

unresolved by the Milky Way scattering screen.9 The angular resolution of the Milky Way scattering screen, θres,MW,

is given by

θres,MW =
λ

θMWdMW
, (44)

where λ is the observing wavelength and θMW and dMW are respectively the broadening angle due to scattering at and

the distance to the Galactic scattering screen. In Fig. 1, we show the scintillation bandwidth and resolution of the

Milky Way scattering screen calculated from the NE2001 model (Cordes & Lazio 2002), which predicts the scattering

timescale or scintillation bandwidth induced by scattering within the Milky Way, at a frequency of 1.405 GHz (assuming

8 Both Macquart & Koay (2013, equation (13)) and Vedantham & Phinney (2019, equation (17)) use an incorrect scaling of the scatter-

broadening angle with redshift: θscat =
dlens,src

dsrc
λ

2πrdiff
. Compared to equation (37), this is incorrect by a factor of (1 + zlens). We have

ignored this factor, which is order unity for redshifts zlens . 1, in our comparison between angular broadening due to scattering in the IGM
and in the host galaxy. See Appendix B for details.

9 While the scattering within the Milky Way may be distributed through the ISM or occur at multiple screens, we will approximate Milky
Way scattering as occurring at a thin screen, as the distance through the Milky Way is only a small fraction of the total distance to the
FRB source.
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Figure 1. Top: The expected scattering timescale due to scattering in the Milky Way at 1.405 GHz from the NE2001 model
of the electron distribution in the Milky Way (left) and the resolution of the Milky Way scattering screen assuming a distance
to the screen of 1 kpc (right). Bottom: The same plot with regions masked for which the DSA-110 (with 250-MHz bandwidth)
would be insensitive to galactic scintillation or & 1 ms of extragalactic scattering. Note that the DSA-110 is best suited for
detecting scintillation from Milky Way scattering screens with resolutions of 0.1 to 1 µas, and is not sensitive to scintillation
along Milky Way sightlines with high scattering (such as towards the Galactic center) or with very low scattering (such as those
at high Galactic latitudes).

τ ∝ f−4.4
obs and a distance to the Milky Way screen of 1 kpc). Note that the scintillation bandwidth varies by many

orders of magnitude between sightlines towards the Galactic Center and sightlines at high Galactic latitudes; however,

instruments will be sensitive to only a small range of scintillation timescales determined by the frequency resolution

and bandwidth. In the lower panel of Fig. 1, we have demonstrated this effect by excluding regions where it would

be difficult to detect Galactic scintillation or 1-ms extragalactic scattering with the DSA-110 instrument, an 110-dish

array dedicated to FRB detection and localization at the Owens Valley Radio Observatory. This includes high Galactic

latitudes where the Galactic scintillation bandwidth is > 10 % of the observing bandwidth of the DSA-110, and low

Galactic latitudes where the Galactic scattering timescale is > 10 % of our fiducial 1-ms extragalactic scattering delay

and would impair our ability to measure the scattering delay imparted by extragalactic plasma.10

When scintillation is observed that is consistent with our expectations for scattering in the Milky Way from the

NE2001 model, the presence of scintillation indicates that the FRB is unresolved by the Galactic screen and we can

10 We do not consider the effect of the channel width on detecting scintillation with very small scintillation bandwidths; with the retention of
baseband data, the DSA-110 and other upcoming surveys will be able to search for Galactic scintillation after detection by resampling the
baseband data with finer frequency resolution.
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constrain the angular broadening of any extragalactic scattering to be

θEG < θres,MW . (45)

When scattering is observed, this angular limit can be combined with the scatter-broadening timescale, τEG, to place

a limit on the separation between the scattering screen and the source:

dsrc − dEG <
θ2

res,MWdsrcdEG

cτEG
(1 + zEG) , (46)

where zEG and dEG are the redshift of and angular diameter distance to the extragalactic scattering screen. When the

scattering is occurring close to the source, we can write:

dsrc − dEG <
θ2

res,MWd
2
src

cτEG
(1 + z) (47)

< 32 kpc

(
θres,MW

100 nano− arcsec

)2 ( τEG

1 ms

)−1
(

dsrc

1 Gpc

)2(
1 + zEG

1.325

)
. (48)

This argument has been used by Masui et al. (2015) to associate scattering and a high rotation measure to the host

galaxy of FRB 110523 and by Farah et al. (2018) to place the material scattering FRB 170827 by 4.1µs to within

60 Mpc of the source.11 We will adopt frequency-dependencies of the scattering timescales and broadening angles of

τEG ∝ f−4.4
obs and θres,MW ∝ f−1.2

obs , so the critical lens-source distance that we are sensitive to, dcrit, is ∝ f4.6
obs and there

is a strong preference for observations at low frequencies. However, at very low frequencies scattering from within

the Milky Way may mask any extragalactic scattering, limiting our ability to constrain the extragalactic scattering

timescale.

For an unchanging scattering timescale with distance (i.e., ignoring any redshift-evolution of the turbulent properties

of FRB host galaxies as well as the redshift dependence in equation (35)), the critical distance between the extragalactic

lens and source for which the Milky Way scattering screen resolves the further scattering screen is ∝ d2
src(1 + zEG),

assuming the extragalactic lens is close to the source. This is maximized (assuming cosmological parameters from

Planck Collaboration et al. (2016), including H0 = (67.8 ± 0.9) km s−1 Mpc−1 and ΩM = 0.308 ± 0.012) at z = 3.8,

at which a Galactic screen resolution of < 44 nano-arcseconds is needed to resolve a distance dlens,src = 50 kpc for an

extragalactic scattering timescales of 1 ms. At redshifts below 0.2 (for which we can obtain detailed observations of the

host galaxy to identify star-forming regions and the location of the FRB within the host), a Galactic screen resolution

of < 190 nano-arcseconds is required to resolve a screen-source separation of 50 kpc when τ = 1 ms. To understand

the prospects of multi-tracer studies of turbulence in FRB host galaxies with current and upcoming FRB surveys, we

estimate the fraction of FRBs detected by these surveys at redshifts < 0.2 and seen through parts of the Milky Way

with sufficient angular resolution to resolve a 50 kpc lens-source distance. We focus on the DSA-110 FRB survey, which

will enter a commissioning and early science phase in summer of 2021. In Appendix B, we present similar estimates

for the current ASKAP CRAFTS survey as well as CHORD and DSA-2000, future instruments in their design phases.

In all cases, we use frbpoppy12 (Gardenier 2019) to estimate the redshift distribution of detected FRBs, as described

in Appendix B.

We use the NE2001 model to obtain the resolution of the Galactic screen, and adopt a minimum declination of

−30 deg for the DSA-110. We find that 1.2% and 17.4% of the sky visible to the DSA-110 has sufficient resolution

to be sensitive to a screen-source separation of 50 kpc at all redshifts and at z ≤ 0.2, respectively, for a FRB with

1-ms scattering at 1.405 GHz. If the FRB population traces stellar mass density in the Universe, then approximately

1 in 4 of FRBs detected by the DSA-110 will be at z < 0.2. If the DSA-110 spends equal time searching all areas

of the sky, then approximately 1 in 24 of DSA-110 FRBs will meet these conditions (low redshift, viewed through a

sufficiently-resolving part of the Milky Way) to undertake an in-depth study of turbulence and scattering in the host

galaxy as described here. The final number of DSA-110 sources for which this study can be done also depends on the

distribution of scattering in host galaxies, which we do not attempt to model here.

11 This latter source-screen distance limit is underestimated by a factor of (2π)2 compared to our method; this arises due to differences in the
treatment of the resolution limit of the Milky Way screen.

12 http://davidgardenier.com/frbpoppy/

http://davidgardenier.com/frbpoppy/
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Figure 2. The fraction of sightlines through the galaxy for which a 50-kpc source-screen distance could be resolved, as a
function of central observing frequency and observing bandwidth. We have adopted a fiducial scattering timescale for scattering
in the host galaxy of 1 ms at 1.405 GHz, and assume that the timescales for both extragalactic scattering and scattering in
the Milky Way (calculated using the NE2001 model at 1 GHz) are presumed to scale as f−4.4

obs . The DSA-110 survey, with a
central frequency of 1.405 GHz and a bandwidth of 250 MHz is indicated by the white x. In Appendix B, we also consider the
coherent-search mode of the ASKAP CRAFT survey (triangles), the DSA-2000 (circles) and CHORD (squares). For each of
these, we consider different central frequencies and bandwidths within the instrument’s capabilities.

In Fig. 2, we show how the fraction of the sky for which the Milky Way has sufficient resolution changes with central

frequency and bandwidth of the instrument. We clearly see two effects: an increased bandwidth and lower central

frequency (Galactic scintillation bandwidths are narrower at lower frequencies) allow detection of Galactic scintillation

over a larger part of the sky, increasing the likelihood of observing an FRB for which we can localize the extragalactic

scattering material using a two-screen model; and at lower frequencies the required resolution of the galactic screen

decreases due to the increased fiducial scattering timescale (and broadening angle) at the extragalactic screen. The

required resolution scales as f−2.2
obs (assuming τEG ∝ f−4.4

obs ), while the resolution of the Galactic scattering screen scales

as f−1.2
obs (again, we assume τMW ∝ f−4.4

obs ), so that at lower frequencies the required resolution is met over more of the

sky.

In all cases, we consider FRBs that are scattered to> 1 ms at 1.405 GHz (the center frequency of the DSA-110 survey),

and scale this scattering with τ ∝ f−4.4
obs . At the lowest frequencies, this results in scattering timescales ∼ 100 ms.

Recent results from the CHIME/FRB collaboration suggest that there may be a substantial undetected population

of highly-scattered FRBs, but that their current detection pipeline is biased against events with scattering timescales

above 10 ms (The CHIME/FRB Collaboration et al. 2021). Searching for FRBs with large scattering timescales is

computationally challenging with current standard single-pulse search algorithms, but further development of search

algorithms, including image-based searches, may enable discoveries of FRBs with high scattering timescales.

One will also encounter cases where no scintillation is observed from the Milky Way. Depending on the uncertainty

in NE2001 expectations along the sightline (which might be somewhat assuaged by proximity to nearby pulsars),

one may be able to place a lower limit on the angular scatter-broadening in these cases. The lack of scintillation

where expected indicates that the burst is sufficiently angular-broadened by extragalactic scattering to be resolved

by the Galactic screen. When combined with an observed temporal broadening timescale, this can allow one to rule

out scattering within the host galaxy of the FRB. However, one must diligently confirm the properties of Galactic

scattering towards the FRB in these cases, as some sightline-to-sightline or temporal variations in scattering (for

example, extreme scattering events) are not captured in the NE2001 model.
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Figure 3. The critical source-screen separation, ∆dcrit, below which scintillation due to Galactic scattering with a resolution of
100 nano-arcseconds will resolve the scattering disk on the extragalactic screen, derived for sources at a cosmological redshift zsrc

with an extragalactic scattering delay of τ . The white solid contour labels the critical distance of 50 kpc, for which extragalactic
scattering could reasonably be associated with the host galaxy, while the white dashed contour labels a critical distance of 50 pc.

Additional potential scattering locations include the IGM and the CGM of intervening galaxies. Studies of FRB

scattering at these locations hold promise for furthering our understanding of the baryon content and distribution in

the IGM and CGM (Macquart & Koay 2013). Recently, scattering theory has been applied to FRB observations to

constrain the distribution of cold gas in the halos of intervening galaxies (Prochaska et al. 2019; Cho et al. 2020) and

turbulence in the ionized IGM (Ravi et al. 2016). Statistical studies of FRB DMs will likely also prove fruitful for

revealing the structure of the IGM (e.g. Macquart & Ekers 2018; Macquart et al. 2020; Xu & Zhang 2020), including,

for example, constraining the era of helium reionization (e.g. Caleb et al. 2019). In this paper, however, we focus

specifically on scattering in the ISM of FRB host galaxies.

4. CASE STUDIES

We will focus on three FRBs that have been localized to Hα-emitting regions within their host galaxies:

FRB 20121102A (Bassa et al. 2017), FRB 20180916B (Marcote et al. 2020), and FRB 20190608B (Chittidi et al.
2020). Of these three sources, only FRB 20190608B exhibits temporal scattering inconsistent with expectations from

the Milky Way (Day et al. 2020); both FRB 20121102A (Josephy et al. 2019) and FRB 20180916B (Chawla et al. 2020)

have stringent upper limits on their extragalactic scattering timescales. For all three sources, optical imaging and spec-

troscopic observations have been used to characterize the host galaxies and FRB-source local environments. Here, we

consider these three sources in turn, and compare their observed scattering (or scattering limits) to constraints on the

local environment from optical observations. Table 1 lists relevant constraints from both optical host-galaxy follow-up

and radio FRB observations, as well as assumptions on the scattering geometry and the scales in the turbulent media.

We will assume, for the Hα-emitting gas in all three host galaxies, a temperature of 104 K with a sound speed

of 10 km s−1, and turbulence that follows a Kolmogorov spectrum with β = 11/3 and an inner scale of 1000 km,

consistent with Cordes et al. (2016). We note that the inner scale is poorly constrained even in the Milky Way. The

multi-tracer analysis of Armstrong et al. (1995), which probes down to scales of ∼ 107 m, is consistent with an inner

scale . 108 m. Detailed pulsar scattering (Rickett et al. 2009) studies and interferometric studies of anglar broadening

and image wander (Spangler & Gwinn 1990) suggest the inner scale may be ∼ 100 km. However, as discussed in

Section 1, evidence that localized, anisotropic scattering may dominate pulsar scintillation (e.g. Putney & Stinebring

2006; Brisken et al. 2010) raises doubt that the plasma at tiny scales probed by pulsars is indeed part of the same

isotropic turbulent cascade seen at larger scales. To obtain physical scales at the host galaxies from angular ones, we

use cosmological parameters from (Planck Collaboration et al. 2016).
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Table 1. Constraints from radio and optical observations used to infer the turbulent prop-
erties of the host galaxies and host star-forming regions (SRs) of repeating FRBs. The SMs,
and some EMs, are derived in this work.

FRB 20190608B FRB 20180916B FRB 20121102A

Radio constraints

τ (ms) 3.3±0.2a <1.6d <9.6f

fobs (MHz) 1200a 350d 500

z 0.1178b 0.0337±0.002e 0.19273±0.00008g

SM (kpc m−20/3) 240±130 <0.7 < (1.0 ± 0.5) × 105

Optical constraints on associated star-forming regions

Hα flux (10−16 erg cm−2 s−1) – 1.002±0.008e 2.6

Size of SR (pc) 640±320c 190h 1320

σv 15±0.55 km s−1 c 290 ± 50 km s−1 91.8±1.6 km s−1

EM (pc cm−6) 222±12c 310±140 510±160

Assumptions

dlens,src (pc) 90±50 100±50 660±330

lo (pc) 150 150 1320

aDay et al. (2020)

bMacquart et al. (2020)

c Chittidi et al. (2020); EM is inferred by Chittidi et al. (2020) from the measured Hβ flux
assuming a Hα to Hβ flux ratio of 3.95.

dChawla et al. (2020)

eMarcote et al. (2017)

fJosephy et al. (2019)

gTendulkar et al. (2017)

hTendulkar et al. (2020); where errors are not given we have assumed 20% uncertainty

i Bassa et al. (2017)

Table 2. Turbulent energy inferred from measurements of FRB scattering and optical line widths, along
with estimates of the scale probed by each method.

From scattering From line widths

Scale probed (m) Energy (ergM−1
� ) Scale probed (m) Energy (ergM−1

� )

FRB 20190608B 3.3 × 108 3.3 × 1049 to 2.0 × 1051 4.6×1018 2.2 × 1045

FRB 20180916B 5.5×108 < 4 × 1048 4.5×1018 8 ± 3 × 1047

FRB 20121102A 1.3×109 < 3 × 1049 4 × 1019 8.4±0.3 × 1046

In Fig. 4, we compare the power on the outer and Fresnel scales measured from the burst scattering timescales and

emission line widths for these three FRBs and their local environments to the “power law in the sky” in the Milky

Way. We note two major differences between studies in the Milky Way and our study: in the Milky Way, tracers are

present at intermediate scales that aren’t probed in our study of FRB host galaxies; and in the Milky Way tracers are
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Figure 4. The “power law in the sky” measured in the Milky Way reproduced from Chepurnov & Lazarian (2010) and including
the original data of Armstrong et al. (1995) (black and white) with points from this study of extragalactic galaxies with FRB
scattering and Hα line widths over plotted in color. Blue circles, orange squares, and green triangles show results for the host
galaxies of FRB 20190608B, FRB 20180916B and FRB 20121102A respectively. Points at large q (right hand of the plot) are
from scattering measurements, while points at low q (left hand of the plot) are from non-thermal velocity dispersions measured
from Hα line widths. Note that for consistency with Armstrong et al. (1995), we adopt a definition of the spatial wavenumber
q = 1/l in this figure. Where the points are not upper limits, errorbars are shown that represent uncertainties determined from
the assumed uncertainty on the lens-source screen distance and the measured uncertainties on the SM, non-thermal velocity
dispersion and electron density. These error bars do not include uncertainty in the electron density, sound speed of the gas,
outer scale, or the spectral index of the turbulent cascade, all of which should ultimately be considered.

typically averaged over multiple sightlines and different tracers can be acquired for different sightlines. In this study,

we are considering two tracers that probe approximately the same region of the FRB host galaxy.

4.1. FRB 20190608B

FRB 20190608B was discovered and localized by the Australian Square Kilometer Array Pathfinder (ASKAP) (Mac-

quart et al. 2020) and associated with a host galaxy at redshift z = 0.1178. The host galaxy is a spiral galaxy with

stellar mass M? ≈ 1010.4M� and star formation rate SFR ≈ 1.2M� yr−1 (Bhandari et al. 2020). High time-resolution

analysis of the radio burst yields a scattering timescale of τ = 3.3 ± 0.2 ms at a frequency of 1.28 GHz (Day et al.

2020), significantly longer than expected from scattering in the Milky Way (34 ns according to the NE2001 model).13

Day et al. (2020) also measure the spectral index of the scattering timescale, and find τ ∝ f−αobs , where α = 3.5± 0.9.

Here we assume that the scattering observed in FRB 20190608B originates in its host galaxy. A detailed analysis of

the foreground environment by Simha et al. (2020) finds no foreground galaxy within 2.5 Mpc in the SDSS catalogue,

as well as no foreground galaxy in the 1 arcmin Keck Cosmic Web Imager (KCWI) field used to study the local

environment of FRB 20190608B. They simulate the cosmic web using SDSS galaxies within 400 arcminutes of the

13 We assume τ ∝ f−4.4
obs , consistent with Cordes & Lazio (2002).
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line-of-sight to the host galaxy of FRB 20190608B and find it implausible that the foreground is responsible for the

temporal scattering of the FRB. Day et al. (2020) observe structure in the spectrum of FRB 20190608B that may be

Galactic scintillation, but for which they are unable to measure a decorrelation bandwidth. A screen in the Milky Way

with the NE2001 scintillation bandwidth of 5.4 GHz at 1200 MHz has a resolution of only 2µas, and a confirmation of

scintillation in the Milky Way would allow a localization of the extragalactic scattering material to within 320 kpc of

the source. While we cannot claim that the scattering definitively originates in the host galaxy, we will continue with

this case study to demonstrate the power of our analysis framework.

Chittidi et al. (2020) examine the local environment of FRB 20190608B in detail using HST WFC3/UVIS imaging and

Keck/KCWI integral field spectroscopy. The HST images revealed that the positional localization of FRB 20190608B

coincides with a knot of star formation in one of the spiral arms of the host galaxy. While they do not observe the

Hα line with KCWI, they infer the Hα flux of the star-forming knot from the Hβ flux, assuming the flux ratio follows

expectations for HII regions, and calculate EM = 222 ± 12 pc cm−6. In the KCWI Hβ maps, Chittidi et al. (2020)

measure a velocity dispersion of σv = 15 ± 0.55 km s−1 within a region including both the burst localization and the

star-forming knot.

In the following, we derive properties of the ISM local to the source of FRB 20190608B from the optical data

in hand. We subtract a thermal width of σt = 9.1 ± 2.7 km s−1 (Osterbrock & Ferland 2006) (corresponding to a

temperature of (1.0±0.5)×104K) from the velocity dispersion in quadrature to find a non-thermal velocity dispersion

of σnt = 11.9±2.8 km s−1. We ignore the natural broadening of the line, which is three orders of magnitude smaller than

the thermal broadening. We estimate the size of the star-forming region to be ≈ 1±0.5 spaxel in the KCWI images, or

640± 320 pc at an angular diameter distance of 453 Mpc. As the host galaxy is face-on (Chittidi et al. (2020) measure

an inclination angle of 37±3 deg), if this region were spherical it would extend above the thin disk of the galaxy, which

Chittidi et al. (2020) take to be ∼ 150 pc. We estimate the line-of-sight extent to be ∼ 150 pc cos−1(37 deg), and take

L = 190± 90 pc. We adopt the scale height as the outer scale, lo = 150 pc. From the EM and the line-of-sight extent

of the region, we infer an electron density between 0.08 and 0.85 cm−3, assuming a filling fraction between 0.1 and

1, ζ = 2 and ε = 1. This would contribute a DM to FRB 20190608B in the observer frame14 of ∼ 10 − 140 pc cm−3,

consistent with the total host contribution of 137± 43 pc cm−3 (Chittidi et al. 2020).

The radio observations of FRB 20190608B can be used to predict the non-thermal velocity dispersion in the ionized

gas, assuming a Kolmogorov turbulent fluctuation spectrum, using equation (24). In addition to measurements of the

SM, EM, and outer scale, equation (24) requires estimates of the sound speed, clumpiness of the ionized gas (given by

ff , ε and ξ), and the path length of the FRB through the gas. We will adopt our fiducial values of ζ = 2 and ε = 1.

As shown in equations (7) and (8), the observed scattering time τ is related to the SM through the diffractive scale,

rdiff , the characteristic size of fluctuations on the scattering screen. For FRB 20190608B, and assuming a screen-source

distance dlens,src = 90±50, rdiff = 6.0±1.6×106 cm and SM = 240±120 kpc m−20/3. The scattering probes fluctuations

at the Fresnel scale, equation (9), ∼ 3× 108 m.

For fr = 1 and ff = 0.1, we calculate from the radio observations an expected velocity dispersion of (8.2 ± 2.1) ×
104 km s−1, many orders of magnitude larger than the observed value of 11.9±2.8 km s−1. Varying fr between 0.5 and 1,

and ff between 0.1 and 1, we find a range for the velocity dispersion of 1.9−14.6×104 km s−1. The energies calculated

from the radio scattering observations and the observed velocity dispersion from Hβ KCWI maps (calculated from

equations (32) and (34)) are given in Table 2. The energy from the optical line width is a few orders of magnitude

smaller than the energy inferred from the scattering timescale, assuming that both of these are probing the same

turbulent fluctuation spectrum within the Hα region.

As the energies are separated by only a couple of orders of magnitude, we can attempt to reconcile them by varying

the inner and outer scales. An outer scale six orders of magnitude smaller than our adopted value (i.e., lo ∼ 30 AU)

is needed to reconcile the two energies, holding the inner scale at 1000 km. It is difficult to motivate energy injection

on such a small scale, and therefore such a small outer scale seems unlikely. From equations (32) and (6) we see that

E ∝ l1/3i ; however, this applies only when the inner scale is larger than the diffractive scale (see (6)), which, from the

scattering timescale of FRB 20190608B, we calculate to be 6.0±1.6 × 106 cm. Varying the inner scale can only decrease

the energy by a factor of ∼ 10 due to this flattening in the SM function against the inner scale. Alternatively, the

electron density (E ∝ n−2
e , see equation (32)) would need to be 70 times larger, for which the region would contribute

14 DMobs = 〈ne〉LSM(1 + z)−1, where LSM = LEMfr.
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a DM between 440 and 9960 pc cm−3, much larger than the estimated host DM and even exceeding the total DM of

338.7± 0.5 pc cm−3 (Macquart et al. 2020).

A final point of uncertainty is the scaling of the power spectrum over the orders of magnitude that separate the

scales probed by these two tracers. We have assumed a Kolmogorov scaling, β = 11/3 ≈ 3.7, but with a slightly

shallower power law, β ∼ 3.2 the energies probed by FRB scattering (at 3.3 × 108 m) and the Hβ velocity dispersion

(at 4.6 × 1018 m) are consistent. While this is a small change in the power-law index, the energy difference at small

scales is 105 larger than what one would extrapolate from the velocity dispersion measurement assuming β = 11/3.

Alternatively, this large excess power on small scales could be due to a break or bump in the power spectrum. Indeed,

this is put forth by Johnson et al. (2018) as an explanation for the increased power on small scales in the fluctuation

spectrum towards the Milky Way Galactic Center. For isotropic turbulence, the scattering index α measured by Day

et al. (2020) corresponds to a power-law index β = 2α(α−2)−1 of β = 4.7±1.6, consistent with the β ∼ 3.2 power-law

index inferred from comparing fluctuations on large and small scales and suggesting that the scattering index may

be constant across the intermediate scales. To distinguish between these cases, additional tracers of the fluctuation

spectrum or the power law index are necessary.

4.2. FRB 20180916B

FRB 20180916B is a repeating source discovered by the CHIME/FRB Collaboration (CHIME/FRB Collaboration

et al. 2019b) and localized to an emission region in a massive spiral galaxy at redshift z = 0.0337 ± 0.002 (Marcote

et al. 2020). FRB 20180916B is also the first FRB to be detected below 400 MHz (Chawla et al. 2020; Pilia et al. 2020);

this low-frequency detection provides a stringent upper limit on the extragalactic scattering timescale of < 1.6 ms at

350 MHz (Chawla et al. 2020). Recently, a detection of FRB 20180916B with LOFAR at 110 to 188 MHz (Pastor-

Marazuela et al. 2020; Pleunis et al. 2020) shows a scattering tail with τ ∼ 50 ms at 150 MHz, consistent with the

upper limit set by (Chawla et al. 2020) and with expectations for galactic scattering from the NE2001 model. Any

scattering in the host galaxy must be below this level to be obscured by scattering in the Milky Way.

As in the previous case study, we will start by deriving properties of the ISM local to the source of FRB 20180916B

from optical observations of the host galaxy. Marcote et al. (2020) estimate the projected size of the emission region

to be 1.5 kpc2. In a region of 1.5 × 2 arcsec2 surrounding the FRB localization, Marcote et al. (2020) measure an

extinction-corrected Hα luminosity of LHα ∼ (2.0± 0.1)× 1039 erg s−1, which they suggest is dominated by the star-

forming clump. The Hα line at the location of the FRB is measured by Marcote et al. (2020) to have a centroid

and width of 6787.5 Å and 6.5 Å respectively. We will adopt the calibration precision of 0.8 Å as the uncertainty on

both the line centroid and width.15 Estimating the thermal velocity dispersion as 9.1 ± 2.7 km s−1, we calculate a

non-thermal velocity dispersion of 290± 50 km s−1 from the Hα line width measured by Marcote et al. (2020).

Through detailed HST observations, Tendulkar et al. (2020) found that this V-shaped emission region is composed

of many clumps. The one closest in projected distance from FRB 20180916B is at the vertex of the V, with a Hα

luminosity of 9× 1037 erg s−1 (detected after smoothing the original 30 mas HST WFC3/F673N emission maps with a

Gaussian kernel with FWHM 294 mas; we take 20% uncertainty on this measurement). Tendulkar et al. (2020) measure

a projected distance between this star-forming region, which has a size of 270 mas or 190 pc, and FRB 20180916B of

250±190 pc. We will adopt a path length through the region of L = 190± 100 pc. We estimate the EM from the Hα

luminosity of the region according to equation (3) of Tendulkar et al. (2017) (see also Reynolds (1977)),

EM(Hα) = 2.75 pc cm−6T 0.9
4

(
S(Hα)s
Rayleigh

)
(49)

where S(Hα)s is the Hα surface density given in the source frame,

S(Hα)s = (1 + z)4FHα

πab
. (50)

FHα is the Hα flux, and a and b are the semi-major and semi-minor axes respectively. For FRB 20180916B, we find

EM = 310± 140 pc cm−6. This corresponds to electron densities of 0.2±0.10 and 0.6±0.3 cm−3 for filling factors of 0.1

and 1 (assuming ζ = 2 and ε = 1), and this region would contribute a DM in the observer frame between 10 and 170

to the FRB. This is consistent with the host DM limit of < 70 for FRB 20180916B (Marcote et al. 2020).

15 Marcote et al. (2020) obtained these spectra with the GMOS instrument with R640 and measure sky lines with 7–8 Å widths, suggesting
that the Hα line is unresolved.
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In the absence of any observed extragalactic scattering towards FRB 20180916B, we will use the scattering upper

limit of τ < 1.6 ms at 350 MHz (Chawla et al. 2020) to place an upper limit on the non-thermal velocity dispersion

in the ISM local to FRB 20180916B predicted from radio-wave scattering. Assuming a distance between the lens and

the FRB source of dlens,src = 100 ± 50 pc, we find rdiff > 3.2 × 107 cm and SM < 0.8 kpc m−20/3. From the SM and

EM, we calculate an expected non-thermal velocity dispersion of < 480 km s−1 for ff = 0.1 and fr = 1. Varying

ff between 0.1 and 1, and fr between 0.5 and 1, we predict σv < 620 km s−1, similar to the velocity dispersion of

290 ± 50 km s−1 calculated from the observed Hα line width. The energy in turbulence corresponding to both the

constraint on scattering from the burst observations and the optical velocity dispersion are listed in Table 2. In this

case, the limit from scattering is consistent with the Hα line width measured at the location of the FRB by Marcote

et al. (2020).

4.3. FRB 20121102A

FRB 20121102A was the first FRB to be observed to repeat (Spitler et al. 2016) and the first to be localized and

associated with a host galaxy (Chatterjee et al. 2017). The host galaxy of FRB 20121102A is a star-forming dwarf

galaxy at a redshift z = 0.19273(8) (Tendulkar et al. 2017). VLBI observations revealed a persistent radio source close

to the FRB position (Marcote et al. 2017). High-resolution observations of the host galaxy reveal a star-forming region

that encompasses both the FRB location and the associated persistent radio source (Kokubo et al. 2017; Bassa et al.

2017).

Again, we start by extracting properties of the ISM local to the FRB source from optical observations. Bassa et al.

(2017) measure the projected half-light radius of the star-forming region in the F101W filter of their HST observations

to be 0.20± 0.01 arcsecond, giving a diameter of the star-forming region of 1.32± 0.07 kpc (using an angular diameter

distance of 682.2 ± 0.2 Mpc). This is consistent with the upper limit on the FWHM of the Hα-emitting region,

< 0.57 arcsecond, placed by Kokubo et al. (2017) using Subaru/Kyoto Hα images. Within the star forming region,

Kokubo et al. (2017) measure an Hα flux consistent with that reported by Tendulkar et al. (2017) for the entire

galaxy, indicating that the Hα flux measured by Tendulkar et al. (2017), 2.6×10−16 erg cm−2 s−1, is dominated by the

star-forming region. From the Hα flux from Tendulkar et al. (2017) and the area of the star-forming region measured

by Bassa et al. (2017), we calculate EM = 510± 160 pc cm−6. Assuming a path length through the region equal to the

region’s diameter, this corresponds to an electron density of 0.097± 0.016 or 0.31± 0.05 cm−3 for filling factors of 0.1

or 1 (assuming ζ = 2 and ε = 1). If the FRB path length through the region is equivalent to the half-light radius of the

region, this would contribute a DM between 50 and 400 to the FRB, consistent with the analysis of Tendulkar et al.

(2017) based on the Hα emission of the host galaxy and the 340 pc cm−3 extragalactic (IGM + host galaxy + local

environment, Tendulkar et al. 2017) DM of FRB 20121102A. Tendulkar et al. (2017) measure a width of the Hα line

of 2.02± 0.03 Å.16 From this width, we measure a velocity dispersion in the star-forming region of 92.2± 1.4 km s−1.

Subtracting a thermal contribution of 9.1 ± 2.7 km s−1 in quadrature, we estimate a non-thermal velocity dispersion

of 91.7± 1.6 km s−1.

As was the case for FRB 20180916B, there is no evidence of extragalactic scattering towards FRB 20121102A from

radio observations, but we can still place an upper limit on the scattering measure and the predicted non-thermal

velocity dispersion in the local ISM. The best constraints on scattering of FRB 20121102A come from observations

with the CHIME/FRB instrument, which yield an upper limit on the scattering timescale of 9.6 ms at 500 MHz (Josephy

et al. 2019). Assuming the source and scattering screen are separated by a distance dlens,src = (0.5± 0.25) FWHMSFR,

we limit the diffractive scale and the SM to be rdiff > 2.9× 107 cm and SM < 4.3 kpc m−20/3.

Combining the scattering and emission measures, we find, for fr = 1 and ff = 0.1, an expected velocity dispersion

of σv < 1100 km s−1. For fR = 0.5 and ff = 0.1, σv < 1600 km s−1. This constraint is consistent with the optical

measurement of 91.7± 1.6 km s−1, but the SM is sensitive to only much larger velocity dispersions than that measured

from the emission line width. This suggests that, for FRB 20121102A, current radio burst observations do not provide

strong constraints on the turbulence in the plasma. A burst detection at lower frequency, where radio-wave scattering

is stronger, may provide a stronger constraint. However, Spitler et al. (2018) measure, at 5 GHz, a scintillation

bandwidth of 6.4 ± 1.6 MHz consistent with expectations of Galactic scattering. At 300 MHz, this will result in a

scattering timescale of ∼ 4 ms, which would mask extragalactic scattering below this level. The energies calculated

16 Tendulkar et al. (2017) measure the width of the Hα line with the Gemini/GMOS R400 grating (resolution 4.66 Å) and therefore have
underresolved the Hα line. The true width of the line is likely much smaller, and the line-width measured from high-resolution spectra
with a 1200 lines/mm grating in the Keck/LRIS instrument is < 1 Å (Chen et al. in prep.).
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from both the velocity dispersion constraint from scattering and the non-thermal velocity dispersion calculated from

the Hα line width are shown in Table 2.

With only an upper limit on the SM, we can still place a lower limit on the outer scale if we assert that the scattering

is probing the same turbulent cascade as the gas seen in emission and the scales probed by radio-wave scattering and

the Hα line width are connected by a Kolmogorov turbulence power spectrum. In this case, we find lo > 4.4× 1015 m

(> 0.014 pc), consistent with our expectations of an outer scale on the order to 100 pc (approximately the size of the

star-forming region).

5. DISCUSSION AND CONCLUSIONS

5.1. Summary of results

In this work:

1. We have presented a formalism for combining FRB SMs with optical followup of FRB host galaxies to trace

density and velocity fluctuations in the ISM of these host galaxies on multiple scales. As a method of comparison,

we use the turbulent energy inferred from these observables. The turbulent energy is related to the SM (sensitive

to density fluctuations on the Fresnel scale, ∼ 108 m) and non-thermal velocity dispersion (sensitive to velocity

fluctuations on the outer scale, ∼ 1018 m) by equations (32) and (34) respectively. By inferring the turbulent

energy on these vastly different scales, we can constrain the nature of the turbulent cascade in the ISM of galaxies

besides the Milky Way, allowing us to study multiple instances of density-fluctuation spectra. At the same time,

this methodology provides insight into the local environments of FRB sources and the origin of the observed

scattering.

2. We have shown that upcoming FRB surveys will be able to use the presence of Galactic scintillation to determine

the location of FRB scattering screens. For example, over > 15 % of the visible sky, the DSA-110 will be able to

determine whether extragalactic scattering is originating from within 50 kpc of the FRB source of z ≤ 0.2 FRBs

scattered on 1 ms timescales at 1.405 GHz. Surveys at lower frequencies and with wider bandwidths will be able

to make this determination over a much larger part of the sky; for example > 99 % of the sky for a CHORD

observation of a similarly scattered FRB between 300 and 700 MHz.

3. We have presented three case studies to demonstrate the power of this technique. In all cases, we compare

measurements or limits on extragalactic scattering to properties of HII regions near the FRB sources in their

host galaxies.

3.1. FRB 20190608B, with an extragalactic scattering timescale of 3.3 ± 0.2 ms at 1200 MHz that most likely

originates from the host galaxy or source local environment (Chittidi et al. 2020) although a search for

Galactic scintillation was inconclusive (Day et al. 2020). From the scattering timescale, we infer a turbulent

velocity dispersion ∼ 4 orders of magnitude higher than that measured from the Hβ line width. Such a

large discrepancy cannot be explained by varying the outer and inner scales, but a decrease in the index of

the density fluctuation power spectrum to β ∼ 3.2 can reconcile this difference.

3.2. FRB 20180916B, with a limit on extragalactic scattering of > 1.6 ms at 350 MHz, set by Galactic scattering

towards FRB 20180916B. The upper limit on the turbulent energy inferred from the scattering timescale

is approximately twice the measurement from the Hα line width. These measurements are consistent with

a Kolmogorov turbulent cascade over the ten orders of magnitude between the scales probed by the two

processes.

3.3. FRB 20121102A, with a limit on the extragalactic scattering of < 9.6 ms at 500 MHz. The upper limit on

the turbulent energy inferred from the scattering timescale is more than two orders of magnitude larger

than the measurement from the Hα line width, suggesting that the scattering timescale constraints are

insufficient for this type of study in FRB 20121102A.

5.2. Improving constraints on the density fluctuation power-spectrum

The energy derived from the scattering timescale (equation (26)) depends strongly on the form of the turbulent

power spectrum that we assume, including the power-law index, the inner scale (E ∝ l1/3i for Kolmogorov turbulence),

and the outer scale (E ∝ l2/3o , which we associate with the size of the nearby star-forming regions in our case studies),
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as well as properties of the scattering medium, including the electron density (E ∝ 〈ne〉2, which we have constrained

through the EM) and the line-of-sight separation between the source and the scattering material. We also note that

we have considered solely isotropic turbulence in this work; anisotropic turbulence could also be considered with

modification of the relations between the observables (scattering timescale and non-thermal velocity dispersion) and

the amplitude of the density and velocity fluctuations.

There are a number of factors here that can be better constrained. To determine the EM of the Hα-emitting regions

from the Hα flux (and derive their electron densities), we need their spatial sizes. Strong constraints on these sizes

from high-spatial resolution optical observations of FRB host galaxies are therefore important for constraining the

electron density.

The properties of the Hα-emitting gas can also be probed directly from the observed emission lines. High-resolution

spectral line observations are critical to constraining the properties of this gas. In particular, the SII (6716 Å or 6731 Å)

to Hα line-width ratio provides a direct decomposition of the thermal and non-thermal components to the velocity, due

to the high mass ratio of these two elements (32 to 1) (e.g. Reynolds 1985). The SII to Hα line flux ratio is also a useful

diagnostic of gas conditions, including the ionization state. The electron densities of ∼ 0.1 cm−3 inferred from the EMs

in Section 4, the high SII 6716 Å to Hα flux ratio of 0.24± 0.07 in the local environment of FRB 20180916B (Marcote

et al. 2020), and the non-detection of a point source of Hα emission near FRB 20180916B (Tendulkar et al. 2020) all

suggest that the Hα emission in the local environment of FRB 20180916B is dominated by diffuse ionized gas like the

Milky Way WIM (diffuse ionized gas present throughout the Milky Way with temperatures ∼6000 to 10000 K and

generally lower ionization states than classical HII regions), or the diffuse ionized gas (DIG) of extragalactic galaxies.17

A different picture emerges for FRB 20121102A; the low SII 6716 Å to Hα line flux ratio (0.06±0.01 after correcting

for extinction) observed by Tendulkar et al. (2017) from the host galaxy of FRB 20121102A is more consistent with an

HII region than the Milky Way WIM. The flux ratio between the 6716 Å and 6731 Å components of the SII doublet

can also be used to constrain the electron density independently when it is above 37 cm−3 (Osterbrock & Ferland

2006). The electron densities inferred from the EMs in our case studies are orders of magnitude below this value.

The conclusion that the Hα emitting gas in these regions of interest is too tenuous to measure the density using the

SII line ratio is supported by the SII (6716 Å/6731 Å) line ratios for FRB 20121102A (1.7±0.5; spectra from (1.7±0.5,

spectra from Tendulkar et al. 2017) and FRB 20180916B (2.0±0.3, spectra from Marcote et al. 2020), both larger than

the . 1.4 ratio needed for measuring the electron density from the SII line ratio. These case studies show that high-

spectral-resolution observations of the SII and Hα emission lines is critical for studying the gas near an FRB source,

and can probe the ionization state, temperature and density of the gas. This is especially powerful when combined

with a size estimate of the Hα emitting region from imaging; the temperature and size of the Hα region reduce the

number of variable parameters when inferring the electron density from the Hα flux.

Our results also depend on assumptions for the inner and outer scale, but, as we see in our study of FRB 20190608B,

the most important uncertainty in the turbulent power spectrum is the scaling index β. Thus, one of the best ways

to improve this comparison between density and velocity fluctuations on different scales is to add tracers that can

constrain β. In the Milky Way, the fringe tilt in pulsar dynamic spectra, refractive scintillation, and dispersion measure

(DM) fluctuations are used as probes of intermediate scales of ∼ 1010 to 1014 m. Refractive scintillation, variation

in the apparent flux of a source due to changes in the angular broadening scale, is not a good tracer of FRB local

environments; angular broadening due to scattering in plasma close to the source is suppressed compared to that

due to scattering close to the observer, as discussed in Section 3.1. Yang & Zhang (2017) consider possible sources

of DM variations in repeating FRB sources, and predict contributions of ∼ 2 × 10−5 pc cm−3 yr−1 due to turbulent

fluctuations in interstellar plasma with density fluctuations of ∼ 0.1 cm−3 (similar to the densities inferred from the

EMs of the three FRBs presented in Section 4, which range from ∼ 0.1 to ∼ 0.9 cm−3 for filling factors between 0.1

and 1). This is on the order of the best constraints for pulsar DM variations (e.g. You et al. 2007). However, Yang &

Zhang (2017) find that DM variations due to expansion of a supernova remnant or HII region, or the proper motion of

the FRB source with respect to an HII region, are much larger and, if present, will mask any smaller contributions due

to density fluctuations in the plasma. The complex spectrotemporal structure of fast radio bursts further complicates

detecting small-scale DM variations. Typically, FRB DM uncertainties are on the order of ∼ 0.1 pc cm−3, although

Nimmo et al. (2020) measure the DM of FRB 20180916B to 0.006 pc cm−3 precision. The DM of FRB 20121102A does

17 See Haffner et al. (2009) for a review on the WIM and DIG. The line ratios of the SII forbidden lines to Hα are many times larger in the
WIM than in HII regions (Reynolds 1985).
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show variation over time (Hessels et al. 2019) but the fluctuations expected from density variations have not been

observed; Hilmarsson et al. (2020) find a steady increase in the DM of FRB 20121102A over a period of two years.

FRB 20180916B shows no noticeable DM variations (e.g. Pastor-Marazuela et al. 2020).

Dynamic spectra are difficult to construct for repeating FRBs due to their low duty cycles. As repeat bursts

tend to be temporally clustered (Oppermann et al. 2018; The CHIME/FRB Collaboration et al. 2020), observations of

repeating FRB sources with highly sensitive radio instruments, such as FAST, may provide sufficient temporal sampling

to construct a dynamic spectrum. However, it is possible that much of the spectrotemporal structure, including the

downward marching ‘sad trombone’ effect seen in repeating FRB dynamic spectra (Hessels et al. 2019) is intrinsic;

this intrinsic structure must be disentangled from any propagation-induced scintillation to use the dynamic spectrum

as a probe of local turbulence. As our understanding of intrinsic FRB spectral structure advances, dynamic spectra

and DM variations of repeating FRB sources may prove valuable ways of studying FRB environments; however, these

methods do not take full advantage of the capability of instruments like ASKAP, the DSA and CHORD to localize

non-repeating sources of FRBs, which may be a distinct class from FRB repeaters.

Multiple tracers at similar scales can be used to constrain the index of the fluctuation power spectrum (even if only

at one end of the spectrum), adding some confidence to an extrapolation over orders of magnitude. If some optical

spectral lines are resolved, additional information on the turbulent velocity power spectrum is present in the shape

of the spectral line. This arises from Doppler shifting of the line by the turbulent velocity fluctuations. Lazarian &

Pogosyan (2000, 2004, 2006) have developed the formalism for relating the line profile to the turbulent power spectrum,

and, using this technique, the power-law spectral index and the outer scale of turbulence in neutral hydrogen have been

measured at high latitudes in the Milky Way (Chepurnov et al. 2010) and in the Small Magellanic Cloud (Chepurnov

et al. 2015).

At the opposite end of the spectrum, pulsar scattering indices from multi-band or wide-band scattering timescale

measurements can be used to constrain the index of the fluctuation power spectrum at small spatial scales. For

isotropic turbulence following a power-law spectrum, τ ∝ ν−α where α = 2β/(β − 2); however low values of α can be

inferred if anisotropic scattering is not properly modelled (Geyer et al. 2017; Oswald et al. 2021). Day et al. (2020)

apply this technique to four FRBs discovered and localized by ASKAP, including FRB 20190608B, as discussed in

Section 4.

FRBs present the only means of probing density fluctuations in extragalatic ISM on �pc scales. The techniques

we have developed will enable the use of FRBs to compare density-fluctuation measurements on scales across the

putative turbulent cascades, extending these studies beyond the Milky Way for the first time. These considerations

are also central in addressing the complementary question of the origin of observed FRB scattering. Even within

the Milky Way, the physical origins of interstellar scattering remain inscrutable to this day, as the phenomenology of

scattering grows richer. As FRB samples expand and localization accuracies improve, we anticipate that some of the

most exciting discoveries about plasma along FRB sightlines may be revealed by scattering measurements.

ACKNOWLEDGMENTS

We thank Phil Hopkins for many useful discussions and comments during this work. This research was supported

by the National Science Foundation under grant AST-1836018.

REFERENCES

Armstrong, J. W., Rickett, B. J., & Spangler, S. R. 1995,

ApJ, 443, 209, doi: 10.1086/175515

Bassa, C. G., Tendulkar, S. P., Adams, E. A. K., et al.

2017, ApJL, 843, L8, doi: 10.3847/2041-8213/aa7a0c

Beck, R. 2007, A&A, 470, 539,

doi: 10.1051/0004-6361:20066988

Beck, R., Berkhuijsen, E. M., Gießübel, R., & Mulcahy,
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APPENDIX

A. DERIVATION OF THE SCATTER BROADENING ANGLE ON THE EXTRAGALACTIC SCREEN

To derive the scattering broadening angle, θscat, for scattering at an extragalactic scattering screen, we work along

the lines of Schneider et al. (1992, Chapter 4.6). For simplicity, we will assume a flat universe; Schneider et al.

(1992) show that the same relation holds in a positively-curved universe. Our setup is shown in Fig. 5. We start

with a transformation to comoving coordinates and conformal time, choosing a conformal factor at the observer of

a(zobs) = 1, and write the geometric time delay imparted by lensing at a point Î of radiation emitted by a point source

at Ŝ as seen by an observer at Ô.

c∆tgeom = ∆ηgeom =
dM,lens,srcdM,lens

2dM,src
α̂2 . (A1)

We use the relation between comoving distances (dM ) and angular diameter distance measured from z1 to z2 (for a

flat universe),

d(z1, z2) =
1

1 + z2
(dM,2 − dM,1) , (A2)

and write

c∆tgeom =
dlens,srcdlens

2 dsrc
(1 + zlens)α̂

2 . (A3)

tgeom is the geometric time delay in conformal time. The geometric part of the phase difference is then

∆φgeom = c∆tgeomΩ (A4)

where Ω is the circular frequency in the conformal space. Ω is related to the frequency in the observer’s frame, ω by

ω = a(zobs)Ω. Our choice of conformal factor has thus ensured that ω = Ω, and we can write the phase imparted as

∆φgeom = c∆tgeom
2π

λobs
(A5)

=
2π

λobs

dlens,srcdlens

2dsrc
(1 + zd)α̂

2; . (A6)

In this derivation, we have used a special reference line which intersects Ô and Î. We need to generalize this to any

reference line, as shown in Fig. 6, to obtain the scattered wavefield at any point on the observer plane through the

Fresnel-Kirchoff integral,

u(X) =
e−iπ/2

2πr2
F

∫
d2x exp [i∆φ(x,X)] (A7)

=
e−iπ/2

2πr2
F

∫
d2x exp

[
2π

λobs
icτ(x,X)

]
, (A8)

where τ(x,X) = ∆tgeom(x,X) + φ(x)
2πν . Here, x, X and η are spatial coordinates at the lens, observer, and source

planes, respectively, and φ(x) is the part of the phase independent of the observer position, which includes the phase

imparted by the lens. The Fresnel scale, generalized to this cosmology, is given in equation (9). We will ignore the

delay imparted by travel through the lens, assuming that its variation with x is much smaller than the variation of

the geometric delay with x.

As shown in Fig. 6, we have the following geometric relations:

α̂dlens,src = (θ − β)dsrc , (A9)

η = βdsrc , (A10)

η′ = η − φdlens,src , (A11)

x = θdlens and (A12)

X = φdlens,obs = φdlens(1 + zlens) . (A13)
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In the last line, we’ve used dlens,obs to denote the angular diameter distance from the lens to the observer, and equation

(A2) to write dlens,obs = dobs,lens
1+zlens

1+zobs
= dlens(1 + zlens).

Putting these all together with equation (A3), we can write the geometric time delay in terms of X, x and η′:

c∆tgeom =
dsrc

2dlensdlens,src
(1 + zlens)

(
x− dlens

dsrc
η′ − dlens,src

dsrc

1

1 + zlens
X

)2

. (A14)

For a point source, we can choose η′ = 0 and simplify this expression. We note that this differs from equation (3) of

Macquart & Koay (2013), who have omitted the (1 + zlens)
−1 factor in the X term, we believe in error. However, this

does not effect their derived scattering timescale, and therefore the bulk of their conclusions, which focus on redshift

dependencies of scattering in host galaxies, the IGM, intervening galaxies, and the Milky Way.

Finally, we can follow the discussion in Section 2.1 of Macquart & Koay (2013) to obtain the HWHM scattering

angle from the wavefield from the average visibility

〈V (r)〉 = 〈u(X′ + r)u∗(X′)〉 (A15)

=
I0

(2πr2
F )2

∫
d2xd2x′ exp

[
i

2r2
F

(
x− dlens,src

dsrc(1 + zlens)
(X′ + r)

)2

− i

2r2
F

(
x′ − dlens,src

dsrc(1 + zlens)
X′
)2
]

(A16)

= I0 exp

[
−1

2
Dφ

(
dlens,src

dsrc(1 + zlens)
r

)]
, (A17)

where Dφ(r) is the structure function describing the phase fluctuations on the scattering screen,

Dφ(r) =< [φ(r + r′)− φ(r′)]2 > . (A18)

For a power-law spectrum of isotropic fluctuations,

Dφ(r) =

(
r

rdiff

)β−2

, (A19)

where the diffractive scale rdiff is given by equation (7) and β is the same index as in equations (2) and (3).

The image on the sky is related to the visibility by the van Cittert-Zernicke theorem,

I(l,m) =

∫
du

∫
dvV (u, v) exp(2πi(ul + vm)) , (A20)

where r = λ(u + v). For the choice β = 2, V (u, v) is a Gaussian function, and

I(l,m) ∝ exp

(
−2π2

(
dsrc(1 + zlens)

dlens,srcλ

)2

r2
diffθ

2

)
, (A21)

where θ2 = l2 +m2. Then the half-width half-max scattering angle is

θHWHM =
√

2 ln(2)
λ

2π

dlens,src

dsrc(1 + zlens)

1

rdiff
. (A22)

As Macquart & Koay (2013) note, different values of β change the numerical prefactor in the scattering angle.

We find that angular broadening is largest for scattering at low redshifts. This differs from equation (13) of Macquart

& Koay (2013) due to the difference in equation (A14). Finally, we can use the relationship between the delay and

diffractive scale (equation (7)):

τ =
λ

2πc

(
rF
rdiff

)2

(A23)

=
dlensdsrc

cdlens,src
θ2

scatt(1 + zlens) , (A24)
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Î

Ô

Ŝ

α̂

dM,lens
dM,src

dM,lens,src

Figure 5. The comoving geometry. dM,src, dM,lens and dM,lens,src are the comoving distances between the observer and the
source, the observer and the lens, and the lens and the source respectively. This figure is similar to Schneider et al. (1992), their
Fig. 4.1, but specialized to a flat universe.

x

X

η ′
η

L

O′ O

S

I

θ

β

φ
α̂

Figure 6. The lensing geometry. η, x and X are spatial coordinates on the source, lens, and observer planes respectively. S,
I, and O are the locations of the source, image, and observer, while O′ and L define our reference on all plane.

which again differs from equation (15) of Macquart & Koay (2013).

From equation (A22), we see that, if rdiff in the host galaxies does not vary with redshift, then angular broadening

due to scattering within the host galaxies of FRBs is ∝ d−1
src(1 + zsrc)−1. dsrc(1 + zsrc) is a monotonically increasing

function, and so angular broadening is much more likely to be detected from nearby FRBs. In general, equation (A22)

shows that angular broadening is dominated by scattering material close to the observer, where dlens,src is large and

(1 + zlens) is small.

While the full analysis of the visibility in equation (A16) is necessary to determine how different forms of the

turbulent structure function (for example, different power-law indices β) affect the relation between the 1/e scattering

timescale and the HWHM of the scatter-broadened image, the redshift dependence in the relationship between the

delay and broadening angle in equation (A24) is easily seen from equations (A14) and (A9).
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B. THE FRACTION OF FRBS FOR WHICH THE SCATTERING MATERIAL LOCATION CAN BE

CONSTRAINED FROM GALACTIC SCINTILLATION

In this appendix, we estimate the chances of observing FRBs that are both sufficiently close (z < 0.2) for detailed

optical follow-up of the host galaxies, and seen through a portion of the Milky Way scattering screen with sufficient

resolution to effectively constrain a source-screen distance. We specifically consider cases where the source-screen

distance can be constrained to < 50 kpc for an FRB that is scattered in the host galaxy to 1 ms at 1.405 GHz. We

include the DSA-110, ASKAP CRAFT, CHORD, and DSA-2000 surveys in our analysis.

We make use of the package frbpoppy (Gardenier 2019) to determine the redshift distribution of FRBs detected by

these surveys. The frbpoppy package is a population synthesis tool that incorporates observational biases and selection

effects in order to consistently extract key properties of the intrinsic FRB population from the observed population;

it has been applied to samples of both one-off (Gardenier et al. 2019) and repeating FRBs (Gardenier et al. 2021).

We instead assume characteristics for the intrinsic FRB population in order to estimate the fraction of observed FRBs

at low redshift (z < 0.2). We generate a one-off population of 104 FRBs with a uniform direction distribution and a

redshift distribution that tracks stellar mass density. We adopt defaults for other characteristics of the population:

We include DM contributions from the Milky Way (NE2001 model), IGM (Ioka model with slope of 950; Ioka 2003;

Inoue 2004) and host (truncated Gaussian distribution with mean 100 pc cm−3 and standard deviation 200 pc cm−3).

We assume a Gaussian distribution of spectral indices with a mean of −1.4 and standard deviation of 1 and a flat

luminosity function between 1040 and 1045 erg s−1, and adopt a uniform distribution of intrinsic pulse widths between

0 and 10 ms. We do not include the effects of scattering and scintillation in our rate estimates.

In Table 3, we show the results for the DSA-110 survey, the ASKAP CRAFT project (Macquart et al. 2010), CHORD

(Vanderlinde et al. 2019), and the DSA-2000 (Hallinan et al. 2019). ASKAP CRAFT is a commensal survey with

a maximum of 336 MHz bandwidth with 1 MHz channels between 700 and 1500 MHz. We considered two possible

setups, a low frequency band centered at 850 MHz and a high-frequency band at 1350 MHz. CHORD, currently in

design stages, will observe from 300 to 1500 MHz simultaneously; we have considered two bands of 400 MHz at either

end of this range, as well as the full frequency range. The DSA-2000, also in design stages, will observe from 700 to

2000 MHz simultaneously. Again, we consider two bands of 400 MHz as well as the full frequency range. In all cases,

we have scaled the fiducial extragalactic scattering delay from 1 ms at 1405 MHz using τ ∝ ν−4.4. For ASKAP, we use

a maximum declination of 30 deg and for CHORD and the DSA-2000, minimum declinations of −10 deg and −30 deg

respectively. We use parameters for CHORD as included in the list of surveys in frbpoppy (version 2.1.0). While the

coherent ASKAP CRAFT survey is not included in the current version of frbpoppy, the incoherent ASKAP survey is,

and we use these parameters for ASKAP CRAFT with the exception of the gain, which we multiply by 6 to account

for the factor of
√
N of increased sensitivity in a coherent search. Parameters for the DSA-10 FRB survey are also

included in frbpoppy, and we adopt these for the DSA-110 and DSA-2000 surveys with the following exceptions: 1. A

minimum declination of −30 deg. 2. Receiver temperatures of 30 and 25 K for DSA-110 and DSA-2000 respectively. 3.

Gains of 0.4 and 10.0 K Jy−1 for DSA-110 (assuming 85 dishes included in a coherent search) and DSA-2000 (assuming

a coherent search with all 2000 dishes) respectively. 4. Sampling time of 1.048 ms.

With these survey parameters, the DSA-110 and ASKAP CRAFT surveys are predicted to detect 0.0001 % of the

intrinsic FRB population, while the DSA-2000 and CHORD surveys, with much greater sensitivity, are expected to

detect 0.0021 % and 0.01 % of the FRB population respectively. These results are summarized in Fig. 2 and discussed

further in Section 3.3.
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Table 3. Sensitivity of the DSA-110, CRAFTS, and CHORD surveys to scattering geometries that can
localize scattering to within the FRB host galaxy. fobs and BW are, respectively, the center frequency and
observing bandwidth of the survey.

Survey fobs BW τfid all redshifts z < 0.2

θres,MW fsky θres,MW fsky fz fskyfz

DSA-110 1405 MHz 250 MHz 1.0 ms 44 nas 1.2 % 133 nas 17.4 % 24 % 4.2 %

DSA-2000 900 MHz 400 MHz 7.1 ms 117 nas 18.1 % 354 nas 67.5 % 8 % 5 %

DSA-2000 1800 MHz 400 MHz 0.3 ms 25 nas 0.3 % 77 nas 7.7 % 8 % 0.6 %

DSA-2000 1350 MHz 1300 MHz 1.2 ms 48 nas 2.4 % 145 nas 19.4 % 8 % 2 %

ASKAP CRAFT 870 MHz 336 MHz 8.1 ms 126 nas 21.0 % 382 nas 67.2 % 28 % 19 %

ASKAP CRAFT 1320 MHz 336 MHz 1.3 ms 50 nas 4.5 % 152 nas 21.4 % 28 % 5.9 %

CHORD 500 MHz 400 MHz 94.2 ms 425 nas 97.7 % 1291 nas 99.3 % 15 % 15 %

CHORD 1300 MHz 400 MHz 1.4 ms 52 nas 3.2 % 158 nas 22.2 % 15 % 3.3 %

CHORD 900 MHz 1200 MHz 7.1 ms 117 nas 18.9 % 355 nas 67.2 % 15 % 9.9 %
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