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We study the phenomenon of Hilbert space fragmentation in isolated Hamiltonian and Floquet
quantum systems using the language of commutant algebras, the algebra of all operators that com-
mute with each term of the Hamiltonian or each gate of the circuit. We provide a precise definition
of Hilbert space fragmentation in this formalism as the case where the dimension of the commutant
algebra grows exponentially with the system size. Fragmentation can hence be distinguished from
systems with conventional symmetries such as U(1) or SU(2), where the dimension of the commu-
tant algebra grows polynomially with the system size. Further, the commutant algebra language
also helps distinguish between “classical” and “quantum” Hilbert space fragmentation, where the
former refers to fragmentation in the product state basis. We explicitly construct the commutant
algebra in several systems exhibiting classical fragmentation, including the t − Jz model and the
spin-1 dipole-conserving model, and we illustrate the connection to previously-studied “Statistically
Localized Integrals of Motion” (SLIOMs). We also revisit the Temperley-Lieb spin chains, including
the spin-1 biquadratic chain widely studied in the literature, and show that they exhibit quantum
Hilbert space fragmentation. Finally, we study the contribution of the full commutant algebra to
the Mazur bounds in various cases. In fragmented systems, we use expressions for the commutant
to analytically obtain new or improved Mazur bounds for autocorrelation functions of local oper-
ators that agree with previous numerical results. In addition, we are able to rigorously show the
localization of the on-site spin operator in the spin-1 dipole-conserving model.
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I. INTRODUCTION

The study of ergodicity and its breaking in isolated quan-
tum systems has been a subject of active research. Ergodic-
ity in isolated quantum systems is defined by the Eigenstate
Thermalization Hypothesis (ETH), a conjecture about the
matrix elements of local operators in between the eigenstates
of the Hamiltonian [1, 2]. Restricting to diagonal matrix el-
ements, which is sometimes referred to as diagonal ETH [3],
it states that the expectation value of any local operator in
eigenstates of the Hamiltonian is a smooth function of energy,
determined by its thermal expectation value in an appropri-
ate Gibbs density matrix [4–6]. Its strong version, known as
strong ETH, states that all eigenstates satisfy diagonal ETH,
whereas its weak version, known as weak ETH, states that
almost all eigenstates satisfy diagonal ETH, which allows for
a small (measure-zero) set of eigenstates to violate it. While
strong ETH is believed to hold in generic isolated quantum
systems, its complete violations (i.e., violations of strong and
weak ETH) are well-known in two cases. First are integrable
systems, where an extensive number of conserved quantities
leads to quasiparticle descriptions and complete solvability
of the spectrum. Second are Many-Body Localized systems,
where strong disorder or quasiperidocity results in the exis-
tence of emergent integrals of motion that leads to localized
eigenstates throughout the spectrum, although its stability
for large system sizes in more than one dimension is a subject
of much debate [7, 8].

In addition to complete violations, several examples of par-
tial violations of ETH have been recently found. One such
family of examples is comprised of quantum scarred systems,
which possess a small number of “quantum scars,” i.e., ETH-
violating eigenstates amidst a sea of ETH-satisfying eigen-
states. The quantum scars in all such systems form a measure
zero set of eigenstates in the thermodynamic limit, and weak
ETH is satisfied while strong ETH is violated. Nevertheless,
quantum scars have a striking impact on the dynamics of
particular initial states including in systems with experimen-
tal relevance, as seen in Rydberg atom experiments [9, 10].
Several examples of exactly solvable quantum scars have
been found in the literature [11], including ones with equally
spaced towers of states [12–24] that lead to perfect revivals
from particular initial states. Many of these examples can be
captured by unified formalisms [18, 20–25] which typically
involve starting from a highly symmetric Hamiltonian and
adding perturbations that preserve some of its eigenstates.

Another family of recently discovered violations of ETH is
Hilbert space fragmentation found in constrained Hamilto-
nian systems as well as random unitary circuits, which will

be the focus of this work. The term typically refers to the
phenomenon where the system possesses exponentially many
dynamically disconnected subspaces, referred to as Krylov
subspaces. To be more precise, the Hilbert space H of any
isolated quantum system can be generically described as

H =

K⊕
α=1

Kα, Kα := spant{U t |ψα〉}, (1)

where U t is the unitary governing the time evolution (i.e.,
e−iHt for systems with Hamiltonian H), spant{U t |ψα〉} de-
notes the subspace spanned by time-evolution of the state
|ψα〉, and K is the number of Krylov subspaces of the sys-
tem. While the decomposition of Eq. (1) is trivial if |ψα〉’s are
eigenstates of U , typical examples of Hilbert space fragmen-
tation focus on cases where |ψα〉’s are “simple” states (e.g.,
product states). The existence of dynamically disconnected
subspaces is also not surprising in the presence of symme-
tries, and |ψα〉’s in Eq. (1) differ by some symmetry quantum
numbers that are preserved under time-evolution. However,
Hilbert space fragmentation differs from regular symmetries
in two important ways. Firstly, in the case of conventional
symmetries, the number of Krylov subspaces K either stays
constant or grows polynomially with increasing system size
whereas it grows exponentially in fragmented systems, e.g.,
K ∼ exp(cL) for one-dimensional systems with L sites. Sec-
ondly, the Krylov subspaces in fragmentation systems Kα
do not seem to be distinguished by quantum numbers corre-
sponding to any obvious local symmetries of the Hamiltonian
H. The phenomenon of Hilbert space fragmentation was ex-
plicitly pointed out in the context of dipole-moment conserv-
ing models [26–28], although similar phenomena have been
known or implicitly assumed in earlier literature [29–37]. The
Krylov subspaces {Kα} can have any dimension, ranging
from one-dimensional “frozen” product states [27, 28] where
all terms of the Hamiltonian act trivially, to ones with expo-
nentially large dimension that can be studied in terms of a
restricted effective Hamiltonian [38, 39].

From the perspective of the full Hilbert space H (within
a quantum number sector of a “conventional” symmetry),
fragmented systems can either violate strong ETH or vi-
olate weak (and hence also strong) ETH. Referring to
the dimension of the largest Krylov subspace as Dmax :=
maxα{dim(Kα)}, and the Hilbert space dimension as D :=
dim(H), Ref. [27] further classified fragmented systems into
two classes: strongly fragmented and weakly fragmented,
where Dmax/D → 0 and Dmax/D → 1 respectively in
the thermodynamic limit. Weakly fragmented systems have
a dominant Krylov subspace in the thermodynamic limit,
and hence while they violate strong ETH due to the small
Krylov subspaces, they satisfy weak ETH. These systems
share a lot of phenomenology with quantum many-body
scars. Strongly fragmented systems, on the other hand, do
not have a dominant Krylov subspace, and hence violate
weak ETH as well. Nevertheless, signatures of ETH within
sufficiently large Krylov subspaces Kα (referred to as Krylov-
restricted thermalization [11, 38]) were found in models ex-
hibiting both strong and weak Hilbert space fragmenta-
tion [38, 40, 41], provided the Hamiltonian restricted to the
studied Krylov subspace is non-integrable and not many-
body localized [42, 43]. Several examples of Hilbert space
fragmentation that do not involve dipole-conserving models
have been found in Refs. [40, 41, 44–50].
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In spite of several examples of Hilbert space fragmentation,
many aspects about fragmentation remain vague or unan-
swered. Since the existence of Krylov subspaces of the form
of Eq. (1) by definition implies that the Hamiltonian is block
diagonal in a certain basis, an obvious question that arises
is whether the system has non-obvious non-local conserved
quantities. While the existence and construction of such non-
obvious conserved quantities are well-known in the study
of quantum integrable systems, Hilbert space fragmentation
differs from quantum integrability since it is completely de-
termined by the local terms of the Hamiltonian, and does not
require additional symmetries such as translation invariance
that are key to integrability. That is, in all examples that
defined the fragmentation concept, if a Hamiltonian of the

form H =
∑
j ĥj shows Hilbert space fragmentation, where

ĥj denotes a local few-site term, so does the entire family of

Hamiltonians H =
∑
j Jj ĥj , where Jj ’s are arbitrary coeffi-

cients. An important step towards understanding the nature
of conserved quantities in fragmented systems was made in
Ref. [44]. It turns out that highly non-local conserved op-
erators, called “Statistically Localized Integrals of Motion”
or SLIOMs, uniquely label all the different Krylov subspaces
in certain fragmented systems. However, the construction of
SLIOMs there does not directly extend to all systems exhibit-
ing fragmentation, and it is natural to wonder if SLIOMs
are generic to systems exhibiting fragmentation. Further-
more, in all systems exhibiting fragmentation of the form
of Eq. (1), the projectors onto the Krylov subspaces {Kα}
are conserved quantities, which are conserved by definition,
and it is not clear if and how they are related to SLIOMs.
In this work, we resolve these questions by studying frag-
mentation in the language of so-called commutant algebras,
which is the algebra of conserved quantities [a.k.a. Integrals
of Motion (IoMs)] for an entire family of Hamiltonians. For

the family H =
∑
j Jj ĥj discussed above, the commutant

algebra is the algebra of all operators that commute with all

ĥj ’s. This formalism allows us to compare and contrast frag-
mentation versus conventional symmetries, and also makes
clear the relation between SLIOMs and the Krylov subspace
projectors, both of which are conserved quantities and hence
just different “vectors” in a uniquely defined commutant al-
gebra associated with local terms in the Hamiltonian.

Another important aspect that is seldom discussed is
the basis in which fragmentation occurs. Most examples of
Hilbert space fragmentation are in the product state basis,
i.e., where |ψα〉’s in Eq. (1) are product states. This means
that the phenomenon is essentially classical in nature, and
also exists in classical Markov processes with the same set
of allowed local transitions, which has in fact been discussed
in previous works [29, 51]. This leads us to wonder if truly
quantum version of fragmentation can exist, which would
be the case if fragmentation happens in a non-obvious en-
tangled basis such that some of the |ψα〉’s in Eq. (1) neces-
sarily need to have entanglement. Naively allowing for non-
product state basis without a more precise definition of frag-
mentation is not helpful since for any finite-size system, the
eigenstates are themselves one-dimensional dynamically dis-
connected Krylov subspaces, which leads to the meaningless
conclusion that all finite-size systems are fragmented. Similar
confusions also exist for the definition of quantum integrabil-
ity in finite-size systems, as discussed in Refs. [52, 53]. Hence,
we first need a precise rigorous definition of fragmentation,

which we provide in this work using the language of com-
mutant algebras. This also allows us to distinguish between
classical fragmentation in the product state basis and quan-
tum fragmentation in entangled bases, and we find models
that exist in the literature that are examples of the latter.

The rest of this paper is organized as follows. In Sec. II,
we introduce the concept of commutant algebras, which will
be central to our discussion of Hilbert space fragmentation,
and we discuss examples of conventional symmetries in this
language. In Sec. III we work out the Hilbert space frag-
mentation of the t − Jz model in the language of commu-
tant algebras, and also illustrate the connections between
the commutant algebras and previously-constructed SLIOMs
in the 1d t − Jz model with open boundary conditions. In
Sec. IV, we similarly demonstrate the fragmentation in yet
another model, which we refer to as Pair-Flip (PF) model,
where the definition of SLIOMs is not a priori clear. While
these models are examples of “classical fragmentation” in the
product state basis, in Sec. V we study the Temperley-Lieb
(TL) spin chains, which we show are examples of models
exhibiting quantum fragmentation in an entangled basis; a
distinguishing feature of the TL family is that its commutant
algebra is non-abelian, while classical fragmentation exam-
ples have abelian commutant algebras. In Sec. VI, we discuss
the well-known strongly-fragmented spin-1 dipole-conserving
model [27, 44] in the commutant algebra language, and we
analytically construct and count the full commutant. Finally
in Sec. VII, we study the effect of the full commutant al-
gebra on the Mazur bounds for autocorrelation functions of
local operators, and we illustrate standard results for con-
ventional symmetries. Further, as a result of our analytical
understanding of the full commutant, we are able to ana-
lytically compute the Mazur bounds in detail in many of
the fragmented models. In the t − Jz model with open and
periodic boundary conditions, we show that the commutant
provides improved bounds that are not fully captured by
SLIOMs, and we also analytically recover many of the nu-
merical results of Ref. [44]. In the spin-1 dipole-conserving
model, we are able to analytically compute a large part of the
full Mazur bound, which rigorously proves the localization of
the on-site spin operator. We also present numerical and an-
alytical results of enhanced Mazur bounds corresponding to
certain local operators in the PF and TL models. We con-
clude with open questions in Sec. VIII.

II. COMMUTANT ALGEBRAS

A. Definition and Properties

As discussed in the previous section, Hilbert space frag-
mentation depends only on the local terms of the Hamilto-
nian, and the Hilbert space decomposition of Eq. (1) is the
same for a family of Hamiltonians H

H =
∑
j

Jj ĥj , (2)

where ĥj is a strictly local (generically multi-site) operator

in the vicinity of site j such that ĥi and ĥj for i 6= j need not
commute and Jj are arbitrary coefficients. Since we are inter-
ested in the block-diagonal structure of the family of Hamil-
tonians in Eq. (2) that does not depend on local couplings
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FIG. 1. Depiction of the algebras studied in this work. L(H) is
the algebra of all linear operators on a finite-dimensional Hilbert
space H. The left solid circle is the “bond algebra” A, the algebra

generated by the local terms {ĥj} of the family of Hamiltonians

H =
∑
j Jj ĥj . The right solid circle is the “commutant algebra”

C, the algebra of all elements that commute with every element
of A. A and C are centralizers of each other in L(H) as a conse-
quence of the double commutant theorem [54]. Z = A ∩ C is the
center of both algebras. The dotted circle is a maximal Abelian
subalgebra M of C, which might not be unique. Hilbert space
fragmentation corresponds to the case when the dimension of C
grows exponentially with system size. When C is Abelian (e.g.,
for classical fragmentation), we get C =M = Z ⊆ A.

(similar in this aspect to conventional on-site symmetries),

we are interested in operators Ô that commute commutes
with each term, i.e.,

[ĥj , Ô] = 0 ∀j. (3)

We refer to such operators Ô either as conserved quantities
or Integrals of Motion (IoMs) associated with the family of

Hamiltonians of Eq. (2). Denoting the set of operators Ô
that satisfy Eq. (3) as C, we note that operators in C form a
closed associative algebra, i.e.

Ô1 ∈ C, Ô2 ∈ C

=⇒
{

α1Ô1 + α2Ô2 ∈ C
Ô1Ô2, Ô2Ô1 ∈ C

for any α1, α2 ∈ C, (4)

and hence we refer to C as the commutant algebra. If the fam-
ily of systems contains several types of terms, e.g., Hamilto-

nians H =
∑
j Jj ĥj +

∑
j Kj ĝj with arbitrary coefficients Jj

and Kj , we define the commutant as the algebra of operators

Ô that individually commute with all types of local terms,

i.e., [ĥj , Ô] = [ĝj , Ô] = 0 for all j. This definition also implies
that operators in the commutant commute with unitary cir-

cuits U built by local gates using the same terms {ĥj} such
as

U =
∏
j

exp
(
−iJj ĥj

)
, (5)

where the ordering of terms in the product in U does not mat-
ter for the commutant considerations (but of course matters
for specific model instances). Hence, while we only explicitly
describe Hamiltonian systems in this work, all of our results
also hold for unitary circuits of the form of Eq. (5).

An alternate equivalent definition of C involves the alge-
braA generated by arbitrary linear combinations of arbitrary

products of the terms of the Hamiltonian {ĥj}, and we re-
fer to this as “bond algebra,” [55–57] since the Hamiltonian
terms are typically associated with bonds on the lattice, al-
though we will sometimes include single/multi-site Hamilto-
nian terms. While the identity operator 1 is not necessarily
generated by these terms, we can always add it to the defini-
tion of A since adding a constant to the family of Hamiltoni-
ans does not affect their symmetries. Denoting the algebra of
all linear operators on the (finite-dimensional) Hilbert space
H as L(H), both A and C are subalgebras of L(H). As a
consequence of Eq. (3), the commutant algebra C is the cen-
tralizer of the algebra A in L(H). Note that A and C are
both associative algebras that contain the 1 operator. Fur-

ther, A is generated starting from Hermitian ĥj ’s, A and C
are also closed under Hermitian conjugation (i.e., Ô† ∈ A/C
if Ô ∈ A/C). Due to these properties, A and C are examples
of von Neumann algebras [54, 58]. Von Neumann algebras
are subject to the double commutant theorem [54, 58], which
states that A and C are centralizers of each other in L(H).
Hence, the centers of the algebras A and C coincide, given
by Z := A ∩ C. All these algebras are depicted in Fig. 1.

Note that throughout this work, we will reserve the use
of “commutant” to denote C and use “centralizer” to denote
the algebra that commutes with the given algebra. Further,
we always restrict ourselves to systems with tensor prod-
uct Hilbert spaces with total dimension D. Hence we do
not attempt to distinguish between the algebra and its D-
dimensional representation, and we always mean the latter
when we say the former. The operators in the commutant C
then have a naturally defined Hilbert-Schmidt inner product,
and we can construct an orthonormal basis of C. The number
of such basis elements is referred to as the dimension of the
commutant, denoted by dim(C). In general, this is distinct
from the number of generators of the algebra, which we de-
note by gen(C), which is the minimal number of operators
required to generate the entire algebra by means of arbitrary
sums and products.

These algebras that are centralizers of each other can be
used to construct a virtual bipartition [59–61] of the Hilbert
space, i.e., the full Hilbert space H can be decomposed into
representations of A× C as follows [62, 63]

H =
⊕
λ

(
H(A)
λ ⊗H(C)

λ

)
, (6)

where H(A)
λ and H(C)

λ denote Dλ and dλ dimensional irre-
ducible representations of the algebras A and C respectively.

Specifically, for each λ, the H(A)
λ ⊗ H(C)

λ represents a sub-
space of dimension Dλdλ that can be formally tensored such
that operators of the bond algebra A act only on the “de-
grees of freedom” in the first factor while operators in the
commutant algebra C act only in the second factor. That
is, for each λ there exists a tensored basis {|uλ,α〉 ⊗ |vλ,β〉},
α = 1, . . . , Dλ, β = 1, . . . , dλ, in which operators ĥA ∈ A and

ĥC ∈ C act as ĥA |uλ,α〉 ⊗ |vλ,β〉 =
∑
α′M

λ
α,α′(ĥA) |uλ,α′〉 ⊗

|vλ,β〉 and ĥC |uλ,α〉⊗ |vλ,β〉 =
∑
β′ N

λ
β,β′(ĥC) |uλ,α〉⊗ |vλ,β′〉,

where Mλ(ĥA) and Nλ(ĥC) are some Dλ ×Dλ and dλ × dλ
matrices respectively. Operators in ĥA and ĥC thus have the
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matrix representations

ĥA =
⊕
λ

(
Mλ(ĥA)⊗ 1dλ

)
, ĥC =

⊕
λ

(
1Dλ ⊗Nλ(ĥC)

)
.

(7)

Moreover, for each λ, A and C act in H(A)
λ and H(C)

λ as the
full matrix algebras of Dλ×Dλ and dλ×dλ complex matrices
respectively. As a consequence, the dimensions of A and C
are simply the dimensions of the subspaces of matrices of the
form of Eq. (7), and we obtain

dim(A) =
∑
λ

D2
λ, dim(C) =

∑
λ

d2λ, dim(H) =
∑
λ

Dλdλ.

(8)
Note that the representations of Eq. (7) also imply that any

operator ĥZ in the center Z of these algebras has the matrix
representation

ĥZ =
⊕
λ

(
cλ(ĥZ) (1Dλ ⊗ 1dλ)

)
, cλ(ĥZ) ∈ C. (9)

The decomposition of Eq. (6) also characterizes the Krylov
subspaces, i.e., subspaces invariant under time evolution, of
the Hamiltonian H of Eq. (2). Since the time-evolution uni-
tary exp(−iHt) is an element of the bond algebra A, for each
λ in Eq. (6), it only acts on the basis elements of the first

factor H(A)
λ while leaving the basis elements of the second

factor H(C)
λ invariant. Hence, for each λ, we obtain dλ num-

ber of Dλ-dimensional subspaces that are invariant under
time-evolution, which are precisely the Krylov subspaces of
Eq. (1). Note that in the above discussion we are free to per-

form any change of bases in H(A)
λ and H(C)

λ , and for dλ > 1
(which corresponds to non-Abelian commutants and implies
dλ-fold degeneracies in the Hamiltonian spectrum, see below)
we can have different choices of degenerate Krylov subspaces.

The number of Krylov subspaces K can be expressed only
in terms of the dimensions of the irreducible representations
of C:

K =
∑
λ

dλ = dim(M). (10)

As we indicate in Eq. (10), the number of Krylov subspaces is
simply the dimension of the maximal Abelian subalgebra of
C, which we denote byM (there could be multiple choices for
M). This is evident in the matrix representation of Eq. (7)
in the basis of Eq. (6). Since M is the maximal subspace of
operators that are part of C and that commute among them-
selves, using the fact that the maximal Abelian subalgebra
of the full matrix algebra is, up to a fixed basis choice, its
diagonal subalgebra (i.e., the algebra of all diagonal matri-

ces), we deduce that any operator ĥ ∈ M has the matrix
representation

ĥM =
⊕
λ

(
1Dλ ⊗Nλ

diag(ĥM)
)
, (11)

where Nλ
diag(ĥM) is a dλ × dλ diagonal matrix (and we have

implicitly made appropriate fixed basis choice that depends
on the M used). The dimension of the subspace of matrices
of the form of Eq. (11) is directly given by Eq. (10). Using
the tensored basis of {|uλ,α〉 ⊗ |vλ,β〉} given by Eq. (6), the

Krylov subspaces are uniquely labeled by the states {|vλ,β〉},
which are simply the eigenvectors of the matrices in Eq. (11).
Hence, the Krylov subspaces can be uniquely labeled by
eigenvalues of a minimal set of generators of M, which fur-
ther justifies Eq. (10).

Finally, as evident in Eq. (7), the existence of these invari-
ant subspaces also implies that elements of the bond algebra
A, hence all Hamiltonians, have a block-diagonal structure
in the tensored basis determined by Eq. (6). Particularly, for
each λ in Eq. (6), we obtain dλ identical blocks of dimension
Dλ. This leads to degeneracies in the full spectrum when the
commutant C is non-Abelian since it then admits irreducible
representations with dimensions dλ > 1.

B. Conventional Examples

A wide spectrum of models usually studied in quantum
many-body physics, including those with symmetries, can
be described in terms of bond and commutant algebras. As
we discuss in this section, these range from non-integrable
ones without any symmetry to completely solvable ones, with
symmetric ones lying between these two extremes.

1. No symmetries

We first consider Hamiltonians with no symmetries. In this
case, the only operator in the commutant C is the identity
operator 1, and hence dim(C) = gen(C) = 1. Since the bond
algebra A is the centralizer of C, A = L(H), the algebra
of all operators on the Hilbert space. Due to Eq. (8), this
implies that λ in Eq. (6) takes a single value with dλ = 1,
Dλ = dim(H), and dim(A) = (dim(H))2. As a consequence
of Eq. (10), we obtain K = 1, which implies that the system
has a single dynamically disconnected Krylov subspace (i.e.,
the full Hilbert space), as expected for systems without any
symmetry.

2. Abelian symmetries

We then consider a family of systems with an Abelian sym-
metry, for example one-dimensional spin-1/2 XXZ models
with on-site magnetic fields, given by the family of Hamilto-
nians

HXXZ =

L∑
j=1

[
J⊥j
(
Sxj S

x
j+1 + Syj S

y
j+1

)
+ Jzj S

z
j S

z
j+1

]
+

L∑
j=1

hjS
z
j ,

(12)
where J⊥j ’s, Jzj ’s, and hj ’s are arbitrary coefficients, and we
have used periodic boundary conditions (L + 1 ≡ 1). The
XXZ model is U(1)-symmetric, and the associated conserved

quantity is the total spin Sztot :=
∑L
j=1 S

z
j . Sztot is part of the

commutant algebra C corresponding to the bond algebra A
generated by the terms {(Sxj Sxj+1 + Syj S

y
j+1)} and {Szj } of

the XXZ Hamiltonian of Eq. (12), since it commutes with
each of them, i.e.

[Sxj S
x
j+1 + Syj S

y
j+1, S

z
tot] = 0, [Szj , S

z
tot] = 0, 1 ≤ j ≤ L.

(13)
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The commutant algebra C is precisely the algebra spanned
by all powers of the operator Sztot along with the iden-

tity operator 1. Using the fact that
(
Szj
)2

= 1/4, it is

easy to see that (Sztot)
L+1

can be expressed in terms of
lower powers of Sztot, which shows that C is spanned by
{1, Sztot, (Sztot)2, · · · , (Sztot)L}, and hence dim(C) = L + 1.
Furthermore, since this is an example of an Abelian commu-
tant (C = Z), the irreducible representations of C are one-
dimensional, i.e., dλ = 1 for all λ in Eq. (6). As a consequence
of Eq. (8), this means that λ runs over (L+ 1) values, which
is consistent with the fact that the total spin for a spin-1/2
system with L spins can only take (L + 1) values (between
−L/2 and L/2). The bond algebra A admits irreducible rep-

resentations of dimensions Dλ =
(
L
λ

)
(which is simply the

number of product states with Sztot = L/2 − λ) such that∑L
λ=0Dλdλ = 2L = dim(H). Using Eq. (8), we can also ob-

tain the dimension of the bond algebra to be dim(A) =
(
2L
L

)
.

3. Non-Abelian symmetries

We now illustrate the commutant algebra in a family of
systems with a non-Abelian symmetry, for example the one-
dimensional spin-1/2 Heisenberg model, given by

HHeis :=
∑
j

Jj ~Sj · ~Sj+1. (14)

The Heisenberg Hamiltonian is known to be SU(2)-
symmetric, and the three generators of SU(2) group

{Sxtot, S
y
tot, S

z
tot} (where Sαtot :=

∑L
j=1 S

α
j for α ∈ {x, y, z})

are all part of the commutant algebra C. That is, they satisfy

[~Sj · ~Sj+1,

L∑
i=1

Sαi ] = 0, 1 ≤ j ≤ L, α ∈ {x, y, z}. (15)

The full commutant algebra C is the associative algebra con-
sisting of all products and their linear combinations of Sxtot,
Sytot, and Sztot, which is known as the Universal Enveloping
Algebra of the Lie algebra su(2), denoted by U(su(2)). Since
we know that the dimensions of the irreducible representa-
tions of SU(2) (hence U(su(2))) are given by dλ = 2λ+1 (cor-
responding to the spin-λ representation) for 0 ≤ λ ≤ L/2,

using Eq. (8) we can show that dim(C) =
(
L+3
3

)
. The center

Z, which consists of the operators that commute with all op-
erators in C, is exhausted by the quadratic and higher order

Casimir operators such as ~S2
tot := (Sxtot)

2 + (Sytot)
2 + (Sztot)

2.
On the other hand, the maximal Abelian subalgebraM that
uniquely labels all the different sectors is simply a Cartan
subalgebra of SU(2). This is not unique, and it is generated

by ~S2
tot and one of the Sαtot for α ∈ {x, y, z}.

The corresponding bond algebra A can also be under-
stood as follows. Up to addition of constants, the Heisenberg
Hamiltonian of Eq. (14) can be written as

∑
j (Jj/2)Pj,j+1,

where Pj,j+1 := 2~Sj · ~Sj+1 + 1/2 is the permutation opera-
tor that permutes the spins of j and j + 1, and hence the
bond algebra A in this case has a simple form – it is the
group algebra of the symmetric group SL of L elements with
complex coefficients, typically denoted by C[SL]. The dimen-
sions of the irreducible representations of SL allowed in the
spin-1/2 Hilbert space H are well-known [60, 62, 63], and are

given by Dλ =
(

L
L/2+λ

)
−
(

L
L/2+λ+1

)
for even L. Consequently,

dim(A) = 1
L+1

(
2L
L

)
, and

∑L/2
λ=0Dλdλ = 2L = dim(H).

Note that in a tensor product Hilbert space H, the de-
composition of Eq. (6) can also be directly understood as a
consequence of the fusion rules for SU(2), which leads to the
same expressions for {Dλ} and {dλ}. The non-Abelian com-
mutant here results in degeneracies in the spectrum of the
Hamiltonians H, since dλ > 1 results in multiple identical
blocks in the Hamiltonian, as discussed in Sec. II A. In par-
ticular, there are dλ = (2λ+ 1) identical blocks (i.e., Krylov
subspaces) of dimension Dλ, which corresponds to the degen-
eracies of the sectors with quantum numbers spin projection
Sztot = −λ,−λ+ 1, · · · , λ− 1, λ and a total spin λ (i.e., with
~S2
tot = λ(λ+ 1)).

4. Solvable models

We now turn to completely solvable models with Hamil-

tonians consisting of commuting terms (i.e., [ĥi, ĥj ] = 0 in
Eq. (2)). By construction, the bond algebra corresponding
to a family of these models is Abelian (A = Z), and its only
irreducible representations are one-dimensional, i.e., Dλ = 1
for all λ. As a consequence of Eqs. (8) and (10), the num-
ber of Krylov subspaces K = dim(H), which means that all
eigenstates are one-dimensional Krylov subspaces, and hence
the model is solvable. Classic examples of systems that fall
into this category are stabilizer code models such as the toric
code [64, 65] or certain fracton models [66, 67]. In these cases,
both the bond and commutant algebras are group algebras
of certain subgroups of the Pauli group (i.e., the group of
all Pauli strings under multiplication). Hence it is typically
sufficient to study the group structure of the Pauli strings
that span these algebras. For example, the bond algebra A
in stabilizer codes by construction is the group algebra of an
Abelian stabilizer group S, a subgroup of the Pauli group.
The commutant algebra C is the group algebra of the group
centralizer of the stabilizer group within the Pauli group,
typically denoted by C(S), and it is a non-Abelian group
that consists of all logical operators in the system, includ-
ing the trivial ones that are part of the stabilizer group S.
Non-trivial logical operators that are not part of the sta-
bilizer group, e.g., Wilson loops, are part of the quotient
group C(S)/S. The (topological) degeneracies in the ground
state (and excited states) of stabilizer codes can then be un-
derstood either in terms of non-trivial logical operators, or
directly as a consequence of the non-Abelian commutant al-
gebra C.

C. Hilbert Space Fragmentation

We now describe Hilbert space fragmentation in the lan-
guage of bond and commutant algebras. As discussed in
Sec. II A, the dynamically disconnected Krylov subspaces of
a family of systems can be understood in terms of Eq. (6).
We note that the definitions of Eqs. (8) and (10), along with
the fact that dλ ≥ 1 for all λ impose bounds on the number
of Krylov subspaces K in terms of dim(C) and vice-versa:√

dim(C) ≤ K ≤ dim(C), K ≤ dim(C) ≤ K2. (16)
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log(dim (C)) Example

∼ O(1) Discrete Global Symmetry

∼ logL Continuous Global Symmetry

∼ L Fragmentation

log(dim (C)) Example

∼ O(1) Discrete Global Symmetry

∼ logL Continuous Global Symmetry

∼ L Discrete Subsystem Symmetry

∼ L logL Continuous Subsystem Symmetry

∼ L2 Fragmentation

TABLE I. Classification of systems based on scaling of the dimen-
sion of the commutant algebra dim(C) with system size for one
dimensional systems of size L (top) and two dimensional systems
of size L× L (bottom).

These bounds allow us to broadly classify one-dimensional
systems into three categories based on the scaling of
log(dim(C)) (hence dim(C)) with system size L. First, sys-
tems where log(dim(C)) is independent of L, which occurs
in systems with discrete symmetry such as Z2. Second, sys-
tems with log(dim(C)) that scales as logL, which typically
occurs in systems with continuous symmetries such as U(1)
or SU(2), discussed in Sec. II B. These cases are well-known
and are typically considered examples of conventional sym-
metries. A third possibility is that log(dim(C)) scales linearly
with L. As a consequence of Eq. (16), this is a necessary and
sufficient condition for the number of Krylov subspaces K to
scale exponentially with L, and can be taken to be a defini-
tion of Hilbert space fragmentation. However, interesting ex-
amples of fragmentation are only the systems where dim(C)
scales exponentially with system size while the bond algebra
A is non-Abelian. As discussed in Sec. II B 4, if the bond
algebra A is Abelian, K (and hence dim(C)) always scales
exponentially with system size and the system is completely
solvable (hence fragmented in a trivial sense).

In higher dimensional systems, we can similarly define
fragmentation as the case when log(dim(C)) scales as a
volume-law, i.e., linearly in volume of the system. The vari-
ous scalings of dim(C) in one and two dimensions are summa-
rized in Table I, and we mostly focus on fragmented systems
in the rest of this work. Note that higher dimensional sys-
tems offer more possibilities for the scaling of dim(C) due
to the possibility of subsystem symmetries, but a detailed
discussion of all cases is beyond the scope of this work.

Several features of fragmentation can also be defined in the
language of commutant algebra. For example, the distinction
between strong and weak fragmentation then depends on the
dimension of the largest Krylov subspace, which in terms
of the decomposition of Eq. (6) reads Dmax = maxλDλ.
Since strong and weak fragmentation in the literature [27, 51]
has been defined within conventional symmetry sectors, in
Eq. (6) one needs to consider the Hilbert space H truncated
to states within a particular symmetry sector.1. However,
throughout this work we will focus on the full Hilbert space

1 Indeed, the concept of strong fragmentation becomes trivial when
defined w.r.t. the full Hilbert space, since the presence of a conven-
tional continuous symmetry such as U(1) or SU(2) is sufficient to

without resolving any conventional symmetries separately.
Furthermore, frozen eigenstates in fragmented systems are
just the one-dimensional representations (singlets) of the al-
gebra A, and their number is given by

∑
λ dλδDλ,1.

In addition, a further distinction can be made between
fragmentation in the product state basis and fragmentation
in an entangled basis, depending on whether the Hamiltonian
of Eq. (2) is block diagonal in the product state basis or in
an entangled basis. We refer to the former as “classical frag-
mentation” since the same fragmented structure is possible
in classical Markov circuits that implements the same transi-

tions as the terms of the bond algebra {ĥj}, and to the latter
as “quantum fragmentation.” Classical fragmentation occurs
when all the operators in the commutant C are diagonal in
the product state basis (e.g., Sztot discussed in Sec. II B).
Hence, C is Abelian and admits only one-dimensional irre-
ducible representations (i.e., dλ = 1 for all λ). The decom-
position of Eq. (6) is then the same as the Krylov subspace
decomposition of Eq. (1), and K = dim(C). While the clas-
sical and quantum distinction can also be made for conven-
tional symmetries, we emphasize this for Hilbert space frag-
mentation since most examples in the literature involve only
classical fragmentation. In the following sections, we provide
various examples of systems with fragmentation, out of which
the t − Jz model (Sec. III), Pair-Flip model (Sec. IV), and
spin-1 dipole-conserving models (Sec. VI) are examples of
classical fragmentation, whereas the Temperley-Lieb models
(Sec. V) show quantum fragmentation.

III. t− Jz MODEL

A. Definition and Symmetries

We illustrate the usefulness of the commutant algebra by
explicit construction of conserved quantities for the t − Jz
model [69, 70]. We consider a general version of the model
defined on an arbitrary lattice or graph, given by the family
of Hamiltonians

Ht−Jz :=
∑
〈i,j〉

[−ti,j

T̂i,j︷ ︸︸ ︷∑
σ∈{↑,↓}

(
c̃i,σ c̃

†
j,σ + h.c.

)
+Jzi,j

V̂i,j︷ ︸︸ ︷
Szi S

z
j ]

+
∑
i

[
hiS

z
i + gi(S

z
i )2
]
, (17)

where 〈i, j〉 denotes nearest-neighbors, ti,j , J
z
i,j , hi, gi are

arbitrary constants, and we have defined

Szj := c̃†j,↑c̃j,↑ − c̃
†
j,↓c̃j,↓,

c̃j,σ := cj,σ

(
1− c†j,−σcj,−σ

)
, (18)

where −σ denotes the opposite spin of σ, and c†j,σ and cj,σ
are fermionic creation and annihilation operators. The model

ensure Dmax/D → 0 in the thermodynamic limit. Alternately, one
could define strong fragmentation as Dmax/D ∼ exp(−cL) [68] (or
exp(−cV ) in higher dimensions)
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is effectively working in the Hilbert space with no double-
occupancy at any site and with all fermion moves required to
satisfy these constraints, and also exactly maps onto a spin-
1 hard core bosonic model via a generalized Jordan-Wigner
transformation [71]. Note that we have added the last two
terms in Eq. (17) in order to break any discrete symmetries
of the t − Jz Hamiltonian that we are not interested in. As
we show in App. A, this also ensures that all the operators
in the commutant are diagonal in the product state basis.
This t − Jz model as defined in Eq. (17) has two obvious
U(1) symmetries, which are the separate particle number
conservation of ↑ spins and ↓ spins:

N↑ :=
∑
j

N↑j , N↓ :=
∑
j

N↓j , (19)

where we have defined number operators Nσ
j

Nσ
j := c̃†j,σ c̃j,σ, σ ∈ {↑, ↓}. (20)

Eq. (19) directly follows from the following commutation re-
lation of the local terms in Eq. (17):

[Nσ
i +Nσ

j , T̂i,j ] = 0

[Nσ
i +Nσ

j , V̂i,j ] = 0

[Nσ
i , S

z
i ] = [Nσ

i , (S
z
i )2] = 0

for σ ∈ {↑, ↓}. (21)

B. Fragmentation in One Dimension

As discussed in Ref. [44], the t− Jz Hamiltonian exhibits
Hilbert space fragmentation in one dimension, both with
open boundary conditions (OBC) and periodic boundary
conditions (PBC). The transitions implemented by the term

T̂i,j can be depicted as

|↑ 0〉 ↔ |0 ↑〉 , |↓ 0〉 ↔ |0 ↓〉 , (22)

where the two sites are i and j, and ↑, ↓, and 0 denotes the
two spins of the fermions and an empty site respectively.
Each Krylov subspace is hence characterized by a pattern of
spins ↑ and ↓, say from left to right with OBC and anticlock-
wise along the chain with PBC, which is clearly preserved un-
der the action of the Hamiltonian Ht−Jz of Eq. (17). For ex-
ample, in a system with five sites and open or periodic bound-
ary conditions, the states |↑↓ 0 ↓↑〉 and |↓↑↓ 0 ↑〉 are dynam-
ically disconnected from one another even though these have
the same quantum number under the two U(1) symmetries
of the model given in Eq. (19). For OBC, the conservation
of the pattern of spins results in the formation of exponen-
tially many disconnected subspaces labeled by all possible

patterns of ↑ and ↓ spins, a total of
∑L
N=0 2N = 2L+1 − 1

subspaces for a system of size L. For PBC, it is easy to see
that all states with at least one empty site that consist of
the same pattern of spins that are equivalent up to a trans-
lation along the chain belong to the same Krylov subspace.
Hence the Krylov subspaces in the PBC t − Jz model are
labeled by the distinct pattern of spins anticlockwise along
the chain that cannot be mapped onto each other by transla-
tion. In addition, both the OBC and PBC t−Jz models have
exponentially many one-dimensional Krylov subspaces, i.e.,
frozen product states, given by configurations with particles

on all sites on which T̂i,j vanishes, and are also eigenstates
of all the Szj ’s (these states are already included in the above
OBC Krylov subspace count as N = L.) However, the full
set of these frozen states can be completely understood via
the U(1) symmetries, since they exhaust the Hilbert space
of the quantum number sectors with N↑ +N↓ = L.

Of course, the number of Krylov subspaces within a given
sector of fixed N↑ and N↓ is lesser, but nevertheless grows
exponentially with L for sectors where N↑/L and N↓/L are
kept finite. Furthermore, as discussed in Ref. [44], the frag-
mentation in the OBC t−Jz model within, e.g., the symme-
try sector with N↑ = N↓ = L/4 (assuming L multiple of 4 for
simplicity) is strong; all Krylov subspaces in this sector have

a dimension of Dmax =
(
L
L/2

)
, whereas the full Hilbert space

for this symmetry sector has dimension D =
(
L
L/2

)(
L/2
L/4

)
,

hence Dmax/D → 0 as L→∞.

C. Commutant Algebra

The full pattern of the spins is not detected by any local
operator, and this shows that there are conserved quantities
of Ht−Jz other than the charges of the U(1) symmetries N↑

and N↓. We can directly understand the extra conserved
quantities by observing that

[Nσ
i N

τ
j , T̂i,j ] = 0

[Nσ
i N

τ
j , V̂i,j ] = 0

for σ, τ ∈ {↑, ↓}. (23)

For OBC, using Eqs. (21) and (23), we can construct a
“quadratic” IoM

Nσ1σ2 :=
∑
j1<j2

Nσ1
j1
Nσ2
j2
, σ1, σ2 ∈ {↑, ↓}, (24)

where
∑
j1<j2

(•) is shorthand for
∑L
j1=1

∑L
j2=j1+1(•). In

Eq. (24), Nσσ for σ ∈ {↑, ↓} can be expressed in terms of
the usual conserved quantities Nσ of Eq. (19) as Nσσ =
((Nσ)2−Nσ)/2, and is not a functionally independent IoM.
However, it is easy to see that Nσ1σ2 for σ1 6= σ2 cannot
be expressed in terms of products and powers of the local
conserved quantities N↑ and N↓, and hence are function-
ally independent IoMs. Similarly, we can construct families
of IoMs for the Ht−Jz for OBC as follows

Nσ1σ2···σk =
∑

j1<j2<···<jk

Nσ1
j1
Nσ2
j2
· · ·Nσk

jk
, σj ∈ {↑, ↓} (25)

where we have used a shorthand notation for the sum, similar
to Eq. (24), and 0 ≤ k ≤ L. For k = 0, the IoM is defined to
be 1 operator, the k = 1 case refers to the usual symmetries
of Eq. (19), and k = 2 reduces to the operator of Eq. (24).
For k = L, note that the IoM Nσ1···σL is simply the projec-
tor onto a frozen eigenstate with spins on all sites, |σ1 · · ·σL〉.
Several of the IoMs of Eq. (25) with two or more indices are
functionally independent from the conserved quantities N↑

and N↓, i.e., cannot be expressed as polynomial functions of
N↑ and N↓. Furthermore, as we show in App. B, the IoMs
of Eq. (25) are all linearly (although not functionally) in-
dependent, and they form a complete basis (although not
orthonormal) for the commutant algebra Cobc for the family
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of t− Jz models of Eq. (17) with OBC. Since these IoMs are
all diagonal in the product state basis, the t−Jz model is an
example of classical fragmentation discussed in Sec. II C, and
the commutant Cobc is Abelian. Furthermore, the dimension
of Cobc is the number of linearly independent operators in

Eq. (25), which is dim(Cobc) =
∑L
k=0 2k = 2L+1 − 1. This

is precisely the number of Krylov subspaces in the t − Jz
models, as discussed in the previous subsection and in agree-
ment with the general discussion of Abelian commutants in
Sec. II B 2.

The commutant algebra Cpbc for the PBC t−Jz model can
be constructed similarly. For example, the generalization of
the IoM of Eq. (24) for PBC reads

N [σ1σ2] :=

2∑
m=1

∑
j1<j2

Nσm
j1
N
σm+1

j2
, (26)

where we define σm+2 ≡ σm for 1 ≤ m ≤ 2, we have used
the same shorthand notation for the sum as Eq. (24), and
have used brackets in the indices to distinguish from the
OBC IoMs of Eq. (24). Similarly, the IoMs of Eq. (25) can
be generalized to PBC as follows

N [σ1···σk] :=

k∑
m=1

∑
j1<···<jk

Nσm
j1
N
σm+1

j2
· · ·Nσm+k−1

jk
, σα ∈ {↑, ↓},

(27)
where 1 ≤ k ≤ L − 1, we have defined σm+k ≡ σm for
1 ≤ m ≤ k, and we have used shorthand notation sim-
ilar to Eq. (25). Similar to the OBC case, we can define
the k = 0 case in Eq. (27) to be the 1 operator, and
the k = 1 case corresponds to the usual symmetries of
Eq. (19). As a consequence of the sum over m in Eq. (27),
cyclic permutations of the indices denote the same IoMs, i.e.,
N [σ1···σk] = N [σ2···σkσ1] = · · · = N [σkσ1···σk−1].

For k = L, additional independent IoMs can be written
down, which read

N [σ1···σL] :=

L∏
j=1

N
σj
j . (28)

Note that unlike their k ≤ L − 1 counterparts defined in
Eq. (27), we have chosen the IoMs N [σ1···σk] for k = L to not
be invariant under cyclic permutations of their indices.

Hence the dimension of Cpbc is lesser than that of Cobc
by a factor that is polynomial in L, but nevertheless it is
clear that it grows exponentially with system size L, and
still constitutes an example of Hilbert space fragmentation.

D. Connections to SLIOMs

Reference [44] introduced a set of L conserved quantities
for the one-dimensional t − Jz model with OBC, dubbed
as “Statistically Localized” Integrals of Motion (SLIOMs),
which were shown to uniquely label all the Krylov subspaces
of the t−Jz model. In this section, we discuss their connection
with the IoMs constructed in Sec. III C. The (left) SLIOM

q̂
(`)
l for the OBC t− Jz model is simply the spin operator of

the l-th particle (↑ or ↓) from the left of the chain, and its

expression reads

q̂
(`)
l =

L∑
i=1

P(`)
l,i (N↑i −N

↓
i ), (29)

where P(`)
l,i is the projector onto configurations where the

l-th particle from the left is on site i. Although not explic-
itly discussed in Ref. [44], it is straightforward to show that

the SLIOMs {q̂(`)l } all commute with each term of Ht−Jz of
Eq. (17), i.e.

[q̂
(`)
l , T̂i,j ] = 0, [q̂

(`)
l , V̂i,j ] = 0, (30)

and hence they are all part of the commutant algebra Cobc
spanned by the IoMs of Eq. (25). This also means that the
algebra generated by linear combinations and products the
L SLIOMs is completely within Cobc, and as we show explic-
itly in App. B 2, this algebra is precisely Cobc if the identity
operator 1 is added to the set of generators. Hence the L
SLIOMs along with 1 are the generators of Cobc, and this
suggests that gen(Cobc) ≤ L+ 1. Note that the left SLIOMs
of Eq. (29) are not the unique set of generators of Cobc. As
we show in App. B 2, a simple different choice that generates

the algebra Cobc are the “right SLIOMs” {q̂(r)l }, which are
the spin operators of the l-th particle from the right end of
the chain, along with 1. Their operator expression is given
by

q̂
(r)
l =

L∑
i=1

P(r)
l,i (N↑i −N

↓
i ), (31)

where P(r)
l,i is the projector onto the l-th particle (↑ or ↓)

from the right being on site i.

We note that the left and right SLIOMs {q̂(`)l } and {q̂(r)l }
are only defined for the OBC t − Jz model [44]. For the
PBC t − Jz model, it is not clear if there is a smaller set of
operators that generate the full commutant Cpbc, and we do
not know how to compute gen(Cpbc). However, as we discuss
in Sec. VII, for the practical purposes of computing Mazur
bounds, in both OBC and PBC, it is convenient to use the
expressions for the full commutant Cobc and Cpbc respectively,
which circumvents the need to determine a smaller set of
generators for the commutants.

E. Higher Dimensions

Finally, we briefly discuss the nature of fragmentation in
t− Jz models in higher dimensions. The local commutation
relations in Eqs. (21) and (23) hold in any number of dimen-
sions, and the model possesses the two U(1) symmetries N↑

and N↓ of Eq. (19). For simplicity we restrict our discussion
to L × L square lattices with OBC on both sides, although
most of the discussion holds more generally. The only IoMs
that we can construct in that case have the form

Nσ1···σk :=
∑

j1 6=j2···6=jk

Nσ1
j1
· · ·Nσk

jk
, 1 ≤ k ≤ L2 (32)

where the subscripts run over all the sites in the lattice. How-
ever, since there is no restriction in the sum in Eq. (32), all
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of the Nσ1···σk for k ≤ L2 can be expressed as a polynomial
of N↑ and N↓.

Functionally independent IoMs can appear when k = L2

and Eq. (32) is replaced by a single product (i.e., no sum)
over all sites as

N
{σj}
2D :=

L∏
j=1

N
σj
j , σα ∈ {↑, ↓}, (33)

where {σj} denotes a configuration of L2 spins on the lattice,
and the product runs over all sites of the lattice. These IoMs
are simply the projectors onto “frozen” eigenstates {|{σj}〉},
where {σj} is a spin pattern on the lattice such that N↑ +
N↓ = L2. This absence of other independent IoMs is related
to the fact that all the “patterns” of spins on a square lattice
with the same number of N↑ and N↓ such that N↑ +N↓ <
L2 can be connected to one another by hoppings allowed
by Ht−Jz . Hence, all the Krylov subspaces other than those
determined by the two U(1)’s with N↑ + N↓ < L2 are one-
dimensional, and the dimension of the commutant C2D for
the square lattice t−Jz model is then simply lower bounded
by the number of frozen spin configurations, i.e., dim(C2D) >

2L
2

.
However, we should remark that unlike the t−Jz model in

one dimension, the higher dimensional t−Jz model does not
exhibit Hilbert space fragmentation within most of the U(1)
quantum number sectors defined by the N↑ and N↓. Similar
to the frozen states in the 1d t− Jz model, the frozen states
here exhaust the Hilbert spaces of the U(1) quantum number
sectors that satisfy N↑+N↓ = L2. These form a minority of
the U(1) quantum number sectors, and there are no quantum
number sectors where generic “thermal” eigenstates coexist
with the frozen eigenstates. Note that such examples where
entire quantum number sectors (of conventional symmetries)
are solvable exist in the literature [72], and are typically not
considered to constitute violations of ergodicity. Neverthe-
less, from the point of view of the full Hilbert space, since
the dimension of the commutant algebra grows exponentially
with volume, the 2d t−Jz model formally constitutes an ex-
ample of fragmentation which is morally no different from
many other examples of fragmentation with exponentially
many frozen product states.

IV. PAIR-FLIP MODEL

A. Definition and Symmetries

We now study a less obvious example of classical fragmen-
tation, using a model we call the Pair-Flip (PF) model. This
is given by the family of Hamiltonians defined on a spin-
(m− 1)/2 (i.e., m-level) system as follows

H
(m)
PF :=

∑
〈i,j〉

m∑
α,β=1

F̂α,βi,j︷ ︸︸ ︷[
gα,βi,j (|αα〉 〈ββ|)i,j + h.c.

]

+
∑
i

m∑
α=1

λαi (|α〉 〈α|)i︸ ︷︷ ︸
Nαi

, (34)

where 〈i, j〉 denotes nearest-neighboring sites, gα,βi,j and λαi
are arbitrary constants. Note that we have added the term on

the second line to break any discrete symmetries of the model
that we are not interested in. As we show in App. A, it also
ensures that all the operators in the commutant are diagonal
in the product state basis. A particular model within the
family of Hamiltonians of Eq. (34) was studied in detail in
Ref. [73]. For simplicity, we only focus on bipartite lattices
in the following. For example, for OBC in one-dimension,
we have a natural bipartition into even and odd sublattices.
Similar to the t− Jz model of Sec. III, the PF model on any
bipartite lattice possesses U(1) conserved quantities given by

Nα :=
∑
j

(−1)jNα
j , 1 ≤ α ≤ m, (35)

where the number operator Nα
j is defined in Eq. (34), and

the “even” and “odd” sites are on different sublattices. These
follow directly from the local commutation relations

[Nα
i −Nα

j , F̂
β,γ
i,j ] = 0, [Nα

i , N
β
i ] = 0, 1 ≤ α, β, γ ≤ m.

(36)
Note that not all the conserved quantities of Eq. (35) are
independent since

∑m
α=1N

α
j = 1, hence the PF model has a

U(1)m−1 conventional symmetry.

B. Fragmentation in One Dimension

To show that the PF model of Eq. (34) in one-dimension
exhibits Hilbert space fragmentation, we introduce a conve-
nient notation for representing states in the Hilbert space.
For simplicity, we restrict to OBC in the following. We rep-
resent the m degrees of freedom per site as m colors, e.g.,
when m = 3, we assign |+〉 = | 〉, |0〉 = | 〉, |−〉 = | 〉.
We then use the following procedure to pair the sites using
“dimers.” First, we start from the left of the chain and pair
any nearest neighboring sites that have the same color using
a dimer of that color. For example, if m = 3, we allow three
colors of dimers

|++〉 = | 〉 |00〉 = | 〉 |−−〉 = | 〉 (37)

Second, we repeat the procedure by focusing only on the
remaining unpaired sites, i.e., we ignore all the paired sites
and connect any neighboring unpaired sites of the same color
with a dimer of that color. Finally, we continue this procedure
until there are no unpaired sites with neighboring unpaired
sites of the same color. We refer to these remaining unpaired
sites as “dots.” This procedure hence maps a product state to
a state composed of non-crossing dimer configurations along
with some unpaired sites. Any product state in the Hilbert
space is thus composed of dots (denoted by ) and regions
of non-crossing dimers (denoted by ) such that the
colors on any adjacent dots (excluding dimer regions) is not
the same. For example, in the following configuration,

| 〉 (38)

the 3rd dot from the left has a color different from the 2nd and
4th dots. Since the dimer regions denoted by always
cover even number of consecutive sites, a system of size L
even (resp. odd) has Krylov subspaces with j dots, 0 ≤ j ≤ L
and j even (resp. odd).
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Note that distinct configurations of dots and non-crossing
dimers do not necessarily represent distinct product states,
as evident in the following example∣∣∣∣ 〉

= | 〉 , | 〉 = | 〉 ,

(39)
where black denotes any particular color. Here we took a
more general perspective (convenient below) that for a given
product state we can consider any configuration of dots and
dimers satisfying the above properties that correctly repre-
sents the state, while the procedure described earlier sweep-
ing from left to right provides one instance of such a pairing
configuration. However, as we now discuss, the Krylov sub-
spaces are uniquely labeled by the pattern of colors of the
dots, which can be inferred from any of the pairings.

As evident from Eq. (34), the terms F̂α,βi,j in H
(m)
PF allow

for transitions between nearest-neighbor dimers of the same
color, and annihilates any configuration of different colors on
nearest-neighbors. For example, when m = 3, we can depict

the non-vanishing actions of the terms F̂α,βi,j as follows

| 〉 ↔ | 〉 ↔ | 〉 , (40)

where the two sites represent i and j. Using Eqs. (40) and
(39), we note two important properties of transitions that

will help us label the Krylov subspaces of H
(m)
PF :

1. A dot of any color can “hop” over a dimer of any other
color via intermediate configurations. For example,

| 〉 ↔ | 〉 = | 〉 ↔ | 〉 (41)

2. Starting from a configuration with n dimers beside each
other, all configurations with n non-crossing dimers of
any color can be generated. For example with n = 2,
we obtain∣∣∣∣ 〉

↔
∣∣∣∣ 〉

= | 〉 ↔ | 〉 ↔ | 〉

=

∣∣∣∣ 〉
↔
∣∣∣∣ 〉

(42)

Using Eqs. (40), (41), and (42), it is easy to see that the
pattern of colors of the dots from the left to the right of
the chain is unchanged by the action of the Hamiltonian

H
(m)
PF , hence these label the different Krylov subspaces. The

m(m − 1)L−1 product states that map on to configurations
with L dots (hence no dimers) are one-dimensional Krylov
subspaces, i.e., they are frozen product states since the action

of all the terms {F̂α,βi,j } vanish on such states. However, unlike
the t− Jz model, the frozen states here are scattered across
various quantum number sectors of the U(1) symmetries, and
they do not exhaust the Hilbert space of most of the quantum
number sectors they belong to. The pattern of colors for the
PF model is hence the analogue of the pattern of spins for the
t− Jz model discussed in Sec. III, although the color of the
dots in the PF model cannot be deduced by a local operator,
unlike the spins in the t − Jz models. The counting of the
number and dimensions of the Krylov subspaces in the PF
model for OBC is fairly complicated and can be extracted
from Ref. [73], and we discuss the results in App. C.

Finally, we note that the procedure for mapping product
states to a pattern of dots and non-crossing dimers also works
for PBC, where we can start the pairing procedure from any
site and going around the system until there are no neigh-
boring dots of the same color. This reveals the fragmenta-
tion of the PBC PF model, and the Krylov subspaces are
then labeled by the full pattern of dots anticlockwise along
the chain, similar to the pattern of spins in the PBC t− Jz
model. In the Krylov subspaces with L− 1 dots or lesser, all
patterns of dots that map on to each other under translation
are equivalent, since they can be connected using the rules
of Eq. (41) and (42). However, this is not the case for the
completely frozen states, i.e., any state with L dots such that
neighboring dots do not have the same color still form expo-
nentially many distinct one-dimensional Krylov subspaces.

C. Commutant Algebra

The fact that the pattern of dots is conserved under H
(m)
PF

in one dimension indicates the presence of additional con-

served quantities of H
(m)
PF functionally independent of the

U(1) conserved quantities {Nα} of Eq. (35). In the follow-
ing, we restrict our discussion to OBC for simplicity. Indeed,
similar to Eq. (23) in the t−Jz, we can construct additional
conserved quantities by observing that[

Nσ
i N

τ
j , F̂

α,β
i,j

]
= 0, for σ 6= τ, 1 ≤ α, β, σ, τ ≤ m. (43)

Using Eqs. (35) and (43), we can construct quadratic IoMs
for OBC similar to Eq. (24)

Nα1α2 :=
∑
j1<j2

(−1)j1+j2Nα1
j1
Nα2
j2
, α1 6= α2, 1 ≤ α1, α2 ≤ m,

(44)
where we have used a shorthand notation for the sum. Fur-
thermore, similar to Eq. (25), we can construct families of
IoMs of the form

Nα1α2···αk :=
∑

j1<j2<···<jk

(−1)
∑k
l=1 jlNα1

j1
Nα2
j2
· · ·Nαk

jk
, (45)

where 0 ≤ k ≤ L, and the constraint αj 6= αj+1 is a con-
sequence of Eq. (43). For k = 0, this IoM is defined to be
the 1 operator, and the k = 1 case refers to the U(1) con-
served quantities of Eq. (35). However, not all of the IoMs
of Eq. (45) are linearly independent. As we show in App. D,
for even (resp. odd) system size L, the IoMs of Eq. (45) with
k odd (resp. even) can be expressed as a linear combination
of the ones with k even (resp. odd). The total number of lin-
early independent conserved quantities (i.e. the dimension of
the commutant algebra dim(CPF )) is then given by

dim(CPF ) =


1 +

L/2∑
p=1

m(m− 1)2p−1 if L even

(L−1)/2∑
p=0

m(m− 1)2p if L odd

=


(m−1)L+1−1

m−2 if m ≥ 3

L+ 1 if m = 2

. (46)
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This counting is also consistent with the fact that a system
with even (resp. odd) size L can only have j even (resp.
odd) number of dots, and that Krylov subspaces are uniquely
determined by the pattern of dots.2 As evident from Eq. (46),
dim(CPF ) grows exponentially with L for m ≥ 3. Hence, the
PF model exhibits Hilbert space fragmentation for m ≥ 3,
according to the definition proposed in Sec. II C. Note that
such conserved quantities can also be constructed for PBC,
and their construction is very similar to the ones for the PBC
t−Jz model discussed in Sec. III C, hence we do not illustrate
them here.

Finally, we note that analogues of the SLIOMs for the
t − Jz model can also be defined for the PF model. The L
left (resp. right) SLIOMs q̂l in this case are simply the op-
erators that measure the color of the lth dot from the left
(resp. right) side of the chain. We expect that these oper-
ators along with the identity operator 1 generate the full
commutant algebra of the PF model, and possibly form the
minimal set of generators of the commutant algebra. How-
ever, as we will show in Sec. VII, the full commutant algebra
is required to accurately capture aspects of the dynamics of
the system (particularly, the Mazur bounds of autocorrela-
tion functions), hence we believe that explicit expressions for
the SLIOMs are unnecessary.

Although the fragmentation in the PF model closely re-
sembles that in the t−Jz model with “dots” playing the role
of the “spins,” there are some differences in the dynamics of
the spins and dots. At the crudest level, the basic dynam-
ics in the PF model is “annihilation” of a pair of same-color
“particles” (states) on nearest-neighbor sites and creation
of a new pair of same-color particles, while “dots” are un-
pairable objects and can “move” only when right pairs form
nearby; the space between dots is “alive” with pair-flips. On
the other hand, in the t−Jz model the spins move by them-
selves to nearby empty sites, and the space between spins is
“dead.” On a more quantitative level, in both these models,
given a sector with a fixed number of spins or dots, we can
study the distribution of the positions of the dots. The spins
in the t − Jz model are typically distributed randomly in
the bulk of the chain as can be explicitly shown [44]. In the
PF model, since the number of dimer configurations in the
region between two dots depends on the distance between
the dots, we expect a different distribution for the position
of the dots. This difference between dots and spins is also
apparent in the nature of the Mazur bounds for the auto-
correlation function of the on-site spin operator in the bulk
of the system discussed in Sec. VII, which are qualitatively
different for the t− Jz and PF model. Hence we also expect
the SLIOMs of the t − Jz and PF models to differ in their
localization properties [44].

2 A direct correspondence can be made as follows: A Krylov subspace
specified by the state of l dots α1, α2, · · · , αl is annihilated by all
IoMs with k ≥ l except Nα1α2···αl , which is easily checked by acting
on product state within the Krylov subspace with all dots on the left
l sites. (The possibly non-zero values of the IoMs with k < l is not
important for making the one-to-one correspondence.)

D. Higher Dimensions

We now briefly discuss fragmentation in the PF model
on higher dimensional lattices, e.g, the square lattice in two
dimensions. In higher dimensions, product states can be
mapped on to configurations of dots and dimers following
a procedure similar to the one described in Sec. IV B. One-
dimensional Krylov subspaces (i.e., frozen product eigen-
states) can then be directly constructed by having config-
urations of all dots such the colors of the dots on any two
neighboring sites are different, and if such a configuration
exists, conserved quantities associated with them are given
by

N ~α =
∏
j∈G

N
αj
j , (47)

where G denotes the lattice (or more generally, a graph) and
αj denotes the color of the dot on site j of the lattice. The
number of such frozen states for the m-state PF model is
the number of m-colorings of G, which is given by the so-
called Chromatic polynomial of G, p(G,m). For m = 2, it
is clear that the number of colorings of a any graph G is
always 2 if G is bipartite, and 0 if not. If m ≥ 3 and G
is a grid graph (i.e., a square lattice with open boundary
conditions), p(G,m) is known to grow exponentially with
the number of vertices in m [74, 75]. For example, if m = 3,
the number of such colorings of the square lattice is equal to
the partition function of square ice [76–78], and the number
of frozen configurations on an L × L lattice asymptotically

grows as WL2

where W =
(
4
3

) 3
2 ≈ 1.54. These frozen states

are one-dimensional Krylov subspaces, and their exponential
growth with system size already shows that the PF model
on a square lattice shows Hilbert space fragmentation. We
do not find any Krylov subspaces of larger dimensions, it is
likely that all configurations with at least one dimer can be
connected using the rules of Eq. (40). We have numerically
verified this for small system sizes on a square lattice.

As discussed in Sec. III E, in the higher dimensional t−Jz
model, the frozen states exhaust the Hilbert space of par-
ticular conventional quantum number sectors of the U(1)
symmetries. However, the scenario in the higher dimensional
PF model is different. Indeed, the frozen states in the PF
model typically do not exhaust the Hilbert space of any of
the quantum number sectors of the conventional symmetries,
and they coexist with other generic eigenstates belonging
to conventional quantum number sectors of the U(1) sym-
metries. Hence these frozen product states are anomalous
low-entanglement eigenstates within generically thermaliz-
ing quantum number sectors, and should be considered as
examples of quantum many-body scars.

V. TEMPERLEY-LIEB MODELS

A. Definition and Symmetries

We now study an example of a system exhibiting quan-
tum fragmentation, i.e., fragmentation not in the product
state basis. We refer to these systems as Temperley-Lieb
(TL) models, given by the family of Hamiltonians defined
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on a spin-(m−1)/2 (i.e., m-level) chain with OBC as follows

H
(m)
TL =

L−1∑
j=1

Jj êj,j+1 :=

L−1∑
j=1

Jj

 m∑
α,β=1

(|αα〉 〈ββ|)j,j+1

 (48)

where Jj ’s are arbitrary constants. Note that defining (un-
normalized) “singlets” between sites j and k as

|ψsing〉j,k :=

m∑
α=1

|αα〉j,k, (49)

the terms êj,j+1 of the Hamiltonian H
(m)
TL are simply the

projectors onto the singlet state between sites j and j + 1,
i.e., êj,j+1 = (|ψsing〉 〈ψsing|)j,j+1. Hamiltonians in the family
of TL models of Eq. (48) have been previously studied in
detail in the literature in various contexts [63, 79–81]. While

models similar to H
(m)
TL can also be defined for PBC and

higher dimensions, we will only restrict ourselves to the well
studied one-dimensional case with OBC.

Note that the family of TL models of Eq. (48) are a part of

the family of PF models of Eq. (34). Hence H
(m)
TL possesses all

of the conserved quantities of H
(m)
PF , which include the U(1)

conserved quantities of Eq. (35), which, in one dimension
read

Nα :=
∑
j

(−1)jNα
j , 1 ≤ α ≤ m, Nα

j := (|α〉 〈α|)j . (50)

More generally, additional conserved quantities of H
(m)
TL can

be written as [63]

Mβ
α =

∑
j

(Mj)
β
α, (Mj)

β
α :=


− (|β〉 〈α|)j if j odd

(|α〉 〈β|)j if j even

,

(51)
where 1 ≤ α, β ≤ m, and (Mj)

α
α = (−1)jNα

j . This directly
follows from the local commutation relations

[(Mj)
β
α + (Mj+1)βα, êj,j+1] = 0, 1 ≤ j ≤ L− 1. (52)

Further, note that there are m2−1 independent Mβ
α ’s (since∑

α (Mj)
α
α = (−1)j1), and it can also be verified that the

{Mβ
α} are the generators of an SU(m) group [63]. Hence the

TL models of H
(m)
TL are SU(m)-symmetric.

Finally, note that when m = 3, the TL models H
(3)
TL can

be unitarily transformed into the family of SU(3)-symmetric
spin-1 biquadratic models [79, 82–84], given by

Hbiq = UH
(3)
TLU

† =

L−1∑
j=1

Jj

[
(~Sj · ~Sj+1)2 − 1

]
, U =

∏
j odd

eiπS
x
j ,

(53)

where ~Sj denotes the usual vector of spin-1 operators. Sim-

ilarly, when m = 2, the TL models H
(2)
TL can be unitarily

transformed into the family of SU(2)-symmetric spin-1/2
Heisenberg models discussed in Sec. II B 3.

B. Fragmentation in One Dimension

The dynamically disconnected Krylov subspaces and the
fragmentation in the TL models can be understood using a

basis of dots and dimers [63, 81], which we describe below.
A “dimer” between sites j and k is defined to be a singlet
configuration |ψsing〉j,k defined in Eq. (49), and is denoted

by a line joining the two sites. Since the singlet is a maxi-
mally entangled state between two spins, no two dimers can
end at the same site as a consequence of the monogamy of
entanglement. We construct basis states using a configura-
tion of dimers on the chain, and other unpaired sites in the
system (i.e., ones that do not have a dimer ending on them),
which we refer to as “dots.” In particular, any basis state |ψ〉
with N dimers factorizes as |ψ〉 = |ψdimer〉 ⊗ |ψdots〉, where

|ψdimer〉 :=
∏N
l=1 |ψsing〉j2l−1,j2l

, where {j2l−1} and {j2l} rep-

resent the site indices of the left and right ends of the dimers,
such that a dimer connects sites j2l−1 and j2l. We also re-
strict |ψdimer〉 to only have patterns of non-crossing dimers,
since it can be shown that any other pattern of dimers can be
expressed as a linear combination of configurations of non-
crossing dimers [85]. Also, we require that no dimers go over
any dots. For a given dimer pattern, we choose an orthogo-
nal basis for the states on the dots |ψdots〉 such that they are
annihilated by the singlet projector on any adjacent dots (ex-
cluding dimer regions). For example, we could choose a state
on n dots to be a product state |ψdots〉 = |α1α2 · · ·αn〉 such
that αj 6= αj+1, but there are also non-product |ψdots〉’s.

Any state in this basis is hence composed of dots (denoted
by ) and regions of dimers (denoted by ), pictorially
similar to the basis we used in the PF model in Sec. IV B
(e.g., see Eq. (38)). Such configurations of dots and non-
crossing dimers are known to form a complete basis for the
full Hilbert space, a fact that has also been used in different
contexts [86, 87]. Note that configurations that have the same
state |ψdots〉 on the dots but differ in the pattern of dimers
need not be orthogonal to each other, since it is possible that
〈ψdimer|ψ′dimer〉 6= 0 for distinct dimer patterns. Nevertheless,
by construction, configurations with a different number of
dimers as well as ones with different states on the dots are
orthogonal to each other, while all specified configurations
are linearly independent. Since the dimer regions denoted
by always cover even number of consecutive sites, a
system of size L even (resp. odd) has Krylov subspaces with
j dots, 0 ≤ j ≤ L and j even (resp. odd). In the following,
we will show that the Krylov subspaces in the TL models are
labeled by the state |ψdots〉 on the dots.

To study the Krylov subspaces, we first examine the ac-
tion of the terms {êj,j+1} of the Hamiltonian on the basis
of dimers and dots discussed in the previous paragraph. By
definition, on configurations of a dimer or dots on sites j and
j + 1, we obtain

êj,j+1 | 〉 = m | 〉 , êj,j+1 | 〉 = 0. (54)

Non-vanishing actions allowed by the terms êj,j+1 can be
depicted as follows

êj,j+1| 〉
i j j+1 k

=

∣∣∣∣ 〉
,

êj,j+1| 〉
j j+1 k

= | 〉 , (55)

where the subscripts label the sites. Note that the sites i and
k need not be the neighbors of the sites j or j + 1. Note
also that in the last equation, the original state at site j—
which can be any state—is moved to site k. It is easy to see
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that as a consequence of Eqs. (54) and (55), any configura-
tion of dots and non-crossing dimers maps onto another such
configuration with the same number of non-crossing dimers,
while retaining the state on the dots. Hence, all the basis
states with the same state |ψdots〉 on the dots can be con-
nected to each other, and such |ψdots〉 states label the Krylov
subspaces. Further, all the states with L dots are all frozen
eigenstates (i.e., one-dimensional Krylov subspaces) of the
TL Hamiltonians, since all the terms of the Hamiltonian act
trivially on such states as a consequence of Eq. (54).

Note that if the state on the dots |ψdots〉 is a product
state, the Krylov subspaces in the TL models are similar
subspaces to those in the PF model (a black dimer here is
an equal amplitude superposition of all colored dimers in
the PF model). Indeed, since the family of TL models of
Eq. (48) is a part of the family of PF models of Eq. (34),
the TL models are at least as fragmented as the PF models.
However, in addition, the fragmentation in the TL models
also contains cases where |ψdots〉 is not a product state, for
example, it could consist of a “triplet” configuration on two
sites like |αα〉j,k − |ββ〉j,k with α 6= β. Hence, unlike the
previous examples, the full fragmentation in the TL models
is not evident in the product state basis, and we refer to this
type of fragmentation as “quantum fragmentation.”

C. Bond and Commutant Algebras

We now study the fragmentation in the TL models in the
language of bond and commutant algebras. The bond alge-
bra ATL in this case is the algebra generated by the terms
{êj,j+1} of Eq. (48). For OBC, this algebra is the Temperley-
Lieb Algebra with L − 1 generators (usually denoted by
TLL(q)), defined by the relations

(ej)
2 = (q+q−1)ej , ejej±1ej = ej , ejek = ekej , |j−k| ≥ 2.

(56)
With some straightforward algebra, it can be verified that
Eq. (56) is satisfied by using ej := êj,j+1 of Eq. (48), where
q is given by

q + q−1 := m =⇒ q =
m+

√
m2 − 4

2
. (57)

The commutant of the Temperley-Lieb algebra TLL(q) has
been studied in detail by Read and Saleur in Ref. [63]. A
large class of operators in the commutant can be obtained by
observing the following commutation relation [63] (assuming
j and k belong to different sublattices)[

(Mj)
β1

α1
(Mk)

β2

α2
, êj,k

]
= 0 if α1 6= β2 and β1 6= α2. (58)

Similar to the IoMs of Eqs. (24) and (44) for the t− Jz and
PF models, Eq. (58) can be used to construct quadratic IoMs

Mβ1,β2
α1,α2

=
∑
j1<j2

(Mj1)
β1

α1
(Mj2)

β2

α2
, α1 6= β2, β1 6= α2. (59)

Note that unlike the conserved quantities of the t − Jz and
PF models discussed in Secs. III C and IV C, the IoMs in
Eq. (59) are not diagonal in the product state basis when
β1 6= α1 or β2 6= α2. When βl = αl for 1 ≤ l ≤ 2, using
Eq. (51), it is easy to see that these reduce to the diagonal

IoMs of Eq. (44) in the PF model. Further, more non-local
IoMs can be constructed as

Mβ1,··· ,βk
α1,··· ,αk =

∑
j1<···<jk

k∏
l=1

(Mjl)
βl
αl
, αl 6= βl+1, βl 6= αl+1,

(60)
which are defined to equal the identity operator 1 when
k = 0, and are the SU(m) generators of Eq. (51) when k = 1.
Again, these are not diagonal unless βl = αl for all 1 ≤ l ≤ k,
in which case they reduce to the IoMs of the PF model in
Eq. (45). This is a consequence of the fact that the TL models
are at least as fragmented as the PF models. Furthermore,
the IoMs of Eq. (60) do not all commute with each other,
hence the commutant CTL is non-Abelian. Moreover, these
IoMs of Eq. (60) still do not exhaust the commutant CTL.
As we discuss in App. E, additional conserved quantities can
be constructed in the cases when βl = αl+1 or αl = βl+1 in
Eq. (60). Finally, we note that although we know the com-
mutant algebra explicitly, unlike the t− Jz and PF models,
we do not know of a way to determine a minimal set of gen-
erators analogous to the SLIOMs.

The TL models are some of the few models where the
structure of the bond algebra and its representations have
been studied extensively. Given the structure of the bond
algebra ATL = TLL(q) and its commutant CTL, the Hilbert
space can be decomposed into representations of ATL×CTL
according to Eq. (6). The Krylov subspaces of the TL models
are simply the irreducible representations of TLL(q), and the
dimensions {Dλ} and {dλ} of the irreducible representations
of the bond and commutant algebras for even L are given
by [63]

Dλ =

(
L

L/2 + λ

)
−
(

L

L/2 + λ+ 1

)
, dλ = [2λ+ 1]q, (61)

where λ is an integer 0 ≤ λ ≤ L/2, and [·]q denote q-deformed
integers, defined as [n]q := (qn − q−n)/(q − q−1). In the de-
scription of the Krylov subspaces in terms of dimers and dots,
for even L in Eq. (61), 2λ gives the number of dots and dλ
gives the corresponding number of distinct |ψdots〉. The de-
generacy among the corresponding distinct Krylov subspaces
is manifest since the described action of the TL generators
is identical in terms of dimers for any |ψdots〉. Using Eqs. (8)
and (61), the dimension of the commutant CTL can be shown
to scale as [63]

dim(CTL) ∼ q2L

(1− q−2)(1− q−4)
for large L, (62)

which clearly grows exponentially with L for q > 1. This
indicates the presence of Hilbert space fragmentation in the
TL models for m ≥ 3, including in the spin-1 biquadratic
model.

D. Dynamics within Krylov subspaces

Hilbert space fragmentation in the TL models leads to
several special novel features in the spectrum that are ab-
sent in models with classical fragmentation, particularly due
to the presence of a non-Abelian commutant. As discussed
in Sec. II A, the dimensions {dλ} of the irreducible repre-
sentations of the commutant correspond to the degeneracies
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FIG. 2. Energy spectrum of the spin-1 biquadratic model of
Eq. (53) with OBC and system size L = 10 for a single disor-
der realization with the Jj ’s chosen from a uniform distribution
in [0.6, 1.4]. The horizontal axis shows the energy of the levels and
the vertical axis shows the degeneracy of a particular energy level.
All the levels at a fixed degeneracy are part of the same Krylov
subspace. The number of levels at a fixed degeneracy is Dλ (the
size of the Krylov subspace), and the corresponding degeneracy
is dλ (the number of Krylov subspaces of that size).

among the Krylov subspaces with dimension {Dλ}. In all the
cases with classical fragmentation, dλ = 1 since the commu-
tant is Abelian. However, according to Eq. (8), we know that
dλ > 1 for λ 6= 0, and this leads to large degeneracies in the
spectra of the TL models. For example, the ground state de-
generacy in the OBC ferromagnetic spin-1 biquadratic model
(i.e., with Jj > 0 in Eq. (53)) is known to grow as F2L+2,
the (2L + 2)th Fibonacci number, which is simply equal to
dλ=L/2, the degeneracy among the Krylov subspaces with
λ = L/2 [63]. In Fig. 2, we plot the energy spectrum and the
degeneracies of the energy levels in the spin-1 biquadratic
model with disorder. As evident there, large degeneracies
also extend to typical excited states in the middle of the
spectrum, which is a direct consequence of the fragmenta-
tion with a non-Abelian commutant. Hence, we expect the
TL models to exhibit highly non-generic dynamics for arbi-
trary values of {Jj} in spite of being non-integrable.

However, as we now discuss, the dynamics within Krylov
subspaces is expected to be thermal. The TL Hamiltonian

H
(m)
TL of Eq. (48), when restricted to a particular Krylov

subspace, is known to map onto a particular quantum num-
ber sector of the spin-1/2 q-deformed XXZ (XXZ-q) model
with quantum group symmetry SU(2)q, where q is given
by Eq. (57). The dynamics within Krylov subspaces of the
TL Hamiltonian can thus be described by the Hamilto-
nian [63, 81]

HXXZ-q = −2

L−1∑
j=1

Jj
[(
Sxj S

x
j+1 + Syj S

y
j+1

)
+
q + q−1

2

(
Szj S

z
j+1 −

1

4

)
+
q − q−1

4

(
Szj − Szj+1

)]
, (63)

where Sxj , Syj , and Szj denote the usual spin-1/2 operators
on site j. It can be directly verified that the bond algebra
generated by the terms of the Hamiltonian HXXZ-q is the

Temperley-Lieb algebra TLL(q), i.e., if the term acting on
sites j and j + 1 in Eq. (63) is referred to as ej , they satisfy
the conditions of Eq. (56). Moreover, the picture of dots and
dimers discussed in Sec. V B continues to hold, along with
the relations of Eqs. (54) and (55), where the dimers are
q-deformed singlets defined as∣∣∣ψ(q)

sing

〉
j,k

:= q−
1
2 |↑↓〉j,k − q

1
2 |↓↑〉j,k , (64)

instead of the singlets |ψsing〉 of Eq. (49). In the XXZ-q
model, it is easy to see that for 2λ dots there are precisely
2λ + 1 distinct |ψdots〉, which gives the number of degener-
ate Krylov subspaces in this case, but these are now under-
stood as corresponding to spin-λ multiplets of the SU(2)q
symmetry. The dynamics within Krylov subspaces of the TL
models is hence equivalent to the XXZ-q models in corre-
sponding symmetry sectors, with q given by Eq. (57). Note
that for q = 1, the XXZ-q model of Eq. (63) reduces to the
Heisenberg model of Eq. (14) (up to overall constants).

The XXZ-q models of Eq. (63) are expected to be non-
integrable for generic values of Jj . Reference [88] probed the
energy level statistics for the disordered Heisenberg model
(i.e., the q = 1 case of XXZ-q), and found that it exhibits
Wigner-Dyson statistics within quantum number sectors of
the SU(2) symmetry that correspond to finite energy den-
sity, although it is only apparent at very large system sizes.
This suggests that the disordered Heisenberg model ther-
malizes at large enough system sizes even though it might
not appear so for small system sizes. We numerically observe
the same qualitative behavior in the level statistics of the
XXZ-q models for q > 1 for small system sizes we are able
to probe, hence we expect that they too thermalize at large
enough system sizes. This suggests that the TL models also
thermalize within exponentially large Krylov subspaces, pro-
viding further support for the validity of Krylov-restricted
thermalization [38], the property that sufficiently large non-
integrable Krylov subspaces in fragmented models thermal-
ize [40, 41, 49].

VI. DIPOLE-CONSERVING MODELS

A. Definition and Symmetries

We now turn to models that conserve dipole moment or
center-of-mass, which were studied in the context of quan-
tum dynamics in Refs. [26–28, 38, 39, 44, 89]. In particular,
we focus on the one-dimensional spin-1 dipole-moment con-
serving models introduced in Ref. [27], and hence study the
family of Hamiltonians

Hdip =
∑
j

Jj

P̂[j−1,j+1]︷ ︸︸ ︷[
S−j−1(S+

j )2S−j+1 + h.c.
]

+
∑
j

(
hjS

z
j + gj(S

z
j )2
)
, (65)

where we have added the last two terms to remove any dis-
crete symmetries, and to ensure for simplicity that all the
operators in the commutant are diagonal in the product state
basis (see App. A). The transitions implemented by the terms
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{P̂[j−1,j+1]} can be denoted as

|0 +−〉 ↔ |+− 0〉 , |0−+〉 ↔ |−+ 0〉 ,
|0 + 0〉 ↔ |+−+〉 , |0− 0〉 ↔ |−+−〉 , (66)

where +, 0,− respectively denote the spin-1 states with
Sz = +1, 0,−1, and |·〉 represents the spin configuration on
three consecutive sites j−1, j, and j+1. For simplicity, we re-
strict ourselves to OBC throughout this section. The family
of models of Eq. (65) has two obvious conserved quantities,

the charge Q̂ and the dipole moment D̂, given by the oper-
ators

Q̂ =
∑
j

Szj , D̂ =
∑
j

jSzj . (67)

B. Fragmentation and Commutant Algebra

The Hilbert space fragmentation for the family of models
in Eq. (65) was pointed out in Refs. [27, 28], where they noted
the existence of exponentially many Krylov subspaces, and
systematically constructed and counted the frozen product
eigenstates (i.e., one-dimensional Krylov subspaces). In ad-
dition to frozen eigenstates and Krylov subspaces similar to
the other examples we studied, the dipole-conserving mod-
els also possess Krylov subspaces with frozen regions in the
chain or “blockades,” which dynamically disconnect parts of
the system. For example, all the states in such Krylov sub-
spaces factorize as |ψ〉 =

∣∣L(`)
〉
⊗
∣∣B(b)

〉
⊗
∣∣R(r)

〉
, where

∣∣B(b)
〉

is the frozen region spanning b sites that dynamically discon-
nects the sites to its left and right (this is the same for all the
states within the Krylov subspace), and

∣∣L(`)
〉

and
∣∣R(r)

〉
are

the wavefunctions on the ` and r sites to the left and right
of the blockade respectively. There are no analogues of these
blockades in the t− Jz, PF, or the TL models. A simple ex-
ample of a blockaded Krylov subspace in Hdip contains states

of the form
∣∣∣· · ·+ 0 · · · 0 + + 0 · · · 0 + · · ·

〉
, where it is easy

to see that the boxed blockade configuration (
∣∣B(b)

〉
= |++〉)

can never be changed under the transitions of Eq. (66).
The bond algebra Adip corresponding to the family of

Hamiltonians of Eq. (65) is the algebra generated by the

operators {P̂[j−1,j+1]} and {Szj , (Szj )2}. The inclusion of the
latter set of terms ensures that the corresponding commu-
tant algebra Cdip only consists of operators diagonal in the
product state basis (see App. A), and this model exhibits
classical fragmentation. However, unlike the t − Jz and PF
models, we are not able to find simple expressions for a basis
of Cdip in terms of simple operators such as Szj . Neverthe-
less, since Cdip is abelian, the projectors onto the Krylov
subspaces form an orthogonal basis of the commutant alge-
bra. For example, for any Krylov subspace Kα spanned by
an orthogonal set of states {|ψαβ〉}, consider the projector
ΠKα :=

∑
β |ψαβ〉 〈ψαβ |. Since ΠKα is diagonal in the prod-

uct state basis, it commutes with all other diagonal operator
in that basis, hence [ΠKα , S

z
j ] = [ΠKα , (S

z
j )2] = 0 for all j and

α. Furthermore, for any |ψαβ〉 ∈ Kα, P̂[j−1,j+1] |ψαβ〉 ∈ Kα,

hence it is easy to see that [ΠKα , P̂[j−1,j+1]] = 0 for all j.
Since we know that all the operators in the commutant are
diagonal, the Krylov subspace projectors ΠKα form an or-
thogonal basis for the commutant Cdip.

The operators in the commutant can then be directly un-
derstood from the structure of the states in the Krylov sub-
spaces. The structure of the Krylov subspaces was worked
out in Ref. [44], which constructed SLIOMs for the dipole-
conserving models Hdip of Eq. (65) that uniquely label
the Krylov subspaces. They first identified that patterns of
“domain-walls,” systematically determined for any product
state, were conserved under the actions of Eq. (66). In addi-
tion to the pattern of domain walls, the dipole moments be-
tween the domain-walls were also independently conserved.
However, this dipole moment conservation makes it hard to
associate Krylov subspaces to invariant “patterns,” similar
to the pattern of spins in the t − Jz model, the pattern of
dots in the PF model, or the state on the dots in the TL
model, and one might wonder if such a pattern exists. Nev-
ertheless, in App. F, we show that such patterns indeed exist,
when the model is described in a language of appropriately
defined “dots” and “links.” This makes the Krylov subspaces
much more apparent, and allows us to use the transitions of
Eq. (66) in the language of dots and links (see Eq. (F2)) to
bring all the states in a Krylov subspace to a unique canon-
ical form that characterizes the Krylov subspace. We fur-
ther show that each canonical configuration can be uniquely
mapped onto a tiling pattern of a chain of length L using
three objects , , (see Eq. (F5)), which enables us to
compute the exact number of Krylov subspaces as a function
of system size (i.e., the number of canonical configurations).
In particular, for OBC on a system size L, we find that (see
Eq. (F6))

dim(Cdip) = 2PL+1 − 1 ∼ (
√

2 + 1)L for large L, (68)

where PL+1 is the (L + 1)th Pell number. The exponen-
tial growth of the dimension signifies the presence of Hilbert
space fragmentation.

Although the explicit expressions for the operators in the
commutant are rather obscure, with the above picture in
hand, in Sec. VII C 2 we will be able to calculate contribu-
tion from a large class of such projectors to a Mazur bound
for spin autocorrelations, showing analytically that blockades
lead to effective spin localization even at infinite tempera-
ture. Although we have not shown this explicitly, it is likely
that the SLIOMs constructed in Ref. [44] along with the 1
operator form a set of generators for the full commutant al-
gebra, similar to the SLIOMs in the t − Jz model discussed
in Sec. III D. Indeed, if each Krylov subspace is described
by a distinct set of eigenvalues of SLIOMs, we can use the
SLIOMs to construct a product of projectors onto a space
with the appropriate eigenvalue for each SLIOM, which is
related to the projector onto that Krylov subspace.

On a different note, we also believe that the commutant
Cdip can be straightforwardly generalized to the family of
spin-1/2 dipole-conserving “pair-hopping models” [38, 39],
since as shown in Ref. [38], the Krylov subspaces there closely
resemble the ones in the spin-1 model of Eq. (65).

VII. MAZUR BOUNDS

A. Definition

The effect of conserved quantities on the dynamics of
isolated quantum systems can be quantified using Mazur
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bounds [90, 91] on the long-time average of dynamical auto-
correlation functions under time-evolution. Given a system
with Hamiltonian H and conserved quantities {Iα}, the au-
tocorrelation function of an observable A can be bounded
as

CA := lim
τ→∞

1

τ

∫ τ

0

dt 〈A(t)A(0)〉

≥
∑
α,β

(A|Iα)
(
K−1

)
αβ

(Iβ |A) := MA, (69)

where we have defined

A(t) = eiHtAe−iHt, (A|B) := 〈A†B〉 :=
1

D
Tr
(
A†B

)
,

Kαβ := (Iα|Iβ) , (70)

where D is the Hilbert space dimension, 〈•〉 denotes the
infinite-temperature expectation value, and K−1 is the in-
verse of the correlation matrix K. We have also introduced a
braket notation in operator space, i.e., |A) denotes an opera-
tor A and (A|B) denotes the overlap between two operators
A and B as defined in Eq. (70), and we will be using these two
notations interchangeably throughout this section. Note that
the correlation matrix can be diagonalized by working with
an orthogonal basis of conserved quantities, i.e., appropriate
linear combinations of {Iα}, which we refer to as {Qα}, that
satisfy (Qα|Qβ) ∼ δα,β . The Mazur bound of Eq. (69) can
then be expressed in terms of {Qα} as follows

CA ≥
∑
α

(A|Qα) (Qα|A)

(Qα|Qα)
= MA. (71)

Denoting eigenstates of H with energies {Eα} as {|eα〉}, a
trivial example of the Mazur bound can be obtained directly
by choosing {Qα} in the RHS of Eq. (71) to be the set of
eigenstate projectors {|eα〉 〈eα|}

MA =
1

D

∑
α

| 〈eα|A |eα〉 |2. (72)

Meanwhile, the LHS of Eq. (71), which can be expressed as
an expectation value in the diagonal ensemble:

CA = lim
τ→∞

1

Dτ

∫ τ

0

dt ei(Eα−Eβ)t| 〈eα|A |eβ〉 |2

=
1

D

∑
α

| 〈eα|A |eα〉 |2 +
1

D

∑
α6=β,Eα=Eβ

| 〈eα|A |eβ〉 |2 ≥MA.

(73)

However, if the spectrum of the Hamiltonian {Eα} is non-
degenerate, the inequality saturates, and this is known as
the Suzuki equality [91, 92]. Note that Eq. (71) can also be
extended to finite temperature autocorrelation functions but
in this work we only focus on the infinite-temperature case.

In typical applications of the Mazur bound, for example
in the study of integrable systems, the only conserved quan-
tities that are considered in Eq. (71) are local or quasilo-
cal conserved quantities [93–97]. However, when considering
the dynamics of some Hamiltonian in the family of Eq. (2),
given that the commutant algebra contains many different
linearly independent conserved quantities, as well as expo-
nentially many of them in fragmented systems, it is not a

priori clear which of these contribute the most to the Mazur
bound. Hence we study the Mazur bound by considering the
full commutant algebra in Eq. (71); this also helps quantify
the relative importance of the various conserved quantities
in the commutant via their contribution to the bounds for
observables of interest. In the following, we focus on auto-
correlation functions of local (on-site or nearest-neighboring
terms) observables A. Without loss of generality, we choose
observables to be traceless (〈A〉 = 0 = Tr(A)), although it
is sometimes more convenient to subtract out the contribu-
tion of the traceful part (〈A〉2) later, which is equivalent to
studying the Mazur bound for the “connected” autocorrela-
tion function. Further, we choose {Iα} to be any linear basis
for the commutant algebra C, and {Qα} to be an orthogonal
basis for C.

B. Conventional Symmetries

We start with the Mazur bound in the case of conventional
symmetries discussed in Sec. II B. The answer is straightfor-
ward for systems without any symmetry, the only conserved
quantity in the commutant is 1, and the bound of Eq. (71)
reduces to MA = (Tr(A)/D)2 = 0. Hence the autocorrela-
tion function in such systems at late times typically decays
to zero.

We then consider systems with U(1) symmetry, such as
the spin-1/2 XXZ model of Eq. (12), and focus on the
Mazur bound for the autocorrelation function of the op-
erator Szj , the spin operator on site j. As discussed in
Sec. II B 2, the commutant algebra C is spanned by the oper-
ators {1, Sztot, · · · , (Sztot)L}. This is not an orthogonal basis
for C, since ((Sztot)

m|(Sztot)n) = Tr((Sztot)
m+n) 6= 0 for all m

and n. Using the expression Sztot =
∑L
j=1 S

z
j , an orthogonal

basis {Qz0, · · · , QzL} for C reads

Qzn =

L∑
j1 6=j2 6=···6=jn=1

Szj1S
z
j2 · · ·S

z
jn , 0 ≤ n ≤ L, (74)

where Qz0 = 1 and Qz1 = Sztot. Applying the Mazur bound of
Eq. (71) for the observable A = Szj , we obtain

CSzj ≥MSzj
=

L∑
n=0

(
Szj |Qzn

)2
(Qzn|Qzn)

=

(
Szj |Qz1

)2
(Qz1|Qz1)

=
1

4L
, (75)

where we have used
(
Szj |Qzn

)
= δn,1/4, and (Qz1|Qz1) = L/4.

As evident from Eq. (75), the only conserved quantity in
the commutant that contributes is Qz1 = Sztot, hence it is
sufficient to only use the local conserved quantity for the
Mazur bound. However, this is not sufficient for multi-site
observables such as A = Szj S

z
j+1, for which the Mazur bound

of Eq. (71) reads

MSzj S
z
j+1

=

L∑
n=0

(
Szj S

z
j+1|Qzn

)2
(Qzn|Qzn)

=

(
Szj S

z
j+1|Qz2

)2
(Qz2|Qz2)

=
1

8L(L− 1)
,

(76)
where we have used

(
Szj S

z
j+1|Qzn

)
= δn,2/8, and (Qz2|Qz2) =

L(L−1)/8. Generically, all operators in the commutant need
to be considered in order to obtain a tight Mazur bound,
although local operators can be sufficient for certain observ-
ables of interest.
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FIG. 3. (Color online) Mazur bounds for the autocorrelation
function of the spin operator Zj in the one-dimensional t − Jz
model with OBC of system size L = 200. The bounds, defined

in Eq. (81), are obtained by considering the left SLIOMs (M
(`)
Zj

,

red), right SLIOMs (M
(r)
Zj

, blue), or the full commutant algebra

Cobc (M
(obc)
Zj

, black) as the only conserved quantities. The bounds

M
(`)
Zj

and M
(r)
Zj

agree with the bound M
(obc)
Zj

close to the left and

right edges of the chain respectively, but deviate everywhere else.

A similar analysis can be extended to the SU(2)-
symmetric systems discussed in Sec. II B 3 such as the spin-
1/2 Heisenberg model of Eq. (14). Following the discussion
there, it is clear that an (overcomplete) orthogonal basis for
the commutant is constructed from operators that have the
form

Qα1···αn
n =

L∑
j1 6=···6=jn=1

Sα1
j1
· · ·Sαnjn , 0 ≤ n ≤ L, αl ∈ {x, y, z},

(77)
where distinct basis elements are characterized by the num-
ber of x’s, y’s, and z’s among α`’s. To obtain tight Mazur
bounds for observables Szj and Szj S

z
j+1, it is sufficient to

identify the operators in the commutant that have a non-
vanishing overlaps with them, and the basis of Eq. (77) makes
it clear that the only such operators are Qz1 = Sztot and
Qz2 of Eq. (74) respectively. This leads to the same Mazur
bounds as the U(1) case in Eqs. (75) and (76). The larger
commutant in the SU(2) case implies that similar bounds
also hold for arbitrary spin components Sαj (hence arbitrary

on-site traceless observables) and arbitrary products Sαj S
β
k ,

including with different spin components. For example, us-

ing the operators Qαβ2 with α 6= β in Eq. (77), we obtain
MSαj S

β
k

= 1/[16L(L− 1)] if α 6= β.

Note that these Mazur bounds are valid as bounds valid for
arbitrary XXZ and Heisenberg models of Eqs. (12) and (14)
respectively. The translation invariant XXZ and Heisenberg
models are integrable, and consist of additional quasilocal
conserved quantities [93, 94] not part of the commutant al-
gebra, resulting in larger Mazur bounds.

C. Fragmented Systems

We now discuss various aspects of Mazur bounds in sys-
tems exhibiting Hilbert space fragmentation.

1. t− Jz model

We first illustrate the Mazur bound for the one-
dimensional t− Jz model discussed in Sec. III. Only consid-
ering the U(1) conserved quantity Ztot := N↑ − N↓, where
N↑ and N↓ are defined in Eq. (19), the Mazur bound for the

on-site spin operator defined as Zj := N↑j −N
↓
j reads

M
(U(1))
Zj

:=
(Zj |Ztot)

2

(Ztot|Ztot)
=

2

3L
, (78)

where we have used (Zj |Ztot) = 2/3, and (Ztot|Ztot) = 2L/3.

For Mazur bounds of products of spin operators
such as ZjZj+1, the contribution of Ztot vanishes since
(ZjZj+1|Ztot) = 0. However, the rest of the U(1) commu-
tant (i.e., the algebra generated by operators N↑ and N↓)
has a non-vanishing contribution to the Mazur bound, which
can be computed by working with a partial set of orthogonal
conserved quantities

QZn :=

L∑
j1 6=j2 6=···6=jn=1

Zj1Zj2 · · ·Zjn , 0 ≤ n ≤ L, (79)

where QZ0 = 1 and QZ1 = Ztot. The Mazur bound for the
operator ZjZj+1 then reads

M
(U(1))
ZjZj+1

=

(
ZjZj+1|QZ2

)2(
QZ2 |QZ2

) =
8

9L(L− 1)
∼ 1

L2
(80)

where we have used
(
ZjZj+1|QZ2

)
= 8/9 and

(
QZ2 |QZ2

)
=

8L(L− 1)/9.

Reference [44] numerically observed that Eq. (78) is not
a tight bound for the late-time spin autocorrelation func-
tion in the OBC t − Jz model, which was attributed to the
presence of additional non-local conserved quantities, par-

ticularly L (left) SLIOMs {q̂(`)l }. They further numerically
studied the Mazur bounds after including the SLIOM con-
tribution, and showed that it led to a tighter bound closer to
the true behavior of the spin autocorrelation function. How-
ever, as discussed in Sec. III D, the SLIOMs are not the only
conserved quantities of the t − Jz model, and there could
be additional contributions to the Mazur bounds from other
operators such as products of SLIOMs, more generally from
all operators in the commutant Cobc. Indeed, as we discuss
in the following, the left or right SLIOMs by themselves do
not provide tight Mazur bounds for all of the spin operators
Zj , and we obtain a better bound by considering the full
commutant algebra Cobc.

The Mazur bound of Eq. (69) using the full commu-
tant Cobc can be computed by choosing {Iα} to be the
non-orthogonal IoMs {Nσ1···σk} (Eq. (25)) or {N [σ1···σk]}
(Eq. (27)) for OBC or PBC respectively. However, it is con-
venient to work in terms of orthogonal IoMs {Qα} for the
t− Jz model studied in App. B (see Eqs. (B3) and (B10) for
OBC and PBC respectively), and use the Mazur bound of
Eq. (71). Hence we explore the different contributions to the
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Mazur bound M
(`)
Zj

, M
(r)
Zj

, and M
(obc)
Zj

, defined as

M
(`)
Zj

:=

L∑
l=1

(
Zj |q̂(`)l

)2
(
q̂
(`)
l |q̂

(`)
l

) , M
(r)
Zj

:=

L∑
l=1

(
Zj |q̂(r)l

)2
(
q̂
(r)
l |q̂

(r)
l

)
M

(obc)
Zj

:=

2L+1−1∑
α=1

(Zj |Qα)
2

(Qα|Qα)
, (81)

which are the Mazur bounds for the autocorrelation func-
tions of local spin operators {Zj} obtained by considering

the left SLIOMs {q̂(`)l }, the right SLIOMs {q̂(r)l }, and the
full commutant Cobc respectively.

Exact expressions for the boundsM
(`)
Zj

andM
(r)
Zj

can be ob-

tained by working in an orthogonal basis for the commutant
algebra discussed in App. G 1, and they read (see Eq. (G2))

M
(`)
Zj

=

L∑
l=1

〈Zj q̂(`)l 〉2

〈q̂(`)l q̂
(`)
l 〉

=
1

32j

j∑
l=1

2l
(
j−1
l−1
)2

L∑
α=l

1
3α

(
α−1
l−1
) ,

M
(r)
Zj

=

L∑
l=1

〈Zj q̂(r)l 〉2

〈q̂(r)l q̂
(r)
l 〉

= M
(`)
ZL−j+1

. (82)

Note that the bound M
(`)
Zj

corresponding to the left SLIOMs

is precisely equal to the bound derived in Eq. (8) of Ref. [44].

As pointed out there, the expression for the bound M
(`)
1 cor-

responding to the autocorrelation function of the edge spin
operator Z1 simplifies,

M
(`)
1 =

1

32
× 2

L∑
α=1

3−α
=

4

9 (1− 3−L)
, (83)

which shows that the autocorrelation function for the edge
spin equilibriates to a constant value. However, while we
physically expect true Mazur bounds to be invariant under

a reflection of the chain (j ↔ L − j + 1), neither of M
(`)
Zj

or M
(r)
Zj

are, which suggests that these are not tight Mazur

bounds.3 In Fig. 3, we plot the Mazur bounds M
(`)
Zj

and M
(r)
Zj

as a function of j for a fixed system size L. It clearly shows
that the bounds obtained using the left and right SLIOMs
are different although they are conserved quantities for the
same family of models.

We then compute the Mazur bound M
(obc)
Zj

using all the

conserved quantities in the full commutant algebra Cobc. As
shown in App. G 2, the exact expression reads (see Eq. (G4))

M
(obc)
Zj

=

j−1∑
α=0

L−j∑
β=0

2α+β+1
(
j−1
α

)2(L−j
β

)2
3L
(

L
α+β+1

) . (84)

This bound has several advantages compared to the bounds

M
(`)
Zj

and M
(r)
Zj

obtained using only the SLIOMs. First, the

3 Note that M
(`)
Zj

+M
(r)
Zj

, while reflection-invariant, is not a valid Mazur

bound since the left and right SLIOMs are not orthogonal to each
other (see discussion in Sec. VII A).

expression is invariant under a reflection of the chain (i.e.,

M
(obc)
Zj

= M
(obc)
L−j+1) consistent with physical expectations.

Second, the expression also allows for a saddle point approx-
imation for large L in the bulk of the chain, and the contin-

uum approximation of M
(obc)
Zj

reads

M (obc)(x) =
1

3

√
2

πLx(1− x)
∼ 1√

L
for large L, (85)

where x := j/L, and 0 < x < 1. Eq. (85) proves the numer-
ical observations in Ref. [44] that the spin autocorrelation

functions decay as 1/
√
L in the bulk of the chain. In Fig. 3,

we plot the three Mazur bounds of Eq. (81) as a function of j.
As evident there, the left and right SLIOMs only accurately
capture the Mazur bound close to the left and right edges
of the chain respectively, whereas using the full commutant
yields a better bound everywhere else in the chain.

The Mazur bound for the spin operators Zj computed us-
ing the full commutant Cobc of the OBC t − Jz model can
be generalized to the PBC t − Jz model with the commu-
tant Cpbc. As shown in App. G 3, an exact expression for the
corresponding Mazur bound reads (see Eq. (G10))

M
(pbc)
Zj

:=
∑
α

(Zj |Qα)
2

(Qα|Qα)
=

2

3L
+

(
1− 1

L

)(
2

3

)L
, (86)

where {Qα} is an orthogonal basis for the commutant Cpbc.
Unlike the OBC case, the knowledge of the commutant al-
gebra in the PBC does not drastically enhance the Mazur

bound M
(U(1))
Zj

of Eq. (78), since the second term in Eq. (86)

decays exponentially with system size. However, considering
the Mazur bound for the operator ZjZj+1, we find a dif-
ferent scenario. In App. G 3, we compute the Mazur bound

M
(pbc)
ZjZj+1

for this operator using the full commutant algebra

Cpbc, and we obtain (see Eq. (G12))

M
(pbc)
ZjZj+1

=
8

27(L− 1)
− 4

27L(L− 1)
+O(e−L) ∼ 1

L
. (87)

Hence M
(pbc)
ZjZj+1

is clearly larger than M
(U(1))
ZjZj+1

of Eq. (80),

the bound obtained by only considering the part of the com-
mutant generated by the U(1) conserved quantities. Hence
fragmentation in the PBC t−Jz model leads to a larger sat-
uration of the autocorrelation of appropriate operators, in
spite of the absence of SLIOMs [44].

2. Spin-1 dipole-conserving model

We now apply Mazur bounds to the autocorrelation func-
tion of the on-site spin operator (which we denote here by
Zj) in the spin-1 dipole-conserving model of Eq. (65). As
discussed in Sec. VI B, since the dipole-conserving model ex-
hibits classical fragmentation, an orthogonal basis for the
commutant algebra Cdip is simply the projectors onto Krylov

subspaces ΠKα . We can express ΠKα =
∑
β

|ψαβ〉 〈ψαβ |, where

|ψαβ〉’s are the product states that span Kα. The detailed
structure of states in the Krylov subspaces is discussed in
App. F. Using Eq. (71), the Mazur bound for the autocorre-
lation function of Zj using the conserved quantities {ΠKα}
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reads

M
(dip)
Zj

=
1

3L

∑
α

[Tr(ZjΠKα)]2

Tr
(
Π2
Kα

) =
∑
α

(Z
(Kα)
j )2

3LDKα
,

Z
(Kα)
j :=

DKα∑
β=1

〈ψαβ |Zj |ψαβ〉, (88)

where Z
(Kα)
j is the sum of the spin value on site j in all the

product states in the Krylov subspace Kα.
As discussed in Sec. VI B, models conserving dipole mo-

ment have certain special subspaces that contain “blockades”
that dynamically disconnect different parts of the system.
The contribution of a large class of such blockaded subspaces
to the Mazur bound of the local spin operator Zj can be ex-
actly evaluated, as we discuss below. This also reveals their
crucial role in “localization” of local Zj operator (i.e., the sat-
uration of the autocorrelation function to a finite value) nu-
merically observed in Refs. [26–28], and analytically argued
for in Ref. [44]. Restricting ourselves to the Krylov subspaces
{Kj,α} where site j is part of a frozen region and the non-
fluctuating spin Zj = ±1 (since the contribution of such sub-

spaces with Zj = 0 vanishes), we obtain Z
(Kj,α)
j = ±DKj,α ,

hence the full Mazur bound of Eq. (88) can be lower bounded
by the blockaded subspace contribution as

M
(dip)
Zj

≥M (block)
Zj

=
∑
α

(Z
(Kj,α)
j )2

3LDKj,α
=

1

3L

∑
α

DKj,α . (89)

Hence it is sufficient to simply compute the total dimension
of such blockaded Krylov subspaces. We also note that the
RHS of Eq. (89) is simply the probability that the site j is
frozen.

Equipped with the detailed understanding of the Krylov
subspaces in Hdip, we are able to compute the total dimen-
sion of such subspaces in App. H. To do so, we exploit the
decoupling of all the states in the blockaded Krylov subspaces
into |ψ〉 =

∣∣L(`)
〉
⊗
∣∣B(b)

〉
⊗
∣∣R(r)

〉
, hence we are able to easily

count the dimension of all subspaces with a given blockade
configuration

∣∣B(b)
〉
. We then sum over contributions from

inequivalent choices of the blockade configurations that avoid
overcounting, and in the thermodynamic limit we obtain (see
Eq. (H15))

M
(block)
Zj

=
2

15
≈ 0.1333. (90)

We have also verified that this is precisely the probability
that the site j is frozen in the thermodynamic limit, which
can also be computed using a slightly different approach.

While this partial bound is consistent with results pre-
sented in Ref. [27], it does not fully capture the Mazur bound
numerically computed there, which is ∼ 0.24. We believe this
is due to significant contributions from the subspaces where
j is a part of a small “active region” sandwiched between
two blockades, and such Krylov subspaces are not included
in Eq. (90). In particular, we have in mind subspaces that
comprise of states such as

j∣∣∣· · · ++ 0 + 0 ++ · · ·
〉
,

j∣∣∣· · · ++ +−+ ++ · · ·
〉
,

(91)
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FIG. 4. (Color online) Mazur bounds M
(PF)
Zj

for the on-site spin

operator Zj in the OBC PF model of Eq. (34) form = 3. Fragmen-
tation leads to a non-uniform profile of the Mazur bound across
the chain, and apparent localization close to the edges of the chain.

(Inset) Log-log plot of the scaling of M
(PF)
Zj

on the edge (j = 1)

and in the bulk (j = L/2) as a function of system size L, along

with lines that depict ∼ 1/
√
L and ∼ 1/L scalings. While the

boundary appears to saturate to ∼ 0.2, the bulk decays as ∼ 1/L,
suggesting a qualitatively different behavior than the OBC t−Jz
model. These results are also valid lower bounds for the Mazur
bound in the OBC TL models of Eq. (48), which are at least as
fragmented as the PF model, see Sec. VII C 4 for a discussion.

where the configurations within the boxes are blockades (en-
sured by additional requirements on the states marked with

dots, see discussion in Sec. VI). The quantity Z
(Kα)
j 6= 0

within such subspaces (e.g., Z
(Kα)
j = DKα/2 in the above

specific example), and there are exponentially many such
subspaces (with combined dimension being a finite fraction
of the total Hilbert space dimension), which can lead to a
large contribution according to Eq. (88). Although we do not
attempt it here, the contributions from those subspaces can
in principle be computed using techniques similar to those
used in App. H.

3. PF models

Note that we were only able to analytically compute the
Mazur bounds in the t − Jz model and the spin-1 dipole-
conserving model since we were able to explicitly construct
a manageable orthogonal basis (a subset in the latter case)
for the operators in the commutant algebra. In the PF and
TL models, although we have explicit expressions for all the
operators in the commutant, they are not orthogonal to each
other and nor are we able to analytically compute their cor-
relation matrix in Eq. (70).

In the PF model, the projectors onto the Krylov subspaces
would be a choice of an orthogonal basis of the commutant,
but we have not been able to use them to obtain analytical
results for the Mazur bounds. Nevertheless, these projectors
are rather simple to construct numerically in the PF model,
where the fragmentation happens in the product state basis.
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We can then use these projectors to numerically compute

the exact Mazur bound M
(PF)
Zj

for the on-site spin operator

Zj using an expression similar to Eq. (88). Note that this is
equivalent to computing the Mazur bounds of Eq. (69) using
the IoMs of Eq. (45), although constructing and inverting
the correlation matrix is computationally more expensive.

In Fig. 4, we plot this bound M
(PF)
Zj

in the OBC PF model

with m = 3 as a function of j for various system sizes L,
where we can view this as a spin-1 system with standard
definition Zj ≡ |+〉〈+| − |−〉〈−|. Similar to the bound in the
t − Jz model shown in Fig. 3, we find that the fragmenta-
tion in the PF model leads to a spatial dependence of the

bound M
(PF)
Zj

, with higher bounds closer to the edges of the

chain. As shown in the inset of Fig. 4, the Mazur bound for
the edge spin at large system sizes appears to approach a
non-zero value of ∼ 0.2, suggesting localization at the edges
similar to the t − Jz model, although to a smaller numer-
ical value. The Mazur bound in the bulk of the chain ap-
pears to be rather accurately ≈ 1/L at large system sizes,
somewhat larger than the total contribution of the two U(1)
symmetries of the m = 3 PF model, which can be shown to
be 2/(3L) (similar to Eq. (78)). This is qualitatively differ-
ent from the bulk Mazur bounds in the OBC t − Jz model,
where the nature of the scaling with system size is enhanced
to ∼ 1/

√
L, see Eq. (85). These results are consistent with

the expectation that the dynamics of “dots” in the PF model
is significantly different from the spins in the t − Jz model,
as discussed in Sec. IV C; however, we do not have a good
physical understanding of the observed qualitative behavior
and leave this as an open question. (The difference in the
dynamics is likely less important for the edge spin operator,
since in the PF model inside a Krylov subspace only the very
first dot—whose state does not vary—can “visit” the edge
site j = 1, just like only the very first spin can visit the edge
site in the t − Jz model, which appears to be sufficient to
develop non-zero autocorrelation.)

4. TL models

The Mazur bound of M
(PF)
Zj

is also a lower bound for the

Mazur bound M
(TL)
Zj

of the on-site spin operator in the TL

models of Eq. (48), since all the IoMs of the PF model are
also IoMs of the TL models, as discussed in Sec. V C. Hence,
we expect edge localization of the spin operator in the TL
models as well. However, a more precise calculation or nu-
merics is more challenging since the Krylov subspaces are
specified in terms of a non-orthogonal dimer basis, and com-
puting projectors onto the Krylov subspaces involves an ex-
plicit computation of overlap matrix between the dimer ba-
sis states and its inverse. Furthermore, since the commutant
CTL is non-Abelian, the projectors onto the Krylov subspaces
do not span the full commutant, rather they only span its
maximal Abelian subalgebra. That is, given two degener-
ate Krylov subspaces Kα and Kα′ (here labeled by differ-
ent wavefunctions on the “dots”), we can chose orthogonal
bases {|ψαβ〉} and {|ψα′β〉} for them such that the operators
{êj,j+1} have identical matrix forms in these bases. Hence,
operators such as ΠKαKα′ :=

∑
β |ψαβ〉 〈ψα′β | for degenerate

Krylov subspaces Kα and Kα′ are also part of the commu-
tant, in addition to projectors onto the Krylov subspaces,

which read ΠKα :=
∑
β |ψαβ〉 〈ψαβ |. This suggests that the

expression for the Mazur bound for operators such as Zj also
involves computing matrix elements such as 〈ψαβ |Zj |ψα′β′〉
between basis states of different Krylov subspaces, which fur-
ther complicates the computation. We have hence not been
able to perform analytical Mazur bound calculations for spin
operators in the TL model, and this leaves open the question
of whether the bounds shown in Fig. 4 are further enhanced
in the TL models that lead to qualitatively different behav-
ior, and we defer this study for future work.

Nevertheless, we are able to analytically obtain such an
exact Mazur bound for the autocorrelation function of the
edge energy operator ê1,2. We achieve this by utilizing the
fact that the energy terms act within Krylov subspaces and
have simple expressions in the “dots and dimers” representa-
tion, cf. Eqs. (54)-(55). Specifically, we focus on local energy
operators êj,j+1 and note that it is sufficient to consider the
projectors {ΠKα} in the computation of the Mazur bound
since Tr

(
êj,j+1ΠKαKα′

)
= 0 for two degenerate Krylov sub-

spaces Kα and Kα′ , where ΠKα and ΠKαKα′ are defined in
the previous paragraph. Hence, we arrive at an analog of
Eq. (88)

M
(TL)
êj,j+1

=
1

mL

∑
α

[Tr(êj,j+1ΠKα)]2

Tr
(
Π2
Kα

)
=
m2

mL

∑
α

[N
dimer@(j,j+1)
Kα ]2

DKα
, (92)

where α runs over distinct Krylov subspaces labeled by the
number of dots and distinct |ψdots〉’s, cf. Sec. V B, DKα is the

dimension of the Krylov subspace Kα, and N
dimer@(j,j+1)
Kα is

the number of configurations in Kα where the sites j and
j+ 1 are connected by a dimer. In Eq. (92), we have in mind
a Krylov subspace Kα that is spanned by a number of dis-
tinct pictures of dots and dimers, and we can associate a
basis vector with each such picture. While this basis is not
orthogonal, we can still use it to evaluate the trace, which
simplifies here since êj,j+1 acting on any such picture pro-
duces a single other such picture, according to Eqs. (54) and
(55). However, the output and input pictures coincide only if
the sites j, j+1 are connected by a dimer, and the amplitude
is m in each such case, cf. Eq. (54). Each such case gives a
nonzero diagonal matrix element that enters Tr(êj,j+1ΠKα),

which can then be evaluated to m times N
dimer@(j,j+1)
Kα , the

number of pictures where the sites j, j + 1 form a dimer.4

Furthermore, since êj,j+1 is not traceless, i.e., has non-zero
expectation value at infinite temperature, we are only in-
terested in its connected autocorrelation function, and the
corresponding “connected” Mazur bound is given by

M conn
êj,j+1

:= M
(TL)
êj,j+1

− (〈êj,j+1〉T=∞)2 = M
(TL)
êj,j+1

− 1

m2
. (93)

While we do not know how to count N
dimer@(j,j+1)
Kα in

Eq. (92) for general j, as we show in App. I, the counting
simplifies at the edge for j = 1. This allows us to obtain the

4 Note that the above simple diagonal matrix elements in the matrix
representation of êj,j+1 in this basis are not equal to expectation
values in the basis states since the basis is not orthogonal.



22

exact result for the connected Mazur bound at the edge as
(see Eq. (I5))

M conn
ê1,2

=
1

L− 1

(
1− 4

m2
+

6

m2L

)
. (94)

For m > 2, the Mazur bound M conn
ê1,2

decays as ∼ 1/L, a

slower decay than ∼ 1/L2 expected from the global SU(m)
symmetry (this follows from arguments similar to two-site
operators in the case of SU(2) discussed in Sec. VII B, since
the bond energy is a two-site operator). Hence, the auto-
correlation function of the edge energy operator provides a
clear dynamical signature of the Hilbert space fragmentation
in the TL models.

Note that for m = 2, Eq. (94) simplifies to 3/[2L(L−1)] ∼
L−2, since the m = 2 TL chain only has a global SU(2)
symmetry and does not exhibit fragmentation [this for-
mula agrees with the result for MSαj S

α
k

for SU(2)-symmetric

spin-1/2 case discussed in Sec. VII B, see Eq. (75), since

Uêj,j+1U
† = 1/2 − 2~Sj · ~Sj+1 where U is a sublattice ro-

tation similar to Eq. (53).].
Finally, we note that despite the enhancement of the

Mazur bound for the edge energy operator in the TL (m > 2)
models, it does not exhibit “localization,” in contrast to the
edge spin operator. On the other hand, in the t− Jz model,
we expect the edge energy operators to be also “localized,”
while we have not shown this explicitly in Sec. VII C 1, this
can be checked for various Hamiltonian terms in Eq. (17)
taken near the edge. We think that the physics of this dif-
ference between the TL and t − Jz model is that there is
a symmetry distinction between local energy and local spin
operators in the former, while there is no such distinction in
the latter, e.g., the local field term in the t−Jz Hamiltonian
in Eq. (17) is proportional to the spin operator Zj . While the
symmetry distinction in the TL model is clear already from
the SU(m) symmetry, it would be interesting to better un-
derstand the interplay with the fragmentation phenomenon,
and if there may be other more subtle distinctions among
various observables.

5. Contribution of frozen eigenstates

Note that in all of the Mazur bounds discussed in frag-
mented systems, the contribution of the frozen eigenstates
is exponentially small in the system size, and this can be
shown on general grounds. Indeed, denoting the normalized
frozen states by {|ψf 〉}, the projectors onto them {|ψf 〉 〈ψf |}
are mutually orthogonal elements of the commutant algebra.

For any Hermitian operator Ô, their Mazur bound contribu-
tion is given by

M
(frozen)

Ô
=

1

D

∑
f

〈ψf | Ô |ψf 〉2 ≤
Nf‖Ô‖2

D
, (95)

where Nf is the number of frozen states, ‖Ô‖ is the operator

norm of Ô, and D is the Hilbert space dimension. Restrict-
ing to fragmented systems and strictly local operators, we

have D ∼ dL, Nf ∼ φL with some φ < d, and ‖Ô‖ ∼ O(1),

hence M
(frozen)

Ô
∼ (φ/d)L, which is exponentially small. This

argument holds irrespective of spatial dimension or the par-
ticular system, hence we do not expect frozen eigenstates to

play any significant role in the enhancement of the Mazur
bounds.

VIII. SUMMARY AND OUTLOOK

In this work, we studied dynamical properties of families
of Hamiltonians using their commutant algebra, the algebra
of all operators (IoMs) that commute with the entire fam-
ily of Hamiltonians. Focusing on Hamiltonians of the form
of Eq. (2), the commutant algebra is the centralizer of the
bond algebra generated by the local terms of the Hamilto-
nian, i.e., the algebra of operators that commute with each
term of the Hamiltonian. The bond and commutant algebra
language can be used to clearly define IoMs of a family of
Hamiltonians, since there is no clear definition of IoMs for a
single Hamiltonian in a finite-dimensional Hilbert space (any
Hamiltonian has exponentially many conserved quantities –
the eigenstate projectors). In Sec. II, we illustrated this for
Hamiltonians with conventional symmetries such as U(1) or
SU(2). Further, we showed that the number of dynamically
disconnected Krylov subspaces of a family of Hamiltonians
scales in the same way with system size as the dimension of
the commutant [i.e., distinguishing exponential vs polyno-
mial scaling, see precise Eq. (16)], hence allowing us to nat-
urally classify systems into various categories based on the
character of this scaling. As we summarize in Tab. I, this di-
mension is either constant or scales polynomially with system
size in systems exhibiting conventional discrete or continuous
global symmetries. On the other hand, in systems exhibiting
Hilbert space fragmentation, this dimension scales exponen-
tially with system size, and this provides a precise definition
of Hilbert space fragmentation, something that has been ab-
sent in the literature so far. Hence systems with Hilbert space
fragmentation can be thought to lie somewhere between sys-
tems with conventional symmetries and completely solvable
systems. Furthermore, the fragmentation is a property of the
bond algebra, and the same Krylov subspaces exist for any
Hamiltonian or Floquet circuit built using the operators in
this algebra.

We illustrate this definition by constructing the complete
basis for the commutant algebra in several models exhibiting
fragmentation – the t − Jz, Pair-Flip (PF), Temperley-Lieb
(TL), and spin-1 dipole-conserving models in Secs. III, IV, V,
and VI respectively, and we show that the dimension of the
commutant scales exponentially with system size. The com-
mutant algebra formalism also clearly distinguishes between
two types fragmentation, depending on whether the fragmen-
tation occurs in the product state basis or in an entangled
basis, which we refer to as “classical” and “quantum” frag-
mentation respectively. In the former case, all operators in
the commutant are diagonal in the product state basis, and
this type of fragmentation can also occur in constrained clas-
sical systems with the same set of transition rules [51], where
the phenomenon is an example of “reducibility” [29]. Three
of the examples we discuss exhibit classical fragmentation,
the t − Jz, PF, and dipole-conserving models, while the TL
models (which includes the well-known spin-1 biquadratic
model) exhibit quantum fragmentation.

Using this language, we also clarify the distinction between
the full commutant and the minimal set of operators required
to uniquely label its Krylov subspaces, which helps us un-
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derstand the relation to SLIOMs in certain fragmented sys-
tems [44]. Specifically, the Krylov subspaces of any system
can be uniquely labeled by the eigenvalues under the mini-
mal set of generators of the maximal Abelian subalgebra of
the commutant. In systems with conventional symmetries,
this minimal set consists of a few simple conserved quanti-

ties [such as Sztot for the U(1) symmetry or ~S2
tot, S

z
tot for the

SU(2) symmetry], hence the language of commutant algebra
is not necessary. In certain systems exhibiting fragmenta-
tion, non-local operators referred to as SLIOMs [44] form
one such minimal generating set, although there are multi-
ple such choices of non-local operators. However, in all the
models we study, the full commutant algebra is easier to con-
struct than the SLIOMs, and the expressions or the existence
of the latter is not evident in many systems, e.g., the PF and
TL models.

Finally, in Sec. VII, we studied the contribution of the
full commutant algebra to the Mazur bounds for the auto-
correlation function of local operators, both in the case of
conventional symmetries as well as fragmented systems. In
the case of conventional symmetries, it is typically sufficient
to consider the contribution of the minimal set of local con-
served quantities that generate the full commutant, although
there can be additional (perhaps subleading) contributions
from the non-local operators in the commutant algebra. In
all the fragmented systems we discuss, we found significant
enhancement of the Mazur bounds due to the contribution of
the exponentially many operators in the commutant. Focus-
ing on the Mazur bounds for the on-site spin operator in var-
ious systems: (i) In the t−Jz model, we obtain exact results
everywhere in the system, analytically recovering the numer-
ical results of Ref. [44]. (ii) In the spin-1 dipole-conserving
system with OBC, we analytically show the spin localization
in the bulk of the system. (iii) In the PF and TL models,
we numerically illustrate the behavior of the Mazur bound
enhancement everywhere in the chain, finding localization
near the edge but qualitatively weaker enhancement in the
bulk compared to the t − Jz model (the TL model results
are only lower-bounded by the PF ones and are not defini-
tive for the bulk behavior). In addition, in the t− Jz model
with PBC, we show the enhancement of the Mazur bound for
two-site operators, going beyond results in Ref. [44]. Also, in
the TL model, we analytically show the enhancement of the
Mazur bound for the edge energy operator. We believe that
our exact results on the commutant of these systems will
also be useful in understanding other dynamical phenomena
in fragmented systems, such as the fracton Casimir effect in
dipole-conserving models [98].

The presented Mazur bound calculations also highlight two
aspects of fragmentation. First, we show that the SLIOMs do
not accurately capture the full Mazur bound in fragmented
systems (explicitly demonstrated in the OBC t− Jz model),
and our results suggest that their existence is not necessary
for the enhancement of Mazur bounds (e.g., in the PBC t−Jz
model). This points to the need of going beyond construct-
ing the minimal set of generators such as the SLIOMs in
fragmented systems. Second, while the commutant often con-
tains exponentially many IoMs that are simply the projectors
onto frozen eigenstates that are product states, their contri-
bution to the Mazur bound is exponentially small, hence the
frozen eigenstates play a minimal role in the enhanced Mazur
bounds. This shows that such inert/frozen eigenstates, which

are the focus of a lot of the literature on fragmentation, might
not be the most important aspect of fragmentation. On the
other hand, as shown in the spin-1 dipole-conserving model,
blockades that dynamically disconnect parts of the system
are crucial for operator localization.

Looking forward, it would be interesting to find new exam-
ples of classical and quantum fragmentation that fit into this
language, and apply and verify that this formalism applies
to the several other examples of Hilbert space fragmentation
in the literature [40–42, 45–50]. An efficient and systematic
procedure of determining the commutant corresponding to a
family of systems, possibly along the lines of existing works
on conserved quantity detection [99–101], would be useful
in looking for fragmentation, and might also help in finding
the associated non-obvious IoMs. These examples can also
be used to better understand the finer classification of dy-
namical phenomena within each of the coarse classes defined
by the dimension of the commutant in Tab. I. For example,
even within systems with fragmentation, there could be fur-
ther distinctions in the properties of the Krylov subspaces.
Some of these properties such as weak vs strong fragmen-
tation can be understood in terms of the full spectrum of
the numbers {Dλ} and {dλ} in Eq. (6) (as opposed to the
dimension of the commutant which only involves {dλ}). On
the other hand, there are properties such as Mazur bound
saturation or operator localization that require a detailed
knowledge of the operators in the commutant. In addition,
there are systems that exhibit similar features as fragmenta-
tion but with polynomially many Krylov subspaces, as shown
in a recent work [50] on the Motzkin spin chain. Although
such systems would not be fragmented in our definition, it
is important to precisely understand how they differ from
systems with conventional continuous global symmetries.5

While we have focused on families of Hamiltonians of
the form of Eq. (2), where the bond algebra is generated
from strictly local terms, a minimal generalization consists
of adding a few operators that are the sums of strictly lo-
cal operators (e.g., a uniform magnetic field) to the genera-
tors of the bond algebra. As we will discuss in an upcoming
work [102], studying such generalized algebras yields insights
into many examples of quantum many-body scars. It would
also be interesting to study more general families of Hamil-
tonians with additional symmetries (e.g., translation, lattice
symmetries), or symmetries in other types of systems such
as open quantum systems [103–106] or quantum maps [107–
109], and explore whether such systems can be fruitfully un-
derstood in this language of commutant algebras.

Further, throughout this work we have restricted ourselves
to finite Hilbert space dimensions, where the bond and com-
mutant algebras are essentially algebras of matrices of the
form of Eq. (7). It is important to make this formalism more
rigorous in the thermodynamic limit, where many subtle is-
sues such as the topology of operator space arise. One way
of working with the conserved quantities directly in the ther-

5 The Krylov subspaces in the Motzkin chain work Ref. [50] can be
labeled by two conserved numbers, N( − N) and N( + N) − 2N(·),
where ‘(’ stands for the ‘u’ state and ‘)’ for the ‘d’ state in their
notation, while N(·) counts the number of syntactically matched pairs
of parentheses in the product state basis. The former can be thought
of as a conventional U(1) symmetry, while the latter is a non-local
U(1) symmetry.
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modynamic limit might utilize their simple Matrix Product
Operator representations shown in App. J.

Finally, while the commutant algebra language demysti-
fies many aspects of symmetries and fragmentation, it also
warrants a closer examination of a number of fundamental
questions. While the scaling of the dimension of the commu-
tant with system size in Table I can be defined to be the
distinction between conventional discrete/continuous global
symmetries and fragmentation, one still needs to verify if
all symmetries considered “conventional” (e.g., Lie group
symmetries) obey this property. Conventional symmetries
are typically unitary operators with an on-site action, which
leads to conserved quantities that are local operators. If this
is the case, do all families of systems with only a finite num-
ber of on-site symmetries have a commutant with dimension
that scales polynomially with system size? Addressing such
questions is also important to provide a precise definition
of ergodicity and its breaking in quantum many-body sys-
tems. Ergodicity in a quantum Hamiltonian is usually tested
by studying the properties of the spectrum within quantum
number sectors after resolving the symmetries of the system,
where typically only the well-known conventional symmetries
are considered [4]. However, the commutant algebra language
treats the conventional conserved quantities and the non-
local conserved quantities on equal footing, and it is not a
priori clear which symmetries should be resolved [3, 110] be-
fore testing for ergodicity. In spite of the fact that fragmented
systems usually have large Krylov subspaces that thermal-
ize, they are considered to be examples of ergodicity break-
ing due to the many Krylov subspaces of small dimension
that remain after resolving only the conventional symmetries
(and also the very existence of the Krylov subspaces not la-

beled by the conventional symmetries is usually referred to
as ETH-breaking, e.g., being responsible for unconventional
thermalization dynamics from simple initial states). On the
other hand, conventional symmetries themselves also possess
some number of subspaces of small dimension [e.g., the ferro-
magnetic multiplet in SU(2) symmetric systems], which are
not considered to be ergodicity breaking. This discrepancy
in terminology opens up the question of how to precisely de-
fine ergodicity breaking, and whether local on-site conserved
quantities are fundamentally the only ones that need to be
“resolved.” We defer detailed explorations of these funda-
mental questions for future work.
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Appendix A: A Sufficient Condition for Classical Fragmentation

In this appendix, we prove a sufficient condition for classical fragmentation, i.e., for all the operators in the commutant
algebra to be diagonal in the product state basis. For a spin system with an m-state local Hilbert space (i.e., spin-(m−1)/2),
we label the states on site j as {|α〉j} for 1 ≤ α ≤ m, and we define on-site operators Nα

j := (|α〉 〈α|)j . The sufficient condition

is as follows. If the operators {Nα
j } for all α and j are all part of the bond algebra A, then any operator Ô that is part of

the corresponding commutant algebra C is diagonal in the product state basis, i.e., it can be expressed as a polynomial in

terms of the operators {Nα
j }. To show this, we first perform a Schmidt decomposition of the operator Ô about a bipartition

of the full Hilbert space as H = Hj ⊗Hrest, where Hj and Hrest are the Hilbert spaces on site j and the rest of the system

respectively. The decomposition reads Ô =
∑
β λβÔ

β
j ⊗ Ô

β
rest, where {Ôβj } and {Ôrest} are sets of orthogonal operators that

have supports on site j and the rest of the system respectively, and λβ ≥ 0 are the Schmidt values. Since Ô is a part of the

commutant, we have [Ô,Nα
j ] = 0 for all α, j, hence also

∑
β λβ [Ôβj , N

α
j ]⊗ Ôβrest = 0. However, since the operators {Ôβrest}

are linearly-independent (since they are orthogonal), we necessarily have [Ôβj , N
α
j ] = 0 for all α and β, which is only possible

if Ôβj is a polynomial function of Nα
j (here simply any diagonal matrix in the employed basis). Since the argument applies

to all sites j, we obtain that Ô should be a polynomial function of {Nα
j }, and hence is diagonal in the product state basis.

Since the identity operator 1 is always a part of the bond algebra, for a spin-1 system to exhibit classical fragmentation, it
suffices if the operators {Szj } and {(Szj )2} are part of the bond algebra.

Appendix B: t− Jz Commutant Algebra

In this appendix, we discuss properties of the commutant algebra corresponding to the family of t−Jz models of Eq. (17).

1. Orthogonal Basis

We first set up an orthogonal basis for the commutant algebra Cobc of the t− Jz model discussed in Sec. III. To begin, we

define operators P̂j , Ẑj , Ôj on site j, and a string operator Ŝi,j between sites i and j as follows

P̂j := N↑j +N↓j , Ẑj := N↑j −N
↓
j , Ôj := 1− P̂j , Ŝi,j :=

j∏
k=i

Ôk, 1 ≤ i ≤ j ≤ L,

Îi,j :=

j∏
k=i

(P̂k + Ôk) = 1, 1 ≤ i ≤ j ≤ L, (B1)

where N↑j and N↓j are defined in Eq. (20), and 1 denotes the identity operator. Note that although Îi,j is simply the identity

operator 1 for any i and j, we will use it to denote “insertions” of the identity in terms of operators {P̂j} and {Ôj}. These
operators satisfy the following properties:

Ẑ2
j = P̂j , P̂ 2

j = P̂j , Ô2
j = Ôj , P̂jẐj = Ẑj = ẐjP̂j , ÔjP̂j = P̂jÔj = 0 = ẐjÔj = ÔjẐj ,

Tr(P̂j) = 2, Tr(Ẑj) = 0, Tr(Ôj) = 1. (B2)
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In order to express the IoMs of Eq. (25) in terms of operators {P̂j , Ẑj , Ôj}, we need to introduce additional shorthand
notation. We define “words” of length l as follows

A(1) · · ·A(l) :=
∑

j1<···<jl

Ŝ1,j1−1

(
l∏

k=1

A
(k)
jk
Ŝjk+1,jk+1−1

)
A

(l)
jl
Ŝjl+1,L, A(j) ∈ {P,Z}, (B3)

where 0 ≤ l ≤ L, and we have used the same shorthand notation for the sum as in Eq. (25), and the only word of length 0 is

defined to be Ŝ1,L, which we will denote by P 0. To avoid ambiguities, we hereby denote the usual operator product operation
when acting on the set of words by ∗. Using the definition of Eq. (B3) and the properties of Eq. (B2), it is easy to verify that
the product of two words is given by

(A(1) · · ·A(l)) ∗ (B(1) · · ·B(k)) =


((A(1) ∗B(1)) · · · (A(k) ∗B(k))) if k = l

0 if k 6= l

, (B4)

where, as a consequence of Eq. (B2), we have defined the product for individual “letters” as

P ∗ Z := Z ∗ P := Z, Z ∗ Z := P, P ∗ P := P. (B5)

The set of words of length l is hence closed under products, and the set of words of length l is an Abelian algebra C(l) of
dimension dim(C(l)) = 2l. In what follows, whenever one sees a sequence of P ’s and Z’s without hats and without any ∗’s, it
denotes a word, i.e., operator of the form in Eq. (B3). We will also frequently write, say, P j as a shorthand for a sequence of
j letters P (which may be part of a larger sequence).

Each word is an equal-weight superposition of specific operator strings where each string has the form
∏
j(P̂j or Ẑj or Ôj)

and the number and pattern of P̂ ’s and Ẑ’s—read from left to right and omitting any intervening Ô’s—is fixed by the word.

The properties Eq. (B2) make the on-site operators P̂j , Ẑj , and Ôj orthogonal in the Hilbert-Schmidt inner product, so
distinct string operators of the above form are orthogonal, and hence distinct words are orthogonal – this is the reason for
working in terms of these on-site operators. Furthermore, the equal-weight superposition structure in the definition of the

words as well as specific expressions for P̂j , Ẑj , and Ôj in terms of N↑j , N↓j , and 1 allow one to show that each word of length

l can be written as a linear superposition of the IoMs Nσ1...σk , 0 ≤ k ≤ L defined in Eq. (25).
Similarly, we can also express the operators {Nσ1···σk} of Eq. (25) in terms of words defined in Eq. (B3). Starting with

k = 1, we obtain

Nσ1 =

L∑
i=1

i−1∏
j=1

(P̂j + Ôj)

 (P̂i + σ1Ẑi)

2

 L∏
j=i+1

(P̂j + Ôj)

 =
1

2

∑
j,k

P jPP k +
σ1
2

∑
j,k

P jZP k, (B6)

where P jPP k and P jZP k are words of length j + k + 1 and the sums run over all values j, k ≥ 0 and j + k ≤ L − 1, and
we have abused notation and defined σj =↑ / ↓= +1/− 1. Note that P jPP k here is simply a word with all j + k + 1 letters

being P , and the first sum can be rewritten in terms of distinct such words,
∑
j,k

P jPP k =
∑L
a=1 aP

a, but exhibiting such

rewriting is not necessary for our purposes here and below. Similarly, we can express Nσ1σ2 as

Nσ1σ2 =
∑
i1<i2

Î1,i1−1

(
(P̂i1 + σ1Ẑi1)

2
Îi1+1,i2−1

)
(P̂i2 + σ2Ẑi2)

2
Îi2+1,L

=
1

4

∑
j,k,l

P jPP kPP l +
σ1
4

∑
j,k,l

P jPP kZP l +
σ2
4

∑
j,k,l

P jZP kPP l +
σ1σ2

4

∑
j,k,l

P jZP kZP l, (B7)

where the sums run over all values of j, k, l such that j, k, l ≥ 0 and j + k+ l ≤ L− 2. Similarly, we can also express Nσ1···σk

as

Nσ1···σk =
∑

i1<···<ik

Î1,i1−1

k−1∏
l=1

(
(Pil + σlZil)

2
Îil+1,il+1−1

)
(Pik + σkZik)

2
Îik+1,L, (B8)

which can clearly be expanded in terms of words of Eq. (B3), in particular, the ones that contain at most k Z’s, although
we do not attempt to write down the exact expression.

We have thus shown that the linear span of the IoMs Nσ1···σk is the same as the linear span of words of length l, 0 ≤ l ≤ L.
The basis of words of length l, 0 ≤ l ≤ L also form an orthogonal basis for the commutant algebra Cobc, as discussed earlier.
Hence the full commutant algebra Cobc is then simply given by

Cobc =

L⊕
l=0

C(l), dim (Cobc) = 2L+1 − 1. (B9)
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This is consistent with the fact that there are 2L+1 − 1 operators Nσ1···σk , which is same as dim(Cobc).
The words of Eq. (B3) can be generalized to PBC, where we define PBC words as

[A(1) · · ·A(l)] :=

l−1∑
m=0

∑
j1<···<jl

Ŝ1,j1−1

(
l−1∏
k=1

A
(m+k)
jk

Ŝjk+1,jk+1−1

)
A

(m+l)
jl

Ŝjl+1,L, A(j) ∈ {P,Z}, (B10)

for 0 ≤ l ≤ L − 1, and we assume A(l+j) := A(j) for 1 ≤ j ≤ l. Similar to the OBC case, the only word of length 0 is

Ŝ1,L, which we will denote by P 0. As a consequence of Eq. (B10), all cyclic permutations of the words are identical, i.e.,

[A(1) · · ·A(l)] = [A(2) · · ·A(l)A(1)] = · · · = [A(l)A(1) · · ·A(l−1)]. Similar to Eq. (B4), it is easy to verify that the products of
two PBC words of length l ≤ L− 1 is given by

[A(1) · · ·A(l)] ∗ [B(1) · · ·B(k)] =


l−1∑
m=0

[(A(m+1) ∗B(1)) · · · (A(m+k) ∗B(k))] if k = l

0 if k 6= l

, (B11)

where we have again assumed A(l+j) := A(j) for 1 ≤ j ≤ l. For l = L, however, we define PBC words as

[A(1) · · ·A(L)] :=

L∏
j=1

A
(j)
j , (B12)

since such products by themselves (i.e., without any sums) are distinct elements in the commutant algebra Cpbc. Hence, by
our definition, the cyclic permutations of PBC words of length L are not identical. These words of length L are orthogonal
to the words of length l ≤ L − 1 of Eq. (B10), and their products are given by Eq. (B4). These words of Eqs. (B10) and
(B12) form a complete basis for the PBC commutant algebra Cpbc, and similar to the OBC case, the IoMs of Eq. (27) can be
expressed as linear combinations of the PBC words. Similar to Eq. (B9), the commutant Cpbc is a direct sum of the algebra
of words of length l, 0 ≤ l ≤ L, and it is clear that dim(Cpbc) grows exponentially with L.

2. Algebra Generated by the SLIOMs

We now construct the algebra generated by the (left) SLIOMs {q̂(`)l } discussed in Sec. III D. Using the definition of the

SLIOMs q̂
(`)
l in Eq. (29), and the operators defined in Eq. (B1), we can express them in terms of these words of Eq. (B3) as

follows

q̂
(`)
1 =

∑
j

Ŝ1,j−1Ẑj Îj+1,L, q̂
(`)
2 =

∑
j1<j2

Ŝ1,j1−1P̂j1 Ŝj1+1,j2−1Ẑj2 Îj2+1,L, · · · , q̂(`)l =
∑

j1<···<jl

Ŝ1,j1−1

(
l−1∏
k=1

P̂ik Ŝjk+1,jk+1−1

)
Ẑjl Îjl+1,L,

=⇒ q̂
(`)
l = P l−1Z + P l−1ZP + P l−1ZP 2 + · · ·+ P l−1ZPL−l =

L−l∑
α=0

P l−1ZPα. (B13)

Using Eq. (B13), we now show that the sums and products of the left SLIOMs along with the 1 operator generate the entire
algebra Cobc. Note that a simple application of Eq. (B4) gives

(q̂
(`)
l )2 − (q̂

(`)
l+1)2 = P l, 1 ≤ l ≤ L− 1, (q̂

(`)
L )2 = PL,

q̂
(`)
l ((q̂

(`)
l+m)2 − (q̂

(`)
l+m+1)2) = P l−1ZPm, 1 ≤ l ≤ L− 1, 0 ≤ m ≤ L− l − 1; q̂

(`)
l (q̂

(`)
L )2 = P l−1ZPL−l. (B14)

Using the properties of Eq. (B14), and the fact that 1 =
∑L
l=0 P

l, we obtain that P l and P lZPm can be generated from the
left SLIOMs for any l,m. Now, using Eq. (B4) it is straightforward to show that all words of the form of Eq. (B3) can be
generated by products of these words. Hence, the left SLIOMs along with 1 generate the full algebra of words of length l,
0 ≤ l ≤ L, which is the commutant algebra Cobc.

Similarly, the (right) SLIOMs {q̂(r)l } defined in Eq. (31) generates the entire commutant algebra Cobc. This can be shown

in a similar way, starting from the expressions of q̂
(r)
l in terms of words of Eq. (B3)

q̂
(r)
1 =

∑
j

Î1,j−1ẐjŜj+1,L, q̂
(r)
2 =

∑
j1<j2

Î1,j1−1Ẑj1 Ŝj1+1,j2−1P̂j2 Ŝj2+1,L, · · · , q̂(r)l =
∑

j1<···<jl

Î1,jl−1Ẑj1

(
l−1∏
k=1

Ŝjk+1,jk+1−1P̂jk+1

)
Ŝjl+1,L

=⇒ q̂
(r)
l = ZP l−1 + PZP l−1 + · · ·+ PL−lZP l−1 =

L−l∑
α=0

PαZP l−1. (B15)

Eq. (B15) shows that these operators are distinct from the left SLIOMs of Eq. (B13). Nevertheless, we can similarly show

that {q̂(r)l } along with 1 generate the algebra Cobc, and hence the left and right SLIOMs are different sets of generators of
the same algebra.
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Appendix C: Number and Dimensions of Krylov Subpaces in the Pair-Flip Model

In this appendix, we review exact results on the counting of the number and dimensions of Krylov subspaces in the
PF model of Eq. (34), which prove useful in performing quick analytical calculations and consistency checks in numerical
calculations. We first introduce an alternative interpretation of the Hilbert space and Krylov subspaces that enabled Ref. [73]
to exactly count their number and dimensions. Any product state in the Hilbert space of the spin-(m − 1)/2 (i.e., m-level)
chain of length L can be interpreted as a “walk” of length L starting from a fixed vertex (which we refer to as the origin)
on a Bethe lattice of coordination number m. We can think of the m edges at any vertex of the Bethe lattice as labelling m
different values of the local spin such that no two edges that share a common vertex have the same label. The product state
|α1 · · ·αL〉 is then a walk starting from the origin on the Bethe lattice where the first step is along the edge labeled by α1,
second step is along the edge labeled by α2, and so on until the L-th step is along the edge labeled by αL. As a consequence
of the labelling of the Bethe lattice, note that any walk (product state) with a repetition such as |· · ·αα · · ·〉 indicates that

the walk retraces a step back. In the language of walks, the action of F̂α,βi,j in Eq. (34) only changes the retraced edges of

the walk (i.e., results in transitions |αα〉 ↔ |ββ〉), and hence does not change the end point of the walk. Furthermore, since

H
(m)
PF allows for transitions between any such retraced edges, it is easy to see that all walks with the same end point are

connected by the transitions allowed by H
(m)
PF . The Krylov subspaces of H

(m)
PF are thus uniquely labeled by end points of the

walks, or, equivalently, by the unique path on the Bethe lattice from the origin to the end point without any retracing. We
refer to these shortest paths as “representative walks,” and the spins along these paths correspond to the “dots” discussed
in Sec. IV B. The Krylov subspaces with j dots correspond to walks that end at distance j from the origin for 0 ≤ j ≤ L,
which involve (L− j)/2 retracings.

1. Counting dimensions

In the following, we denote the number of Krylov subspaces with j dots by nj , and the dimension of each such subspace
for a system size of L by DL,j . Since all the Krylov subspaces span the full Hilbert space, we should have∑

j

njDL,j = mL. (C1)

While Eq. (C1) might be reminiscent of Eq. (8), these are different, and dλ = 1 for all λ in the PF model (i.e., the most general
PF model has no degeneracies among different Krylov subspaces with the same number of dots.) Following the discussion in
Sec. IV B, we directly obtain the number of distinct Krylov subspaces with j dots with OBC by imposing the condition that
the colors of adjacent dots to be unequal

nj =


1 if j = 0

m(m− 1)j−1 if j ≥ 1

. (C2)

The dimension counting of such subspaces DL,j is not so straightforward, which involves counting the number of walks of
length L with a fixed end point on a Bethe lattice, and this was studied in great detail in Ref. [73] using connections to the
counting of colored Dyck paths. Defining a generating function for the Krylov subspace dimension with j dots as

Gj(z) :=

∞∑
`=0

D`,jz
`, D0,0 := 1, D`,j = 0 if j > `, (C3)

they obtain

Gj(z) =
2(m− 1)

m− 2 +m
√

1− 4(m− 1)z2

(
1−

√
1− 4(m− 1)z2

2(m− 1)z

)j
, (C4)

where we have changed the conventions and notations of Ref. [73] to express the final result in the language used in this
work. The generating function in Eq. (C4) also encodes the following obvious constraints

• D`,j = 0 if j > `, i.e., there cannot be more than ` dots in a system of size `.

• D`,j = 0 if j and ` have the opposite parity, i.e., a system of even (resp. odd) size cannot have Krylov subspaces with
odd (resp. even) number of dots.

Using Eq. (C2), we can verify that
∞∑
j=0

Gj(z)nj = (1−mz)−1 =
∞∑̀
=0

m`z`, which, due to Eq. (C3), is a verification of Eq. (C1).
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Appendix D: Independence of Conserved Quantities in the Pair-Flip Model

In this appendix, we show that not all the operators in Eq. (45) are linearly independent. As discussed in Sec. II A, the
operators {Nα

j } are not linearly independent from 1, and they satisfy
∑m
α=1N

α
j = 1 for all j. As a consequence, for any even

system size L, the “one-index” conserved quantities {Nα1} can be expressed in terms of “two-index” conserved quantities
{Nγ1γ2} as follows

Nα1 =

L∑
j1=1

(−1)j1Nα1
j1

=

L∑
j1=1

(−1)j1Nα1
j1

[
(−1)j1+1 + (−1)L

2
− (−1)j1−1 + (−1)

2

]

=

L∑
j1<p=1

(−1)j1+pNα1
j1
−

L∑
p<j1=1

(−1)j1+pNα1
j1

=

m∑
β=1

 L∑
j1<p=1

(−1)j1+pNα1
j1
Nβ
p −

L∑
p<j1=1

(−1)j1+pNβ
pN

α1
j1


=
∑
β

(
Nα1β −Nβα1

)
=
∑
β 6=α1

(
Nα1β −Nβα1

)
, (D1)

where we have used the fact that (−1)j+1 = (−1)j−1, (−1)L = 1, and the identity

r∑
p=q

(−1)p =
(−1)q + (−1)r

2
. (D2)

Using the same manipulations, any “odd-index” conserved quantity {Nα1···α2k−1} can be expressed in terms of “even-index”
ones {Nγ1···γ2k} as follows

Nα1···α2k−1 =
∑

j1<···<j2k−1

(−1)j1+···+j2k−1Nα1
j1
· · ·Nα2k−1

j2k−1
=

∑
j1<···<j2k−1

(−1)j1+···+j2k−1Nα1
j1
· · ·Nα2k−1

j2k−1
× (D3)

[
(−1)L + (−1)j2k−1+1

2
− (−1)j2k−1−1 + (−1)j2k−2+1

2
+

(−1)j2k−2−1 + (−1)j2k−3+1

2
− · · · − (−1)j1−1 + (−1)

2

]
=
∑
β

(Nα1···α2k−2α2k−1β −Nα1···α2k−2βα2k−1 +Nα1···βα2k−2α2k−1 − · · · −Nβα1···α2k−1). (D4)

Note that terms of the form Nγ1···γ2k with any γl = γl+1 for some 1 ≤ l ≤ 2k− 1 are automatically excluded in the final sum
in Eq. (D4), either due to constraints on the indices in Nα1...α2k−1 on the LHS or due to cancellations in the sum over β.

Similarly, for an odd system size L, the even index conserved quantities {Nα1···α2k} can be expressed in terms of the odd
index conserved quantities {Nγ1···γ2k+1}. For k = 0, this directly follows since the “zero-index” conserved quantity 1 is simply
a sum of the “one-index” conserved quantities {Nα1}. For general k, we obtain

Nα1···α2k =
∑

j1<···<j2k

(−1)j1+···+j2kNα1
j1
· · ·Nα2k

j2k
=

∑
j1<···<j2k

(−1)j1+···+j2kNα1
j1
· · ·Nα2k

j2k
×

[
− (−1)L + (−1)j2k+1

2
+

(−1)j2k−1 + (−1)j2k−1+1

2
− (−1)j2k−1−1 + (−1)j2k−2+1

2
+ · · · − (−1)j1−1 + (−1)

2

]
=
∑
β

(−Nα1···α2k−1α2kβ +Nα1···α2k−1βα2k −Nα1···βα2k−1α2k + · · · −Nβα1···α2k), (D5)

where again any term Nγ1···γ2k+1 with any γl = γl+1 for some 1 ≤ l ≤ 2k is automatically excluded.

Appendix E: Commutants of the Temperley-Lieb Models

In this appendix, we sketch the structure of additional conserved quantities in the commutant of the TL models, apart
from the ones in Eq. (60), and we refer readers to Ref. [63] for a more detailed analysis. We begin with the commutation
relation

[
(Mj)

β1

α1
(Mk)

β2

α2
, êj,k

]
=


−δβ2

α1
(|β1α2〉 〈ψsing|)j,k + δβ1

α2
(|ψsing〉 〈α1β2|)j,k if j odd and k even

−δβ1
α2

(|α1β2〉 〈ψsing|)j,k + δβ2
α1

(|ψsing〉 〈β1α2|)j,k if j even and k odd

, (E1)
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which reduces to Eq. (58) when α1 6= β2 and β1 6= α2. To construct additional IoMs we begin by contracting various indices
in Eq. (E1) to obtain

[
m∑
γ=1

(Mj)
γ
α1

(Mk)
β2

γ , êj,k

]
=


−δβ2

α1
êj,k +m(|ψsing〉 〈α1β2|)j,k if j odd and k even

−m(|α1β2〉 〈ψsing|)j,k + δβ2
α1
êj,k if j even and k odd

,

[
m∑
γ=1

(Mj)
β1

γ (Mk)
γ
α2
, êj,k

]
=


−m(|β1α2〉 〈ψsing|)j,k + δβ1

α2
êj,k if j odd and k even

−δβ1
α2
êj,k +m(|ψsing〉 〈β1α2|)j,k if j even and k odd

,

[
m∑

ε,γ=1

(Mi)
γ
ε (Mj)

ε
γ , êj,k

]
= 0. (E2)

Using Eqs. (E1) and (E2), we can construct quadratic IoMs in a “traceless” form [63] as

Mβ1,β2
α1,α2

=
∑
j1<j2

[
(Mj1)

β1

α1
(Mj2)

β2

α2
− 1

m

m∑
γ=1

(
(Mj1)

β1

γ (Mj2)
γ
α2
δβ2
α1

+ (Mj1)
γ
α1

(Mj2)
β2

γ δβ1
α2

)
+

1

m2
δβ1
α2
δβ2
α1

m∑
ε,γ=1

(Mj1)
γ
ε (Mj2)

ε
γ

]
(E3)

When α1 6= β2 and β1 6= α2 this reduces to Eq. (59), while when one or both of these inequalities are not satisfied we obtain
new IoMs that are independent of the ones in Eq. (59) (up to relations such as

∑m
γ=1M

β1,γ
γ,α2

= 0, etc.). Similar new IoMs
with a larger number of indices can also be constructed, and although their derivations are more involved, they have simple
expressions in terms of Jones-Wenzl projectors, see Ref. [63] for details.

Appendix F: Canonical Configurations in the Spin-1 Dipole-Conserving Model

To understand the canonical configurations that generate the Krylov subspaces in the spin-1 dipole-conserving model of
Eq. (65), we introduce a diagrammatic representation for product states, and the mapping proceeds in two steps. First, we
represent sites using “dots” – we denote |0〉 by an unfilled dot | 〉, and |+〉 and |−〉 both by filled dots | 〉. Second, we then
connect any alternating pattern of |+〉 and |−〉 by “links,” and we refer to any set of sites connected by links as a “cluster”
For example, we have the mapping

|0 + 0 +−0 + 0− 0−〉 =
∣∣∣ 〉

= |0− 0−+0− 0 + 0+〉 (F1)

Note that the transitions of the dipole Hamiltonian in Eq. (66) are invariant under a global spin flip |+〉 ↔ |−〉. Hence,
for any Krylov subspace (except for the one-dimensional subspace |00 · · · 00〉), there is always a conjugate Krylov subspace
with the spins flipped. Any pattern of unfilled dots, filled dots, and links thus uniquely represents a product state in the
Hilbert space up to an overall spin flip. Although we do not distinguish between the conjugate subspaces in the diagrammatic
representation, we will take this multiplicity into account while counting the number of Krylov subspaces. We note that this
mapping of configurations to “dots” and “clusters” is related to a mapping to “defects” discussed in Ref. [44]. In particular,
the leftmost dot in a cluster in the former mapping corresponds to a defect in the latter.6

To understand the dynamics of the Hamiltonian Hdip of Eq. (65) in the diagrammatic representation, we note that the

transitions of Eq. (66) allowed by the terms P̂[j−1,j+1] can be written as∣∣ 〉
↔
∣∣ 〉

,
∣∣ 〉

↔
∣∣ 〉

, (F2)

where the dotted lines indicate possible links to the left and right of the filled dots. Using Eq. (F2), we observe the following:

1. Any product state is composed of a number of disconnected clusters, where each cluster is a connected set of (filled)
dots. For example, the state of Eq. (F1) is composed of three clusters of filled dots.

2. The actions of the terms {P̂[j−1,j+1]} do not change (i) the number of clusters, (ii) the charge and the closely related
parity of the number of filled dots in any cluster (even-parity clusters have charge zero while odd-parity clusters have
charge ±1), and (iii) the dipole moment of any cluster. Furthermore, the charge of the left-most filled dot in any cluster
remains unchanged, and so does the right-most charge.

6 We thank Tibor Rakovszky and Pablo Sala for pointing this out.
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3. Using the transitions of Eq. (F2), any cluster can be “reduced” to a cluster that is either a filled dot or a link, depending
on whether the number of filled dots in a cluster is odd or even. For example, we can reduce the middle cluster in Eq. (F1)
as follows

∣∣∣ 〉
↔
∣∣∣ 〉

↔
∣∣∣∣ 〉

(F3)

The dipole moment of the original cluster completely fixes the location of the final dot for odd parity or the length of
the link for even pairty (but not its location).

4. After the reduction of clusters, a canonical configuration for the state can be obtained by moving any cluster with a
single link adjacent to the cluster on its right (or the right end of the chain) using the transitions of Eq. (F2). It is
easy to see that this is always possible. For example, after the reduction of Eq. (F3), the configuration Eq. (F1) can be
brought to a canonical form as follows

∣∣∣∣ 〉
↔
∣∣∣ 〉

↔
∣∣∣ 〉

↔
∣∣∣∣ 〉

(F4)

These observations allow us to bring any product state into a canonical configuration that consists of unfilled and filled dots,
as well as clusters with a single link, which we refer to as “dimers.” Furthermore, all the links are located immediately to the
left of a filled dot or the right end of the chain. Each of these canonical configurations generates a different Krylov subspace,
and the number of Krylov subspace is hence simply the number of such canonical configurations.

To count the number of canonical configurations, we uniquely map each of them to a tiling pattern of L sites by three
objects: , , . We do this by retaining any filled and unfilled dots in the configuration, and by “shortening” any dimer
to a nearest neighboring dimer while keeping its left end fixed. For example, the invariant string of Eq. (F4) maps to a tiling
pattern as follows

∣∣∣∣ 〉
: . (F5)

Note that with the convention we have used that any dimer in the physical configuration always has either the end of the
chain or a filled dot to its right, the mapping to the tiling pattern is one to one. The number of canonical configurations
is then simply the number of tilings of an L × 1 “grid” with two types of 1 × 1 “squares” ( and ) and one type of 2 × 1
“dominoes” ( ). This is known to be the (L+ 1)th Pell number PL+1 [111], where P0 = 0, P1 = 1, and easy to understand
recursion relation PL+1 = 2PL+PL−1. Accounting for the fact that each configuration has conjugate (except for the one with
unfilled dots on all sites), the number of Krylov subspaces DL (i.e., the dimension of the commutant algebra) of an L-site
system with OBC is given by

DL = 2PL+1 − 1 =
(1 +

√
2)L+1 − (1−

√
2)L+1

√
2

− 1 ∼ 1√
2

(
√

2 + 1)L+1 for large L. (F6)

Note that the mapping to dots, links and clusters can also be done for PBC, although care has to be taken to count the ones
that cannot be connected to each other using the rules of Eq. (F2).

Appendix G: Mazur bounds in the t− Jz model

In this appendix, we compute three Mazur bounds for the OBC t − Jz model, obtained by considering the left SLIOMs

{q̂(`)l }, right SLIOMs {q̂(r)l }, and the full commutant algebra Cobc respectively. It is convenient to express the SLIOMs and
operators in Cobc in terms of words of Eq. (B3), and use the properties of Eqs. (B2) and (B4) to compute norms and overlaps
required for the Mazur bounds.
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1. SLIOM Mazur Bounds

To begin, we compute the norms and overlaps of the left and right SLIOMs with the Zj operators. Using Eqs. (B13) and
(B15), with simple combinatorics we obtain

〈q̂(x)l q̂(x)m 〉 = δl,m ×
1

3L

L−l∑
α=0

Tr
(
P l+α

)
= δl,m ×

L−l∑
α=0

2l+α

3L

(
L

l + α

)
= δl,m ×

L∑
α=l

2l

3α

(
α− 1

l − 1

)
≤ 1, x ∈ {`, r}

〈Zj q̂(`)l 〉 =
1

3L

L−l∑
α=0

Tr
(
ZjP

l−1ZPα
)

=

L−l∑
α=0

2l+α

3L

(
j − 1

l − 1

)(
L− j
α

)
=

2l

3j

(
j − 1

l − 1

)

〈Zj q̂(r)l 〉 =
1

3L

L−l∑
α=0

Tr
(
ZjP

αZP l−1
)

=

L−l∑
α=0

2l+α

3L

(
j − 1

α

)(
L− j
l − 1

)
=

2l

3L−j+1

(
L− j
l − 1

)
, (G1)

where P l+α, P l−1ZPα, and PαZP l−1 denote “words” defined in Eq. (B3). Using these expressions, the corresponding Mazur

bounds M
(`)
Zj

and M
(r)
Zj

defined in Eq. (81) read

M
(`)
Zj

=

L∑
l=1

〈Zj q̂(`)l 〉2

〈q̂(`)l q̂
(`)
l 〉

=
1

32j

j∑
l=1

2l
(
j−1
l−1
)2

L∑
α=l

1
3α

(
α−1
l−1
) , M

(r)
Zj

=

L∑
l=1

〈Zj q̂(r)l 〉2

〈q̂(r)l q̂
(r)
l 〉

=
1

32(L−j+1)

L−j+1∑
l=1

2l
(
L−j
l−1
)2

L∑
α=l

1
3α

(
α−1
l−1
) . (G2)

2. OBC Commutant Mazur Bounds

We now compute the bound M
(obc)
Zj

defined in Eq. (81), where {Qα} is any orthogonal basis for the commutant Cobc. Here

we choose {Qα} to be the words defined in Eq. (B3). Since we are interested in obtaining a bound on the autocorrelation
function Zj , the only words that have a non-zero overlap with Zj are the ones with a single Z in the word, we refer to them
as Wα,β := PαZP β . Note that the left and right SLIOMs defined in Eqs. (B13) and (B15) are subsets of superpositions of

{Wα,β} and related by q̂
(`)
l =

L−l∑
α=0

Wl−1,α. Using the properties of Eqs. (B3)-(B5), we obtain the following relations

〈Wα,βWγ,δ〉 = δα,γδβ,δ ×
1

3L
Tr
(
Pα+1+β

)
= δα,γδβ,δ ×

2α+β+1

3L

(
L

α+ β + 1

)
〈Wα,βZj〉 =

2α+β+1

3L

(
j − 1

α

)(
L− j
β

)
. (G3)

The Mazur bound M
(obc)
Zj

then reads

M
(obc)
Zj

=

L−1∑
α=0

L−1−α∑
β=0

〈ZjWα,β〉2

〈Wα,βWα,β〉
=

j−1∑
α=0

L−j∑
β=0

2α+β+1
(
j−1
α

)2(L−j
β

)2
3L
(

L
α+β+1

) . (G4)

The expression of Eq. (G4) also allows for an asymptotic scaling analysis of M
(obc)
Zj

. Defining x := j/L, p := α/L, q := β/L,

for large L, we can write (after tedious simplifications)

M (obc)(x) =
√
L

∫ x

0

∫ 1−x

0

dp dq C(x, p, q) exp (LF (x, p, q))

F (x, p, q) := p log

(
2(p+ q)(x− p)2

(1− p− q)p2

)
+ q log

(
2(p+ q)(1− x− q)2

(1− p− q)q2

)
+ 2x log

(
x(1− x− q)

(x− p)(1− x)

)
+ log

(
(1− p− q)(1− x)2

3(1− x− q)2

)
C(x, p, q) :=

(x− p)(1− x)(p+ q)3/2

(2π)3/2xpq(1− x− q)(1− p− q)1/2
, (G5)

where M (obc)(x) is the continuum approximation for M
(obc)
Zj

for large L, and we have used Stirling’s approximation to

substitute(
yL

zL

)
=

1√
2πL

√
y

z(y − z)
exp (y log y − z log z − (y − z) log(y − z)) as L→∞, 0 < y ≤ 1, 0 < z ≤ y. (G6)
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Performing the standard saddle point approximation on the integral in Eq. (G5) in the large L limit, we obtain

M (obc)(x) =
2π C(x, p0, q0)√
L detH(x, p0, q0)

exp (LF (x, p0, q0)) =
1

3

√
2

πLx(1− x)
. (G7)

where (p, q) = (p0, q0) is the saddle points of F (x, p, q), detH(x, p, q) is the determinant of the Hessian matrix of F (x, p, q),
and we have used (

∂F

∂p
,
∂F

∂q

)∣∣∣∣
(p,q)=(p0,q0)

= (0, 0) =⇒ (p0, q0) =

(
2x

3
,

2(1− x)

3

)
,

detH(x, p0, q0) =
81

2x(1− x)
, C(x, p0, q0) =

3

π
3
2 2x(1− x)

, F (x, p0, q0) = 0. (G8)

Eq. (G7) rigorously proves the numerical observations in Ref. [44].

3. PBC Commutant Mazur Bounds

We now compute the Mazur bound M
(pbc)
Zj

defined in Eq. (86), where {Qα} is an orthogonal basis for Cpbc. Here, we choose

{Qα} to be the words of Eqs. (B10) and (B12). Similar to the OBC case, we only focus on words that have a non-zero overlap
with Zj , which are the ones with a single Z in the word. Due to the different definitions of words of length l ≤ L − 1 and
words of length L, words with a single Z can either have the form Wα := [PαZ] for 0 ≤ α ≤ L−2, or WL,α := [PαZPL−α−1]
for 0 ≤ α ≤ L− 1. These words have the following properties

〈WαWβ〉 = δα,β ×
2α+1

3L

(
L

α+ 1

)
(α+ 1), 〈ZjWα〉 =

2α+1

3L

(
L− 1

α

)
for 0 ≤ α, β ≤ L− 2

〈WL,αWL,β〉 = δα,β ×
(

2

3

)L
, 〈ZjWL,α〉 = δj,α+1 ×

(
2

3

)L
for 0 ≤ α, β ≤ L− 1. (G9)

Using Eq. (G9) and (86), the PBC Mazur bound reads

M
(pbc)
Zj

=

L−2∑
α=0

〈ZjWα〉2

〈WαWα〉
+

L−1∑
α=0

〈ZjWL,α〉2

〈WL,αWL,α〉
=

L−2∑
α=0

2α+1
(
L−1
α

)2
3L(α+ 1)

(
L
α+1

) +

(
2

3

)L
=

2

3L
+

(
1− 1

L

)(
2

3

)L
. (G10)

To explore if this is the case with other autocorrelation functions, we consider the Mazur bound for the operator ZjZj+1.
Similar to the previous case, we choose {Qα} to be the words of Eqs. (B10) and (B12), and only focus on words that have
a non-zero overlap with ZjZj+1, which are the ones with a two Z’s in the word. Such words can either have the form

W̃α := [PαZ2] for 0 ≤ α ≤ L− 3, or W̃L,α := [PαZ2PL−α−2] for 0 ≤ α ≤ L− 2. These words have the following properties

〈W̃αW̃β〉 = δα,β ×
2α+2

3L

(
L

α+ 2

)
(α+ 2), 〈ZjZj+1W̃α〉 =


2α+2

3L

(
L−2
α

)
if α ≥ 1

4
3L
× 2 if α = 0

for 0 ≤ α, β ≤ L− 3

〈W̃L,αW̃L,β〉 = δα,β ×
(

2

3

)L
, 〈ZjZj+1WL,α〉 = δj,α+1 ×

(
2

3

)L
for 0 ≤ α, β ≤ L− 2. (G11)

The Mazur bound M
(pbc)
ZjZj+1

is then given as follows

M
(pbc)
ZjZj+1

=

L−3∑
α=0

〈ZjZj+1W̃α〉2

〈W̃αW̃α〉
+

L−1∑
α=0

〈ZjZj+1W̃L,α〉2

〈W̃L,αW̃L,α〉
=

16

3L × L(L− 1)
+

L−3∑
α=1

(
L−2
α

)2
2α+2

3L(α+ 2)
(
L
α+2

) +

(
2

3

)L
=

8

27(L− 1)
− 4

27L(L− 1)
+

(
2

3

)L(
1− 1

L

)
+

12

3L × L(L− 1)
∼ 1

L
. (G12)

Appendix H: Mazur Bounds in the Spin-1 Dipole-Conserving Model

In this appendix, we compute the contribution of a class of blockaded Krylov subspaces to the Mazur bound of the local

spin operator Zj in the spin-1 dipole-conserving model. As discussed in Sec. VII C 2, the Mazur bound contribution M
(block)
Zj

of all the subspaces in which site j frozen is given by Eq. (89). Hence it is sufficient to compute
∑
αDKj,α , the total dimension
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of the Krylov subspaces Kj,α, where site j is frozen and Zj = ±1. In the following, we do this by studying the blockaded
subspaces in the dots and links language that is convenient to describe the dynamics in the spin-1 dipole-conserving model
(see App. F). Recall that denotes spins + or −, denotes spin 0, and links connect adjacent filled dots if they have opposite
Zj ’s.

We first note that in the language of dots and links, we can always represent states in a blockaded Krylov subspace in
following form ∣∣∣∣∣

〉
, (H1)

where the boxes denote the configurations on the left region (
∣∣L(`)

〉
), the blockade (

∣∣B(b)
〉
), and the right region (

∣∣R(r)
〉
)

with lengths `, b, and r = L− `− b respectively (see Sec. VI B), with more details about these regions given below, and the
dotted lines indicate possible links to the left or right of the filled dots. The form in Eq. (H1) has two main implications.
First, the leftmost two spins of

∣∣B(b)
〉

are always ++ or −−, and the same is true about the rightmost two spins. Second,

the rightmost (resp. leftmost) non-zero spin (i.e., that are + or −) of
∣∣L(`)

〉
(resp.

∣∣R(r)
〉
) is the same as the leftmost (resp.

rightmost) spin of
∣∣B(b)

〉
. Note that it is also possible to have all 0’s in the left and right regions. As a consequence, there

are no links that connect the left or right region to the blockaded region. It is easy to verify that as long as the entire middle
region is frozen, the rules of Eq. (F2) preserve the form of Eq. (H1).

Given a frozen site j, we can always choose the blockade configuration
∣∣B(b)

〉
of the form of Eq. (H1) that includes site j.

Further, without loss of generality, we can require that the only ’s (that are not connected by a link) in the blockade
∣∣B(b)

〉
are on its leftmost and rightmost ends, and we refer to such blockades as “irreducible blockades”

∣∣I(b)〉. It is easy to verify
that any irreducible blockade configurations should have the following form

∣∣∣I(b)〉 =

∣∣∣∣∣∣
〉
, (H2)

where there can be any number of dimers of varying lengths, and the only constraint is that they should be “maximally
packed” with no ’s between two dimers. Note that we also include the case with zero dimers, i.e., | 〉 is an irreducible
blockade. However, given a frozen site j, the choice of the irreducible blockade is not always unique, and it could be a part of

two such irreducible blockades
∣∣I(b)〉 and

∣∣∣I(b′)〉. In such a case, we refer to the full blockade region as
∣∣∣I(b) ∪ I(b′)〉, which

could have a configuration such as

∣∣∣I(b) ∪ I(b′)〉 =

∣∣∣∣∣∣
〉
,

(H3)

where j is the in the middle, and the blockades to the left and the right of j (including site j) are
∣∣I(b)〉 and

∣∣∣I(b′)〉
respectively. As we discuss below, such configurations will be important to correct for the overcounting in our counting
procedure.

The main strategy to compute the total dimension of the described blockaded Krylov subspaces is as follows. We first fix∣∣B(b)
〉

in the middle box in Eq. (H1) to be an irreducible blockade
∣∣I(b)〉 containing site j. The total dimension of all Krylov

subspaces with that blockade configuration reduces to a simple counting of the number of allowed configurations of the left
and right regions that are compatible with the blockade region (i.e., they have the form of Eq. (H1)). The total dimension
of all blockaded Krylov subspaces is then obtained by summing over all possible irreducible blockade configurations, and
correcting for overcounting due to subspaces in which j can be a part of multiple irreducible blockades.

In the following, we continue to denote the number of spins in the left, blockade, and right regions of the chain by `, b, and
r respectively, such that `+ b+ r = L. We label all Krylov subspaces with ` sites in the left region and blockade configuration∣∣B(b)

〉
by K(B(b), `), where we have in mind configurations of the form of Eq. (H1) (note that we are using one symbol to

denote many subspaces), and we denote the dimension of all such subspaces by DK(B(b),`). Using the form of Eq. (H1), this
is simply given by

DK(B(b),`) = D` ×Dr, Dx =
3x + 1

2
, x ∈ {`, r}, r = L− `− b. (H4)

where D` (resp. Dr) is the number of allowed configurations in the left (resp. right) regions with the rightmost (resp. leftmost)
non-zero spin being the same as the leftmost (resp. rightmost) of

∣∣B(b)
〉
. The expressions for D` and Dr in Eq. (H4) can be

verified straightforwardly, and are independent of the particular configuration
∣∣B(b)

〉
. Further, if j is deep in the bulk of the

chain, we have 1 � ` � L (i.e., ` = yL for 0 < y < 1), and DK(B(b),`) for a blockade of range b can be estimated as follows

(measured relative to the total Hilbert space dimension)

1

3L
DK(B(b),`) =

1

3L
D`DL−`−b =

1

4× 3L
(
3` + 1

) (
3L−`−b + 1

)
=

1

4× 3b
+O(e−L), (H5)
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where b is the size of the blockade. Note that this calculation is for fixed (but thermodynamically large) `, which however drops
out in the thermodynamic limit. The result depends on only on the size of the assumed blockade region but is independent
of the internal structure of this region, which in particular can be reducible.

Turning to Mazur bound calculations, heuristically, the Mazur bound M
(block)
Zj

of Eq. (89) is expressed as follows

M
(block)
Zj

=
1

3L

∑
α

DKj,α =
1

3L

∑
(I(b),`)

DK(I(b),`)δZj ,± −
1

3L

∑
I(b),I(b′)

DK(I(b)∪I(b′),j−b). (H6)

In the first sum, {(I(b), `)} runs over irreducible blocks and their positions covering j, and δZj ,± ensures that the frozen site
j is either + or − (so that it has a non-vanishing contribution to the Mazur bound, see discussion in Sec. VII C 2). Since
we are interested only in the Krylov subspaces where site j belongs to the blockaded region, we have j − b ≤ ` ≤ j − 1. In
the second sum in Eq. (H6), I(b) and I(b

′) run over irreducible blocks; this term accounts for blockade configurations of the
form of Eq. (H3), which have been double-counted in the first sum. In other words, the restriction to irreducible blocks in
the first sum takes care of most possibilities of overcounting, and the only overcounting that appears from naive summation
over ` is cancelled by the second sum. Before proceeding, we note that according to Eq. (H5), the contributions of the various
blockades in Eq. (H6) depend only on the blockade size, hence it is useful to arrange the sums there according to blockade
size, i.e.,

M
(block)
Zj

=
∑
b

M
(b)
Zj
−
∑
b,b′

O
(b,b′)
Zj

, (H7)

where the sum is over blockade sizes, and M
(b)
Zj

is the first sum in Eq. (H6) with I(b)’s restricted to size b, and O
(b,b′)
Zj

is the

second sum with I(b)’s and I(b
′)’s restricted to sizes b and b′. Since their contributions decay exponentially with blockade

size, we expect smaller values of b to dominate the sums in Eq. (H7).
We start with computing the contribution of two-site blockades. According to Eq. (H2), the only two-site irreducible

blockade is
∣∣I(2)〉 = | 〉. In order for the site j to be within the blockade subspace and Zj = ±, we have two choices for `,

i.e., ` = j − 2 or ` = j − 1. However, by including the contribution of both these choices of `, we have double-counted the
contribution from all the Krylov subspaces with the three-site blockade

∣∣I(2) ∪ I(2)〉 = | 〉 with j on the middle site
(hence ` = j − 2). Using Eqs. (H7), (H6), and (H5), we obtain the total contribution due to two-site blockades to be

M
(2)
Zj

= 2× 2

4× 32
, O

(2,2)
Zj

= 2× 1

4× 33
, M

(block)
Zj

∣∣∣
two-site

:= M
(2)
Zj
−O(2,2)

Zj
=

5

54
≈ 0.0926, (H8)

where the overall factors of 2 accounts for the two possibilities = ±.

Moving on to three-site blockades, we find that there are no irreducible blockade configurations, hence M
(3)
Zj

= O
(3,b)
Zj

=

O
(b,3)
Zj

= 0. Next, we consider four-site blockades, where the unique irreducible blockade is
∣∣I(4)〉 = | 〉. In this case,

we have four possible values of ` (j− 4 ≤ ` ≤ j− 1) such that Zj = ±1. However, by including all their contributions, we are
double counting the contributions of the following blockades:∣∣∣I(4) ∪ I(4)〉 = | 〉

j

,
∣∣∣I(4) ∪ I(2)〉 = | 〉

j

,
∣∣∣I(2) ∪ I(4)〉 = | 〉

j

. (H9)

Accounting for the overcounting and doubling to account for the two possible spin patterns, using Eqs. (H7) and (H5) we
obtain

M
(4)
Zj

= 2× 4

4× 34
, O

(2,4)
Zj

= O
(4,2)
Zj

= 2× 1

4× 35
, O

(4,4)
Zj

= 2× 1

4× 37
,

M
(block)
Zj

∣∣∣
four-site

:= M
(4)
Zj
−O(4,2)

Zj
−O(2,4)

Zj
−O(4,4)

Zj
=

89

4374
≈ 0.02035. (H10)

Similarly, we can consider irreducible blockades
∣∣I(b)〉 of the form of Eq. (H2) that span b sites. Simple combinatorics gives

the number of such blockades with n dimers to be

Nb,n =

(
b− n− 3

n− 1

)
, 0 ≤ n ≤

⌊
b

2

⌋
− 1. (H11)

Note that although the combinatorics is not directly valid for n = 0 or b ≤ 3, we nevertheless find that Nb,n of Eq. (H11)
is the correct number of blockaded configurations even in those cases. For each blockade with n dimers, there are (2n + 2)
available choices of ` such that Zj = ±. However, similar to the b = 2 and b = 4 cases, by including all such positions, we are

overcounting the contribution of the (b + b′ − 1)-site blockade configurations of the from
∣∣∣I(b) ∪ I(b′)〉. [The overcount only

happens when using the blockade probability Eq. (H5) for choices ` where j is one of the endpoints of an irreducible blockade
of size b, since part of the blockade satisfaction condition in Eq. (H5) comes from immediately adjacent irreducible blockade
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configurations of various sizes b′ sharing site j. There is no overcount when j belongs to one of the dimers in an irreducible
blockade.] Similar to Eqs. (H8) and (H10), we then obtain

M
(b)
Zj

= 2×
b b2c−1∑
n=0

Nb,n

(
2n+ 2

4× 3b

)
=
F

(2)
b−3 + Fb−3

3b
, O

(b,b′)
Zj

= 2× 1

4× 3b+b′−1

b b2c−1∑
n=0

Nb,n




⌊
b′
2

⌋
−1∑

n′=0

Nb′,n′

 =
Fb−3Fb′−3
2× 3b+b′−1

,

(H12)

where {Fn} are the Fibonacci numbers and {F (2)
n } are the second-order Fibonacci numbers (defined by the recursion relation

F
(2)
n = F

(2)
n−1 + F

(2)
n−2 + Fn−2), and we have used the conventions F0 = F

(2)
0 = F

(2)
−1 = 0 and F−1 = 1.7 In the above, we

have already used L→∞ expressions for the blockade probabilities in Eq. (H5). Working in the thermodynamic limit, using
Eqs. (H7) and (H12), the Mazur bound due to all the blockaded subspaces is then given by

M
(block)
Zj

=

∞∑
b=2

(
F

(2)
b−3
3b

+
Fb−3

3b

)
− 3

2

∞∑
b,b′=2

Fb−3Fb′−3
3b+b′

= x3G(2)(x)
∣∣∣
x= 1

3

+ (x2 + x3G(x))
∣∣
x= 1

3

− 3

2
(x2 + x3G(x))2

∣∣
x= 1

3

, (H13)

where G(x) and G(2)(x) are generating functions corresponding to the Fibonacci and second-order Fibonacci numbers, which
are known to be [112]

G(x) :=

∞∑
n=0

Fnx
n =

x

1− x− x2
, G(2)(x) :=

∞∑
n=0

F (2)
n xn =

x (1− x)

(1− x− x2)2
. (H14)

Substituting Eq. (H14) into Eq. (H13), we obtain

M
(block)
Zj

=
2

15
≈ 0.1333. (H15)

Appendix I: Mazur Bounds in the Temperley-Lieb Model

In this appendix, we provide details on the Mazur bound computation for the edge energy operator ê1,2 in the Temperley-
Lieb models of Eq. (48). We start by simplifying Eq. (92) as

M
(TL)
êj,j+1

=
m2

mL

∑
α

[N
dimer@(j,j+1)
Kα ]2

DKα
=
m2

mL

L/2−1∑
λ=0

dλ
[N

dimer@(j,j+1)
λ ]2

Dλ
. (I1)

where N
dimer@(j,j+1)
Kα is the number of configurations in Kα with a dimer between sites j and j+ 1, and DKα is the dimension

of the Krylov subspace Kα. Further, we have taken L even for concreteness and have used results from Eq. (61): given 2λ
dots, there are dλ distinct Krylov subspaces, each of dimension Dλ, and with the same action of the TL algebra in terms of
the dots and dimers pictures; in particular, each such Krylov subspace has the same number of configurations with a dimer

between sites j and j + 1, which we have denoted by N
dimer@(j,j+1)
λ . Note that the sum terminates at λ = L/2− 1 since the

2λ dots must be on the sites other than j, j + 1. At the edge, j = 1, N
dimer@(1,2)
λ is the same as the number of dots and

dimers pictures with 2λ dots and restricted to the remaining L − 2 sites, which is given by Dλ in Eq. (61) with L replaced
by L− 2. Marking the appropriate chain lengths with superscripts on Dλ, we have

M
(TL)
ê1,2

=
m2

mL

L/2−1∑
λ=0

dλ
[D

(L−2)
λ ]2

D
(L)
λ

=
m2

mL

L/2−1∑
λ=0

dλD
(L−2)
λ

(L+ 1)2 − (2λ+ 1)2

4L(L− 1)
, (I2)

where in the last equation we factored out one D
(L−2)
λ and used a simple expression for D

(L−2)
λ /D

(L)
λ derived from Eq. (61).

This writing enables exact evaluation of the Mazur bound by utilizing the knowledge that

K/2∑
λ=0

dλD
(K)
λ = mK , (I3)

7 We can also see the appearance of the Fibonacci numbers by repro-
ducing the above counts without first organizing by the number of
dimers: The number Pk of all possible close packings of dimers on
k = b − 2 sites in Eq. (H2) satisfies Pk =

∑k
m=2 Pk−m, where we

organized by the number of sites m covered by the first dimer. This
is equivalent to standard Fibonacci recursion, with initial conditions

such that Pk = Fk−1. We also need the sum over all possible close
packings weighted by the number of dimers in the packing. Denoting
this by Wk on k sites, we have Wk =

∑k
m=2(Wk−m +Pk−m), which

with the desired initial conditions leads to identification Wk = F
(2)
k−1.
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the full Hilbert space dimension on K sites (assumed even for concreteness, see Eqs. (8) and (61)). We then compute∑K/2
λ=0(2λ+ 1)2dλD

(K)
λ , by taking appropriate derivatives of Eq. (I3) with respect to the formal quantum group parameter q

that is an argument of dλ (see Eq. (61)) and that enters the right-hand-side via m = q+ q−1, see Eq. (57). It is then easy to
verify that

K/2∑
λ=0

(2λ+ 1)2dλD
(K)
λ =

q

q − q−1
d

dq

[
q

d

dq
[mK(q − q−1)]

]
, m = q + q−1, dλ = [2λ+ 1]q

= mK [(K + 1)2 − 4K(K − 1)/m2] (I4)

Using Eqs. (I2), (I3), and (I4), we obtain the connected Mazur bound of Eq. (93) to be

M conn
ê1,2

=
1

L− 1

[
1− 4

m2
+

6

m2L

]
. (I5)

Appendix J: Matrix Product Operators (MPO) forms of the Commutant Algebra Basis Elements

In this appendix, we show that the IoMs in the commutant algebras in the t − Jz, PF, and TL models (with OBC) in

the main text have simple MPO expressions. Any operator Ô is said to have an efficient MPO representation if they can be
written as

Ô =
∑

{sn},{tn}

[blA
T
A

[s1t1]
1 A

[s2t2]
2 . . . A

[sLtL]
L brA] |{sn}〉 〈{tn}| , (J1)

where A can be thought of as χ × χ matrices with elements expressed as d × d matrices acting on the physical indices. χ
is referred to as the bond dimension of the MPO and the corresponding vector space is the auxiliary space, and blA and brA
are χ-dimensional boundary vectors of the MPO in the auxiliary space, which are usually set to blA = (1 0 · · · 0)T and
brA = (0 · · · 0 1)T respectively. The MPO expressions for local operators is straightforward to construct, e.g., the U(1)
generators Nσ’s of Eq. (19) can be expressed as an MPO with bond dimension χ = 2, where

Aj =

(
1 Nσ

j

0 1

)
, σ ∈ {↑, ↓}. (J2)

For the OBC t− Jz model, the MPO expressions for the conserved quantities Nσ1···σk of Eq. (25) can be constructed using
systematic methods in the literature, see e.g., Refs. [13, 113, 114]. We find that Nσ1···σk has the form of Eq. (J1), where Aj
has bond dimension χ = k + 1, and is given by

Aj =



1 Nσ1
j 0 · · · 0

0 1 Nσ2
j

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . . 1 Nσk
j

0 · · · · · · 0 1


. (J3)

The MPO representation of Eq. (J3) also helps to directly show that Nσ1···σk is a conserved quantity of the t − Jz model.
This is evident from the two-site MPO which reads

AjAj+1 =



1 Nσ1
j +Nσ1

j+1 Nσ1
j Nσ2

j+1 0 · · · 0

0 1 Nσ2
j +Nσ2

j+1 Nσ2
j Nσ3

j+1

. . .
...

...
. . .

. . .
. . .

. . . 0
...

. . .
. . . 1 N

σk−1

j +N
σk−1

j+1 N
σk−1

j Nσk
j+1

...
. . .

. . .
. . . 1 Nσk

j +Nσk
j+1

0 · · · · · · · · · 0 1


. (J4)

In Eq. (J4), each element within AjAj+1 commutes with the terms T̂j,j+1 and V̂j,j+1 of Ht−Jz as a consequence of Eqs. (21)

and (23), and thus the MPO generated by Aj of Eq. (J3) commutes with all the {T̂k,k+1} and {V̂k,k+1} and is guaranteed to
be a global conserved quantity of Ht−Jz .
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Similarly, the IoMs Nα1···αk and Mβ1···βk
α1···αk of Eqs. (45) and (60) in the OBC PF and TL models respectively also have

simple MPO representations. The MPO matrices Aj in those cases have the same form as Eq. (J3) with the substitutions
Nσl
j → (−1)jNαl

j and Nσl
j → (Mj)

βl
αl

respectively. Moreover, for the TL models, the additional quadratic IoMs Mβ1,β2
α1,α2

of

Eq. (E3) also have simple MPO representations with bond dimension χ = 3 +m(δβ1
α2

+ δβ2
α1

) as follows

Aj =



1 (Jj)
β1

α1
− δβ2α1√

m
(Jj)

β1

1 · · · − δβ2α1√
m

(Jj)
β1

m − δβ1α2√
m

(Jj)
1
α1
· · · − δβ1α2√

m
(Jj)

m
α1

0

0 1 0 · · · · · · · · · · · · 0 (Jj)
β2

α2

...
. . .

. . .
. . .

. . .
. . .

. . .
...

δβ2α1√
m

(Jj)
1
α1

...
. . .

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . .

. . .
. . .

...
δβ2α1√
m

(Jj)
m
α1

...
. . .

. . .
. . .

. . .
. . .

. . .
...

δβ1α2√
m

(Jj)
β2

1

...
. . .

. . .
. . .

. . .
. . .

. . . 0
...

...
. . .

. . .
. . .

. . .
. . .

. . . 1
δβ1α2√
m

(Jj)
β2

m

0 · · · · · · · · · · · · · · · · · · 0 1



. (J5)
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