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ABSTRACT

We present T RINITY, a flexible empirical model that self-consistently infers the statistical
connection between dark matter haloes, galaxies, and supermassive black holes (SMBHs).
T RINITY is constrained by galaxy observables from 0 < z < 10 (galaxies’ stellar mass functions, specific and cosmic SFRs, quenched fractions, and UV luminosity functions) and
SMBH observables from 0 < z < 6.5 (quasar luminosity functions, quasar probability distribution functions, active black hole mass functions, local SMBH mass–bulge mass relations,
and the observed SMBH mass distributions of high redshift bright quasars). The model includes full treatment of observational systematics (e.g., AGN obscuration and errors in stellar
masses). From these data, T RINITY infers the average SMBH mass, SMBH accretion rate,
merger rate, and Eddington ratio distribution as functions of halo mass, galaxy stellar mass,
and redshift. Key findings include: 1) the normalization of the SMBH mass–bulge mass relation increases only mildly from z = 0 to z = 3, but decreases more strongly from z = 3 to
z = 10; 2) The AGN radiative+kinetic efficiency is ∼ 0.04 − 0.07, and does not show significant redshift dependence given the existing data constraints; 3) AGNs show downsizing, i.e.,
the Eddington ratios of more massive SMBHs start to decrease earlier than those of lowermass objects; 4) The average ratio between average SMBH accretion rate and SFR is ∼ 10−3
for low-mass galaxies, which are primarily star-forming. This ratio increases to ∼ 10−1 for the
most massive haloes below z ∼ 1, where star formation is quenched but SMBHs continue to
accrete.
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INTRODUCTION

It is widely accepted that supermassive black holes (SMBHs)
exist in the centres of most galaxies (Kormendy & Richstone 1995;
Magorrian et al. 1998; Ferrarese & Merritt 2000; Gebhardt et al.
2000; Tremaine et al. 2002; Ho 2008; Gültekin et al. 2009; Kormendy & Ho 2013; Heckman & Best 2014). SMBHs are called
active galactic nuclei (AGNs) during phases when they are accreting matter and releasing tremendous amounts of energy. With their
potential for high energy output, SMBHs are leading candidates to
regulate both the star formation of their host galaxies and their own
mass accretion (Silk & Rees 1998; Bower et al. 2006; Somerville
?
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et al. 2008; Sijacki et al. 2015). At the same time, galaxies may
also influence SMBH growth via the physics of how gas reaches the
central SMBH as well as via galaxy mergers. Hence, it is possible
for both SMBHs and their host galaxies to influence each others’
growth, also known as “coevolution.” As a result, constraining the
interaction between SMBHs and their host galaxies is critical to our
understanding of both galaxy and SMBH assembly histories (see,
e.g., Hopkins et al. 2007b; Ho 2008; Alexander & Hickox 2012;
Kormendy & Ho 2013; Heckman & Best 2014; Brandt & Alexander 2015).
The coevolution scenario is consistent with two key observations. First, relatively tight scaling relations (∼ 0.3 dex scatter) exist
between SMBH masses, M• , and host galaxy dynamical properties
(e.g., velocity dispersion, σ, or bulge mass, Mbulge , at z ∼ 0; see
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Häring & Rix 2004; Gültekin et al. 2009; Kormendy & Ho 2013;
McConnell & Ma 2013; Savorgnan et al. 2016). Second, the cosmic
SMBH accretion rate (CBHAR) density tracks the cosmic star formation rate (CSFR) density over 0 < z < 4, with a roughly constant
CBHAR/CSFR ratio between 10−4 −10−3 (Merloni et al. 2004; Silverman et al. 2008; Shankar et al. 2009; Aird et al. 2010; Delvecchio et al. 2014; Yang et al. 2018). At the same time, other predictions of the coevolution model (e.g., tight galaxy–SMBH property
relationships at higher redshifts) have remained more difficult to
verify.
In the local Universe, galaxy–SMBH scaling relations (e.g.,
M• –Mbulge or M• − σ) have been measured via high spatial resolution spectroscopy and dynamics modeling (e.g., Magorrian et al.
1998; Ferrarese & Ford 2005; McConnell & Ma 2013). Beyond
the local Universe, lower spatial resolution makes it impractical to
measure individual SMBH masses in the same way. Hence, SMBH
mass measurements at z > 0 rely on indirect methods such as reverberation mapping (Blandford & McKee 1982; Peterson 1993) and
empirical relations between SMBH mass, spectral line width, and
AGN luminosity (i.e., “virial” estimates; Vestergaard & Peterson
2006). All such indirect methods work only on actively-accreting
SMBHs, which: 1) imposes a selection bias on the SMBHs included, and 2) makes it difficult to measure host galaxy masses
at the same time. As a result, it has been hard to obtain unbiased
measurements of the galaxy–SMBH mass connection beyond z = 0.
There has also been great interest in measuring SMBH luminosity distributions, as these carry information about mass accretion rates. At z > 0, surveys have been carried out in X-ray, optical, infrared, and radio bands to identify AGNs and study their
collective properties (see Hopkins et al. 2007a, Shen et al. 2020,
and references therein). As redshift increases (e.g., at z & 2), the
AGN sample is biased towards brighter and rarer objects, due to
the evolution of AGN populations and/or limited instrument capability. Nonetheless, for lower-luminosity AGNs, it is often possible
to measure both the SMBH luminosity and the mass of the host
galaxy (e.g., Bongiorno et al. 2012; Aird et al. 2018).
Besides observational efforts, the galaxy–SMBH connection
is a key ingredient in galaxy formation theory. Supernova feedback becomes inefficient in massive haloes; hence, to reproduce
these haloes’ low observed star formation rates, AGN feedback
is widely implemented in hydrodynamical simulations and semianalytic models (SAMs) for galaxy evolution (see, e.g., Croton
et al. 2006; Somerville et al. 2008; Dubois et al. 2012; Sijacki et al.
2015; Schaye et al. 2015; Weinberger et al. 2017). These simulations allow studying the evolution of the galaxy–SMBH connection for individual galaxies. However, numerical simulations must
make assumptions about physical mechanisms below their resolution limits, which complicates the interpretation of their results
(see, e.g., Habouzit et al. 2020).
Empirical models are a complementary tool to study SMBHs.
Instead of assuming specific physics, these models use observations to self-consistently and empirically characterize the properties of SMBHs and/or their connection with host galaxies. There
are broadly two different categories of empirical models involving
SMBHs.
The first group of models solves the continuity equation for the
SMBH mass function, linking the mass growth histories of SMBHs
to their energy outputs. By comparing the local cosmic BH mass
density with the total AGN energy output, these models provide
estimates of the average radiative efficiency and Eddington ratio
of AGNs (see, e.g., Sołtan 1982; Yu & Tremaine 2002; Merloni &
Heinz 2008; Shankar et al. 2009; Tucci & Volonteri 2017).

The second group of models focuses on the galaxy–SMBH
connection (e.g., Conroy & White 2013; Caplar et al. 2015, 2018;
Yang et al. 2018). These models jointly infer the galaxy–SMBH
mass scaling relation and SMBH accretion rate distributions. Previous models differ in terms of the flexibility in connecting the accretion rate distribution and the galaxy properties, as well as the
datasets they try to fit. For example, Veale et al. (2014) used quasar
luminosity functions (QLFs) to constrain several halo–galaxy–
SMBH models, e.g., assigning AGN luminosities based on SMBH
masses or accretion rates, and assuming log-normal or truncated
power-law Eddington ratio distributions. They found that all these
models could fit QLFs nearly equally well over 1 < z < 6. This
model degeneracy implies the need for data constraints beyond
QLFs to fully characterize the galaxy–SMBH connection.
In this paper, we present T RINITY, an empirical model connecting dark matter haloes, galaxies, and SMBHs from z = 0 −
10; T RINITY extends the empirical DM halo–galaxy model from
Behroozi et al. (2013). Compared to previous empirical models,
T RINITY is constrained by a larger compilation of galaxy and AGN
data, including not only quasar luminosity functions (QLFs), but
also quasar probability distribution functions (QPDFs), active black
hole mass functions (ABHMFs), the local bulge mass–SMBH mass
relations, the observed SMBH mass distribution of high redshift
bright quasars, galaxy stellar mass functions (SMFs), galaxy UV
luminosity functions (UVLFs), galaxy quenched fractions (QFs),
galaxy specific star formation rates (SSFRs), and cosmic star formation rates (CSFRs). The enormous joint constraining power of
this dataset allows T RINITY to have both a more flexible parameterization as well as better constraints on the model parameters.
In addition, T RINITY features more realistic modeling of AGN observables by including, e.g., SMBH mergers and kinetic AGN luminosities in the model.
Similar to the model in Behroozi et al. (2013), T RINITY is
built upon population statistics from a dark matter N-body simulation. Specifically, the model makes a guess for how haloes, galaxies and SMBHs evolve over time. This guess is then applied to the
haloes in the simulation, resulting in a mock universe. This mock
universe is compared with the real Universe in terms of the observables above, quantified by a Bayesian likelihood. With this likelihood, a Markov Chain Monte Carlo (MCMC) algorithm is used
to explore model parameter space until convergence. The resultant
parameter posterior distribution tells us the optimal way to connect
galaxies and SMBHs to their host haloes, as well as the uncertainties therein.
This work is the first in a series of T RINITY papers, and it
covers the T RINITY methodology. The second paper (Paper II)
discusses quasar luminosity functions and the buildup of SMBHs
across cosmic time; the third paper (Paper III) provides predictions
for quasars and other SMBHs at z > 6; the fourth paper (Paper IV)
discusses the SFR–BHAR correlation as a function of halo mass,
galaxy mass, and redshift; and the fifth paper (Paper V) covers
SMBH merger rates and T RINITY’s predictions for gravitational
wave experiments. The sixth (Paper VI) and seventh (Paper VII) papers present the AGN autocorrelation functions and AGN–galaxy
cross-correlation functions from T RINITY, respectively. They also
discuss whether/how well AGN clustering signals can be used to
constrain models like T RINITY. Mock catalogues containing full
information about haloes, galaxies, and SMBHs will be introduced
in the sixth paper.
The paper is organized as follows. In §2, we describe the
methodology. §3 covers the simulation and observations used in
T RINITY. §4 presents the results of our model, followed by the
MNRAS 000, 1–30 (2020)
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discussion and comparison with other models in §5. Finally, we
discuss the caveats of and the future directions for T RINITY in §6,
and present conclusions in §7. In this work, we adopt a flat ΛCDM
cosmology with parameters (Ωm = 0.307, ΩΛ = 0.693, h = 0.678,
σ8 = 0.823, n s = 0.96) consistent with Planck results (Planck Collaboration et al. 2016). We use datasets that adopt the Chabrier
stellar initial mass function (IMF, Chabrier 2003), the Bruzual &
Charlot (2003) stellar population synthesis (SPS) model, and the
Calzetti dust attenuation law (Calzetti et al. 2000). Halo masses are
calculated following the virial overdensity definition from Bryan
& Norman (1998). Finally, we assume that every galaxy hosts a
central SMBH.

2
2.1

METHODOLOGY
Overview

T RINITY is an empirical model that self-consistently infers
the halo–galaxy–SMBH connection from z = 0 − 10. In T RINITY,
we make this statistical connection in several steps (Fig. 1). We first
parametrize the star formation rate (SFR) as a function of halo mass
and redshift. For a given choice in this parameter space, we can integrate the resulting star formation rates (SFRs) over average halo
assembly histories to get the stellar mass–halo mass (SMHM) relation (§2.2). We then convert total galaxy mass to bulge mass with a
scaling relation from observations. Next, we connect SMBHs with
galaxies by parameterizing the redshift evolution of the SMBH
mass–bulge mass (M• –Mbulge ) relation (§2.4). A given choice of
this relation will determine average SMBH accretion rates, because
average galaxy growth histories are set by the SFR–halo relationship. Lastly, we parameterize the Eddington ratio distributions (i.e.,
specific SMBH accretion rates) and mass-to-energy conversion efficiency, which determines how SMBH growth translates to the observed distribution of SMBH luminosities. In brief, this modeling
process gives the distribution of galaxy and SMBH properties. After modeling AGN radiative and kinetic luminosities (§2.7) as well
as correcting for systematic effects, these properties are used to predict the galaxy and AGN observables (§2.8). We compare these
predictions to observations to compute a likelihood function, and
use a Markov Chain Monte Carlo (MCMC) algorithm to obtain the
posterior distribution of model parameters that are consistent with
observations. Each choice of model parameters fully specifies the
halo–galaxy–SMBH connection, and the posterior distribution provides the plausible range of uncertainties in this connection given
observational constraints.
Of note, T RINITY models ensemble populations of haloes,
galaxies, and SMBHs (as in Behroozi et al. 2013) instead of following individual halo and galaxy histories (as in the U NIVERSE M A CHINE ; Behroozi et al. 2019). While a future version of T RIN ITY will be integrated into the U NIVERSE M ACHINE , the present
version requires only halo population statistics (i.e., halo mass
functions and merger rates) from dark matter simulations, as opposed to individual halo merger trees. As a result, T RINITY allows
extremely efficient computation of observables, and hence, rapid
model exploration.

2.2

Connecting galaxies to haloes

We adopt a very similar parameterization for the halo–galaxy
connection in T RINITY as was shown to work successfully in the
MNRAS 000, 1–30 (2020)
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U NIVERSE M ACHINE (Behroozi et al. 2019). Although simpler parameterizations exist, this choice makes future integration with the
U NIVERSE M ACHINE easier. The U NIVERSE M ACHINE modeled
star-forming and quiescent haloes individually, but T RINITY models halo population averages, and we maintain this parameterization
in T RINITY. In practice, however, T RINITY only depends on the
total star formation rate of all haloes in a given mass bin, which depends almost exclusively on the star formation rate for star-forming
galaxies and the quiescent fraction as a function of halo mass and
redshift.
Our model assumes that the median star formation rates
(SFRs) of star-forming galaxies are a function of both the host
halo mass and redshift. In this work, we
cir
√ adopt the maximum
cular velocity of the halo (vmax = max GM (< R) /R ) at the time
when it reaches its peak mass, vMpeak , as a proxy for the peak
halo mass Mpeak . This choice reduces the sensitivity to pseudoevolution in halo mass definitions and to spikes in vmax during
mergers (Behroozi et al. 2019). Our parameterization is:

vα + vβ
vMpeak

(1)

(3)

=

V · km s−1
1
1+z
V0 + Va (a − 1)) + Vz1 ln (1 + z) + Vz2 z

(4)

log10 ()

=

0 + 1 (a − 1) + z1 ln (1 + z) + z2 z

(5)

α

=

α0 + αa (a − 1) + αz1 ln (1 + z) + αz2 z

(6)

β

=

β0 + βa (a − 1) + βz z .

(7)

SFRSF

=

v

=

a

=

log10 (V)

(2)

The median SFRs of star-forming galaxies (SFRSF ) are a powerlaw with slope −α for vMpeak  V, and another power-law with
slope −β for vMpeak  V. The parameter  is the characteristic SFR when vMpeak ∼ V. We remove the Gaussian boost in
SFR at vMpeak ∼ V in the U NIVERSEMACHINE, because the U NI VERSE M ACHINE ’s posterior distribution of model parameters suggested no need for such a boost.
We adopt the following parametrization for the fraction of quiescent galaxies, fQ , as a function of redshift and vMpeak :

=

1
1 + exp (x)
log10 (vMpeak) − vQ
wQ
vQ,0 + vQ,a (a − 1) + vQ,z z

(10)

=

wQ,0 + wQ,a (a − 1) + wQ,z z .

(11)

fQ

=

x

=

vQ
wQ

1−

(8)
(9)

For quiescent galaxies, we assign a median SSFR of 10−11.8 yr−1
to match SDSS values (Behroozi et al. 2015). We also set the lognormal scatter of the SFRs in star-forming and quiescent galaxies to
be σSFR,SF = 0.30 dex and σSFR,Q = 0.42 dex, respectively (Speagle
et al. 2014). Thus, the average total SFR in each given Mpeak (or
vMpeak ) bin is simply:
SFRtot = SFRSF × (1 − fQ ) × exp(0.5(σSFR,SF ln 10)2 )
+ SSFRQ × M∗ × fQ × exp(0.5(σSFR,Q ln 10)2 ) ,

(12)

where the exponentials reflect the difference between the average
and median values of log-normal distributions.
Aside from star formation, galaxies also gain stellar mass via
mergers, where stars from incoming galaxies are transferred to central galaxies. In this work, we assume that a certain fraction, fmerge ,
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1. Choose SFR-vmax ,
M•-Mbulge, and
black hole luminosity
distributions from
parameter space.

Markov Chain Monte Carlo

2. Put galaxies and
black holes into halo
merger trees based on
the scaling relations
based on the scaling
relations chosen above.

3. This gives black hole
mass functions and
their accretion rate
distributions.

4. Predict observables:
SMFs, SSFRs, CSFRs,
QFs, UVLFs, quasar
LFs, occupation funcs.
active black hole MFs
5. Correct the
predictions to
account for
systematic effects
in observations.
6. Compare to data
and calculate
the posterior
probability for the
chosen parameters.

Figure 1. Visual summary of the methodology used to constrain the halo–galaxy–SMBH connection. See §2 for details.

of the stars from incoming galaxies are merged to the central galaxies. As in Behroozi et al. (2019), we assume fmerge to be independent of halo mass due to the approximately self-similar nature of
haloes. We also assume fmerge to be redshift-independent. The average stellar mass in a given halo mass bin at a given redshift z is
correspondingly:

M∗ (t) =

Z

t



1 − floss t − t0 SFRtot t0 dt0

0

+ fmerge

Z tZ

t0



1 − floss t − t00 Ṁ∗,inc t0 , t00 dt00 dt0(13)
!
T
floss (T ) = 0.05 ln 1 +
,
(14)
1.4 Myr
0

0

where floss (T ) is the stellar mass loss fraction as a function of stellar age T from Behroozi et al. (2013), SFRtot is the total average

SFR from Eq. 12, and Ṁ∗,inc t0 , t00 is the rate at which the incoming satellite galaxies disrupt, as a function of the time of disruption
t0 and the time that the stellar population formed, t00 .
MNRAS 000, 1–30 (2020)
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Figure 2. The fit to the median galaxy bulge mass–total mass relation for
z = 0 − 2 (solid lines, Eqs. 15-16). Observed data points are from Mendel
et al. (2014) and Lang et al. (2014). The error bars from Mendel et al.
(2014) represent the 16-84th percentile range of the Mbulge /M∗ ratios from
the SDSS catalog, and those from Lang et al. (2014) are based on the 68%
confidence intervals of bulge-to-total ratio (B/T ) as a function of stellar
mass. All the data used to make this plot (including individual data points
and our best-fitting model) can be found here.

It is also well-known that there is scatter in stellar mass at fixed
halo mass (see, e.g., Wechsler & Tinker 2018). We parametrize this
scatter as a log-normal distribution with a width σ∗ that is redshiftindependent, with a flat prior on σ∗,0 of 0–0.3 dex.
The galaxy–SMBH connection is made via the SMBH mass–
bulge mass relation (M• –Mbulge , §2.4). To make the halo–galaxy–
SMBH connection, we need to convert total galaxy mass M∗ to the
bulge mass Mbulge . In this work, we fit the median bulge mass–total
mass relations from SDSS (Mendel et al. 2014) and CANDELS
(Lang et al. 2014) galaxies with:

Mbulge

=

fz (z)

=

fz (z)M∗

1 + exp −1.13 log10 M∗ − 10.2
z+2
.
2z + 2

(15)
(16)

This fit is shown in Fig. 2. It should be noted that no data points
exist beyond z = 2.5, so Eq. 15 is extrapolated at z > 2.5. With the
functional form chosen here, Mbulge /M∗ asymptotes at high redshifts to half the value of Mbulge /M∗ at z = 0.
Disk–bulge decompositions are sensitive to the fitting method
used, and it is also difficult to estimate how much of the scatter in
bulge-to-total mass ratios is intrinsic vs. observational. As a result,
we subsume the scatter in the bulge-to-total mass relation into the
scatter of the M• –Mbulge relation, as the two scatters are degenerate.
At 0 < z < 8, stellar mass functions (SMFs) primarily constrain
the halo–galaxy connection. Beyond z = 8, SMFs are not available,
so we constrain the halo–galaxy connection with galaxy UV luminosity functions instead. This requires generating UV luminosities
from SFRs as a function of host halo mass and redshift. To do so,
eUV , and the log-normal scatter,
we fit the median UV magnitude, M
σ MUV , as functions of SFR, Mpeak , and redshift from the output of
MNRAS 000, 1–30 (2020)
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eUV
M

=

kUV × log10 SFR + bUV

(17)

σ MUV

=

(18)

kUV

=

kσUV × log10 Mpeak + bσUV

2
ak log10 Mpeak + bk log10 Mpeak

bUV

=

+ ck (a − 1) + dk

2
ab log10 Mpeak + bb log10 Mpeak

kσUV

=

+ cb (a − 1) + db
akσ z + bkσ

bσUV

=

abσ z + bbσ .

(19)

(20)
(21)
(22)

Details of the fitting process are shown in Appendix D. U NI VERSE M ACHINE models UV luminosities using the Flexible Stellar Population Synthesis code (FSPS; Conroy & White 2013), and
Eqs. 17-22 provide a rapid way to obtain statistically equivalent
results. We hence use these scaling relations to assign UV magnitude distributions to haloes given their masses, SFRs and redshifts,
allowing us to calculate UVLFs at z = 9 and z = 10.
2.3

Observational systematics for galaxies

Following Behroozi et al. (2019), we model several observational systematics when predicting galaxy observables. We include a mass-independent systematic offset µ between the observed
(M∗,obs ) and the true stellar mass (M∗,true ) to model uncertainties
from the IMF, SPS model, the dust model, the star formation history (SFH) model, assumed metallicities, and redshift errors:
!
M∗,obs
log10
=µ.
(23)
M∗,true
The offset µ has the following redshift scaling:
µ = µ0 + µa (a − 1) .

(24)

Following Behroozi et al. (2013), we set the prior width on µ0 and
µa to 0.14 and 0.24 dex, respectively (see Table 2).
As described in Appendix C of Behroozi et al. (2019), there
are systematic offsets between observed and true specific star formation rates that peak near z ∼ 2, which are most evident when
comparing observed specific star formation rates to the evolution
of observed SMFs. As in Behroozi et al. (2019), we include another redshift-dependent offset κ to account for this systematic offset in star formation rates. The total offset between the observed
(SFR∗,obs ) and true SFRs (SFR∗,true ) is:
!
!
SFR∗,obs
(z − 2)2
= µ + κ exp −
.
(25)
log10
SFR∗,true
2
The prior width on κ is set to 0.24 dex (Table 2), again from
Behroozi et al. (2019).
We also model a redshift-dependent, log-normal scatter in the
measured stellar mass relative to the true mass:
σ (z) = min(σ0 + σz z, 0.3).

(26)

This scatter causes an Eddington bias (Eddington 1913) in the SMF,
which enhances the number density of massive galaxies because
there are more small galaxies that can be scattered up than massive
galaxies that can be scattered down. Following Conroy & White
(2013), we fix σ0 = 0.07 dex. We adopt a Gaussian prior on σz
with centre 0.05 and width 0.015 dex, respectively (see Table 2),
following Behroozi et al. (2019).
Finally, the correlation between scatter in the star formation
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rate and scatter in the stellar mass at fixed halo mass affects the
calculation of SSFRs as a function of stellar mass. To account for
this correlation ρ, we adopt the following formula from Behroozi
et al. (2013):
ρ (a) = 1 + (4ρ0.5 − 3.23) a + (2.46 − 4ρ0.5 ) a2 ,

(27)

where ρ0.5 is a free parameter that represents the correlation between the SSFR and stellar mass at z = 1 (i.e., a = 0.5). The details
of this correction are in Appendix C.2 of Behroozi et al. (2013).
Following Behroozi et al. (2013), we set the prior on ρ0.5 to be a
uniform distribution between 0.23 and 1.0 (Table 2).

2.4

Connecting SMBHs to galaxies

There are multiple known empirical scaling relations between
M• and galaxy properties, with strong debate over which is most
fundamental (Ferrarese & Merritt 2000; Ferrarese 2002; Novak
et al. 2006; Aller & Richstone 2007; Hu 2008; Beifiori et al. 2012;
Shankar et al. 2016; van den Bosch 2016). Here, we parameterize
the relation between SMBHs and galaxy bulge mass. Unlike the
modeling of star formation rates (§2.2), we assign SMBH masses
first, and then infer their growth rates. This approach is necessary
because the relationship between SMBH mass and galaxy mass
is much less uncertain than the relationship between SMBH mass
growth and galaxy mass or growth.
We parameterize the median M• –Mbulge relation as a redshiftdependent power-law:

βBH + γBH log10

Mbulge

!

e•
log10 M

=

βBH

=

1011 M
βBH,0 + βBH,a (a − 1) + βBH,z z

γBH

=

γBH,0 + γBH,a (a − 1) + γBH,z z .

(28)

2.5

SMBH mergers and accretion

Similar to their host galaxies, SMBHs grow in mass via accretion and mergers. We parameterize the fraction of SMBH growth
due to mergers as fmerge,BH , the formula for which is provided later
in this section. The average black hole merger rate (BHMR) for a
certain halo mass bin is by definition:
BHMR · ∆t = (Average BH Mass Now
− Average BH Mass Inherited from Previous Timestep)
× fmerge,BH ,
(33)
where ∆t is the time interval between two consecutive snapshots,
and the inherited and new BH masses are calculated using the halo–
galaxy–SMBH connection (see Appendix C for full details). Similarly, the average black hole accretion rate (BHAR) for a certain
halo mass bin is:
BHAR · ∆t = (Average BH Mass Now
− Average BH Mass Inherited from Previous Timestep)


× 1 − fmerge,BH .
(34)
In this work, we assume that the fractional merger contribution
to the total SMBH growth ( fmerge,BH ) is proportional to the fraction
of galaxy growth due to mergers:
fmerge,BH = fscale ×

fmerge Ṁ∗,inc
SFR + fmerge Ṁ∗,inc

,

(35)

where fmerge is the fraction of the incoming satellite galaxies’ mass
that is merged into central galaxies, and Ṁ∗,inc is the mass rate at
which satellite galaxies are disrupted in mergers (see Eq. 13). The
proportionality factor, fscale , has the following redshift dependency:

(29)
(30)

log10 ( fscale ) = fscale,0 + fscale,1 (a − 1) .

(36)

We set Gaussian priors on βBH,0 and γBH,0 from constraints on the
local M• –Mbulge relation, which will be discussed in §3.2.2. With
Eqs. 28-30, some parameter values could result in unphysical (i.e.,
negative) growth of SMBHs; we hence exclude such parts of parameter space from MCMC exploration.
There is also log-normal scatter in SMBH mass at fixed bulge
mass (σBH ). We assume σBH to be redshift-independent. This is
because a redshift dependent σBH will be unphysically small in the
early Universe, if the Poisson prior probability of detecting lowmass bright quasars at z ∼ 6 is applied. See §3.2.2 for more details.
Since the scatter in bulge mass at fixed stellar mass is subsumed in σBH , this is in effect the scatter in SMBH mass at fixed
total stellar mass. We also note that this scatter is effectively the
combined scatter that accounts for both the variance in the intrinsic M• –Mbulge relation, as well as random error in direct SMBH
mass measurements (e.g., dynamical modelling or reverberation
mapping, but not virial estimates). Combining the scatter in SMBH
mass at fixed stellar mass with the scatter in stellar mass at fixed
halo mass, the scatter in SMBH mass at fixed halo mass is:
q
σtot = (σ∗ × γBH )2 + σ2BH .
(31)

While we do not exclude fscale > 1 when exploring parameter space,
we find fscale to be consistently smaller than unity in the posterior
distribution (see Appendix G for model extremes where fscale = 0
or fscale = 1).
In T RINITY, not all infalling SMBH mass merges with the
central SMBH immediately. Physically, this could be due to several
reasons: 1) some SMBHs orbit with the disrupted satellite (i.e., in
a tidal stream) outside the host galaxy and have very long dynamical friction timescales, 2) some SMBHs experience recoils and are
ejected from the central galaxy; 3) some SMBHs may stall in the
final parsec before merging with the central SMBH; or 4) some
SMBHs may remain in the host galaxy but stay offset from the
centre. Given the lack of direct observational evidence, we cannot
distinguish between these possible scenarios here. Instead, we label
all such objects as “wandering SMBHs” for the rest of this work.
The average mass in wandering SMBHs (M •,wander ) for each halo
mass bin is thus:

This log-normal scatter results in a difference between the mean
e• ) at fixed halo mass:
(M• ) and median SMBH masses ( M

Although wandering SMBHs do not contribute to the observed M• –
Mbulge relation, they do contribute to quasar luminosity functions
during their formation. This is most important when comparing our
results with previous studies (e.g., §5.2), which have often not modeled wandering SMBHs. For full details about calculating the av-

e• × exp(0.5(σtot ln 10)2 ) .
M• = M

(32)

M •,wander =Total Infalling BH Mass
Z t
−
BHMR · dt .

(37)

0
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erage inherited SMBH mass from the previous timestep (M •,inherit )
and the average infalling SMBH mass (M •,infall ), see Appendix C.
2.6

energy (both radiative and kinetic) through accretion. We hence
solve for η0 by combining Eqs. 46 and 47. In this work, log10 (tot )
is assumed to scale linearly with the scale factor a = 1/(1 + z):

AGN duty cycles, Eddington ratio distributions, and
energy efficiencies

log10 (tot ) = tot,0 + tot,a (a − 1) .

In the real Universe, only a subset of SMBHs are actively accreting at a given time. In T RINITY, we parametrize the fraction of
galaxies that host active SMBHs (i.e., the AGN duty cycle, fduty )
as a function of M• and z:
fduty (M• , z)

=

f1 (M• )

=

x

=

f2 (z)

=

f1 (M• ) × f2 (z)
exp (x)
1 + exp (x)
log10 (M• ) − M•,c
w•
f2,0 + f2,a (a − 1) ,

(38)
(39)
(40)
(41)

where f1 (M• ) is a sigmoid function of SMBH mass, and f2 (z) is
a linear function of the scale factor a = 1/(1 + z). In this work, we
define fduty to be the fraction of active SMBH host galaxies among
all galaxies, i.e., regardless of whether they actually host SMBHs.
With the assumption that the SMBH occupation fraction is focc ≡ 1,
this is equivalent to the fraction of active SMBHs among all the
SMBHs hosted by galaxies. In §6.2, we discuss the potential effect
on AGN Eddington ratio distributions of a lower focc .
At a fixed halo mass, the Eddington ratio distribution function
(ERDF) is assumed to have a double power-law shape:
P0
 η c2 + (1 − fduty )δ(η) (42)
+ η0

P (η|η0 , c1 , c2 )

=

fduty  η c1

c1

=

c1,0 + c1,a (a − 1)

(43)

c2

=

c2,0 + c2,a (a − 1) ,

(44)

η0

where η is Eddington ratio, P0 is the normalization of the ERDF
for active SMBHs, c1 and c2 are the two power-law indices, η0 is
the break point of the double power-law, and δ(η) is the ERDF for
dormant SMBHs, which is a Dirac delta function centred at η = 0.
The constant of proportionality P0 is calculated such that
Z ∞
P0
(45)
 η c1  η c2 d log η = 1 .
0
+ η0
η0
This functional form is flexible enough to approximate many past
assumptions for the shape of the ERDF (e.g., Gaussian distributions
and Schechter functions). Given the non-zero scatter in SMBH
mass at fixed halo mass (Eq. 31), more massive SMBHs in a certain halo mass bin have higher accretion rates than their smaller
counterparts.
The characteristic Eddington ratio η0 in Eq. 42 is not a free
parameter, but is constrained by the parametrizations in Eqs. 38–
42. Letting η be the average Eddington ratio, we have from Eq. 42
that:
Z ∞
η=
ηP (η|η0 , c1 , c2 ) d log η ,
(46)
0

and by definition
η=

tot BHAR × 4.5 × 108 yrs
(1 − tot )M•

,

(47)

where M• (Eq. 28) and BHAR (Eq. 34) are the average SMBH
mass and black hole accretion rate as functions of halo mass and
redshift, respectively. The parameter tot is the efficiency to release
MNRAS 000, 1–30 (2020)
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(48)

Kinetic and radiative Eddington ratios

SMBH accretion produces both radiative and kinetic energy
(see, e.g., Merloni & Heinz 2008), and the latter dominates the total energy output at low accretion rates. The radiative and kinetic
luminosities depend on the efficiency of mass conversion into the
two different forms of energies, rad and kin . In analogy with this,
we can recast the Eddington ratio in terms of its radiative and kinetic components. To forward model these observables, we adopt
the following empirical relation between the total Eddington ratio
η and its radiative component ηrad :



η2 /0.03,
η 6 0.03




(49)
ηrad = 
η,
0.03 < η 6 2 .




2 1 + ln(η/2) , η > 2
For η 6 2, the scaling between ηrad and η is similar to the one used
by Merloni & Heinz (2008). Merloni & Heinz (2008) adopted a
more complex scaling relation between AGN radiative luminosity, X-ray luminosity, and SMBH mass that had substantial scatter.
Rather than using the same complex model, we choose to adopt the
simpler, more transparent scaling in Eq. 49. For η > 2, we adopt
a logarithmic scaling to account for the fact that at such high accretion rates, the accretion disk becomes thick, trapping part of the
outgoing radiation (Mineshige et al. 2000). The kinetic component
ηkin is, by definition:
ηkin = η − ηrad , η < 0.03 .

(50)

At a given η < 0.03, Eq. 50 produces ∼ 0.3 − 0.5 dex more kinetic
energy than Merloni & Heinz (2008). We also ignore the kinetic
energy output from active SMBHs with η > 0.03, due to a lack of
observational constraints. Thus, the AGN radiative and kinetic efficiencies are:



η/0.03,
η 6 0.03




rad = tot × 
1,
0.03 < η 6 2 ,




2/η 1 + ln(η/2) , η > 2

(51)




tot (1 − η/0.03), η < 0.03
kin = 
,

0,
η > 0.03

(52)

and:

respectively. The radiative and kinetic luminosities and Eddington
ratio distributions are:
LX
erg/s

=

P(ηX )

=

M•
× ηX
M
d log η
P (η)
,
d log ηX

1038.1 ×

(53)
(54)

where X is either “rad” or “kin” and where d log η/d log ηX is calculated using Eqs. 49-50.
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Figure 3. Left Panel: Comparison between observed galaxy stellar mass functions (SMFs) and our best-fitting model from z = 0 − 8. The observed stellar
mass functions are listed in Table 4. Right Panel: Comparison between observed galaxy quenched fractions (QFs) and our best-fitting model from z = 0 − 4.
The observed quenched fractions are listed in Table 5. All the data used to make this plot (including individual data points and our best-fitting model) can be
found here.
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our best-fitting model from z = 0 − 8. The references for observations are listed in Table 7. All the data used to make this plot (including individual data points
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2.8

Calculating AGN observables

Having specified SMBH growth histories and ERDFs, we can
now predict AGN observables. Although there are different observables in our data compilation, all of them involve counting the number densities of the host haloes/galaxies of SMBHs with certain
properties.
The SMBH mass function at each redshift is the number density of haloes that host SMBHs of a given mass:
Z ∞ 
 

φBH (M• , z) =
φh Mpeak , z P M• |Mpeak , z dMpeak ,
(55)
0




where φh Mpeak , z is the halo mass function at redshift z, and


P MBH |Mpeak , z is specified by the halo–galaxy–SMBH connection (see §2.2 and §2.4).
To model active black hole mass functions from Schulze &
Wisotzki (2010) and Schulze et al. (2015), we apply the same selection criteria and remove SMBHs with radiative Eddington ratios

below 0.01. Thus, the active black hole mass function is:

φABH (M• , z) =

Z
0

∞Z ∞
ηrad,min =0.01


 

φh Mpeak , z P M• |Mpeak , z ×



P ηrad |M• , Mpeak , z dηrad dMpeak .
(56)
For the type I quasar SMBH mass functions from Kelly & Shen
(2013), we include all SMBHs with η > 0. This is because modeling of the underlying MBH − Lbol distributions showed little incompleteness induced by the SDSS luminosity cut at log10 M• & 9.5,
and we only use data above this mass. To account for obscured type
II quasars, we use an empirical formula for the obscured fraction
Fobs as a function of X-ray luminosity from Merloni et al. (2014):

Fobs (LX ) = 0.56 +

!
43.89 − log LX
1
arctan
.
π
0.46

(57)
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Table 1. Summary of Parameters
Symbol
Description
Equation
V(z)
Characteristic vMpeak in SFR–vMpeak relation
4
(z)
Characteristic SFR in SFR–vMpeak relation
5
α(z)
Low-mass slope of the SFR–vMpeak relation
6
β(z)
Massive-end slope of the SFR–vMpeak relation
7
vQ (z)
Typical vMpeak for star formation quenching, in dex
10
wQ (z)
Typical width in Mpeak for star formation quenching, in dex
11
fmerge
Fraction of incoming satellite galaxy mass that is merged into central galaxies
σ∗
Scatter in true stellar mass at fixed halo mass, in dex
µ(z)
Systematic offset between true and the observed stellar masses, in dex
23
κ(z)
Additional systematic offset in observed vs. true SFRs, in dex
25
σ(z)
Scatter between measured and true stellar masses, in dex
26
ρ0.5
Correlation between SFR and stellar mass at fixed halo mass at z = 1 (a = 0.5)
27
βBH (z)
Median SMBH mass for galaxies with Mbulge = 1011 M , in dex
29
γBH (z)
Slope of the SMBH mass–bulge mass (M• –Mbulge ) relation
30
σBH
Scatter in SMBH mass at fixed bulge mass, in dex
fscale (z)
Ratio between the fractions of SMBH and galaxy growth coming from mergers
36
fduty (M• , z)
AGN duty cycle
38
c1 (z), c2 (z)
Faint- and bright-end slopes of the AGN Eddington ratio distribution functions
43,44
tot
Total energy efficiency (radiative and kinetic) of mass accretion onto SMBHs
48
ξ
Systematic offset in Eddington ratio when calculating AGN probability distribution functions, in dex
66
Total Number of Galaxy Parameters
Total Number of SMBH Parameters
Total Number of Parameters
Notes. vMpeak : the maximum circular velocity at the time when the halo reaches its peak mass (See §2.2).

Parameters
4
4
4
3
3
3
1
1
2
1
1
1
3
3
1
2
4
4
2
1
28
20
48

Section
2.2
2.2
2.2
2.2
2.2
2.2
2.2
2.2
2.3
2.3
2.3
2.3
2.4
2.4
2.4
2.5
2.6
2.6
2.6
2.8

Table 2. Summary of Priors
Symbol
Description
Equation
Prior
σ∗,0
Value of σ∗ at z = 0, in dex
U(0, 0.3)
µ0
Value of µ at z = 0, in dex
24
G(0, 0.14)
µa
Redshift scaling of µ, in dex
24
G(0, 0.24)
κ
Additional systematic offset in observed vs. true SFRs, in dex
25
G(0, 0.24)
σz
Redshift scaling of σ, in dex
26
G(0.05, 0.015)
ρ0.5
Correlation between SFR and stellar mass at fixed halo mass at z = 1 (a = 0.5)
27
U(0.23, 1)
βBH,0
SMBH mass at Mbulge = 1011 M and z = 0
29
G (8.46, 0.20)
γBH,0
Slope of the M• –Mbulge relation at z = 0
30
G (1.05, 0.14)
Notes. G (µ, σ) denotes a Gaussian with median µ and width σ, and U (x1 , x2 ) denotes a uniform distribution between x1 and x2 .

Thus, the type I quasar BHMF is:
φABH 0 (M• , z) =

∞Z

Z
0

∞
0


 

φh Mpeak , z P M• |Mpeak , z ×


P ηrad |M• , Mpeak , z ×

(58)

(1 − Fobs (LX ))dηrad dMpeak ,
where LX is the X-ray luminosity that is calculated using the bolometric correction from Ueda et al. (2014):
LX

=

Lbol /erg · s−1

=

kbol (Lbol )

=

1038.1 · M• · ηrad
(60)
!
!
Lbol 0.28
Lbol −0.020
10.83
+ 6.08
(61)
.
1010 L
1010 L

(59)

Similarly, QLFs are given by the number density of haloes
hosting SMBHs with a given luminosity:
φL (Lbol , z) =

∞

Finally, for quasar probability distribution functions, Aird et al.
(2018) expressed Compton-thin QPDFs in terms of the specific LX
(sLX ):
sLX =

Lbol
kbol (Lbol )

Z

sity of SMBHs with the corresponding Eddington ratio:


 Z ∞ 
P Lbol |Mpeak , z =
P ηrad (Lbol , MBH ) |M• , Mpeak , z ×
0
(63)


P M• |Mpeak , z dMBH .

The distribution of sLX at fixed stellar mass and redshift is:


0
|M∗ , z
P (sLX |M∗ , z) = (1 − fCTK (LX , z)) × P Lbol

 

φh Mpeak P Lbol |Mpeak , z dMpeak ,

(62)

0



where P Lbol |Mpeak , z is calculated by counting the number denMNRAS 000, 1–30 (2020)

(64)

(65)

0
Lbol

=

Lbol
ξ

Lbol /erg · s−1

=

P(Lbol |M∗ , z)

=

1.04 × 1034 × M∗ /M × sLX × kbol (Lbol ) (67)
Z ∞
Z ∞
dMpeak
dM• P(ηrad (Lbol , M• )|Mpeak , z)
0



LX /erg · s−1
.
1.04 × 1034 × M∗ /M

(66)

0

P(M• |M∗ , z)P(M∗ |Mpeak z),

(68)

where the Compton-thick fraction fCTK (LX , z) and the bolometric
correction kbol (Lbol ) are both given by Ueda et al. (2014) (see Ap-
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Figure 7. Comparison between the observed active black hole mass functions (ABHMFs) from Schulze & Wisotzki (2010), Schulze et al. (2015),
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this plot (including individual data points and our best-fitting model) can be
found here.
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Figure 6. Comparison between the observed quasar luminosity functions
(QLFs) from Ueda et al. (2014) and our best-fitting model from z = 0 − 5.
All the data used to make this plot (including individual data points and our
best-fitting model) can be found here.

pendix E1 for full details about fCTK ), and ξ is the systematic offset in bolometric luminosity when calculating the AGN probability
distribution functions in terms of sLX . This free parameter accounts
for a residual inconsistency between the QPDFs from Aird et al.
(2018) and the QLFs from Ueda et al. (2014) after the data point
downsampling and exclusion as described in Appendix E2.
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Figure 5. Comparison between observed galaxy UV luminosity functions
(UVLFs) and our best-fitting model from z = 9 − 10. The references for observations are listed in Table 8. All the data used to make this plot (including
individual data points and our best-fitting model) can be found here.
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Methodology summary

Here, we summarize the major steps to constrain the halo–
galaxy–SMBH connection as shown in Fig. 1:
1. Choose a point in parameter space (Table 1), which fully
specifies the halo–galaxy–SMBH connection (§2.2, §2.4), SMBH
merger contributions (§2.5), and the BHAR–AGN luminosity conversion (§2.6, 2.7).
2. Put galaxies and SMBHs into haloes accordingly, which determines galaxy and SMBH growth histories.

10-14

z=1.60
z=1.80
z=2.15
z=2.65

z=3.20
z=3.75
z=4.25
z=4.75
1010
M • [M ¯ ]

Figure 8. Comparison between the observed active black hole mass functions (ABHMFs) from Kelly & Shen (2013) and our best-fitting model from
z = 1.5 − 5. The data points and the best fitting models in each higher redshift bin are shifted downwards by 0.5 dex incrementally for the sake of
clarity. All the data used to make this plot (including individual data points
and our best-fitting model) can be found here.

3. Calculate SMBH mass functions and Eddington ratio distributions (§2.6).
4. Predict galaxy and AGN observables (§2.8 and Table 3).
5. Correct these predictions for systematic effects in real observations, e.g., systematic offsets in measured vs. true stellar masses
(§2.3) as well as Compton-thick obscuration (§2.8 and Appendix
E).
6. Compare these predictions with real data to calculate the posterior probability P(θ|d) = π(θ) × L(θ|d) of the parameters θ given
the observational constraints d. The likelihood L(θ|d) is calculated
with the χ2 (θ|d) from the comparison between our predictions with
real data: L(θ|d) ∝ exp[−χ2 (θ|d)].
7. Repeat steps 1–6, using an MCMC algorithm to determine the
posterior distribution of the model parameters.
In this work, we use a custom implementation of the adaptive
MNRAS 000, 1–30 (2020)
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Figure 9. The comparison between the observed quasar probability distribution functions (QPDFs) from Aird et al. (2018) and our best-fitting model from
z = 0 − 2.5. The data points include Compton-thin AGNs only, so the model values are corrected for direct comparison. All the data used to make this plot
(including individual data points and our best-fitting model) can be found here.

Metropolis MCMC method (Haario et al. 2001). A chain length of
2 × 106 steps was chosen to ensure the convergence of the posterior
distribution. We have verified that this choice of chain length is
at least ∼50 times longer than the autocorrelation length for every
model parameter.
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3.1

SIMULATIONS AND DATA CONSTRAINTS
Dark Matter Halo Statistics

As noted in §2.1, T RINITY requires only halo population
statistics from dark matter simulations, as opposed to individual
halo merger trees. We use the peak historical mass (Mpeak ) halo
mass functions from Behroozi et al. (2013) for the cosmology specified in the introduction. These mass functions are based on central
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Figure 10. The local M• –Mbulge relation. The filled circles are the data
compiled by Kormendy & Ho (2013), and the stars are those compiled by
Häring & Rix (2004). The red solid line is the median SMBH–bulge mass
relation, and the red dashed line is the mean relation. These lines are offset
because log-normal distributions are positively skewed, with the mean being greater than the median. All the data used to make this plot (including
individual data points and our best-fitting model) can be found here.

halo mass functions from Tinker et al. (2008), with adjustments to
include satellite halo number densities as well as to use Mpeak instead of the present day mass. These adjustments were based on
the Bolshoi & Consuelo simulations (Klypin et al. 2011). We refer readers to Appendix G of Behroozi et al. (2013) for full details.
With these calibrations, the halo statistics used in this work are suitable for studying the evolution of halos from 1010 M to 1015 M .
For average halo mass accretion histories, we use the fitting formulae in Appendix H of Behroozi et al. (2013). For halo mergers,
we fit merger rates from the U NIVERSE M ACHINE (Behroozi et al.
2019), with full details and formulae in Appendix B.
3.2

Observational Data Constraints

We have compiled galaxy and AGN observables from z =
0 − 10, which are summarized in Table 3. The following sections
provide brief descriptions of these data.

IMF, the Bruzual & Charlot (2003) SPS model, and the Calzetti
et al. (2000) dust model. Additional corrections were made to homogenize photometry for massive galaxies (see Appendix C of
Behroozi et al. 2019).
Constraints on galaxy quenched fractions as a function of stellar mass are taken from Bauer et al. (2013), Moustakas et al. (2013)
and Muzzin et al. (2013). Each group calculated quenched fractions
in a different way, but we assume that they all refer to galaxies with
negligible global star formation rates (see §2.2). Although this results in some uncertainty in the interpretation of galaxy quenched
fractions, it does not affect the main analysis, which only depends
on the average star formation rate as a function of halo mass.
SSFRs and CSFRs at 0 < z < 10.5 are obtained from multiple
surveys (including SDSS, GAMA, UltraVISTA, CANDELS, and
ZFOURGE) and techniques (UV, IR, radio, Hα, SED fitting, and
gamma-ray bursts). These data points were only corrected to ensure the same initial mass function (the Chabrier 2003 IMF), because aligning other physical assumptions does not improve the
self-consistency between SFRs and the growth of SMFs (Madau
& Dickinson 2014; Leja et al. 2015; Tomczak et al. 2016).
In this work, we also use UV luminosity functions from Ishigaki et al. (2018), Oesch et al. (2018), and Bouwens et al. (2019)
at z = 9 − 10 to constrain the halo–galaxy connection beyond the
redshift coverage of SMFs.
In this paper, we have assumed a non-evolving IMF from
Chabrier (2003). With IMFs from Kroupa (2001) and Salpeter
(1955), the inferred stellar masses would be factor of 1.07 and 1.7
higher than using the Chabrier (2003) IMF, respectively. For SFRs,
these factors are 1.06 and 1.58, respectively (Salim et al. 2007).
More generally, a top-heavy IMF would produce a higher fraction
of massive stars, decreasing the mass-to-UV light ratios of galaxies, and ultimately the inferred stellar masses and SFRs from stellar population synthesis. There is some observational evidence that
the IMF becomes more top-heavy with increasing SFR (e.g., Gunawardhana et al. 2011), but it remains an open issue whether IMF
varies with environment or redshift (Conroy et al. 2009; Bastian
et al. 2010; van Dokkum & Conroy 2012; Krumholz 2014; Lacey
et al. 2016). Therefore, we opt to use a universal IMF in this paper;
for discussion on the potential effects of non-universal IMFs, we
refer readers to Appendix G of Behroozi et al. (2019).
3.2.2

3.2.1

Galaxy data

Five different observables are used to constrain the halo–
galaxy connection in T RINITY: stellar mass functions (SMFs, Table 4), quenched fractions (QFs, Table 5), cosmic star formation
rates (CSFRs, Table 6), specific star formation rates (SSFRs, Table
7), and UV luminosity functions (UVLFs, Table 8). In this work,
we adopt the compilation of these observables from Behroozi et al.
(2019). Here, we briefly introduce the data sources and the conversions made to ensure consistent physical assumptions across different datasets. For full details, we refer readers to Appendix C of
Behroozi et al. (2019).
Stellar mass functions at z = 0 − 8 come from the following
surveys: the Sloan Digital Sky Survey (SDSS, York et al. 2000), the
PRIsm MUlti-object Survey (PRIMUS, Coil et al. 2011; Cool et al.
2013), UltraVISTA (McCracken et al. 2012), the Cosmic Assembly Near-infrared Deep Extragalactic Legacy Survey (CANDELS,
Grogin et al. 2011; Koekemoer et al. 2011), and the FourStar
Galaxy Evolution Survey (ZFOURGE, Straatman et al. 2016). Data
points were converted to be consistent with the Chabrier (2003)

Supermassive black hole data

There are five different kinds of SMBH observables in our
compiled dataset: quasar luminosity functions (QLFs), quasar
probability distribution functions (QPDFs), active black hole mass
functions (ABHMFs), the local SMBH mass–bulge mass (M• –
Mbulge ) relation, and the observed SMBH mass distribution of high
redshift bright quasars. These SMBH data are summarized in Table
9 (QLFs, QPDFs, and ABHMFs) and Table 10 (M• –Mbulge ).
We have used bolometric quasar luminosity functions (QLFs)
at z = 0 − 5 from Ueda et al. (2014), which are based on a series of
X-ray surveys. There are also QLFs based on observations in other
wavebands (e.g., UV luminosity functions from Kulkarni et al.
2019), but we use those from X-ray surveys due to their uniformity in AGN selection and robustness against (moderate) obscuration. We adopted the empirical correction scheme from Ueda et al.
(2014) to account for Compton-thick AGN populations (see Appendix E1 for full details). We also tested using bolometric QLFs
from multiple wavebands from Shen et al. (2020), and found no
qualitative changes in our results.
QLFs constrain the total radiative energy output of active
MNRAS 000, 1–30 (2020)
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Table 3. Summary of Observational Constraints
Type
Redshifts
Primarily Constrains
References
Stellar mass functions
0-8
SFR–vMpeak relation
Table 4
Galaxy quenched fractions
0-4
Quenching–vMpeak relation
Table 5
Cosmic star formation rates
0-10
SFR–vMpeak relation
Table 6
Specific star formation rates
0-9
SFR–vMpeak relation
Table 7
Galaxy UV luminosity functions
9-10
SFR–vMpeak relation
Table 8
Quasar luminosity functions
0-5
Total SMBH accretion
Ueda et al. (2014)
Quasar probability distribution functions
0-2.5
AGN duty cycle, BHAR distributions
Aird et al. (2018)
Active SMBH mass functions
0-5
AGN energy efficiency
Table 9
SMBH mass – bulge mass relation
0
Galaxy–SMBH connection
Table 10
Observed SMBH mass distribution of bright quasars
5.8-6.5
Galaxy-SMBH connection
Shen et al. (2019)
Notes. vMpeak is the maximum circular velocity of the halo at the time when it reaches its peak mass, Mpeak . This is used as a proxy for the halo mass in
T RINITY. BHAR is the SMBH accretion rate.
Table 4. Observational Constraints on Galaxy Stellar Mass Functions
Publication
Baldry et al. (2012)
Moustakas et al. (2013)
Tomczak et al. (2014)
Ilbert et al. (2013)
Muzzin et al. (2013)
Song et al. (2016)

Redshifts
0.002-0.06
0.05-1
0.2-3
0.2-4
0.2-4
4-8

Wavebands
ugriz
UV-MIR
UV-KS
UV-KS
UV-KS
UV-MIR

Table 7. Observational Constraints on Galaxy Average Specific Star Formation Rates

Area (deg2 )
143
9
0.08
1.5
1.5
0.08

Publication
Salim et al. (2007)
Bauer et al. (2013)
Whitaker et al. (2014)
Zwart et al. (2014)
Karim et al. (2011)
Kajisawa et al. (2010)
Schreiber et al. (2015)
Tomczak et al. (2016)
Salmon et al. (2015)
Smit et al. (2014)
Labbé et al. (2013)
McLure et al. (2011)

Table 5. Observational Constraints on Galaxy Quenched Fractions
Publication
Bauer et al. (2013)
Moustakas et al. (2013)
Muzzin et al. (2013)

Redshifts
0-0.3
0.2-1
0.2-4

Definition of Quenching
Observed SSFR
Observed SSFR
UVJ diagram

Type
UV
Hα
UV/IR
Radio
Radio
UV/IR
FIR
UV/IR
SED
SED
UV/IR
UV

Area (deg2 )
741
144
0.25
1
2
0.03
1.75
0.08
0.05
0.02
0.04
0.0125

Table 8. Observational Constraints on Galaxy UV Luminosity Functions

Table 6. Observational Constraints on the Cosmic Star Formation Rate
(deg2 )

Publication
Redshifts
Waveband
Area
Robotham & Driver (2011)
0-0.1
UV
833
Salim et al. (2007)
0-0.2
UV
741
Gunawardhana et al. (2013)
0-0.35
Hα
144
Ly et al. (2011a)
0.8
Hα
0.8
Zheng et al. (2007)
0.2-1
UV/IR
0.46
Rujopakarn et al. (2010)
0-1.2
FIR
0.4-9
Drake et al. (2015)
0.6-1.5
[OII]
0.63
Shim et al. (2009)
0.7-1.9
Hα
0.03
Sobral et al. (2014)
0.4-2.3
Hα
0.02-1.7
Magnelli et al. (2011)
1.3-2.3
IR
0.08
Karim et al. (2011)
0.2-3
Radio
2
Santini et al. (2009)
0.3-2.5
IR
0.04
Ly et al. (2011b)
1-3
UV
0.24
Kajisawa et al. (2010)
0.5-3.5
UV/IR
0.03
Schreiber et al. (2015)
0-4
FIR
1.75
Planck Collaboration et al. (2014)
0-4
FIR
2240
Dunne et al. (2009)
0-4
Radio
0.8
Cucciati et al. (2012)
0-5
UV
0.6
Le Borgne et al. (2009)
0-5
IR-mm
varies
van der Burg et al. (2010)
3-5
UV
4
Yoshida et al. (2006)
4-5
UV
0.24
Finkelstein et al. (2015)
3.5-8.5
UV
0.084
Kistler et al. (2013)
4-10.5
GRB
varies
Notes. The technique of Le Borgne et al. (2009) (parametric derivation of
the cosmic SFH from counts of IR-sub mm sources) uses multiple surveys
with different areas. Kistler et al. (2013) used GRB detections from the Swift
satellite, which has fields of view of ∼3000 deg2 (fully coded) and ∼10000
deg2 (partially coded).
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Redshifts
0-0.2
0-0.35
0-2.5
0-3
0.2-3
0.5-3.5
0-4
0.5-4
3.5-6.5
6.6-7
7.5-8.5
6-8.7

Publication
Bouwens et al. (2019)
Ishigaki et al. (2018)
Oesch et al. (2018)

Redshifts
8-9
8-9
10

Area (deg2 )
0.24
0.016
0.23

SMBHs (Conroy & White 2013; Caplar et al. 2015). To constrain the mass-dependence of AGN luminosity distributions, we
included quasar probability distribution functions (QPDFs) from
Aird et al. (2018). These functions are expressed as the conditional
probability distributions of sLX ≡ LX /(1.04 × 1034 erg s−1 × M∗ ).
These distributions are given as functions of stellar mass (M∗ ) and
redshift, and are obtained by modeling the X-ray luminosities of
galaxies in the CANDELS and UltraVISTA surveys. Aird et al.
(2018) did not correct for the presence of Compton-thick AGNs
in their modeling, so we adopted the empirical scheme given by
Ueda et al. (2014) to correct our predicted QPDFs for this selection
bias (see Appendix E1 for more details).
In modeling how AGN luminosity connects to SMBH growth,
there is a degeneracy between the SMBH accretion rate and the radiative efficiency. To break this degeneracy, we include active black
hole mass functions (ABHMFs) from z = 0.2 − 5 from Schulze
& Wisotzki (2010); Kelly & Shen (2013); Schulze et al. (2015),
and the local M• –Mbulge relation to constrain the total amount of
SMBH mass accreted over cosmic time. Given the different sample selection criteria and data reduction schemes used by different
groups, we decided not to use individual data points for the M• –
Mbulge relation. Instead, we picked five commonly-used local M• –
Mbulge relations and calculated the medians and standard deviations
of their slopes and intercepts (see Table 10). We then apply Gaus-
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Table 9. Observational Constraints on AGNs
Publication
Type
Redshifts
Waveband
Area (deg2 )
Ueda et al. (2014)
Luminosity functions
0-5
X-ray
0.12-34000
Aird et al. (2018)
probability distribution functions
0.1-2.5
X-ray
0.22-1.6
Schulze & Wisotzki (2010)
Active black hole mass functions
0-0.3
Optical
9500
Schulze et al. (2015)
Active black hole mass functions
1-2
Optical
0.62-6250
Kelly & Shen (2013)
Active black hole mass functions
1.5-5
Optical
6250
Shen et al. (2019)
Observed SMBH mass distribution of bright quasars
5.8-6.5
Optical
14000
Notes. “Waveband” indicates the waveband used to measure SMBH properties. Aird et al. (2018) additionally used UV, optical,
and IR data to constrain host galaxy properties.

Table 10. Observational Constraints on the SMBH mass–bulge mass (M• –
Mbulge ) relation at z = 0
Publication
βBH
γBH
Häring & Rix (2004)
8.20
1.12
Beifiori et al. (2012)
8.25
0.79
Kormendy & Ho (2013)
8.69
1.15
McConnell & Ma (2013)
8.46
1.05
Savorgnan et al. (2016)
8.55
1.05
Median
8.46
1.05
Standard deviation
0.20
0.14
Notes. The median M• –Mbulge relation is assumed to be a power-law:
log10 (M• ) = βBH + γBH log10 (Mbulge /1011 M ).

4

RESULTS

We present the best fitting parameters and the comparisons to
observations in §4.1, as well as results for the evolution of the M• –
Mbulge relation in §4.2, black hole accretion rates and Eddington
ratio distributions in §4.3, the SMBH mass function in §4.4, SMBH
mergers in §4.5, and AGN energy efficiency as well as systematic
uncertainties in §4.6.

4.1

Best fitting parameters and comparison to observables

We obtained the posterior distribution of model parameters
with an MCMC algorithm (§2.9). The best fitting model was found
sian priors on both the slope and the intercept at z = 0 in T RINITY,
by the following two-step procedure: (1) calculate the weighted avwith the centres and widths set to these medians and standard devierage of the 2000 highest-probability points in the MCMC chain;
ations.
(2) starting from this weighted average, run a gradient descent opGiven the capability of contemporary telescopes, the sample
timization over each dimension of the parameter space, until the
of z & 5 AGNs is likely biased against faint objects. However, the
model χ2 stops changing.
observed SMBH mass distribution of these high redshift quasars
Our best fitting model is able to fit all the data in our comstill provides useful constraints on T RINITY. Specifically, we know
pilation (§3), including stellar mass functions (SMFs, Fig. 3, left
from observations that few quasars with Lbol > 1047 erg/s at 5.8 <
panel), quenched fractions (QFs, Fig. 3, right panel), cosmic star
z < 6.5 have observed M• < 108 M (Shen et al. 2019). Therefore,
formation rates (CSFRs, Fig. 4, left panel), specific star formation
the expected number of these quasars in T RINITY, Nexp , should
rates (SSFRs, Fig. 4, right panel), galaxy UV luminosity functions
also be small. Assuming Poisson statisics, the prior probability that
(UVLFs, Fig. 5), quasar luminosity functions (QLFs, Fig. 6), active
we detect no low-mass bright quasars with a survey like SDSS is:
black hole mass functions (ABHMFs, Figs. 7 and 8), quasar probability distribution functions (QPDFs, Fig. 9) and the local M• –
P(Nobs = 0|Nexp ) = exp (−Nexp )
(69)
Mbulge relation (Fig. 10). For 1192 data points and 48 parameters,
Z 108
2
the
Nexp =
P(M•,obs |M•,int )dM•,obs
(70) naive reduced χ is 0.86, which suggests a reasonable fit. The
best fitting model and 68% confidence intervals for parameters are
0
Z ∞
Z ∞
presented in Appendix G.
dM•,int
dLbol P(Lbol |M•,int )ΦBH (M•,int )
×
As shown in Fig. 9, T RINITY largely reproduces the mass0
1047
dependence of the QPDFs from Aird et al. (2018), but it does not
× SSDSS × ∆z
fully recover the QPDF shape for galaxies with M∗ < 1010 M .
1
P(log M•,obs |M•,int ) = √
(71)
Specifically, T RINITY tends to overpredict active AGNs in these
2πσBH,obs
low mass galaxies. Given the complexity of the models adopted


 (log M•,obs − log M•,int )2 
by Aird et al. (2018) to calculate these QPDFs, we did not add


× exp −
 ,
2
additional free parameters to fully reproduce their shapes, which
2σBH,obs
reduces the risk of over-fitting.
where M•,int and M•,obs are the intrinsic and observed SMBH
masses, respectively, and σBH,obs = 0.4 dex is the random scatter
in SMBH mass as induced by virial estimates (Park et al. 2012).
4.2 The M• –Mbulge relation for z = 0 to z = 10
SSDSS = 14000 deg2 is the survey area of SDSS. Here, we take
In Fig. 11, we show the redshift evolution of the median
∆z = 6.5 − 5.8 = 0.7 to keep consistency with Shen et al. (2019).
SMBH mass–bulge mass (M• –Mbulge ) relation (top panel) along
In the MCMC process, we included this prior to prevent T RINITY
with the log-normal scatter (bottom panel) from z = 0 − 10. We find
from producing too many low-mass and super-Eddington quasars,
that the median SMBH mass shows only mild evolution at Mbulge &
which are not supported by observations (Mazzucchelli et al. 2017;
1010 M , but increases strongly with time below this mass. From
Trakhtenbrot et al. 2017).
z = 0 − 3, the evolution in the median M• at fixed Mbulge is at
In the process of compiling these data, we found systematic
most ∼ 0.3 dex, which is within the typical SMBH mass uncertaindiscrepancies between some observational datasets, which are adties. The median M• –Mbulge relation beyond z = 0 is jointly condressed in Appendices E2 (quasar X-ray luminosities) and E3 (acstrained by the quasar luminosity functions (QLFs), quasar probative black hole mass functions).
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Figure 11. The evolution of the median M• –Mbulge relation and the corresponding log-normal scatter from z = 0 − 10. Top Panel: the median relations (see §4.2). The error bars show the 68% confidence intervals inferred
from the model posterior distribution. Bottom Panel: The same median relations, except that the shaded regions show the log-normal scatter around
the median relations. The scaling relations at z > 8 are shown in dashed
lines, which remain to be verified by future observations (by, e.g., JWST).
Note that at z & 9, the median SMBH masses in most galaxies seem to
lie below the conventional lower limit for supermassive black holes, i.e.,
105 M . This may imply a breakdown of the assumption that every galaxy
hosts a central SMBH (i.e., focc ≡ 1) at higher redshifts, which would lower
the median and average M• for all galaxies. All the data used to make this
plot can be found here.

bility distribution functions (QPDFs), active black hole mass functions (ABHMFs), and the galaxy stellar mass functions (SMFs).
Specifically, QLFs and QPDFs jointly constrain the Eddington ratio distributions and duty cycles of SMBHs. On the other hand,
ABHMFs specify the abundances of active SMBHs as a function
of their masses. Combined with the Eddington ratio distributions
and duty cycles, this information helps T RINITY infer the number density of active+dormant SMBHs at different masses, i.e.,
the total SMBH mass functions. Reproducing these SMBH mass
functions given the observed number density of galaxies (i.e., their
SMFs) places strong constraints on the M• –Mbulge relation. At
z > 8 (shown in Fig. 11 as dashed lines), there are currently no
SMBH data at all. We expect that future observations (by, e.g., the
James Webb Telescope [JWST]) will test these predictions for the
early Universe.
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Figure 12. The evolution of the mean M• –Mbulge relation from z = 0 − 10
(see §4.2). The grey dotted line shows the median relation at z = 0 for comparison. The error bars show the 68% confidence intervals inferred from
the model posterior distribution. The scaling relations at z > 8 are shown in
dashed lines, which remain to be verified by future observations (by, e.g.,
JWST). At z & 9, many galaxies have average M• < 105 M , i.e., below the
conventional mass limit for SMBHs. See the caption of Fig. 11 and §4.2 for
details. All the data used to make this plot can be found here.
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In Fig. 11, it seems that many galaxies at z & 9 have median
M• < 105 M , which is the conventional lower limit for supermassive black holes. We note that these small black hole masses are
obtained assuming that every single galaxy hosts a central SMBH,
i.e., the SMBH occupation fraction is focc ≡ 1. When focc < 1, the
median M• for all galaxies will be smaller than that of the galaxies
that actually host central SMBHs. Therefore, these small M• could
be a sign that focc < 1 for high redshift and/or low mass galaxies.
Based on the same argument, the strong evolution of the M• –Mbulge
relation at z & 3 may also be (at least partly) driven by the decrease
of focc towards higher redshifts. Despite the low average/median
black hole masses at high redshifts, T RINITY does predict a sufficient number of SMBHs with M• > 109 and 1010 M at z & 7 to
match observed quasar samples, which is discussed in paper III.
The scatter around the median M• –Mbulge relation is σBH ≈
0.29 dex. As described in §2.5, a log-normal scatter of σBH causes
an offset between the median and mean SMBH masses (§2.5) at
fixed stellar mass. Mean SMBH masses directly influence average BHARs, which are constrained by observed QLFs and QPDFs.
Consequently, σBH is primarily constrained by (a) the evolution
of the median M• –Mbulge relation; and (b) the average BHARs inferred from QLFs and QPDFs.
In Fig. 12, we show the evolution of the mean M• –Mbulge
relation from z = 0 − 10. With σBH ≈ 0.29 dex, the mean relation is offset from the median relation by a constant factor of
0.5σ2BH ln 10 ≈ 0.10 dex.
Fig. 13 shows the best-fitting median SMBH mass–galaxy total stellar mass (M• –M∗ ) relation. Our z = 0 M• –M∗ relation is
consistent with measurements by Greene et al. (2016) using water
megamaser disk observations. This relation is qualitatively similar
to the M• –Mbulge relation, mainly because of the approximate proportionality between Mbulge and M∗ (Eq. 15). Quantitatively, the
evolution of the M• –M∗ relation between 0 < z < 2 is less significant than that of the M• –Mbulge relation, due to lower Mbulge /M∗
ratios at higher redshifts, which is also consistent with observational studies like Ding et al. (2020). the The evolution of the M• –
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Figure 13. Top Panel: the best-fitting median M• –M∗ relation from z =
0 − 10 (solid lines, see §4.2), and the observed z = 0 M• –M∗ relation from
Greene et al. (2016) (dotted line). Bottom Panel: the best-fitting median
M• /M∗ ratios as a function of M∗ and z. The error bars show the 68% confidence intervals inferred from the model posterior distribution. The scaling
relations at z > 8 are shown in dashed lines, which remain to be verified by
future observations (by, e.g., JWST). At z & 9, many galaxies have average
M• < 105 M , i.e., below the conventional mass limit for SMBHs. See the
caption of Fig. 11 and §4.2 for details. All the data used to make this plot
can be found here.

M∗ relation causes the median M• /M∗ ratio (Fig. 13, bottom panel)
to decrease with redshift. Overall, the mild evolution is consistent
with observational studies that found no significant redshift dependence in the M• –Mbulge and M• –M∗ relations between 0 < z < 2
(e.g., Schramm & Silverman 2013; Sun et al. 2015; Suh et al. 2020).
Fig. 14 shows the best-fitting median SMBH mass–halo peak
mass (M• –Mpeak ) relation. At z . 5, the M• –Mpeak relation can
be approximated as a double power-law, connected by a knee at
Mpeak ∼ 1012 M . Above z = 5, it is roughly a single power-law
due to the lack of massive haloes. This halo mass dependence is
inherited from the well-known stellar mass–halo mass (M∗ –Mpeak )
relation, because of the approximate single power-law shapes of the
M• –M∗ connection (Fig. 13; see also Kormendy & Ho 2013).
e• )
The top panel of Fig. 15 shows the median SMBH mass ( M
as a function of Mpeak and z. From z = 0 − 10, SMBH masses in
haloes with Mpeak ∼ 1011 M remain consistently low. But SMBHs
do grow in mass along with their host haloes/galaxies, as indicated
by the halo growth curves (white solid lines).
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Figure 14. Top Panel: the best-fitting median M• –Mpeak (peak halo mass)
relation from z = 0−10 (see §4.2). Bottom Panel: the best-fitting M• /Mpeak
ratios as a function of Mpeak and z. The error bars show the 68% confidence
intervals inferred from the model posterior distribution. The scaling relations at z > 8 are shown in dashed lines, which remain to be verified by
future observations (by, e.g., JWST). At z & 9, many haloes have average
M• < 105 M , i.e., below the conventional mass limit for SMBHs. See the
caption of Fig. 11 and §4.2 for details. All the data used to make this plot
can be found here.

e• histories along
The bottom panel of Fig. 15 shows the M
the growth histories of different haloes. At all halo masses, SMBH
growth is very fast in the early Universe, and slows down towards
lower redshifts. However, the fast-growth phase ends earlier for
more massive black holes. This is consistent with the phenomenon
called “AGN downsizing” (Merloni 2004; Barger et al. 2005), and
we discuss this further in §4.3 and §5.3.
4.3

Average black hole accretion rates and Eddington ratio
distributions

The top panel of Fig. 16 shows the average black hole accretion rate (BHAR) as a function of Mpeak and z. In general, BHARs
peak at Mpeak ∼ 1012 M , and decrease towards lower and higher
masses. Below z ∼ 2 and Mpeak ∼ 1013.5 M , BHARs decrease with
time at fixed mass. At z ∼ 2, there is also a slight increase in BHAR
towards higher halo mass. The yellow dashed line shows the halo
mass at which the galaxy star-forming fraction fSF is 0.5 as a function of redshift. Below (above) this dashed line, the mass growth
MNRAS 000, 1–30 (2020)
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Figure 15. Top Panel: the median SMBH mass ( M
Mpeak and z (see §4.2). The yellow dashed line shows the halo mass
at which the galaxy star-forming fraction fSF is 0.5 as a function of z.
The white solid lines are the average mass growth curves of haloes with
Mpeak = 1012 , 1013 , 1014 , and 1015 M at z = 0. The grey area shows where
the number densities of dark matter haloes are negligible, and is therefore
e• histories as a function of
labeled as “No Haloes.” Bottom Panel: The M
halo mass at z = 0. The shaded regions show the 68% confidence intervals
inferred from the model posterior distribution. All the data used to make
this plot can be found here.

of SMBHs occurs primarily in star-forming (quenched) galaxies,
respectively. In T RINITY, average BHARs are constrained by the
total energy output from AGNs, which is mainly inferred from the
QPDFs and ABHMFs.
The bottom panel of Fig. 16 shows the average BHAR histories of haloes with different masses at z = 0. At all halo masses,
average BHARs keep rising in the early Universe, and then peak
and decrease towards lower redshifts. The BHARs of more massive haloes peak at higher redshifts. There is also a slight increase
in BHAR with time below z ∼ 1 among the most massive haloes.
This is mainly constrained by the increase in AGN luminosities
with stellar mass, as indicated by the low redshift QPDFs from Fig.
5 of Aird et al. (2018).
Fig. 17 shows the average galaxy star formation rates (SFRs)
as a function of Mpeak and z. The Mpeak and z dependencies of
SFR are similar to those of BHAR below Mpeak ∼ 1014 M . Above
Mpeak ∼ 1014 M , however, SFR decreases monotonically with halo
mass at all redshifts, whereas the massive black holes still have
MNRAS 000, 1–30 (2020)
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Figure 16. Top Panel: average black hole accretion rate (BHAR) as a function of Mpeak and z (see §4.3). The yellow dashed line shows the halo mass
at which the galaxy star-forming fraction fSF is 0.5 as a function of z.
The white solid lines are the average mass growth curves of haloes with
Mpeak = 1012 , 1013 , 1014 , and 1015 M at z = 0. The grey area shows where
the number densities of dark matter haloes are negligible, and is therefore
labeled as “No Haloes.” Bottom Panel: BHAR histories as a function of
halo mass at z = 0. The shaded regions show the 68% confidence intervals
inferred from the model posterior distribution.. All the data used to make
this plot can be found here.

detectable accretion rates. In other words, BHARs follow SFRs
mainly among less-massive haloes, where star-forming galaxies
dominate the population. For massive galaxies at lower redshifts,
they are much more likely to be quiescent in their SFRs, but still
have significant SMBH activity. This difference between small and
large galaxy populations is hidden when we compare the cosmic
BHARs and SFRs, where less massive objects (Mpeak ∼ 1012 M )
dominate the demographics.
The top panel of Fig. 18 shows the ratios between the average BHAR and SFR, BHAR/SFR, as a function of Mpeak
and z. At z & 6, BHAR/SFR increases strongly with increasing
Mpeak and decreasing z. The latter effect results from the increasing normalization of the M• –Mbulge relation. Towards lower redshifts, BHAR/SFR grows more slowly for all haloes, and shows
a plateau at BHAR/SFR ∼ 10−3 . More massive haloes reach this
plateau at higher redshifts, which is consistent with the downsizing of SMBH growth. Below z ∼ 2, however, the mass dependency
gets stronger again, in the sense that more massive haloes have

1015

H. Zhang et al.
1

4

7

Look Back Time [Gyr]
10

12

13

1015

0.00
1.15
2.30
log 10 (SFR) [M¯ yr −1 ]

1014
Mpeak [M¯ ]

fSF = 0.5
No Haloes

1013

4

7

Look Back Time [Gyr]
10

12

5

¡

13
3

¢1

log 10 BHAR/SFR
fSF = 0.5

1014

No Haloes

1013

1012

1012

Star Formation
0 0.2 0.5

1

2

z

3

1011

4 5 6 7 8 9 10

Figure 17. The average star formation rates (SFR) as a function of Mpeak
and z (see §4.3). The yellow dashed line shows the halo mass at which
the galaxy star-forming fraction fSF is 0.5 as a function of z. The white
solid lines are the average mass growth curves of haloes with Mpeak =
1012 , 1013 , 1014 , and 1015 M at z = 0. The grey area shows where the number densities of dark matter haloes are negligible, and is therefore labeled
as “No Haloes.”. All the data used to make this plot can be found here.
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higher BHAR/SFR. Physically, this is because massive galaxies are
strongly quenched towards lower redshifts, but the mass accretion
of massive black holes is not suppressed as much. The bottom panel
of Fig. 18 shows the BHAR/SFR histories of different halo populations. Below z ∼ 2, BHAR/SFR either stays flat or increases with
time for essentially all halo populations, indicating that SMBHs are
catching up with galaxies in their growth.
The top panel of Fig. 19 shows the average SMBH total Eddington ratio (η) as a function of Mpeak and z. At z & 7, the average SMBH accretion rate is around the Eddington rate regardless of host mass. At lower redshifts, the average Eddington ratio decreases, with stronger trends for higher halo masses. In other
words, SMBHs are less active in massive haloes and/or at later cosmic times. A similar trend can be seen when we follow the growth
of different haloes, as shown by the white solid curves. In the bottom panel, we see all SMBHs accreting rapidly at high redshifts,
with average Eddington ratios of unity at z ∼ 10. Below z = 10,
Eddington ratios drop with time for all SMBHs, but the exact patterns differ among halo populations. For more massive haloes with
Mpeak > 1012 M , the average Eddington ratios experience a twophase decline before the final flattening: an initial, slower decrease,
and a later, faster drop. Haloes with Mpeak = 1012 − 1013 M at z = 0
do not experience the final flattening phase in Eddington ratio. Below z ∼ 4, more massive haloes experience the final and faster decline in Eddington ratios earlier compared to less massive ones. As
the bottom panel of Fig. 15 shows, this also reflects the same “AGN
downsizing” phenomenon: SMBH activity starts to decline earlier
in more massive haloes/galaxies.
It should be pointed out that the “AGN downsizing” effect exists not only when we look at different halo populations, but also
when we look at SMBHs with different masses. Fig. 20 shows the
average SMBH total (i.e., radiative+kinetic) Eddington ratio, η, as
a function of M• and z. Again, we see that at high redshifts, SMBHs
of different masses accrete at similar Eddington ratios. Below z ∼ 3,
the activity level among more massive black holes starts to decline
earlier. Consequently, we see that η decreases towards higher M• .
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Figure 18. Top panel: the BHAR/SFR ratio as a function of redshift and
Mpeak for our best fitting model (see §4.3). The yellow dashed line shows
the halo mass at which the galaxy star-forming fraction fSF is 0.5 as a
function of z. The white solid lines are the average mass growth curves of
haloes with Mpeak = 1012 , 1013 , 1014 , and 1015 M at z = 0. Bottom panel:
the BHAR/SFR ratio histories as a function of Mpeak at z = 0. The shaded
regions show the 68% confidence intervals inferred from the model posterior distribution. The grey area shows where the number densities of dark
matter haloes are negligible, and is therefore labeled as “No Haloes.”. All
the data used to make this plot can be found here.

4.4

SMBH mass functions

Fig. 21 shows the total black hole mass functions (BHMF)
between 0 6 z 6 10. Similar to the galaxy stellar mass functions,
the “knee” in the black hole mass function becomes less and less
significant towards higher redshifts. This is because, in the early
Universe, the M∗ –Mpeak relation, and therefore the M• –Mpeak relation, can be approximated as a single power-law. We also see strong
evolution in the black hole mass function above z & 5 regardless of
SMBH mass. This directly results from universal accretion around
the Eddington rate (see also §4.3). However, any potential change
in the occupation fraction ( focc ) will affect both the amplitude and
shape of the high redshift black hole mass functions. Specifically,
the relative abundance of massive vs. less massive black holes will
be higher if focc is lower. Therefore, further interpretation of black
hole mass functions at z & 7 is dependent on our knowledge of focc ,
which, unfortunately, is currently very limited.
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Figure 19. Top Panel: average SMBH total (i.e., radiative+kinetic) Eddington ratio (η) as a function of Mpeak and z (see §4.3). The yellow dashed
line shows the halo mass at which the galaxy star-forming fraction fSF is
0.5 as a function of z. The white solid lines are the average mass growth
curves of haloes with Mpeak = 1012 , 1013 , 1014 , and 1015 M at z = 0. The
grey area shows where the number densities of dark matter haloes are negligible, and is therefore labeled as “No Haloes.” Bottom Panel: η histories
as a function of halo mass at z = 0. The error bars show the 68% confidence
intervals inferred from the model posterior distribution. All the data used to
make this plot can be found here.
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Figure 21. The total black hole mass function between 0 6 z 6 10 (see
§4.4). The shaded regions show the 68% confidence intervals inferred from
the model posterior distribution.. All the data used to make this plot can be
found here.

The host haloes of M• > 109.5 M SMBHs

In Fig. 22, we show the total BHMFs at z = 0.0, 0.5 and 1.0, decomposed into contributions from different host halo masses. Similar to Eq. 55, the BHMF contributed by haloes in the mass range
(Mpeak,min , Mpeak,max ) is:
Φ(M• , Mpeak,min , Mpeak,max , z) =
Z Mpeak,max
Φ(Mpeak , z)P(M• |Mpeak , z)dMpeak , (72)
Mpeak,min

where Φ(Mpeak , z) is the halo mass function and P(M• |Mpeak , z)
is the probability distribution of M• , given the host halo mass
Mpeak at redshift z. In T RINITY, P(M• |Mpeak , z) is a log-normal
distribution with the median and scatter determined from the halo–
galaxy–SMBH connection (§2.2 and §2.4). Given the flat M• –
Mpeak relation at the massive end (see Fig. 14), P(M• |Mpeak , z)
only changes slightly with increasing halo mass. On the other
MNRAS 000, 1–30 (2020)

hand, there are many fewer haloes with Mpeak > 1014 M than
Mpeak < 1014 M , due to the exponential decrease in halo number
density. Hence, the haloes with 1013 M < Mpeak < 1014 M , rather
than those with 1014 M < Mpeak < 1015 M , dominate the BHMF
for M• > 109.5 M at z = 0.5 and 1.0. In other words, when looking
at a M• -selected sample with large M• , we are more likely to observe less massive haloes than indicated by the median M• –Mpeak
relation. This bias is also discussed in Lauer et al. (2007). Towards
lower redshifts, more and more massive haloes emerge with time.
As a result, the high-mass BHMF in the local Universe is composed almost equally of haloes with 13 < log10 Mpeak < 14 and 14 <
log10 Mpeak < 15. In short, cluster-scale haloes (log10 Mpeak > 14)
are too rare to dominate the massive end of low-redshift BHMFs,
mainly due to their own rarity and the flat M• –Mpeak at these redshifts.
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Figure 23. Top Panel: the average black hole merger rates (BHMR) as a
function of Mpeak and z (see §4.5). The white solid lines are the average
mass growth curves of haloes with Mpeak = 1012 , 1013 , 1014 , and 1015 M
at z = 0. The grey area shows where the number densities of dark matter haloes are negligible, and is therefore labeled as “No Haloes.” Bottom
Panel: BHMR histories as a function of halo mass at z = 0. The shaded regions show the 68% confidence intervals inferred from the model posterior
distribution.. All the data used to make this plot can be found here.
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SMBH mergers

The top panel of Fig. 23 shows the average black hole merger
rates (BHMRs) as a function of Mpeak and z. Note that in this paper, we define BHMR as the SMBH growth rate due to mergers,
instead of the number of SMBH mergers per unit SMBH, per unit
redshift, and per unit (log-) SMBH mass ratio (as presented in Pa-

per V). In general, BHMRs increase monotonically with Mpeak and
z. The same conclusion holds when we look at the average BHMR
histories as a function of Mpeak at z = 0, which is shown in the bottom panel of Fig. 23. The best-fitting model lies on the upper edges
of the 68% confidence intervals. Although the best fitting model
uses a significant amount of mergers to fit the data, the dominance
of SMBH growth via smooth accretion (see Paper V) means that
parameter sets with lower merger rates also fit the data well. As
mentioned in §2.5, BHMRs are calculated by allowing a fraction
of galaxy mergers (the free parameter fscale ) to result in mergers
of their SMBHs. This is done due to continuing uncertainty about
SMBH merger time scales (e.g., Tremmel et al. 2018). Therefore,
these BHMRs are constrained by the combination of: a) SMBH
total growth rates, which are given by the evolution of active and
total black hole mass functions; and b) average black hole accretion rates, which are constrained by the quasar luminosity functions and probability distribution functions. In Appendix A3, we
also show the results of models with alternate assumptions about
SMBH mergers.
Further discussion about SMBH mergers in T RINITY and preMNRAS 000, 1–30 (2020)
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dictions for gravitational wave experiments are presented in Paper
V.

1010
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AGN energy efficiency and systematic uncertainties

As described in §2.3 and §2.8, we modeled systematic uncertainties in stellar mass, star formation rates, and SMBH Eddington
ratios. These uncertainties are propagated into our model predictions, and their values quantify the degree of tension between different datasets. In T RINITY, the best fitting values (see Appendix
G) of the galaxy systematics are all consistent with those given by
Behroozi et al. (2019). The systematic offset in SMBH Eddington
ratios is motivated by the discrepancy between the quasar luminosity functions (QLFs) from Ueda et al. (2014) and the quasar probability distribution functions (QPDFs) from Aird et al. (2018) (see
Appendix E2). This discrepancy could be due to the fact that the
two groups used different functional forms to fit the observational
data. The net effect is η0 − η ∼ 0.3 dex, where η is the intrinsic Eddington ratio, and η0 is the Eddington ratio to calculate the observed
QPDFs.
The total AGN energy efficiency from T RINITY is log10 tot =
−1.161+0.006
+ 0.025+0.040
(a − 1). In other words, the best-fitting
−0.231
−0.318
model is consistent with a redshift-independent ∼ 7% mass-toenergy conversion efficiency; however, a factor-of-2 increase towards higher redshifts is allowed in the model posterior distribution. In this work, we opt not to allow a systematic offset in the
normalization of the M• –Mbulge relation, βBH , due to its complete
degeneracy with the AGN energy efficiency. Thus, the best-fitting
value of the energy efficiency tot should be viewed as a combination of the intrinsic average efficiency and any potential systematic
offset in βBH .
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Figure 24. The median M• –M∗ relations as functions of z for T RINITY
(solid lines) and the IllustrisTNG300 simulation (dashed lines; Pillepich
et al. 2018; Habouzit et al. 2020). See §5.1. The typical uncertainty in the
measurement of M• , 0.3 dex, is shown by the black solid dot. All the data
used to make this plot (including those from IllustrisTNG and our bestfitting model) can be found here.

In this section, we compare T RINITY with hydrodynamical
simulations as well as discuss the potential physical mechanisms
that could reproduce the redshift evolution of the M• –Mbulge relation (§5.1); present the cosmic SMBH mass density as a function
of redshift (§5.2); and discuss the physical implications of the bestfitting T RINITY model (§5.3).

2018; Habouzit et al. 2020) in Fig. 24. Despite the offset, both mass
scalings show increasing normalizations with time. This implies
that SMBH growth becomes increasingly efficient compared to
galaxy growth at lower redshifts. For the hydrodynamical simulations listed in Habouzit et al. (2020), the following sub-grid physics
models succeeded in reproducing this trend: a) the strong supernova
feedback in low-mass galaxies at high redshifts that reduces early
SMBH growth in IllustrisTNG (Dubois et al. 2015; Bower et al.
2017; Pillepich et al. 2018); and b) the low accretion AGN feedback mode that quenches galaxies but favors further SMBH growth
in SIMBA (Davé et al. 2019). That said, SMBH masses depend on
many different aspects of sub-grid physics, including cooling, star
formation, supernova feedback, magnetic fields, etc. beyond those
directly related to the growth of the SMBH. Hence, the success of a
given sub-grid recipe at matching properties of SMBHs cannot be
taken as evidence in support of its correctness without the context
of the recipe’s successes and failures at matching other non-SMBH
observations.

5.1

5.2

5

COMPARISON WITH PREVIOUS STUDIES AND
DISCUSSION

Evolution of the galaxy–SMBH scaling relation

The growth of SMBHs and their feedback on host galaxies
are important physical mechanisms to capture in hydrodynamical
simulations. Although different simulations find similar local M• –
Mbulge (or M∗ ) relations, they differ in the relation’s redshift evolution. For example, the IllustrisTNG (Pillepich et al. 2018) and
SIMBA (Davé et al. 2019) simulations predicted increasing normalizations of the scaling with time, whereas the Illustris (Vogelsberger et al. 2014), Horizon-AGN (Dubois et al. 2014, 2016), and
EAGLE simulations (Schaye et al. 2015) predicted the opposite
(Habouzit et al. 2020). This diversity in the redshift evolution results from different sub-grid physics adopted by each simulation.
T RINITY infers the redshift evolution of this scaling relation
by extracting information directly from observational data, without
any assumptions about the underlying physics. This can help determine which sub-grid physics models give results that are more consistent with observations. We show the the M• –M∗ relations at different redshifts from T RINITY and IllustrisTNG300 (Pillepich et al.
MNRAS 000, 1–30 (2020)

Cosmic SMBH mass density

Fig. 25 shows the cosmic SMBH mass density as a function
of redshift from T RINITY compared to previous studies. The cosmic SMBH mass density from T RINITY includes both SMBHs in
galaxy centres and wandering SMBHs (see §2.5), because the latter SMBHs also contributed to quasar luminosity functions during
their growth. We also show the cosmic wandering SMBH density in
green, which accounts for ∼ 15% of the total SMBH mass density
at z = 0. This is broadly consistent with the results from Volonteri
et al. (2003) based on a semi-analytical model, and Ricarte et al.
(2021) based on the ROMULUS simulations.
Below z ∼ 2, the offsets in the mass density between different studies are mostly driven by the different AGN energy efficiencies. Above z ∼ 2, the systematic difference with Marconi et al.
(2004) increases with redshift. The reason is that Marconi et al.
(2004) forward modeled AGN evolution assuming that all SMBH
growth occurred at z < 3. These initial conditions did not consider
SMBH assembly histories at higher redshifts, and hence give differ-
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Figure 25. Cosmic SMBH mass density as a function of z (see §5.2). The
shaded regions show the 68% confidence intervals inferred from the model
posterior distribution. All the data used to make this plot (including those
from previous studies and our best-fitting model) can be found here.

ent SMBH mass functions at z ∼ 3 from T RINITY, in which SMBHs
are modeled to start growing from z = 15.
Compared to other studies, Conroy & White (2013) inferred
quite different SMBH mass density histories. They assumed a
mass-independent Eddington ratio distribution and a linear M• −
M∗ relation, and tried to fit the quasar luminosity functions at each
individual redshift with two free parameters: 1) the normalization
of the M• –M∗ relation, and 2) the AGN duty cycle. The SMBH
mass density at each redshift was then obtained by convolving the
galaxy stellar mass function with the M• –M∗ relation. This method
does not enforce any continuity equation for SMBH mass. As a result, it cannot guarantee the consistency between the inferred cosmic SMBH mass growth rates and the quasar luminosity functions.
This is shown in Fig. 25, where the SMBH mass density from Conroy & White (2013) decreases with time at some points in cosmic
history for all variations considered. In light of this, we do not make
further comparison with Conroy & White (2013) here.
Fig. 26 shows the cosmic SMBH mass density histories of
different SMBH populations from T RINITY (solid lines), Marconi
et al. (2004) (dotted lines), and Shankar et al. (2013) (dashed lines).
The main difference between the results from T RINITY and these
two studies is the cosmic times when different SMBHs experience major growth. Specifically, SMBHs below 108 M• nearly stop
growing below z ∼ 1 in T RINITY, but grow siginificantly from z = 1
to z = 0 in the Marconi et al. and Shankar et al. model. One possible reason for this is that T RINITY is required to fit the QPDFs
for low-mass galaxies at lower redshifts from Aird et al. (2018),
which limit the growth of low-mass black holes. However, neither Marconi et al. (2004) nor Shankar et al. (2013) had access
to these QPDFs, so their predictions are not necessarily consistent with these data. For SMBHs above 108 M• , T RINITY predicts
slightly more late growth and less early growth compared to both
Marconi et al. (2004) and Shankar et al. (2013). The reason for
the discrepancy at high redshift is two-fold. First, at high redshifts,
T RINITY predicts that the majority of active SMBHs are accreting
at around the Eddington rate (see Paper II), but in Marconi et al.
(2004) and Shankar et al. (2013) super-Eddington accretion is not
allowed. Thus, to reproduce high-z QLFs, T RINITY would require
a lower abundance of massive black holes compared to Shankar
et al. (2013), and thus massive black holes do not have to grow as

0 0.2

0.5

1

z

logM • < 8
logM • > 8

2

3

4

5

6

Figure 26. Cosmic SMBH mass densities split in different SMBH mass
bins as functions of z, from T RINITY (solid lines), Marconi et al. (2004)
(dotted lines), and Shankar et al. (2013) (dashed lines). See §5.2. All the
data used to make this plot (including those from previous studies and our
best-fitting model) can be found here.

fast. At low redshifts, T RINITY finds that mergers contribute significantly to the growth of massive black holes, whereas Marconi
et al. (2004) and Shankar et al. (2013)1 did not account for the
merger contributions in their published cosmic SMBH mass densities. Consequently, massive black holes in T RINITY grow slightly
faster via mergers compared to those in Shankar et al. (2013).

5.3

Physical implications: AGN downsizing and AGN
feedback on galaxy populations

In §4.3 we confirmed the “AGN downsizing” effect, in the
sense that more massive black holes become less active earlier compared to smaller black holes. This is true when the SMBH activity
is measured by Eddington ratio (see Figs. 19 and 20). If we instead measure SMBH activity with absolute accretion rate, we see
a slight increase in BHAR towards higher masses at z . 2 (see Fig.
16). As mentioned earlier, this is required by the quasar probability distribution functions from Aird et al. (2018). Physically, this is
consistent with AGN feedback (Somerville et al. 2008; Croton et al.
2006). That is, in massive haloes, SMBHs still show ongoing accretion, but become less active relative to their masses and radiatively
inefficient. The energy from their mass accretion is mainly released
in the form of kinetic jets and/or outflows, which serves to maintain
quenching in their host galaxies. This picture is also supported by
Fig. 18, where the BHAR/SFR ratio increases towards higher mass
and lower redshifts. Although cooling flows are known to exist in
massive haloes (Fabian 1994), Fig. 18 suggests that the ratio of cold
gas reaching the SMBH compared to the galaxy increases for more
massive haloes. The same amount of gas also causes much more
relative mass growth for SMBHs than galaxies, given their contrast in mass. Other possible fueling channels include gas recycling
from stellar mass loss. Regardless of the source, SMBHs in massive haloes plausibly have sufficient material to continue growing
(and generating feedback) even as the host galaxy itself is not able
to grow.
1

Shankar et al. (2013) did discuss the impact of mergers, but did not show
the resulting SMBH mass densities.
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Fig. 18 also shows that below z ∼ 6, BHAR and SFR have
relatively fixed average ratios for the haloes in which most star formation occurs. This is consistent with a picture in which the SMBH
and the galaxy regulate each others’ growth, but it is also consistent
with a process in which a separate mechanism (e.g., mass accretion
onto the halo) jointly feeds both galaxy and SMBH growth. Regardless of the mechanism, it must qualitatively change in haloes
above masses of 1012 − 1013 M to reproduce the clear upturn in
BHAR/SFR for massive haloes.

6

CAVEATS AND FUTURE DIRECTIONS FOR
EMPIRICAL MODELING OF THE
HALO–GALAXY–SMBH CONNECTION

In this section, we discuss caveats in the current version
of T RINITY, which motivates its future incorporation into U NI VERSE M ACHINE .
6.1

Bright quasars at 5.7 < z < 6.5 below M• = 108 M

As described in §3.2.2, we applied a Poisson prior on the number of high-redshift bright quasars with masses below M• = 108 M .
This is motivated by the fact that few such objects are found in real
observations. Our best-fitting model predicts that only ∼ 8% of the
bright quasars are powered by low mass (M• < 108 M ) black holes
between 5.7 < z < 6.5, but still predicts ∼ 35 such objects in the observable Universe, in contrast to current observations. By checking
the intrinsic and observed BHMFs of these bright quasars produced
by T RINITY, we found that most of these objects have intrinsically
high black hole masses but have lower observed masses due to the
random scatter in virial estimates (see §3.2.2). Therefore, even if
there are no intrinsically low-mass bright quasars at z & 6, some
should still exist in the observed sample.
One potential reason for this discrepancy could be our model
assumptions. In T RINITY, SMBHs with different M• at fixed Mpeak
are assumed to have the same Eddington ratio distribution. However, in the real Universe, it is unclear if less massive SMBHs (that
are more likely to be downscattered below M• = 108 M ) could be
less active, and thus less likely to enter the observed sample. In
other words, the statistical nature of T RINITY may not be able to
fully capture the differential evolution of different SMBHs. This
limitation will be alleviated by a future version of T RINITY that
is coupled with the U NIVERSE M ACHINE, where individual objects are traced across snapshots, and no fixed correlation between
BHAR and SMBH mass needs to be assumed.
6.2

Potential impact of the assumption that every galaxy
hosts a central SMBH

Throughout this work, we assume that every galaxy hosts a
central SMBH. In other words, the SMBH occupation fraction is
focc ≡ 1 for all galaxies across cosmic time. In this section, we
discuss the potential impacts of this assumption on our results. In
T RINITY, we calculate two kinds of statistics: (1) average SMBH
properties of different halo or galaxy populations, like average
SMBH accretion rates; and (2) the probability distributions of certain SMBH properties, like black hole mass functions. The average properties are calculated for all galaxies, regardless of whether
all of them host central SMBHs. Consequently, the values of these
average properties are not sensitive to changes in focc . However,
the average SMBH properties of those galaxies that host central
MNRAS 000, 1–30 (2020)
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SMBHs do depend on focc . Generally, if the average value of a certain SMBH property, X, is X for all galaxies, then the average X
for galaxies that host central SMBHs would be X/ focc . In addition,
the probability distributions of SMBH mass-related properties (like
M• or Eddington ratio) also depend on the occupation fraction. For
example, the average M• for 10 galaxies would be the same for the
following two scenarios: (1) they each host 105 M SMBHs; and
(2) one of them hosts a 106 M SMBH, whereas the rest do not host
any SMBHs. Clearly, the black hole mass distributions are different in these two cases. In general, smaller focc entails more massive
black holes in fewer galaxies, which results in a less negative slope
for black hole mass functions.
The change of average M• among SMBH host galaxies due
to the change in focc also affects the Eddington ratio distributions
from T RINITY. With focc < 1, the actual AGN duty cycle among
SMBH host galaxies will be larger than that among all galaxies,
which decreases the typical Eddington ratio and shifts the whole
Eddington ratio distribution towards lower values (see Eqs. 42 and
46). In other words, if we assume focc ≡ 1 but in fact focc < 1,
then Eddington ratios will be overestimated. We will present more
detailed discussion on this in Paper II, where the Eddington ratio
distributions at different redshifts are examined.
In principle, the change in focc value(s) may affect both the fitting process and the predictions from T RINITY. However, the black
hole mass functions in the data compilation do not probe the mass
range between 105 − 106 M , where the occupation fraction is more
uncertain. Thus, the fitting process is less likely to be affected significantly by the potential deviation of focc from unity. The lack of
data constraints on focc in low mass regimes also prevents us from
making alternate assumptions. That said, we note that our predictions of black hole mass functions between 105 − 106 M should be
treated with caution, as they are effectively extrapolations to low
mass regimes assuming focc ≡ 1.
6.3

Future directions

Currently, T RINITY makes only statistical halo–galaxy–
SMBH connections. In the future, we plan to incorporate T RINITY
into the U NIVERSE M ACHINE by modeling SMBHs in individual
haloes and galaxies. This will allow: a) constraining the correlation between individual galaxy growth and SMBH growth, b) more
flexibility in terms of the distributions of physical properties; c)
direct modeling of AGN duty cycle timescales; d) study of the environmental effects on galaxy–SMBH coevolution; e) use of more
data constraints, including separate probability distribution functions for star-forming and quiescent galaxies as well as quasar correlation functions; and f) enable the generation of more realistic
halo–galaxy–SMBH mock catalogues for the whole community.
The uncertainty in the SMBH occupation fraction, focc , also
affects some results from T RINITY, e.g., the low-mass end of
BHMFs and AGN Eddington ratio distributions. In light of this,
we will also keep collecting observational constraints on focc and
explore the possibility of its parametrization in future versions
of T RINITY. This will help us better understand the evolution of
SMBH populations, especially those that are low-mass at high redshifts.

7

CONCLUSIONS

In this work, we introduce T RINITY, which is an empirical
model that parametrizes the statistical halo–galaxy–SMBH connec-
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tion. (§2). Compared to previous studies that are typically focused
on one or two kinds of observables, T RINITY self-consistently
matches a comprehensive set of observational data for galaxies and
SMBHs from z = 0 − 10 (§3, §4.1). These joint constraints enable
T RINITY to break degeneracies present in past studies. Key results
are as follows:
• The normalization of the median M• –Mbulge relation changes
by . 0.3 dex from z = 0 − 3 and decreases with increasing redshift
at z > 3 (§4.2, Fig. 11).
• The black hole–halo mass (M• –Mpeak ) relation also changes
relatively little from z = 0 − 3 (§4.2, Fig. 14). This relation can be
approximated as a double power-law at z . 5, and a single powerlaw at z & 5. Similar to the M• –Mbulge and M• –M∗ relations, the
normalization of the M• –Mpeak relation decreases significantly towards higher redshifts. This could be indicative of a smaller SMBH
occupation, focc , in the early Universe.
• The AGN mass-to-energy conversion efficiency tot is ∼ 0.07.
Current observations do not support more redshift evolution in tot
than about 0.3 dex (§4.6).
• Average SMBH Eddington ratios are around unity at z & 6.
This is consistent with the scenario that different SMBH populations at high redshifts are growing at around the Eddington rate.
Towards lower redshifts their Eddington ratios (and thus specific
accretion rates) decline. Therefore, we see total black hole mass
functions (BHMFs) show a strong increase in normalization at all
masses from z ∼ 10 to z ∼ 5, and the evolution slows down towards
lower redshifts. (§4.3, Fig. 19, §4.4, Fig. 21).
• AGNs experience downsizing, in the sense that average Eddington ratios start to decrease earlier for more massive SMBHs.
This does not hold for average SMBH accretion rates, which do
not decrease towards higher masses at low redshifts (§4.3, Figs. 16
and 19).
• The ratio between average SMBH accretion rate and galaxy
SFR is ∼ 10−3 for low-mass haloes, where star-forming galaxies
dominate the population. This ratio increases in massive haloes
(and galaxies) towards lower redshifts, where galaxies are more
likely to be quiescent even as their SMBHs are still growing (§4.3,
Fig. 18).
• Sub-grid physics recipes that qualitatively reproduce the M• –
Mbulge redshift evolution include but are not limited to: a) strong
supernova feedback in high-redshift, low-mass galaxies (IllustrisTNG, Dubois et al. 2015; Bower et al. 2017; Pillepich et al.
2018); b) a low accretion feedback mode that keeps SMBH growing but quenches galaxies (SIMBA, Davé et al. 2019). See §5.1 and
Fig. 24.
• Forbidding super-Eddington accretion as well as non-unity occupation fractions prevents SMBHs from growing sufficiently to
match the local M• –Mbulge relation. In this scenario, an AGN energy efficiency of ∼ 50% is needed to explain observations like
QLFs and QPDFs at high redshifts (Appendix A1, Fig. A1).
• Forbidding redshift evolution of the M• –Mbulge relation results in a best-fitting M• –Mbulge relation that is ∼ 2σ higher than
real observations at z = 0. (Appendix A2, Fig. A2).
• During galaxy mergers, central SMBHs are unlikely to
quickly consume all the infalling satellite SMBHs, otherwise black
hole accretion rates would experience a precipitous decline towards
lower redshift and higher masses (Appendix A3.1, Fig. A3). Hence,
a significant number of “wandering” black holes are necessary.
• The following models make qualitatively consistent predictions with the fiducial T RINITY model: a) no SMBH mergers take
place; b) the fractional growth contribution to SMBH growth is al-

ways the same as that for galaxy growth (Appendix A3.2, Figs. A4
and A5).
This work is the first in a series of T RINITY papers. Paper
II (H. Zhang et al., in prep.) discusses quasar luminosity functions
and the buildup of SMBHs across cosmic time; Paper III (H. Zhang
et al., in prep.) presents predictions for quasars and other SMBHs
at z > 6; Paper IV (H. Zhang et al., in prep.) discusses the SFRBHAR correlation as a function of halo mass, galaxy mass, and
redshift; and paper V (H. Zhang et al., in prep) covers black hole
merger rates and T RINITY’s predictions for gravitational wave experiments. Paper VI (O. Knox et al, in prep) and Paper VII (Huanian Zhang et al., in prep) present the AGN auto-correlation functions and AGN–galaxy cross-correlation functions from T RINITY,
respectively.

DATA AVAILABILITY
The parallel implementation of T RINITY, the compiled
datasets (§3.2), data for all figures, and the posterior distribution
of model parameters (§4.1, Appendix G) are available online.
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Eddington-limited SMBH growth

In the fiducial model, we do not set any upper limit on the
specific SMBH accretion rate. We also tested an alternate model
where SMBHs cannot accrete at super-Eddington rates (hereafter
called the “Eddington-limited model”). Fig. A1 shows the comparison between the local M• –Mbulge relation with observations (top
panel), and its redshift evolution (bottom panel). Given the limit
in Eddington ratios, SMBHs cannot grow as fast as in the fiducial
model. This results in a local M• –Mbulge relation that lies significantly below the observed values, and an increase in the normalization with increasing redshift. With limited accretion rates, T RINITY
is also forced to recruit much higher AGN energy efficiencies–as
high as 50%–to get as many close-to-Eddington objects and reproduce the observations expressed in luminosities. Given the inconsistency with the observations and the unphysically high AGN
efficiencies, we do not adopt this model in the main text.
As discussed in §6.2, Eddington ratios will be artificially
shifted higher by the assumption that focc ≡ 1, if in fact focc < 1.
Therefore, keeping this assumption might lead to overly strong
constraints on Eddington ratios. However, without further observational constraints, we opt to keep this assumption. With better
constraints on focc in the future, we will explore the possibility of
parametrizing focc in the improved versions of T RINITY, and revisit
the possibility to explain observations without super-Eddington accretions.

A2

Redshift-independent SMBH mass–Bulge Mass relations

In the fiducial model, we assume a redshift-dependent M• –
Mbulge relation. Here, we show the results from the “constant M• –
Mbulge ” model, where the redshift dependence is dropped. Fig.
A2 shows the average M• , BHAR, Eddington ratio, and BHMR
as functions of Mpeak and z. The results are qualitatively consistent with the fiducial results, except that the “constant M• –Mbulge ”
model gives a local normalization of the M• –Mbulge relation βBH,0
of 8.83. This is 2σ higher than the observational constraints (Table
10). The physical reason is that without redshift evolution of the
M• –Mbulge relation, SMBH growth results purely from the evolution of the halo–galaxy bulge connection. Thus, a larger normalization is needed to provide the same amount of SMBH growth and
explain the observed data. In light of this, we choose to put this
“constant M• –Mbulge ” model in the Appendix, instead of the main
text.

A3

Different assumptions about galaxy/BH mergers

Several previous studies opted to ignore mergers (e.g., Marconi et al. 2004), or made simple assumptions by linking SMBH
mergers to halo mergers (e.g., Shankar et al. 2013). Here, we show
the main results from T RINITY with alternate assumptions about
SMBH mergers.
MNRAS 000, 1–30 (2020)
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Figure A1. Top Panel: The comparison between the z = 0 M• –Mbulge relation from the “Eddington-limited” model and real data. Bottom Panel: The
redshift evolution of the M• –Mbulge relation from the “Eddington-limited”
model, where the SMBH accretions are Eddington-limited. See Appendix
A1. All the data used to make this plot (including the individual data points
and our best-fitting model) can be found here.

A3.1

Instant SMBH coalescence following halo mergers

One extreme case is the “instant mergers” scenario, i.e., there
is little delay between halo mergers and the coalescence of SMBHs.
In this case, the central SMBH consumes all infalling SMBHs, regardless of how much of the infalling stellar mass is merged into
the central galaxy vs. the intracluster light (ICL) (§2.2). Fig. A3
shows the average BHAR (top panel) and BHMR (bottom panel)
from the “instant mergers” model. It is clear that by forcing all the
infalling satellite SMBHs to merge with central SMBHs, the vast
majority of massive black hole growth at low redshifts must have
been due to mergers, leaving little room for accretion. As a result,
we see a precipitous drop in BHAR above Mpeak ∼ 1013 M below
z ∼ 4. Given that these low BHARs are in conflict with observations
like Hlavacek-Larrondo et al. (2015) and McDonald et al. (2021)
that show significant massive black hole accretion, we do not show
other results from this model.
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Figure A2. The average M• , BHAR, Eddington ratio, and BHMR as functions of Mpeak and z from the “constant M• –Mbulge ” model, where the M• –Mbulge
relation is redshift-independent (see Appendix A2). The yellow dashed line shows the halo mass at which the galaxy star-forming fraction fSF is 0.5 as a
function of z. The white solid lines are the average mass growth curves of haloes with Mpeak = 1012 , 1013 , 1014 , and 1015 M at z = 0. The grey area shows
where the number densities of dark matter haloes are negligible, and is therefore labeled as “No Haloes.” All the data used to make this plot can be found here.
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Figure A3. The average BHAR (BHAR, top panel) and average BHMR (BHMR, bottom panel) as a function of Mpeak and z from the “instant mergers” model
(see Appendix A3.1). “Instant mergers” means that all the infalling SMBHs in galaxy mergers are consumed immediately by the central SMBHs. The yellow
dashed line shows the halo mass at which the galaxy star-forming fraction fSF is 0.5 as a function of z. The white solid lines are the average mass growth
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A3.2

No SMBH mergers or identical fractional merger
contributions to SMBH and galaxy growth

In the fiducial model, we assume that the fractional merger
contribution to SMBH and galaxy growth are proportional to each
other. From the posterior parameter distribution, we found that the

merger contribution to SMBH growth is smaller than the contribution to galaxy growth, i.e., 0 < fscale < 1. Here, we consider
two extreme cases. First, if the delay between galaxy mergers and
the ensuing SMBH coalescence is sufficiently long, SMBH mergers would be rare, and the merger contribution to central SMBH

MNRAS 000, 1–30 (2020)

T RINITY I: Halo–Galaxy–SMBH Connection from z = 0 − 10
growth becomes negligible. In this extreme case, we can assume
that no SMBH mergers take place, and all central SMBH growth
comes from accretion. In this “no mergers” model, fscale ≡ 0 for all
galaxies. The second extreme case we consider is if the fractional
merger contributions to SMBH and galaxy growth are identical,
i.e., fscale ≡ 1. In the following, we call this scenario the “same
mergers” model.
Fig. A4 shows the resulting M• –Mbulge relations as functions
of z from the “no mergers” model (top panel), the fiducial model
(middle panel), and the “same mergers” model (bottom panel). The
redshift evolution from all three models are largely consistent with
each other. Compared to the “no mergers” and fiducial models, the
“same mergers” model has slightly higher M• at high redshifts,
where fscale is significantly below unity in the first two models.
At the massive end, the “same mergers” model also produces less
evolution in M• , which is also due to a larger fscale .
Fig. A5 shows the average Eddington ratios as functions of
Mpeak and z from the “no mergers” model (top panel), the fiducial model (middle panel), and the “same mergers” model (bottom
panel). The main difference between these three models is the average Eddington ratios of halos with Mpeak & 1014 M below z ∼ 2.
From the top panel to the bottom panel, T RINITY attributes more
and more SMBH growth to mergers among these halos, producing
lower and lower average Eddington ratios. However, the general
“downsizing” picture holds qualitatively across all these models.

APPENDIX B: GALAXY MERGER RATES
In T RINITY, SMBH mergers are directly linked to galaxy
mergers. Here, we use the galaxy merger rates from the U NI VERSE M ACHINE , where satellite galaxies will disrupt when their
vmax /vMpeak ratios reach a certain threshold (see §2.2 for the definitions of vmax and vMpeak ). We refer readers to §3.3 and Appendix B
of Behroozi et al. (2019) for full details. Here, we fit these merger
rates with a set of analytical formulae. Letting a = 1/(1 + z) be the
scale factor, Mdesc the mass of the descendant halo, Msat the mass
of the satellite halo, and θ = Msat /Mdesc the mass ratio, the merger
rate is expressed as the number of mergers per unit descendant halo,
per unit redshift per log interval in mass ratio:

−

d2 N(Mdesc , θ, z)
dzd log10 θ
A(Mdesc , a)

=

10A(Mdesc ,a) θ B(a) exp (−3.162θ) (B1)

=

A0 (Mdesc ) + A1 (a)
(B2)
!
Mdesc
0.148 log10
− 0.291 (B3)
1012 M

A0 (Mdesc )

=

A1 (a)

=

−1.609 + 3.816a + (−2.152)a2 (B4)

B(a)

=

−1.114 + 1.498a + (−0.757)a2 . (B5)

We show the quality of these fits in Fig. B1. Compared to Behroozi
et al. (2013), these merger rates are lower by 15–40% due to the
presence of orphan galaxies in the U NIVERSE M ACHINE.

APPENDIX C: CALCULATING INHERITED AND
INFALLING SMBH MASSES FROM MERGER TREE
STATISTICS
In T RINITY, we assign SMBH masses to haloes at all redshifts and then calculate black hole growth rates (BHGRs) by differentiation. This is different from how we model galaxies (where
MNRAS 000, 1–30 (2020)
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we directly model galaxy growth rates and integrate to obtain stellar masses), because the functional forms for galaxy growth rates
in haloes are better known than the functional forms for SMBH
growth rates in galaxies. Here, we detail how we calculate the
masses of the inherited and infalling (see §2.5) SMBHs.
In T RINITY, haloes inherit both central and wandering
SMBHs from their most massive progenitors (MMPs). The average inherited central SMBH mass is:
M •,inherit (Mpeak , z) =
Z ∞
P(MMMP |Mpeak , z)M•,MMP (MMMP , z)dMMMP ,(C1)
0

where P(MMMP |Mpeak , z) is the conditional probability that a halo
with Mpeak has a MMP with mass MMMP , which is calculated based
on the adopted N-body simulations (see §3.1). M•,MMP is the average SMBH mass of the MMPs at a progenitor mass of MMMP at the
previous snapshot, which is a function of MMMP and z, determined
by the halo–galaxy–SMBH connection.
As for infalling SMBHs, they come from: 1) wandering
SMBHs inherited from MMPs; 2) all the SMBHs from infalling
satellite haloes. The average mass of infalling SMBHs is then, by
definition:
M •,infall (Mpeak , z) =
Z ∞
R(Mpeak , Msat , z)M•,sat dMsat
0
Z ∞
+
P(MMMP |Mpeak , z)M•,MMP,wandering (MMMP , z)dMMMP ,
0

(C2)
where Msat is the peak halo masses of satellite haloes, and
R(Mpeak , Msat , z) is the merger rate of satellite haloes into the descendant haloes. This rate is calculated by integrating Eq. B1 over
the redshift dimension:
Z z+∆z 2
d N(Mpeak , θ, z)
dz ,
(C3)
R(Mpeak , Msat , z) =
d log θdz
z
where ∆z is the redshift interval between the two consecutive snapshots, and θ = Msat /Mpeak is the mass ratio between the satellite
and the descendant haloes.

APPENDIX D: MEDIAN GALAXY UV MAGNITUDES
AND SCATTER AS FUNCTIONS OF HALO MASS AND
STAR FORMATION RATES
To constrain the high-redshift halo–galaxy connection in
T RINITY, we use the median galaxy UV magnitudes and the corresponding log-normal scatter from the U NIVERSE M ACHINE as
functions of redshift, halo mass (Mpeak ), and star formation rates to
calculate galaxy UV luminosity functions at z = 9 and z = 10. Here,
we show the best fitting parameters for these scaling relations, as
well as the goodness of fitting.
eUV have the following
The median galaxy UV magnitudes M
dependence on redshift, Mpeak , and SFR:
eUV
M

=

kUV

=

bUV

=

kUV × log10 SFR + bUV
(D1)

2
0.154 log10 Mpeak + (−2.876) log10 Mpeak
(D2)
+ (−2.378) (a − 1) + 9.478

2
(−0.347) log10 Mpeak + 6.853 log10 Mpeak
.(D3)
+ 1.993 (a − 1) + (−50.344)
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The log-normal scatter σUV has the following redshift and Mpeak
dependency:
σUV

=

kσUV × log10 Mpeak + bσUV

(D4)

kσUV

=

−0.031z + 0.042

(D5)

bσUV

=

0.319z + 0.241 .

(D6)

Fig. D1 shows the goodness of fit for Eqs. (D1)-(D6) to both
eUV and σUV from z = 8 − 10. Using these fitting functions, T RIN M
ITY produces SFRs and galaxy UV luminosities that are both consistent with the U NIVERSE M ACHINE.

APPENDIX E: AGN DATA: CORRECTIONS,
EXCLUSIONS, AND UNCERTAINTIES
E1

Compton-thick correction

As mentioned in §3.2, we have adopted quasar luminosity
functions (QLFs) from Ueda et al. (2014) to constrain the total
AGN energy budget. However, the Ueda et al. data points do not
include Compton-thick obscured AGNs. Hence, we applied the following empirical correction given by Ueda et al. (2014) to convert
from Compton-thin-only QLFs to total QLFs:
ΦL,tot (LX , z) = ΦL,CTN (LX , z) × (1 + αCTK ψ (LX , z))



ψ (LX , z) = min 0.84, max ψ43.75 (z) − 0.24L43.75 , ψmin

0.48

[z < 2.0]

0.43 (1 + z)
ψ43.75 (z) = 

0.48
0.43 (1 + 2)
[z > 2.0]


−1
L43.75 = log10 LX /erg s − 43.75 ,
(E1)
where ψ (LX , z) is the fraction of Compton-thin absorbed AGN, and
αCTK is the number ratio between Compton-thick and Comptonthin AGN. Ueda et al. adopted αCTK = 1 in their main analysis,
but their analysis of the cosmic X-ray background radiation shows
that there is a ±50% uncertainty in αCTK . In light of this, we ran
T RINITY with αCTK = 0.5 and 2.0, aside from the fiducial model
where αCTK = 1.0. The only model parameters that show significant differences are the z = 0 SMBH total efficiency (tot,0 , Eq. 48,
Fig. E1) and the duty cycle ( f2,0 , Eq. 41, Fig. E2). A higher αCTK
implies a larger Compton-thick AGN population, and thus higher
QLFs at all redshifts. Consequently, T RINITY needs a higher AGN
efficiency to account for the larger AGN number densities. Additionally, larger αCTK also increases the amplitude of quasar QPDFs
from Aird et al. (2018), which are also corrected for Compton-thick
AGNs. From Eqs. 42 and 46, we see that with all the parameters
fixed, the characteristic Eddington ratio of AGN, η0 , would increase
with the average Eddington ratio, η. But such an increase will cause
a horizontal shift of QPDFs, which undermines the goodness of fitting to QPDFs (Fig. 9). Therefore, the AGN duty cycle f2,0 should
increase with tot,0 to (1) cancel the horizontal shift in η0 ; and (2)
elevate the model QPDFs to fit the data points that are shifted upwards due to a larger αCTK . In Fig. E2, we see such a shift in f2,0 .
Fig. E3 shows that the change in tot,0 and f2,0 are modulated such
that the characteristic Eddington ratio η0 remains invariant, which
is constrained by the shape of QPDFs from Aird et al. (2018).

E2

AGN probability distribution functions from Aird et al.
(2018)

To use QPDFs from Aird et al. (2018) to constrain our model,
we had to account for two factors as below.
Firstly, Aird et al. (2018) modeled the AGN probability distribution functions for each stellar mass and redshift bin as a finite
series of gamma distributions. The function values in their public
release3 were evaluated with these model functions over a dense
grid of sLX . Thus, naively taking all the points in their data release would artificially increase the weight of this dataset. To avoid
this, we downsampled their modeled AGN probability distribution
functions with 1 dex spacing. This choice is based on the fact that
the spacing between two neighboring gamma distributions is 0.2
dex, and that an extra prior was applied to ensure smoothness of
the probability distribution functions across neighbouring gamma
distributions.
Secondly, in the process of compiling different datasets, we
found that there is significant inconsistency between the QLFs from
Ueda et al. (2014) and the high-sLX and high-z (i.e., z > 2.5) end
of AGN probability distribution functions from Aird et al. (2018).
This may be due to the massive end of the AGN probability distribution functions being affected by the smoothness prior. To ensure consistency between these two datasets, we excluded AGN
probability distribution function points with z > 2.5 or sLX > 1 from
Aird et al. (2018). After removing the most inconsistent data points,
residual inconsistencies on the order of 0.3 dex persist between
these two datasets. To address this, we further enlarged the uncertainties in the AGN probability distribution functions to 0.3 dex,
and included an extra free parameter ξ to describe the systematic
offset in the Eddington ratio in the calculation of probability distribution functions in terms of sLX (see Eq. 66 in §2.8).

E3

Active black hole functions from Schulze & Wisotzki
(2010) and Schulze et al. (2015)

In T RINITY, we use active black hole mass functions
(ABHMFs) at z = 0.2 and z = 1.5 from Schulze & Wisotzki (2010)
and Schulze et al. (2015). However, two factors were addressed before using these ABHMFs as constraints. Firstly, as is shown in Fig.
22 of Schulze et al. (2015), the massive end of the ABHMF varies
with different model assumptions due to the different significance
of Eddington bias. To avoid this model dependence, we chose to
only use the data points in the region where the ABHMF estimate is
independent of their model assumptions, i.e., log10 M• . 9.8. Secondly, Schulze & Wisotzki (2010) used virial BH mass estimates
that are on average smaller by 0.2 dex than those used in Schulze
et al. (2015). To account for this, we applied a mass shift of +0.2
dex for all the ABHMF data points at z = 0.2 to keep consistency
with those at z = 1.5.

APPENDIX F: TECHNICAL DETAILS ABOUT THE
CALCULATION OF χ2
Here, we introduce the details of the χ2 calculation for any
given model parameter set. In T RINITY, we firstly convert data
points and their uncertainties into log units if they are in linear

3

available at https://zenodo.org/record/1009605.
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+e0

units. For the i-th data point with a value of yi −e0high,i , we then conlow,i

volve the error bars with a calculation tolerance of 0.01 dex:
elow/high,i =

q

e02
+ 0.012 .
low/high,i

(F1)

This calculation tolerance is set to prevent the model from overfitting to data points with very small confidence intervals. For this
data point, suppose we have a model prediction, ŷi . If |ŷi −yi | 6 fit ≡
0.02, then we assume that the model reproduces the data point sufficiently well, and ignore its contribution to the total χ2 . This error
threshold is effectively a tolerance for the deviation of the analytical
parametrizations from the actual scaling relations. If |ŷi − yi | > fit ,
we define:



ŷi − yi − fit , ŷi > yi
∆yi = 
,

ŷi − yi + fit , ŷi < yi
and the

χ2i

(F2)

(F3)

(F4)

APPENDIX G: BEST FITTING PARAMETER VALUES
The resulting best-fitting and 68% confidence intervals for the
posterior distributions follow:

+0.158
+ (1.033−0.134
) ln (1 + z) + (−0.041+0.018
−0.028 )z

Characteristic SFR [M yr−1 ] (Eq. 5):
+0.131
log10 () = 0.373−0.110
+ (0.845+0.880
−0.759 ) (a − 1)
+0.096
+ (1.720+0.623
−0.616 ) ln (1 + z) + (0.161−0.101 )z

Faint-end slope of SFR–vMpeak relation (Eq. 6):
+0.161
α = − 4.616−0.349
+ (31.968+0.909
−1.731 ) (a − 1)
+0.108
+ (20.338+0.689
−0.988 ) ln (1 + z) + (−2.059−0.105 )z

Massive-end slope of SFR–vMpeak relation (Eq. 7):
+0.323
β = − 0.682+0.454
−0.193 + (2.453−0.938 ) (a − 1)

+ (0.854+0.070
−0.186 )z
MNRAS 000, 1–30 (2020)

+0.062
wQ = 0.189+0.010
−0.032 + (0.187−0.102 ) (a − 1)

+ (0.039+0.027
−0.017 )z
Galaxy Mergers :
Fraction of merging satellites that are transferred to the central
galaxy (Eq. 13):


log10 fmerge = − 1.061+0.047
−0.245
The Halo–Galaxy Connection:
M∗ scatter at fixed Mpeak [dex]:

Systematics in Stellar Masses:
Offset between the true and the measured M∗ [dex] (Eq. 23):
+0.040
µ = −0.111+0.130
−0.039 + (0.292−0.036 ) (a − 1)

i

+0.210
log10 (V) = 2.203+0.033
−0.017 + (1.258−0.185 ) (a − 1)

Width in log-vmax for quenching [dex] (Eq. 11):

ρ0.5 = 0.370+0.098
−0.059

This definition is adopted to account for asymmetry in error bars,
such that emed,i = elow,i when ∆yi = −elow,i and emed,i = ehigh,i when
∆yi = ehigh,i . The total χ2 is a summation of χ2i over all the data
points and the priors listed in Table 2:
X
χ2 =
χ2i + priors.
(F5)

Median Star Formation Rates:
Characteristic vMpeak [km s−1 ] (Eq. 4):

+ (0.254+0.026
−0.027 )z

Correlation coefficient between SSFR and M∗ at fixed halo
mass at a = 0.5 (i.e., z = 1) (Eq. 27):

where emed,i is a linear function of ∆yi :
∆yi + elow,i
emed,i (∆yi ) = elow,i +
· (ehigh,i − elow,i ) .
ehigh,i + elow,i

Quenched Fractions:
Characteristic vmax for quenching [km/s] (Eq. 10):
 
+0.056
log10 vQ = 2.324+0.011
−0.030 + (0.216−0.114 ) (a − 1)

σ∗ = 0.242+0.024
−0.004

for this data point is:

2


∆yi /elow,i , ∆yi < −elow,i



2


χ2i = 

∆yi /ehigh,i , ∆yi > ehigh,i ,






 ∆yi /emed,i 2 , otherwise
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Additional systematic offset between the true and the measured SFRs (Eq. 25):
κ = 0.319+0.028
−0.027
Scatter between the observed and the true M∗ [dex] (Eq. 26):
σ = min{0.07 + 0.053+0.005
−0.011 (z − 0.1) , 0.3}
Galaxy–SMBH Connection:
Slope and zero point of the SMBH mass – bulge mass (M• –
Mbulge ) relation (Eq. 28):
+0.066
γBH = 1.082+0.013
−0.057 + (0.221−0.034 ) (a − 1)

+ (0.133+0.026
−0.013 )z
+0.063
βBH = 8.470+0.113
−0.049 + (−0.553−0.066 ) (a − 1)

+ (0.023+0.006
−0.050 )z
Scatter in the M• –Mbulge relation [dex] (Eq. 31):
σBH = 0.285+0.035
−0.025
SMBH Mergers:
The fraction of SMBH growth due to mergers, relative to
galaxy mergers (Eq. 35):
+1.300
log10 ( fscale ) = − 0.048+0.008
−2.285 + (0.600−0.701 ) (a − 1)

AGN Properties:
AGN duty cycles (Eqs. 38-41):
MBH,c = 7.827+0.280
−0.216
wBH,c = 0.739+0.124
−0.060
+0.148
f2 = 0.308+0.099
−0.144 + (−0.697−0.157 ) (a − 1)

Power-law indices of the Eddington ratio distributions (Eqs.
43 and 44):
+0.172
c1 = − 0.071+0.121
−0.184 + (0.796−0.245 ) (a − 1)
+0.213
c2 = 1.398+0.146
−0.012 + (0.126−0.059 ) (a − 1)
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AGN energy efficiencies (Eq. 47):
log10 (rad ) =

+0.040
− 1.161+0.006
−0.231 + 0.025−0.318 (a − 1)

AGN Systematics:
Offset in the Eddington ratio between Ueda et al. (2014) and
Aird et al. (2018) [dex] (Eq. 66):
ξ = − 0.315+0.051
−0.020

APPENDIX H: PARAMETER CORRELATIONS
Fig. H1 shows the rank correlation coefficients between all the
model parameters, with darker shades indicating stronger (positive
or negative) correlations. It is natural to see correlations between
different redshift evolution terms of the same parameter (e.g., a
and z1 ), as each of them can partially mimic the behavior of others at certain redshift internals. In other words, different redshift
evolution terms are not orthogonal to each other.
Strong correlations are seen between the normalization of the
median local M• –Mbulge relation, βBH,0 , and the random scatter
around the relation, σBH . Based on Sołtan argument, the cosmic
SMBH mass density is determined by the integral of quasar luminosity functions across cosmic time. To reproduce this mass density, a lower median M• –Mbulge relation must be paired with a
bigger σBH to produce higher mean SMBH masses. We also see
strong correlation between the redshift evolution of the M• –Mbulge
relation, βBH,a , and that of the systematic offset between the observed vs. true stellar mass, µa . This is because a stronger redshift
evolution in µ implies weaker evolution in intrinsic galaxy stellar
mass functions. Without any change in the M• –Mbulge relation, this
weaker redshift evolution will be propagated into black hole mass
functions, resulting in too little SMBH accretion to account for the
observed quasar luminosity functions. To offset this effect, we need
a M• –Mbulge relation that evolves more strongly, i.e., whose βBH,a
is more negative.
This paper has been typeset from a TEX/LATEX file prepared by the author.
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Figure A4. The median M• –Mbulge relations as a function of z from the
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galaxy growth). See Appendix A3.2. All the data used to make this plot can
be found here.
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All the data used to make this plot (including the individual data points and our best-fitting model) can be found here.
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