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Abstract. We present a unified description of extremal metrics for the
Laplace and Steklov eigenvalues on manifolds of arbitrary dimension
using the notion of n-harmonic maps. Our approach extends the well-
known results linking extremal metrics for eigenvalues on surfaces with
minimal immersions and harmonic maps. In the process, we uncover
two previously unknown features of the Steklov eigenvalues. First, we
show that in higher dimensions there is a unique normalization involving
both the volume of the boundary and of the manifold itself, which leads
to meaningful extremal eigenvalue problems. Second, we observe that
the critical points of the eigenvalue functionals in a fixed conformal
class have a natural geometric interpretation provided one considers
the Steklov problem with a density. As an example, we construct a
family of free boundary harmonic annuli in the three-dimensional ball
and conjecture that they correspond to metrics maximizing the first
Steklov eigenvalue in their respective conformal classes.

1. Introduction

1.1. Geometric optimization of eigenvalues. Let (Σn, g) be a compact
connected Riemannian n-dimensional manifold with non-empty boundary.
The Steklov eigenvalues σk(Σ

n, g) are defined to be the numbers σ for which
the following equation {

∆gu = 0 in Σn,

∂νu = σu on ∂Σn

has a non-trivial solution. They form a sequence

0 = σ0(Σn, g) < σ1(Σn, g) 6 . . .↗∞,
where the numbers are repeated according to their multiplicity. For known
results and open questions on the Steklov problem, see the review article
[GP].

In the case of surfaces (n = 2) there is a vast literature on the subject
of sharp isoperimetric inequalities for Steklov eigenvalues. Namely, given a
surface Σ2, one looks for the sharp upper bounds on normalized eigenvalues

σ̄k(Σ
2, g) = σk(Σ

2, g)Length(∂Σ2, g).

The problem is of particular interest due to the connection with the theory
of free boundary minimal surfaces established by Fraser and Schoen [FS2,
FS3]. They showed that extremal metrics for σ̄k (i. e. critical points of
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2 M. KARPUKHIN AND A. MÉTRAS

σ̄k(Σ
2, g) as a function of g, see Definition 3.1) correspond to free boundary

minimal surfaces in Euclidean balls. Furthermore, in [FS2] this connection
is used to obtain sharp upper bounds for σ̄1 on the annulus and the Möbius
strip. In recent years there have been further developments in the study of
the interactions between bounds for Steklov eigenvalues and free boundary
minimal surfaces, see e.g. [MP, MP2, P3, GL, GKL, KS], as well as the study
of free boundary minimal submanifolds for general ambient manifolds, see
the recent survey [Li].

The theory of Steklov eigenvalues on surfaces with boundary is in many
ways parallel to the theory of Laplace eigenvalues on closed surfaces. Recall
that for (Mn, g) a closed, connected Riemannian n-dimensional manifold,
the Laplace eigenvalues λk(M

n, g) are the numbers λ such that the equation

∆gu = λu

has a non-trivial solution. They form an increasing sequence

0 = λ0(Mn, g) < λ1(Mn, g) 6 . . .↗∞,

where the numbers are repeated according to their multiplicity. Finally, the
normalized eigenvalues are defined as

λ̄k(M
n, g) = λk(M

n, g)Vol(Mn, g)
2
n .

For n = 2 there is a strong analogy between sharp upper bounds for λ̄k
and sharp upper bounds for σ̄k. In fact, the results of Fraser and Schoen
were motivated by the results of Nadirashvili [N], who established the cor-
respondence between λ̄k-extremal metrics and closed minimal surfaces in
spheres. Similarly, one could consider conformally extremal metrics, i.e.
critical points of σ̄k and λ̄k restricted to a fixed conformal class of metrics.
The analogy persists: λ̄k-conformally extremal metrics correspond to har-
monic maps to spheres, whereas σ̄k-conformally extremal metrics give rise
to free boundary harmonic maps to balls. Table 1 contains a brief summary
of these results, see Section 2 for a more detailed account.

The remarkable feature of this connection is that the extremal metric is
determined by a geometric object that is defined independently of the metric.
Indeed, minimal surfaces only depend on the metric in the ambient manifold,
and for n = 2 the conformal invariance of the Dirichlet energy implies that
the harmonic maps depend only on the conformal structure of the surface.
As a result, questions about extremal metrics can be reformulated on the
language of minimal surfaces and harmonic maps, see [EGJ, JNP, KNPP,
K, KS, MS, N, P1, P2] for many applications of this approach to sharp
eigenvalue bounds.

The goal of the present paper is to extend this analogy to higher dimen-
sions n > 3. Surprisingly, there are only a few results on the subject of
λ̄k-(conformally) extremal metrics [CES, ESI1, ESI2, M] and extremal met-
rics for Steklov eigenvalues were not studied at all. In [ESI2] the authors
show that λ̄k-extremal metrics correspond to minimal submanifolds of the
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sphere and that λ̄k-conformally extremal metrics correspond to harmonic
maps with additional properties. While the former is consistent with the
case of surfaces, the latter is not since the Dirichlet energy is no longer con-
formally invariant for n > 3. Later, it was noted in [M] that the conditions
on the map in [ESI2] are equivalent to the property of being n-harmonic,
which is a conformally invariant property. In the present paper we show
that n-harmonic maps naturally appear in the study of conformally extremal
metrics for Steklov eigenvalues. In particular, the formalism of n-harmonic
maps allows one to extend the analogy between the Laplacian and Steklov
problems to all dimensions in a unified way. Our main results are summa-
rized in Table 2. The results for Steklov eigenvalues in the third column are
the main contribution of the present paper, see Section 2 for a more detailed
account.

While our description of λ̄k-(conformally) extremal metrics presented in
Theorems 2.3, 2.8 is mostly a reformulation of the one presented in [ESI2, M],
the situation is quite different in the Steklov case. We encounter several chal-
lenges related to previously undiscovered features of the higher-dimensional
Steklov problem. They are outlined below.

1.2. Normalization of Steklov eigenvalues. The first question is how
to define σ̄k, i.e. what is the natural normalization for Steklov eigenvalues
when n > 3. Up until now, in most papers the preferred normalization of
Steklov eigenvalues is either by Vol(∂Σn, g) or by Vol(Σn, g). For example,
the papers [CEG1, FS1, FS4, Has] contain some non-sharp upper bounds,
whereas in [CiG, CEG2] the authors discuss flexibility of the Steklov spec-
trum, i.e. they construct examples showing that it is impossible to obtain
upper bounds in various contexts.

We propose the following definition,

(1.1) σ̄k(Σ
n, g) = σk(Σ

n, g)Vol(∂Σn, g)Vol(Σn, g)
2−n
n .

This normalization appears as an intermediate step in all the papers on up-
per bounds in higher dimensions mentioned above. For example, it appears
in [CEG1, Has] due to the fact that the authors are using the approach of
metric-measure spaces developed in [Kor, GNY]. For any Radon measure µ
on (Σn, g) one defines its eigenvalues via the variational characterization

(1.2) λk(Σ
n, g, µ) = inf

Fk+1

sup
u∈Fk+1\{0}

∫
|du|2g dvg∫
u2 dµ

,

where Fk+1 varies over (k+1)-dimensional subspaces of C∞(M) that remain
(k + 1)-dimensional in L2(µ), see e.g. [Kok, GKL, KS]. These eigenvalues

have the following scaling property λk(Σ
n, tg, sµ) = s−1t

n−2
2 λk(Σ

n, g, µ).
Therefore, the natural normalized quantity is

(1.3) λ̄k(Σ
n, g, µ) = λk(Σ

n, g, µ)µ(Σn)Vol(Σn, g)
2−n
n .
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If µ equals the boundary measure of Σn, then λk(Σ
n, g, µ) coincides with

the Steklov eigenvalues and one recovers normalization (1.1) from (1.3).
Furthermore, we show that for any other normalization by powers of

Vol(∂Σn, g) and Vol(Σn, g) the normalized eigenvalue functional does not
have any smooth critical points. This fact explains some of the flexibility
results mentioned above. All the observations made in this section point
us towards the fact that (1.1) is the natural normalization for the Steklov
problem, see also [GKL] for some additional arguments. One of the main
goals of the present paper is to convince the reader that it is indeed the case.

1.3. Steklov problem with a density. The second issue we encounter
is that even with the correct normalization the σ̄k-conformally extremal
metrics do not quite correspond to free boundary n-harmonic maps. In order
to remedy the situation we consider the Steklov problem with a density.

Let 0 < ρ ∈ C∞(∂Σn) be a positive smooth function. The eigenvalues
σk(Σ

n, g, ρ) are defined to be the numbers σ such that the following equation{
∆gu = 0 in Σn,

∂νu = σρu on ∂Σn

has a non-trivial solution. The eigenvalues σk(Σ
n, g, ρ) are a direct general-

ization of σk(Σ
n, g, ρ) with the same properties. Furthermore, σk(Σ

n, g, ρ) =
λk(Σ

n, g, ρ dAg), so the natural normalization is

(1.4) σ̄k(Σ
n, g, ρ) = σk(Σ

n, g, ρ)

(∫
∂Σn

ρ dAg

)
Vol(Σn, g)

2−n
n .

We prove that critical points of σ̄k(Σ
n, g, ρ) in the product space C ×

C∞(Σn) correspond to free boundary n-harmonic maps to the unit ball,
see Theorem 2.5 below for the exact statement. For n = 2 the conformal
invariance of the Laplacian implies that for any 0 6 f ∈ C∞(Σ2) one has
σk(Σ

2, g, f |∂Σ2) = σk(Σ
2, f2g). In this case we recover the correspondence

with free boundary harmonic maps to the unit ball for Steklov eigenvalues
without density established in [FS3], see Section 2.3.2 for a more detailed
discussion. However, the lack of the conformal invariance in higher dimen-
sions makes it necessary to consider the problem with density.

1.4. Free boundary harmonic annuli in B3. In the final section we con-
struct and study a family of rotationally symmetric free boundary harmonic
maps from an annulus AT = [0, T ]× S1 to a three-dimensional ball B3. Our
approach is very similar to Fraser-Schoen’s analysis of rotationally symmet-
ric metrics on annuli in [FS1]. We show that for any T > T1 there exists a
rotationally symmetric free boundary harmonic map ΨT : AT → B3 corre-
sponding to a σ̄1-conformally extremal metric. The image of ΨT is a piece
of a stretched catenoid, see Figure 1. In Section 2.5 we conjecture that these
metrics are in fact σ̄1-maximizers in their conformal class and provide some
evidence for this conjecture. Finally, we show that there are values of T
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such that the density ρ corresponding to ΨT is not identically constant. As
a result, there exist critical pairs (g, ρ) with non-constant ρ, i.e. it is nec-
essary to introduce the density function in order to have a correspondence
with free boundary harmonic maps.

Plan of the paper. The paper is organized in the following way. In Sec-
tion 2 we provide the statements of the main results and recall the necessary
background on n-harmonic maps and minimal immersions. In Section 3 the
definition of the metric extremal for the eigenvalue functional is introduced.
We obtain the necessary and sufficient conditions of extremality in terms
of algebraic relations on the corresponding eigenfunctions. These relations
are then used in Section 4 to establish the correspondence between extremal
metrics, n-harmonic maps and minimal immersions. Finally, Section 5 con-
tains the construction of the free boundary harmonic annuli with non-trivial
boundary densities.
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liminary versions of the manuscript. Antoine Métras’s work is part of a PhD
thesis under the supervision of Iosif Polterovich and was supported by the
Fonds de recherche du Québec – Nature et technologies (FRQNT). Mikhail
Karpukhin is partially supported by US National Science Foundation grant
DMS-1363432.
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Laplacian λ̄k(M, g) Steklov σ̄k(Σ, g)

Normalization λk(M, g)Area(M, g) σk(Σ, g)Length(∂Σ, g)

Extremal metrics in
the conformal class C
correspond to

Harmonic maps
Φ: (M, C)→ Sm−1

Free boundary harmonic
maps Ψ̂ : (Σ, C)→ Bm

which are extremal
points of the con-
formally invariant
functional

E(Φ) = 1
2

∫
|dΦ|2g dvg

E(Ψ̂) = 1
2

∫
|dΨ̂|2g dvg un-

der the constraint that
Ψ = Ψ̂|∂Σ : ∂Σ→ Sm−1

and, as a result, the so-
lutions of

∆gΦ = |dΦ|2gΦ
DgΨ = |DgΨ|Ψ or

∂νΨ̂ = |∂νΨ̂|Ψ̂

Conversely, any corresponding geometric object gives rise to the extremal
metric

One defines the asso-
ciated conformally co-
variant operator

Lg,Φ = ∆g − |dΦ|2g LDg,Ψ = Dg − |DgΨ|

and the spectral index indS(Φ) = ind(Lg,Φ) indS(Ψ) = ind(LDg,Ψ)

The corresponding
metric is given by

gΦ = |dΦ|2g g
any h with
h|∂Σ = |DgΨ| g|∂Σ

which is extremal for
the functional

λ̄indS(Φ)(M, g) σ̄indS(Ψ)(Σ, g)

with the value λ̄indS(Φ)(M, gΦ) = 2E(Φ) σ̄indS(Ψ)(Σ, h) = 2E(Ψ̂)

Extremal metrics in
the space of all met-
rics correspond to the
same geometric ob-
ject with an additional
property of being con-
formal, i.e. to

Minimal immersions to
Sm−1

Free boundary minimal
immersions to Bm

Table 1. Classical theory of extremal metrics on surfaces.
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Laplacian λ̄k(M, g) Steklov σ̄k(Σ, g, ρ)

Normalization λk(M
n, g)Vol(Mn, g)

2
n σk(Σ

n, g)‖ρ‖L1Vol(Σn, g)
2−n
n

Extremal metrics in
the conformal class C
correspond to

n-Harmonic maps
Φn : (Mn, C)→ Sm−1

Free boundary n-harmonic
maps Ψ̂n : (Σ, C)→ Bm

which are extremal
points of the con-
formally invariant
functional

En(Φn) = 1
n

∫
|dΦn|ng dvg

En(Ψ̂n) = 1
n

∫
|dΨ̂n|ng dvg

under the constraint that
Ψn := Ψ̂n|∂Σn : ∂Σn →
Sm−1

and, as a result, the so-
lutions of

δg(|dΦ|n−2
g dΦ) = |dΦ|ngΦ

∂νΨ̂n = |∂νΨ̂n|Ψ̂n or
Dng,ΨnΨn = |Dng,ΨnΨn|Ψn,
where Dng,Ψn is the
Dirichlet-to-Neumann
operator associated with
P (u) = δg(|dΨ̂n|n−2

g du)

Conversely, any corresponding geometric object with nowhere vanishing dif-
ferential gives rise to the extremal metric

One defines the asso-
ciated conformally co-
variant operator

Lg,Φn(u) =
δg(|dΦn|n−2

g du)− |dΦn|ngu
LDg,Ψn(u) =

Dng,Ψnu− |Dng,ΨnΨn|u

and the spectral index indS(Φn) = ind(Lg,Φn) indS(Ψn) = ind(LDg,Ψn)

The corresponding
metric (density) is
given by

gΦn = |dΦn|2gg
gΨn = |dΨ̂n|2gg
ρΨn = |∂νgΨ̂|/|dΨ̂n|g

which is extremal for
the functional

λ̄indS(Φn)(M
n, g) σ̄indS(Ψn)(Σ

n, g, ρ)

with the value
λ̄indS(Φn)(M

n, gΦn)
= nEn(Φn)

σ̄indS(Ψn)(Σ
n, gΨn , ρΨn)

= nEn(Ψ̂n)

Extremal metrics in
the space of all met-
rics correspond to the
same geometric ob-
ject with an additional
property of being con-
formal, i.e. to

Minimal immersions to
Sm−1

Free boundary minimal
immersions to Bm.
Additionally, extremal
densities are always
constant.

Table 2. The theory of extremal metrics in dimension n >
3.
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2. Main results

In this section we provide the detailed account of the main results outlined
in the introduction.

2.1. Extremal metrics in the conformal class: Laplacian. We provide
a geometric characterization of extremal metrics in a fixed conformal class.
This is well-known for surfaces [N, ESI2, FS3]. For Laplacian eigenvalues
in higher dimensions it has previously appeared in a slightly different form
in [ESI2, M], for Steklov eigenvalues our results are new. The discussion
below is summarized in Tables 1, 2.

We first recall some background information on n-harmonic maps.

Definition 2.1. Let (N, g), (Q, h) be Riemannian manifolds. Then the map
Φ: (N, g) → (Q, h), Φ ∈ W 1,p(N,Q) is called p-harmonic if it is a critical
point of the p-energy functional

Epg (Φ) =
1

p

∫
N
|dΦ|pg,h dvg.

If p = 2, then p-harmonic maps are referred to as simply harmonic.

In the present paper we only consider a case n = dimN = p. In this
case, the energy functional Eng is conformally invariant, i.e. for any Φ ∈
W 1,n(N,Q) one has Eng (Φ) = Ene2ωg(Φ). Thus, the property of being n-

harmonic only depends on the conformal class [g] of the metric g.
Assume N = Mn is an n-dimensional closed manifold and (Q, h) is a unit

sphere Sm−1 ⊂ Rm with the standard metric. The regularity theory for such
n-harmonic maps asserts that they are always C1,α for some α > 0 [Tak,
Corollary 12] and C∞ if n = 2 or if dΦ 6= 0. A straightforward computation
shows that Φ: (Mn, g)→ Sm−1 is n-harmonic iff it is a weak solution of

(2.1) δg(|dΦ|n−2
g dΦ) = |dΦ|ngΦ,

where δg is the dual of d.
Assume further that Φ is non-degenerate, i.e. dΦ does not vanish on Mn.

To each such Φ one associates a Schrödinger operator

Lg,Φ(u) = δg(|dΦ|n−2
g du)− |dΦ|ngu,

which can be seen to be conformally covariant, Le2ωg,Φ = e−nωLg,Φ. In
particular, the index of Lg,Φ, i.e. the number of negative eigenvalues, is
independent of the choice of g in the conformal class.

Definition 2.2. Let Φ: (Mn, C) → Sm−1 be a non-degenerate n-harmonic
map. The spectral index indS(Φ) is defined to be the index of the operator
Lg,Φ for some (any) metric g ∈ C.

Note that by the equation of the n-harmonic map one has Lg,Φ(Φ) = 0,
i.e. the components of Φ are in the kernel of Lg,Φ. Since Φ is non-degenerate,
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we can define a smooth metric gΦ by the formula gΦ = 1
n |dΦ|2gg. Then one

has
LΦ,gΦ

= n
n−2

2 (∆gΦ − n),

i.e. the components of Φ are eigenfunctions of ∆gΦ with the eigenvalue
λk = n. Furthermore, indS(Φ) is the smallest k such that λk(M

n, gΦ) = n
is satisfied.

We are now in position to state a geometric characterization of extremal
metrics for Laplacian eigenvalues. We set

λ̄k(M
n, g) = λk(M

n, g)Vol(Mn, g)
2
n .

Traditionally a metric g on Mn is called λ̄k-conformally extremal if it is a
critical point of the functional g 7→ λ̄k(M

n, g) in the conformal class [g], see
Definition 3.1 for the precise formulation.

Theorem 2.3. Let Mn be an n-dimensional closed manifold and C be a
conformal class on Mn. Suppose that the smooth metric g ∈ C is λ̄k-
conformally extremal. Then there exists a non-degenerate n-harmonic map
Φ: (M, C)→ Sm−1 such that g = αgΦ for some α > 0 and λ̄k(M

n, gΦ) = n.
In particular, indS(Φ) 6 k.

Conversely, let Φ: (M, C)→ Sm−1 be a non-degenerate n-harmonic map.
Then the metric gΦ is λ̄indS(Φ)-conformally extremal.

The characterization of λ̄k-conformally extremal metrics (in a different
form) appeared in [ESI2]. The connection to n-harmonic maps was first
observed in [M].

2.2. Extremal metrics in the conformal class: Steklov. Let Σn be
a manifold with non-empty boundary. An n-harmonic map Ψ̂: Σn → Bm
is called free boundary n-harmonic map if it is proper (i.e. Ψ̂(x) ∈ Sm−1

iff x ∈ ∂Σn) and Ψ̂(Σn) ⊥ Sm−1. It is easy to see that such Ψ̂ is a weak
solution of the equation{

δg(|dΨ̂|n−2
g dΨ̂) = 0 in Σn,

∂νgΨ̂ = |∂νgΨ̂|Ψ̂ on ∂Σn.

We reserve the notation Ψ for the restriction of Ψ̂ to the boundary, Ψ: ∂Σn →
Sm−1. The map Ψ completely determines Ψ̂.

Assume that Ψ̂ is a non-degenerate. To each such Ψ̂ one associates a
Dirichlet-to-Neumann operator LD

g,Ψ̂
: C∞(∂Σn)→ C∞(∂Σn) as follows. For

each u ∈ C∞(∂Σn) one first extends it to û ∈ C∞(Σn) as

(2.2)

{
δg(|dΨ̂|n−2

g dû) = 0 in Σn,

û = u on ∂Σn.

If Dg,Ψ denotes the corresponding Dirichlet-to-Neumann operator u 7→ ∂νg û,
then one defines

LD
g,Ψ̂

(u) = Dg,Ψu− |Dg,ΨΨ|u = ∂νg û− |∂νgΨ̂|u.



10 M. KARPUKHIN AND A. MÉTRAS

The operator LD
g,Ψ̂

is conformally covariant, LD
e2ωg,Ψ̂

= e−ωLD
g,Ψ̂

, therefore

one can define the spectral index of Ψ̂ as the index of LD
g,Ψ̂

.

Definition 2.4. Let Ψ̂ : (Σn, C)→ Bm+1 be a non-degenerate free boundary

n-harmonic map. The spectral index indS(Ψ̂) is defined to be the index of
the operator LD

g,Ψ̂
for some (any) metric g ∈ C.

By the equation of the free boundary n-harmonic map one has LD
g,Ψ̂

(Ψ) =

0. Since Ψ̂ is non-degenerate we can define a smooth metric gΨ̂ = 1
n |dΨ̂|2gg on

Σn. The extension û of equation (2.2) is the harmonic extension in metric gΨ̂.

Furthermore, setting ρΨ̂ = |∂νg
Ψ̂

Ψ̂| = |DgΨ̂,Ψ
Ψ̂| =

√
n|Dg,ΨΨ̂|
|dΨ̂|g

∈ C∞(∂Σn), we

show in Lemma 4.1 that ρΨ̂ > 0. Thus,

LgΨ̂,Ψ̂
= DgΨ̂

− ρΨ̂

is the classical Dirichlet-to-Neumann map with density. In particular, the
components of Ψ̂ are σk(Σ

n, gΨ̂, ρΨ̂) eigenfunctions with eigenvalue σk = 1.

The smallest k such that σk(Σ
n, gΨ̂, ρΨ̂) = 1 is the spectral index indS(Ψ̂).

We can now formulate the geometric characterization of extremal metrics.
Recall the normalization

σ̄k(Σ
n, g, ρ) = σk(M, g, ρ)Vol(Σn, g)

2−n
n ||ρ||L1(∂Σn,g).

The pair (g, ρ) is called σ̄-conformally extremal if it is a critical point of the
functional σ̄k in [g]× C∞>0(∂Σn).

Theorem 2.5. Let Σn be an n-dimensional compact manifold with boundary
of dimension n > 3 and C be a conformal class on Σn. Suppose that the
pair (g, ρ) ∈ C × C∞>0(∂Σn) is σ̄k-conformally extremal. Then there exists

a non-degenerate free boundary n-harmonic map Ψ̂ : (Σn, C) → Bm such

that (g, ρ) = (αgΨ̂, α
− 1

2 ρΨ̂) for some α > 0 and σ̄k(Σ
n, gΨ̂, ρΨ̂) = 1. In

particular, indS(Ψ̂) 6 k.

Conversely, let Ψ̂ : (Σn, C) → Bm be a non-degenerate free boundary n-
harmonic map. Then the pair (gΨ̂, ρΨ̂) is σ̄indS(Ψ̂)-conformally extremal.

2.3. Remarks on the Steklov problem with density. The Steklov
problem with density has not been previously mentioned in relation to sharp
eigenvalue optimization problems. In this section we discuss how Theo-
rem 2.5 fits with the existing results in the field and explain why it appears
to be a natural setup for optimization of Steklov eigenvalues in the conformal
class.

2.3.1. Upper bounds. Our first observation is that the normalized eigenval-
ues σ̄k(Σ

n, g, ρ) are bounded independently of (g, ρ), i.e. there exists a con-
stant C depending on the conformal class [g] such that

σ̄k(Σ
n, g, ρ) 6 Ck

2
n
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For ρ ≡ 1 this is proved by Hassannezhad in [Has, Theorem 4.1]. A slight
modification of the proof yields the result for non-constant density ρ. It suf-
ficient to repeat the proof of [Has, Theorem 4.1] with µ̄(A) :=

∫
∂Σn∩A ρ dµ̄g

in the notations of [Has].
In particular, it makes sense to maximize the eigenvalues σ̄k(Σ

n, g, ρ)
in [g] × C∞>0(∂Σn) and investigate the existence and regularity of maximal
pairs (g, ρ). An analogous problem for Laplacian and Steklov eigenvalues on
surfaces has been completely solved in the recent years [P1, P2, P3, KNPP2,
NS]. In all these papers, the connection to harmonic maps is explicitly used
in the proof. It seems natural that in order to have nice existence results in
higher dimensions there has to be a connection of the problem to n-harmonic
maps. This connection only manifests itself if one allows a non-trivial density
ρ to enter the picture. Thus, we believe that the Steklov problem with a
density is a natural setup for optimization problems in a fixed conformal
class.

2.3.2. Fraser-Schoen’s result for surfaces. In the paper [FS3] Fraser and
Schoen obtained the geometric characterizations of maximal metrics for
Steklov and Laplacian eigenvalues on surfaces. However, their proofs can be
adapted to the case of extremal metrics with only minor modifications. In
fact, our analysis of extremal metrics in higher dimensions is heavily influ-
enced by [FS3]. Here we compare Theorem 2.5 to the analogous result for
surfaces [FS3, Proposition 2.8] and explain why the densities do not appear
for n = 2.

The normalized eigenvalues σk(Σ
2, g, ρ) possess two properties specific to

n = 2. On one hand, since the Laplacian ∆g is conformally covariant on
surfaces, the harmonic extension is the same for all metrics in the conformal
class C. Therefore, the eigenvalue σk(Σ

2, g, ρ) depends on g ∈ C only via
the length of the normal vector. As a result, one has σk(Σ

2, e2ωg, ρ) =
σk(Σ

2, g, e−ωρ). In particular, if ρ̂ > 0 is any positive extension of ρ to the
interior, then σk(Σ

2, g, ρ) = σk(Σ
2, ρ̂2g, 1), i.e. the eigenvalues with density

are a special case of classical Steklov eigenvalues. On the other hand, the
definition of the normalized eigenvalue does not include the volume of Σ2.
As a result, one has that σ̄k(Σ

2, g, ρ) = σ̄k(Σ
2, ρ̂2g, 1), i.e. the problem of

optimizing normalized Steklov eigenvalues is the same whether one includes
density or not.

Furthermore, the conformal invariance of the problem makes it impossible
to identify extremal pairs as the ones induced by free boundary harmonic
maps. Indeed, if (g, ρ) is extremal, then (e2ωg, e−ωρ) is also extremal for
all ω ∈ C∞(Σ2). As a result, Theorem 2.5 takes the following form, which
is a reformulation of [FS3, Proposition 2.8] up to the conformal invariance
described above.

Theorem 2.6. Let Σ2 be a compact surface with boundary and C be a
conformal class on Σ2. Suppose that the pair (g, ρ) ∈ C × C∞>0(∂Σn) is
σ̄k-conformally extremal. Then there exists a non-degenerate free boundary
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harmonic map Ψ̂ : (Σ2, C)→ Bm such that (g, ρ) = (e2ωgΨ̂, e
−ωρΨ̂) for some

ω ∈ C∞(Σ2) and σ̄k(Σ
2, gΨ̂, ρΨ̂) = 1. In particular, indS(Ψ̂) 6 k.

Conversely, let Ψ̂ : (Σ2, C) → Bm be a non-degenerate free boundary har-
monic map. Then the pair (e2ωgΨ̂, e

−ωρΨ̂) is σ̄indS(Ψ̂)-conformally extremal

for any ω ∈ C∞(Σ2).

2.3.3. Laplacian problem with density. Having seen that introducing density
into a classical Steklov problem leads to a more geometrically natural opti-
mization problem, one could ask whether the same happens for the Lapla-
cian. Let (Mn, g) be a closed Riemannian manifold and ρ ∈ C∞(Mn). One
defines the eigenvalues λk(M

n, g, ρ) to be the the numbers such that the
following equation has non-trivial solutions,

∆gu = λρu.

In fact, recalling the definition of measure eigenvalues (1.2) one sees that
λk(M

n, g, ρ) = λk(M
n, g, ρdvg). In particular, by (1.3) the natural normal-

ization is

λ̄k(M
n, g, ρ) = λk(M

n, g, ρ)Vol(Mn, g)
2−n
n ||ρ||L1(Mn,g)

and one can study λ̄k-conformally extremal pairs (g, ρ). However, it turns
out that the density ρ does not bring anything new to the problem. We prove
in Theorem 3.4 that for any conformally extremal pair (g, ρ) one has that ρ
is a constant function. In particular g is λ̄k-conformally maximal iff (g, 1)
is λ̄k-conformally maximal. This fact gives further support to considering
Steklov problem with a density in higher dimensions.

2.3.4. Other normalizations. While the normalization (1.1) is natural from
measure theory point of view, one could question whether other normaliza-
tions could lead to interesting optimization problems. Recall that up until
now the Steklov eigenvalues in higher dimensions were considered with nor-

malization either by Vol(Σn, g)
1
n or Vol(∂Σn, g)

1
n−1 , see e.g [BFNT, CEG1,

FS4, Has]. However, we show in Theorem 3.7 that for any normalization
different from (1.1) the corresponding optimization problem is not well-
behaved. To be precise, we show the following.

Proposition 2.7. For any α 6= 1 the functionals

Fk,α(Σn, g) = σk(Σ
n, g)Vol(∂Σn, g)αVol(Σn, g)

1+α(1−n)
n

do not have any smooth critical metrics g.

2.4. Extremal metrics in the space of all metrics. Finally, we give the
geometric characterization for critical points of eigenvalues functionals in the
space of all metrics. In comparison to the fixed conformal class, the common
feature for both problems is that the corresponding object is additionally
required to be conformal.

We start with the Laplacian eigenvalues on a closed manifold Mn. Let
Φ: (Mn, [g]) → Sm−1 be a non-degenerate n-harmonic map. The map Φ is
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called conformal if the pullback of the round metric on Sm is conformal to
g, i.e. Φ∗gSm−1 ∈ [g]. In particular, a direct computation shows Φ∗gSm−1 =
gΦ := 1

n |dΦ|2gg. Moreover, by [Tak, Corollary 4] a non-degenerate conformal
n-harmonic map is conformal iff its image is a minimal submanifold. Com-
bining the last two observations, we observe that Φ: (M, gΦ)→ Sm−1 is an
isometric minimal immersion.

We recall that the smooth metric g on Mn is called λ̄k-extremal if it is a
critical point of the functional g 7→ λ̄k(M

n, g) in the space R of all metrics
on Mn. Evidently, any λ̄k-extremal metric is also λ̄k-conformally extremal,
so there exists the corresponding n-harmonic map. The following theorem
states that for λ̄k-extremal metric the n-harmonic map can be chosen to be
conformal.

Theorem 2.8. Let Mn be an n-dimensional closed manifold. Suppose that
the smooth metric g is λ̄k-extremal. Then there exists a minimal immersion
Φ: M → Sm such that g = αΦ∗gSm−1 for some α > 0 and λ̄k(M

n,Φ∗gSm−1) =
n. In particular, indS(Φ) 6 k.

Conversely, let Φ: M → Sm−1 be a minimal immersion. Then the metric
Φ∗gSm−1 is λ̄indS(Φ)-extremal.

Remark 2.9. The same exact theorem is proved by El Soufi, Ilias in [ESI2].
However, our definition of extremal metric is slightly different, so we include
the proof for completeness.

Let Σn be a compact manifold with non-empty boundary. A pair (g, ρ) is
called σ̄k-extremal if it is a critical point of σ̄k in R× C∞>0(Σn). Of course,
such a pair is also σ̄k-conformally extremal and there exists a corresponding
free boundary n-harmonic map Ψ̂: (Σn, g) → Bm. The following theorem

states that for σ̄k-extremal pairs the map Ψ̂ can be chosen to be confor-
mal. One consequence is that any extremal density ρ is constant. Indeed,
since gΨ̂ = Φ∗gBm one has ρΨ̂ = |∂νg

Ψ̂
Ψ̂| = |νgΨ̂

| ≡ 1. In particular, the

introduction of density does not lead to non-trivial extremal densities.

Theorem 2.10. Let Σn be an n-dimensional compact manifold with bound-
ary, n > 3. Suppose that the pair (g, ρ) ∈ R × C∞>0(∂Σn) is σ̄k-extremal.

Then there exists a free boundary minimal immersion Ψ̂ : Σn → Bm such

that (g, ρ) = (αΨ̂∗gBm , α
− 1

2 ) for some α > 0 and σ̄k(Ψ̂
∗gBm , 1) = 1. In

particular, indS(Ψ̂) 6 k.

Conversely, let Ψ̂ : Σn → Bm be a free boundary minimal immersion.
Then the pair (Ψ̂∗gBm , 1) is σ̄indS(Ψ̂)-extremal.

2.5. Free boundary harmonic annuli. Let CT be the conformal class on
the annulus containing the flat metric on AT = [0, t] × S1. By the uni-
formization theorem any metric on an annulus is in CT for some T > 0.
In Section 5 we construct explicit examples of rotationally symmetric free
boundary harmonic maps Ψ̂T : AT → B3 of spectral index 1. Geometrically,
their images are pieces of stretched catenoids, see Figure 1. In particular,
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they correspond to σ̄1-conformally extremal pairs. Our main motivation is
to demonstrate that there are free boundary n-harmonic maps Ψ̂ such that
the corresponding density ρΨ̂ is not constant, i.e. the introduction of den-
sities is indeed necessary for the geometric characterization. To that end
we show that for a particular range of T the densities ρΨ̂T

are locally con-

stant, but not identically constant, i.e. they take different values on different
boundary components.

Our analysis is reminiscent of that in [FS1], where the authors study the
first Steklov eigenvalue of rotationally symmetric metrics on AT — see also
[FSar, FTY] for higher eigenvalues. Moreover, Fraser and Schoen proved
in [FS2] that the only σ̄1-extremal metric on the annulus is the metric on
the critical catenoid. The corresponding value of T is T1 = 2t1, where
t1 ≈ 1.2 is the unique solution to t = coth t.

Theorem 2.11. For any T > T1 there exists a rotationally symmetric free
boundary harmonic map Ψ̂T : AT → B3 of spectral index 1. Furthermore,
the corresponding σ̄1-conformally extremal pair (gΨ̂T

, ρΨ̂T
) possesses the fol-

lowing properties.

(1) Ψ̂T1 is the immersion of the minimal catenoid.
(2) The pair (gΨ̂T

, ρΨ̂T
) is rotationally symmetric, in particular, ρΨ̂T

is

constant on each boundary component. There exists T2 such that for
T > T2 one has ρΨ̂T

(0) 6= ρΨ̂T
(T ).

(3) One has

(2.3) σ̄1(AT , gΨ̂T
, ρΨ̂T

) = 2E(Ψ̂T ) > 2π

and

(2.4) lim
T→∞

σ̄1(AT , gΨ̂T
, ρΨ̂T

) = 2π.

In fact, we conjecture that the (gΨ̂T
, ρΨ̂T

) is a σ̄1-conformally maximal

pair. Keeping in mind the conformal invariance of Section 2.3.2 this can be
formulated in the following way.

Conjecture. For any T > T1, let CT be the conformal class containing the
flat metric on [0, T ]× S1. Then

sup
g∈CT

σ̄1(A, g) = 2E(Ψ̂T ),

where Ψ̂T is the free boundary harmonic map obtained in Theorem 2.11.
In particular, for these conformal classes σ̄1-conformally maximal pairs

can be chosen to be rotationally symmetric.

Properties (1), (3) of Theorem 2.11 are consistent with this conjecture.
Indeed, it is proven in [MP] that for any conformal class C on the annulus
A one has supg∈C σ̄1(A, g) > 2π, which agrees with (2.3). At the same time,
Medvedev in [Med] studied the behaviour of maximizers under the conformal
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degeneration. In particular, he established that the relation (2.4) holds for
σ̄1-conformally maximal metrics.

Surprisingly enough, the considerations used to prove Theorem 2.11 im-
ply that for T < T1 there are no rotationally symmetric free boundary
harmonic maps Ψ̂T : AT → B3 of spectral index 1. Since by [FS2, KKP] the
multiplicity of σ1 on any annulus can not exceed 3, either for T < T1 the
σ̄1-conformally maximal metric is not rotationally symmetric or the corre-
sponding map has the image in B2. The latter situation seems unlikely and
we expect that for T < T1 the σ̄1-conformally maximal pairs in CT are no
longer rotationally symmetric. We can not prove this in full generality, but
the following holds.

Proposition 2.12. There exists T̃ < T1 such that for all T 6 T̃ the confor-
mal class CT does not have rotationally symmetric σ̄1-conformally maximal
pairs.

In fact, this behaviour for small T is supported by the analysis of confor-
mal degenerations in [Med] and the example in [MP]. Both papers suggest
that as T → 0 the limit of corresponding free boundary harmonic maps is
a single boundary bubble, which is impossible for rotationally symmetric
maps.

3. Algebraic extremality conditions

In this section we obtain algebraic conditions condition on extremal met-
rics. They are used later in Section 4 to complete the geometric characteri-
zation of extremal metrics.

Definition 3.1. We say that a metric g is F -extremal for some functional
F if for all one-parameter smooth family of metrics g(t) with g(0) = g, we
have either

F (g(t)) 6 F (g) + o(t) or F (g(t)) > F (g) + o(t)

as t→ 0.
A metric is F -conformally extremal if it is F -extremal in the conformal

class of g.

In the following the functional F will be a (Laplace or Steklov) eigen-
value with the appropriate normalization. This definition was introduced
by Nadirashvili in [N] in the context of normalized Laplace eigenvalues.

3.1. Extremality conditions for a fixed conformal class.

Theorem 3.2. Let Mn be an n-dimensional closed manifold, n > 3 and let
C be a conformal class of metrics on Mn. Suppose that the metric g ∈ C is
conformally extremal for the functional

λ̄k(M
n, g) = λk(M

n, g)Vol(Mn, g)
2
n .

Then there exists a collection u1, . . . , um of λk(M
n, g)-eigenfunctions such

that
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1)
∑m

i=1 u
2
i = 1

λk

2)
∑m

i=1 |dui|2g = 1

Conversely, if there exists a collection of λk(M
n, g)-eigenfunctions satis-

fying 1) − 2) and additionally λk(M
n, g) > λk−1(Mn, g) or λk(M

n, g) <
λk+1(Mn, g), then g is extremal for the functional λ̄k(M

n, g) in C.

Proof. The proof follows Fraser-Schoen [FS3] and El Soufi-Ilias [ESI2] argu-
ments.

For any smooth family g(t) = ef(t)g with f(0) = 0, we write λk(M, g(t)) =
λk(t). It is known that λk(t) is Lipschitz. Furthermore for almost all t, when

λ̇k(t) exists we have

λ̇k(t) =

∫
M

(
n− 2

2
|∇u|2 − nλk

2
u2

)
ḟdvg =: Qḟ(t)(u)

where u ∈ Ek(g(t)). Indeed, for almost all t0, we have a neighborhood
around t0 on which the multiplicity of λk(t) is constant and there exists
l with λl(t) = λk(t), λl−1(t) < λl(t). Fix such a t0 and define on this

neighborhood E(t) =
⋃l−1
j=0Ej(g(t)) and the orthogonal projection on E(t),

Pt : L2(M) → E(t). Take u0 ∈ Ek(g(t0)) with ‖u0‖L2(M,g(t0)) = 1 and let
ut = u0 − Pt(u0). Then the functional

F (t) =

∫
M
|∇ut|2dvg(t) − λl(t)

∫
M
u2
tdvg(t)

satisfies F (t) > 0 and the neighborhood of t0 and F (t0) = 0 so Ḟ (t0) = 0.

Computing Ḟ (t0) gives the desired formula for λ̇k(t0).
To continue the proof we need a lemma stating that for any perturba-

tion of an extremal metrics we can find eigenfunctions for which Q is null,
similar to lemma 2.3 in Fraser-Schoen [FS3], but its proof is adapted to our
definition of extremal metric.

Lemma 3.3. For any φ ∈ L2(M) with
∫
M φdvg = 0, there exists u ∈ Ek(g)

with ‖u‖ = 1 such that Qφ(u) = 0.

Proof. We approximate φ ∈ L2(M) by a sequence of φj ∈ C∞ such that

φj → φ and
∫
M φjdvg = 0 for all j. Let gj(t) =

(1+tφj)g
Vol(M,(1+tφj)g)

. Then
d
dtgj(0) = φjg and Vol(M, gj(t)) = 1.

Since g is extremal for λk and Vol(M, gj(t)) = 1 we can assume without
loss of generality that

λk(gj(t)) 6 λk(g) + o(t)

as t→ 0. In particular, taking the limit from the left gives

lim
t→0−

λk(gj(t))− λk(g)

t
> 0
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so there exists a sequence of εi > 0 decreasing to 0 and δi with lim δi > 0
such that

δi 6
λk(gj(−εi))− λk(g)

εi
=

1

εi

∫ 0

−εi
λ̇k(gj(t))dt

6 ess sup
t∈[−εi,0]

λ̇k(gj(t)).

Hence we can find a sequence of ti < 0 increasing to 0 such that λ̇k(gj(ti)

exists and ∃u(j)
i ∈ Ek(gj(ti)), ‖u

(j)
i ‖L2(gj(ti)) = 1 with Qφj (u

(j)
i ) > δi. Then,

after taking a subsequence if necessary, u
(j)
i → u

(j)
− in C2(g) with u

(j)
− ∈

Ek(g), ‖u(j)
− ‖L2(g) = 1 and Qφj (u

(j)
− ) > 0. Again taking a subsequence if

necessary, we have u
(j)
− → u− in C2(g) with u− ∈ Ek(g), ‖u−‖L2(g) = 1 and

Qφ(u−) > 0.
The same process starting with the limit from the right gives u+ ∈ Ek(g)

with ‖u+‖L2(g) = 1 and Qφ(u+) 6 0. Then taking a linear combination of
u+ and u− gives the desired u. �

LetK be the convex hull in L2(M, g) of
{

2−n
2 |∇u|

2 + nλk(g)
2 u2

∣∣u ∈ Ek(g)
}
.

Then 1 ∈ K. If not, then by Hahn-Banach’s theorem, there exists φ ∈
L2(M, g) such that

0 <

∫
M

(
2− n

2
|∇u|2 +

nλk(g)

2
u2

)
φdvg = −Qφ(u) ∀u ∈ Ek(g)

0 >

∫
M
φdvg.

Taking φ̃ = φ− 1
Vol(M,g)

∫
M φ we obtain a perturbation satisfying the condi-

tions of the previous lemma so there exists u ∈ Ek(g) such that

0 = Qφ̃(u) = Qφ(u)−
∫
M φdvg

Vol(M, g)

∫
M

n− 2

2
|∇u|2 − nλk

2
u2dvg

= Qφ(u) +

∫
M φdvg

Vol(M, g)

∫
M
|∇u|2dvg

< 0

a contradiction. Hence 1 ∈ K and there exists u1, . . . , um ∈ Ek(g) such that

1 =

m∑
j=1

2− n
2
|∇uj |2 +

nλk(g)

2
u2
j .(3.1)

This implies that
∑m

j=1 λk(g)u2
j = 1 on M by considering the function F =∑m

j=1 u
2
j − 1

λk
and remarking that (n − 2)∆F = −4λkF hence F = 0. The

second equality of the theorem then follows directly.
We now prove the converse. Suppose λk > λk−1 (the case λk < λk+1 is

similar) and there exists eigenfunctions u1, . . . , um ∈ Ek(g) satisfying the
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conditions 1) − 2). Let g(t) = ef(t)g be a smooth family of metrics on M .
We can assume without loss of generality that g(t) keeps the normalisation

Vol(M, g)
2
n constant, thus

∫
M fdvg = 0. Write E = Span{u1, . . . , um} then

m∑
j=1

Qḟ (uj) =

∫
M

n− 2

2

m∑
j=1

|∇uj |2 −
nλk

2

m∑
j=1

u2
j

 ḟdvg

=

∫
M

(
n− 2

2
− n

2

)
ḟdvg = 0,

so there exists u± ∈ E with ±Qḟ (u±) 6 0.

Since λk(g) > λk−1(g), Qḟ (u+) 6 0 implies that limt→0+
λk(g(t))−λk(g)

t 6

0, while Qḟ (u−) 6 0 gives limt→0−
λk(g(t))−λk(g)

t > 0 hence λk(g(t)) 6
λk(g) + o(t). The family g(t) was arbitrary so we conclude that g is ex-
tremal. �

Theorem 3.4. Let Mn be an n-dimensional closed manifold, n > 3 and
let C be a conformal class of metrics on Mn. Suppose that the pair (g, ρ) ∈
C × C∞(M) is extremal for the functional

λ̄k(M
n, g, ρ) = λk(M

n, g, ρ)Vol(Mn, g)
2−n
n

(∫
Mn

ρ dvg

)
in C × C∞(Mn). Then ρ is a constant function ρ ≡ ρ0 and there exists a
collection u1, . . . , um of λk(M

n, g, ρ)-eigenfunctions such that

1)
∑m

i=1 u
2
i = 1

λk
∫
M ρdvg

2)
∑m

i=1 |dui|2g = 1
Vol(M,g)

Conversely, if ρ ≡ ρ0 is a constant function and there exists collection
λk(M

n, g, ρ)-eigenfunctions satisfying 1)−2) and additionally λk(M
n, g, ρ) >

λk−1(Mn, g, ρ) or λk(M
n, g, ρ) < λk+1(Mn, g, ρ), then (g, ρ) is extremal for

the functional λ̄k(M
n, g, ρ) in C × C∞(Mn).

Proof. The argument is the same than for the previous theorem, with slight
modification to account for the density ρ. For g(t) = ef(t)g, the derivative
of λk(g(t)) (when it exists) is now given by

λ̇k(t) =

∫
M

(
n− 2

2
|∇u|2 − n

2
λk(t)u

2ρ

)
ḟ − λk(t)u2ρ̇ dvg(t) =: Q(ḟ ,ρ̇)(u)

where u ∈ Ek(g(t)) with ‖u‖L2(M,ρdvg(t))
=
∫
M u2ρdvg(t) = 1.

We have a result similar to lemma 3.3: if (φ, η) ∈ L2(M)× L2(M) with

2− n
2

1

Vol(M, g)

∫
M
φdvg +

1∫
M ρdvg

∫
M
η +

n

2
φρdvg = 0

then there exists u ∈ Ek(g) with ‖u‖L2(M,ρdvg) = 1 such that Q(φ,η)(u) = 1.
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Letting H = L2(M)× L2(M) with the inner product

〈(f1, h1), (f2, h2)〉 =

∫
M
f1f2dvg +

∫
M
h1h2dvg

and K the convex hull of{(
2− n

2
|∇u|2 +

n

2
λku

2ρ, λku
2

)
, u ∈ Ek(g, ρ)

}
in H, we have

(
2−n

2
1

Vol(M,g) + n
2

1∫
M ρdvg

ρ, 1∫
M ρdvg

)
∈ K. If not we could

use Hahn-Banach’s theorem to obtain a contradiction. Hence there exists
eigenfunctions u1, . . . , um such that

∑m
j=1

(
2−n

2 |∇uj |
2 + n

2λku
2
jρ
)

= 2−n
2

1
Vol(M,g) + n

2
1∫

M ρdvg
ρ∑m

j=1 λku
2
j = 1∫

M ρdvg
.

Using the second equation in the first one gives
∑
|∇uj |2 = 1

Vol(M,g) . Finally,

since
∑
u2
j is constant on M ,

0 = ∆
( m∑
j=1

u2
j

)
= 2

2∑
j=1

uj∆uj + 2
m∑
j=1

|∇uj |2

= −2
m∑
j=1

ρu2
j +

2

Vol(M, g)
= − 2ρ

λk(g)Vol(M,ρ)
+

2

Vol(M, g)

so ρ is constant with ρ = λk(g)Vol(M,ρ)
Vol(M,g) on M .

The proof of the converse is the same than for the no-density case and is
thus omitted. �

Remark 3.5. The theorem above essentially states that introducing density
does not add any new critical points. In particular, it suggests that the op-
timal isoperimetric inequality should be the same regardless of the presence
of density function. In fact when considering conformally maximal metrics
we have the corollary

Corollary 3.6. The metric g is λ̄k-conformally maximal if and only if (g, 1)
is λ̄k-conformally maximal.

Proof. That (g, 1) being λ̄k-conformally maximal implies that g is λ̄k-conformally
maximal is clear. For the other direction, if g is λ̄k-conformally maximal
then there exists u1, . . . , um λk-eigenfunctions satisfying:

m∑
j=1

u2
j =

1

λk(g)

m∑
j=1

|duj |2 = 1.



20 M. KARPUKHIN AND A. MÉTRAS

Then after rescaling the uj ’s,
m∑
j=1

u2
j =

1

λk(g)
∫
M ρdvg

m∑
j=1

|duj |2 =
1

Vol(M, g)

where ρ = 1.
Finally since g is λ̄k-conformally maximal and the conformal spectrum is

simple [CES], we have λk(g) > λk−1(g). So by the converse of theorem 3.4,
(g, 1) is also λ̄k-conformally maximal. �

Theorem 3.7. Let Σn be an n-dimensional connected compact manifold
with non-empty boundary, n > 3 and let C be a conformal class of metrics
on Σn. Let α ∈ R and suppose that the metric g ∈ C is extremal for the
functional

Fk,α(Σn, g) = σk(Σ
n, g)Vol(∂Σn, g)αVol(Σn, g)

1+α(1−n)
n

in C. Then α = 1, i.e. Fk,α = σ̄k, and there exists a collection u1, . . . , um
of σk(Σ

n, g)-eigenfunctions such that

1)
∑m

i=1 u
2
i = 1

σk(g)Vol(∂Σ,g) on ∂Σn;

2)
∑m

i=1 |dui|2g = 1
Vol(Σ,g) on Σn.

Conversely, if there exists a collection of σk(Σ
n, g)-eigenfunctions satisfying

1)−2) and additionally σk(Σ
n, g) > σk−1(Σn, g) or σk(Σ

n, g) < σk+1(Σn, g),
then g is extremal for the functional σ̄k(Σ

n, g) = Fk,1(Σn, g) in C.

Remark 3.8. This theorem states that σ̄k(Σ
n, g) is the only normalization of

σk(Σ
n, g) by powers of Vol(Σn, g) and Vol(∂Σn, g), where one could expect

the existence of regular maximizers in the conformal class.

Proof. We use once again the same arguments. For (φ, ψ) ∈ L2(Σ)×L2(∂Σ)
and u ∈ C∞(Σ) let

Q(φ,ψ)(u) = −
∫

Σ

(
1− n

2

)
|∇u|2φ−

∫
∂Σ

n− 1

2
σk(t)u

2ψ.

Then, if g(t) = ef(t)g, the derivative of σk(g(t)) is given almost everywhere
(when it exists) by

σ̇k(t) = Q(ḟ ,ḟ)(u)

where u ∈ Ek(g(t)) with ‖u‖L2(∂Σ) = 1.
Lemma 3.3 can be adapted to the Steklov problem to obtain

Lemma 3.9. For any (φ, ψ) ∈ L2(Σ)× L2(∂Σ) with

(n− 1)α

Vol(∂Σ, g)

∫
∂Σ
ψ +

1 + α(1− n)

Vol(Σ, g)

∫
Σ
φ = 0

there exists u ∈ Ek(g), ‖u‖L2(∂Σ) = 1 such that Q(φ,ψ)(u) = 0.
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Proof. We can approximate (φ, ψ) by a sequence of fi ∈ C∞(M) such that

(n− 1)α

Vol(∂Σ, g)

∫
∂Σ
fi +

1 + α(1− n)

Vol(Σ, g)

∫
Σ
fi = 0(3.2)

and (fi, fi)→ (φ, ψ) in L2. Let gi(t) = r(t)(1 + tfi)g where r(t) is such that

Vol(∂Σ, gi(t))
αVol(Σ, gi(t))

1+α(1−n)
n = 1. Then en by construction of the fi,

we have d
dtgi(t) = fig.

Without loss of generality, since g is Fk,α-conformally extremal and the
volumes normalisation is kept constant, we can assume that σk(g(t)) 6
σk(g) + o(t) as t → 0. As in lemma 3.3, the limit from the left gives u− ∈
Ek(g) with ‖u−‖L2(∂Σ) = 1 and Q(φ,ψ)(u−) > 0, while the limit from the
right gives u+ ∈ Ek(g) with ‖u+‖L2(∂Σ) = 1 and Q(φ,ψ)(u+) 6 0. Taking a
linear combination of u− and u+ gives the desired u. �

Let K be the convex hull in H = L2(Σ) × L2(∂Σ) of pairs of functions

{(2−n
2 |∇u|

2, (n−1)σk
2 u2)

∣∣u ∈ Ek(g)}. We claim that(
sgn+(α)

1 + α(1− n)

Vol(Σ)
, sgn+(α)

(n− 1)α

Vol(∂Σ)

)
∈ K,

where sgn+(α) = +1 if α > 0, = −1 otherwise. If not by Hahn-Banach
theorem, there exists (φ, ψ) such that

sgn+(α)
〈

(φ, ψ),

(
1 + α(1− n)

Vol(Σ)
,
(n− 1)α

Vol(∂Σ)

)〉
H
> 0〈

(φ, ψ),

(
(1− n

2
)|∇u|2, (n− 1)σk

2
u2

)〉
H
< 0 ∀u ∈ Ek(g) \ {0}.

Setting for α 6= 0,

ψ̃ = ψ − 1

Vol(∂Σ)

∫
∂Σ
ψ − 1 + α(n− 1)

α(n− 1)Vol(Σ)

∫
Σ
φ

we have that (φ, ψ̃) satisfy the condition of lemma 3.9 and there exists
u ∈ Ek(g) such that

0 = Q(φ,ψ̃)(u) = Q(φ,ψ)(u)−

− (n− 1)σk
2|α|(n− 1)

sgn+(α)

〈
(φ, ψ),

(
1 + α(n− 1)

Vol(Σ)
,
α(n− 1)

Vol(∂Σ)

)〉∫
∂Σ
u2 < 0.

The same contradiction is obtained for α = 0 by instead considering (φ̃, ψ)
with

φ̃ = φ− 1

Vol(Σ, g)

∫
Σ
φ.
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This proves the claim and we conclude that there exists u1, . . . , um ∈ Ek(g)
such that {∑m

j=1

(
1− n

2

)
|∇uj |2 = sgn+(α)1+α(1−n)

Vol(Σ)∑m
j=1

σk(g)
2 u2

j = sgn+(α) α
Vol(∂Σ)

Integrating the first equation on Σ and using that the uj are eigenfunctions
gives 1+α(1−n) = α(2−n). Solving this equation for α yields the necessary
condition α = 1. The previous system becomes{∑m

j=1 |∇uj |2 = 2
Vol(Σ)∑m

j=1 u
2
j = 2

σk(g)Vol(∂Σ)

which after rescaling the uj ’s are the desired result.
For the converse we will only treat the case σk(Σ, g) > σk−1(Σ, g), the

other case being similar. Suppose that we have the σk(g)-eigenfunctions

u1, . . . , um satisfying 1) − 2). Let g(t) = ef(t) smooth family of metrics

which keeps the normalisation Vol(∂Σ, g)Vol(Σ, g)
2−n
n constant, hence

n− 1

Vol(∂Σ, g)

∫
∂Σ
ḟ +

2− n
Vol(∂Σ, g)

∫
Σ
ḟ = 0.

Let E = Span{u1, . . . , um} then

m∑
j=1

Q(ḟ ,ḟ)(uj) = −
∫

Σ

(
1− n

2

) m∑
j=1

|∇uj |2ḟ −
∫
∂Σ

n− 1

2

m∑
j=1

σku
2
j ḟ

= − 2− n
2Vol(Σ, g)

∫
Σ
ḟ − n− 1

2Vol(∂Σ, g)

∫
∂Σ
ḟ

= 0.

Then there exists u± ∈ E such that ±Q(ḟ ,ḟ)(u±) 6 0. The fact that λk(g) >

λk−1(g) allows us to get limt→0+
λk(g(t))−λk(g)

t 6 0 from Q(ḟ ,ḟ)(u+), and we

have limt→0−
λk(g(t))−λk(g)

t > 0 fromQ(ḟ ,ḟ)(u−). Thus λk(g(t)) 6 λk(g)+o(t)

and g is extremal. �

Theorem 3.10. Let Σn be an n-dimensional connected compact manifold
with non-empty boundary, n > 3 and let C be a conformal class of metrics
on M . Suppose that the pair (g, ρ) ∈ C × C∞(∂Σn) is extremal for the
functional

σ̄k(Σ
n, g, ρ) = σk(Σ

n, g, ρ)Vol(Σn, g)
2−n
n

(∫
∂Σn

ρ dvg

)
in C × C∞(∂Σn). Then there exists a collection u1, . . . , um of σk(Σ

n, g, ρ)-
eigenfunctions such that

1)
∑m

i=1 u
2
i = 1

σk(g,ρ)Vol(∂Σ,ρ) on ∂Σn;

2)
∑m

i=1 |dui|2g = 1
Vol(Σ,g) on Σn.
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Conversely, if there exists a collection of σk(Σ
n, g, ρ)-eigenfunctions satisfy-

ing 1) − 2) and additionally σk(Σ
n, g, ρ) > σk−1(Σn, g, ρ) or σk(Σ

n, g, ρ) <
σk+1(Σn, g, ρ), then g is extremal for the functional σ̄k(Σ

n, g, ρ) in C ×
C∞(∂Σn).

Remark 3.11. The formulation of this theorem is almost identical to that of
Theorem 3.7. In comparison with Theorem 3.4, note that the density is not
necessarily constant.

Proof. For smooth families g(t) = ef(t)g and ρ(t) of metrics and density on
Σ, the eigenvalue σk(g(t), ρ(t)) is Lipschitz and its derivative, when it exists,
is given by

σ̇k(g(t), ρ(t)) = Q(ḟ ,ḟ ,ρ̇)(u),

where u ∈ Ek(g(t), ρ(t)), ‖u‖2L2(∂M,ρ(t)) =
∫
∂Σ u

2ρ(t)dvg(t) = 1 and

Q(φ,ψ,η)(u) = −
∫

Σ

2− n
2
|∇u|2φ− σk(g(t), ρ(t))

∫
∂Σ
u2

(
n− 1

2
ψρ+ η

)
.

Let H = L2(Σ) × L2(∂Σ, ρ) × L2(∂Σ) with the induced inner product. For
(g, ρ) conformally extremal, we again have that for any (φ, ψ, η) ∈ H such
that 〈

(φ, ψ, η),

(
2− n

Vol(Σ, g)
,

n− 1

Vol(∂Σ, ρ)
,

2

Vol(∂Σ, g)

)〉
H

= 0,

there exists u ∈ Ek(g, ρ) with Q(φ,ψ,η)(u) = 0. Then using Hahn-Banach’s

theorem we conclude that
(

2−n
Vol(Σ) ,

n−1
Vol(∂Σ,ρ) ,

2
Vol(∂Σ,ρ)

)
is in the convex hull

of
{(

2−n
2 |∇u|

2, n−1
2 σku

2, σku
2
)
, u ∈ Ek(g, ρ)

}
. This implies the existence of

u1, . . . , um ∈ Ek(g, ρ) such that{∑m
j=1 |∇uj |2 = 2

Vol(Σ,g) in Σ∑m
j=1 σku

2 = 2
Vol(∂Σ,ρ) on ∂Σ.

The proof of the converse is similar to the no-density Steklov’s one. �

3.2. Extremality conditions in the space of all metrics.

Theorem 3.12. Let Mn be an n-dimensional closed manifold, n > 3. Sup-
pose that the metric g ∈ C is extremal for the functional

λ̄k(M
n, g) = λk(M

n, g)Vol(Mn, g)
2
n

in R. Then there exists a collection u1, . . . , um of λk(M
n, g)-eigenfunctions

such that

1)
∑m

i=1 u
2
i = n

λk(g)

2)
∑m

i=1 dui ⊗ dui = g

Conversely, if there exists a collection λk(M
n, g)-eigenfunctions satisfying

1), 2) and in addition λk(M
n, g) > λk−1(Mn, g) or λk(M

n, g) < λk+1(Mn, g),
then g is extremal for the functional λ̄k(M

n, g) in R.
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Proof. For a smooth family g(t) with g(0) = g and d
dtg(t) = h(t), the eigen-

value λk(g(t)) is Lipschitz and its derivative, when it exists, is given by

λ̇k(g(t)) = Qh(u) := −
∫
M
〈du⊗ du− 1

2
|∇u|2g(t) +

1

2
λk(g(t))u2g(t), h〉dvg(t)

where u ∈ Ek(g(t)), ‖u‖L2(M,g(t)) = 1. For g extremal, we have that for

any h ∈ L2(S2(M)) with
∫
M 〈h, g〉dvg = 0, there exists u ∈ Ek(g) such that

Qh(u) = 0. Using Hahn-Banach’s theorem, it then follows that there exists
u1, . . . , um ∈ Ek(g) such that

g =

m∑
j=1

duj ⊗ duj −
1

2
|∇uj |2g +

1

2
λk(g)u2

jg

Taking the traceless part, we obtain
∑
duj ⊗ duj = 1

n |∇uj |
2g, while taking

the trace, we obtain the equation 3.1 (up to a factor n) hence
∑
u2
j = n

λk(g)

and
∑
|∇uj |2 = n. Thus

∑
duj ⊗ duj = g.

The converse’s proof is once again similar and is omitted. �

Theorem 3.13. Let Σn be an n-dimensional connected compact manifold
with non-empty boundary, n > 3. Suppose that the pair (g, ρ) is extremal
for the functional

σ̄k(Σ
n, g, ρ) = σk(Σ

n, g, ρ)Vol(N, g)
2−n
n

(∫
∂N

ρ dvg

)
in R × C∞(Σn). Then ρ is a constant function ρ ≡ ρ0 and there exists a
collection u1, . . . , um of σk(Σ

n, g, ρ)-eigenfunctions such that

1)
∑m

i=1 u
2
i = 1

σkVol(∂Σ,ρ) on ∂Σn;

2)
∑m

i=1 dui ⊗ dui = g
Vol(Σ,g) on Σn.

Conversely, if ρ ≡ ρ0 and there is a collection of σk(Σ
n, g, ρ)-eigenfunctions

satisfying 1), 2) and in addition σk(Σ
n, g, ρ) > σk−1(Σn, g, ρ) or σk(Σ

n, g, ρ) <
σk+1(Σn, g, ρ), then g is extremal for the functional σ̄k(Σ

n, g, ρ) in C ×
C∞(∂Σn).

Remark 3.14. In comparison with Theorem 3.10, we see that extending the
deformation space to R forces the density to be constant.

Proof. For smooth families g(t), ρ(t) with g(0) = g, ddtg(t) = h(t) and ρ(0) =

ρ, ddtρ(t) = η(t), the eigenvalue σk(g(t), ρ(t)) is Lipschitz and when its de-
rivative exists, it is given by

σ̇k(g(t), ρ(t)) = −
∫

Σ
〈h, du⊗ du− 1

2
|∇u|2g〉 − σk

∫
∂Σ
u2(η +

ρ

2
〈h|∂Σ, g|∂Σ〉,

=: Q(h,〈h|∂Σ,g|∂Σ〉,η)(u)

where u ∈ Ek(g(t), ρ(t)), ‖u‖L2(∂Σ,ρ) = 1.
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LetH = L2(S2(Σ))×L2(∂Σ, ρ)×L2(∂Σ, g) with the induced inner product
from the L2 spaces. For (g, ρ) extremal, we still have that for any (h, f, η) ∈
H such that〈

(h, f, η),

(
2− n
n

1

Vol(Σ, g)
,

1

Vol(∂Σ, ρ)
,

2

Vol(∂Σ, ρ)

)〉
= 0,

there exists u ∈ EK(g, ρ) such that Q(h,f,η)(u) = 0. Then the Hahn-Banach
argument gives that there exists u1, . . . , um ∈ Ek(g, ρ) such that{

2−n
n

g
Vol(Σ,g) =

∑m
j=1

(
duj ⊗ duj − 1

2 |∇uj |
2g
)
,

2
σkVol(∂Σ,ρ) =

∑m
j=1 u

2
j .

Taking the trace of the first equation yields
∑
|∇uj |2 = 2

Vol(Σ,g) which when

used in the first equation gives
∑
duj ⊗ duj = 2g

Vol(Σ,g) . By rescaling the uj
we get then get the desired equalities.

Using the two equalities, we obtain for the density ρ:

1

Vol(Σ, g)
=

g(ν, ν)

Vol(Σ, g)

=
m∑
j=1

duj ⊗ duj(ν, ν) =
m∑
j=1

|∂νuj |2

= σ2
kρ

2
m∑
j=1

u2
j =

σkρ
2

Vol(∂Σ, ρ)

hence ρ is constant on ∂Σ.
The proof of the converse is once again the same and is thus omitted. �

4. Geometric extremality conditions

In this section we complete the proofs of geometric characterizations of
extremal metrics.

4.1. Proof of Theorem 2.3. Let g be a λ̄k-conformally extremal and λk =
λ̄k(M

n, g). Then by Theorem 3.2 there is a collection {u1, . . . , um} such that
∆gui = λkui and

(4.1)
m∑
i=1

u2
i =

1

λk

m∑
i=1

|dui|2g = 1.

Let Φ: Mn → Sm−1 be defined by Φ =
√
λk(u1, . . . , um). Then |dΦ|2g = λk

and, therefore,

δg(|dΦ|n−2
g dΦ) = λ

n−2
2

k ∆gΦ = λ
n
2
k Φ = |dΦ|ngΦ

i.e. Φ: (M, g) → Sm−1 is a non-degenerate n-harmonic map by (2.1). Fi-

nally, gΦ = 1
n |dΦ|2gg = λk

n g, i.e. gΦ is a constant multiple of g.



26 M. KARPUKHIN AND A. MÉTRAS

Conversely, If Φ: (M, g) → Sm−1 is an n-harmonic map, then for k =
indS(Φ), one has λk = λk(M

n, gΦ) = n and the components of 1√
λk

Φ are λk-

eigenfunctions of ∆gΦ satisfying (4.1). Since by the definition of indS(Φ), one
has λk−1 < λk, the conclusion follows from the second part of Theorem 2.3.

4.2. Proof of Theorem 2.5. First, let us show that for a non-degenerate
free boundary n-harmonic maps Ψ̂ the corresponding density ρΨ̂ is positive.

Lemma 4.1. Let Ψ̂ : (Σn, g) → Bm be a non-degenerate free boundary n-
harmonic map. Then ρΨ̂ > 0.

Proof. Let h = gΨ̂, then one has ∆hΨ̂ = 0 in the interior of Σn. Then

∆h(|Ψ̂|2) = −2|dΨ̂|2h = −2n < 0, i.e. |Ψ̂|2 is a subharmonic function, which
attains its maximum at every point of ∂Σn. Thus, by the boundary point
maximum principle ∂νh |Ψ̂|2 > 0, where νh is the outer unit normal vector
w.r.t. h. At the same time,

∂νh |Ψ̂|
2 = 2Ψ̂ · ∂νhΨ̂ = 2|∂νhΨ̂| = 2ρΨ̂.

�

Let (g, ρ) be an extremal pair. Let σk = σk(Σ
n, g, ρ), then by Theo-

rem 3.10 there is a collection (u1, . . . , um) of σk-eigenfunctions such that

(4.2)

m∑
i=1

u2
i =

1

σk‖ρ‖L1

on ∂Σn,

m∑
i=1

|dui|2g =
1

Vol(Σn, g)
on Σn

Set Ψ̂ : Σn → Rm be given by
√
σk‖ρ‖L1(u1, . . . , um). Since ∆gΨ̂ = 0 one

has ∆g|Ψ̂|2g = −2|dΨ̂|2g < 0. Thus, by maximum principle |Ψ̂|2g achieves it’s

maximum on the boundary, therefore, Ψ̂ : Σn → Bm. Furthermore,

|dΨ̂n|2g =
σk‖ρ‖L1

Vol(Σn, g)
, ∂νgΨ̂ = ρΨ̂ ‖ Ψ̂.

Since |dΨ̂|2g is constant, one has

δg(|dΨ̂|n−2
g dΨ̂) = |dΨ̂|n−2

g ∆gΨ̂ = 0,

therefore, Ψ̂ is a non-degenerate free boundary n-harmonic map. Moreover,

gΨ̂ = 1
n |dΨ̂|2gg =

σk‖ρ‖L1

nVol(Σn,g)g and ρΨ̂ =
√
n|∂νg Ψ̂|
|dΨ̂|g

=
√

nVol(Σn,g)
σk‖ρ‖L1

ρ, which

completes the proof.
Conversely, let Ψ̂ : (Σn, g) → Bm be a free boundary n-harmonic map.

Let k = indS(Ψ̂), then one has σk = σk(Σ
n, gΨ̂, ρΨ̂) = 1 and components of

1√
σk‖ρΨ̂‖L1

Ψ̂ are σk-eigenfunctions satisfying

m∑
i=1

u2
i =

1

σk‖ρΨ̂‖L1

on ∂Σn,
m∑
i=1

|dui|2g =
1

σk‖ρΨ̂‖L1

on Σn.
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In order to apply the second part of Theorem 3.10 we need to show that
σk‖ρΨ̂‖L1 = Vol(Σn, gΨ̂). To achieve this, note that ∆gΨ̂

|Ψ̂|2 = −2|dΨ̂|gΨ̂
=

−2. Thus, integrating 1
2∆gΨ̂

|Ψ̂|2 and applying Green’s formula yields

Vol(Σn, gΨ̂) =

∫
∂Σn

σkρΨ̂ = σk‖ρΨ̂‖L1 .

4.3. Proof of Theorem 2.8. Let g be a λ̄k-extremal metric. Then by The-
orem 3.12 there exists a collection (u1, . . . , um) of λk(M

n, g) eigenfunctions
satisfying

m∑
i=1

u2
i =

n

λk(Mn, g)
,

m∑
i=1

dui ⊗ dui = g.

In particular, taking the trace of the second equality yields

m∑
i=1

|dui|2g = n.

Therefore, one can repeat the arguments of Section 4.1 to conclude that Φ =√
λk(Mn,g)

n (u1, . . . , um) is a non-degenerate n-harmonic map to the sphere

Sm−1. Additionally, one has that the pullback Φ∗gSm−1 is proportional to g
and, in particular, the map Φ is conformal. Then by [Tak, Corollary 4] Φ is
a minimal immersion.

The proof of converse is identical to that in Section 4.1. The only new
observation is that for a minimal immersion Φ one has gΦ = Φ∗gSm−1 .

4.4. Proof of Theorem 2.10. The proof is identical to that in Section 4.3.
The important point is that for any free boundary minimal immersion Ψ̂ one
has ρΨ̂ ≡ 1.

5. Extremal metrics on the annulus

The aim of this section is to study the Steklov problem on the annulus
and prove Theorem 2.11 and Proposition 2.12.

5.1. Setup of the problem. Let AT = [0, T ]× S1 an annulus with metric
g = f(t)(dt2 + dθ2). By the uniformization theorem, any annulus with a
rotationally symmetric metric is isometric to an annulus of this form for
some T which fixes its conformal class. The Steklov problem on AT is then

∆u = 0 in AT
∂tu = −σf(0)u on {0} × S1

∂tu = σf(T )u on {T} × S1

.(5.1)

Let ρ1 = f(0) and ρ2 = f(T ). Then simple calculations, using that the
Laplacian is conformally invariant in 2-dimension, give that the weighted
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Steklov eigenfunctions are:

u1(t, θ) = −1 + σ(0)ρ1t

u
(n)
2 (t, θ) = cosh(t) cos(θ)− σ(n)

± ρ1 sinh(t) cos(θ)

u
(n)
3 (t, θ) = cosh(t) sin(θ)− σ(n)

± ρ1 sinh(t) sin(θ)

where σ(0) and σ
(n)
± are their corresponding eigenvalues, given by

σ(0) =
1

T

(
1

ρ1
+

1

ρ2

)

σ
(n)
± =

n

2

( 1

ρ1
+

1

ρ2

)
coth(nT )±

((
1

ρ1
+

1

ρ2

)2

coth(nT )2 − 4

ρ1ρ2

)1/2
 .

For our ends, we are only interested in the lowest (non zero) eigenvalue and

focus on σ(0) and σ
(n)
− . Using the identity x − y = x2−y2

x+y we see that σ
(n)
−

is increasing with n. Hence we only need to consider σ(0) and σ
(1)
− . To get

an immersion in R3 by first eigenfunctions we need the first eigenvalue to

have multiplicity 3. But σ(0) and σ
(1)
− have multiplicity 1 and 2 respectively.

Hence we obtain the condition σ1 = σ(0) = σ
(1)
− which gives the equation

1

T
=

2ρ1ρ2

(ρ1 + ρ2)2

(
coth(T ) +

(
coth(T )2 − 4ρ1ρ2

(ρ1 + ρ2)2

)1/2
)−1

The left hand side is decreasing from +∞ at T = 0 to 0 at T = +∞ while
the right hand side is increasing on R+. Hence the equation has a unique
solution Tq where q = ρ1

ρ2
(the fact that the solution depends only on this

ratio can be seen be rewriting 4ρ1ρ2

(ρ1+ρ2)2 = 4q
(1+q)2 ).

We now fix Tq and consider it as a function of q. To simplify notation

we write u
(1)
2 = u2, u

(1)
3 = u3 and σ1 = σ(0) = σ

(1)
− = ρ1+ρ2

ρ1ρ2Tq
. We have the

following results on Tq

Lemma 5.1. Tq is decreasing for q ∈ (0, 1] and increasing for q ∈ [1,+∞),
with a minimum at q = 1. Furthermore, for all q > 0,

(1 + q)2

2q
<

(1 + q)2

2q
coth(Tq) < Tq <

(1 + q)2

q

and

Tq > q +
1

q
.

Proof. Due to the symmetry of the problem when interchanging ρ1 and ρ2,
we have Tq = T1/q. To prove the first part of the lemma, it is then enough
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to show Tq decreasing for q ∈ (0, 1]. Suppose on the contrary that Tq is
increasing for some q ∈ (0, 1]. Then we see in the equation for Tq,

Tq =
(1 + q)2

2q

(
coth(Tq) +

(
coth(Tq)−

4q

(1 + q)2

)1/2
)

(5.2)

that the right hand side is decreasing, a contradiction.
The first two lower bounds are directly obtained from the equation (5.2)

for Tq

Tq =
(1 + q)2

2q

(
coth(Tq) +

(
coth(Tq)

2 − 4q

(1 + q)2

)1/2
)

>
(1 + q)2

2q
coth(Tq) >

(1 + q)2

2q

For the last lower bound we have

(1 + q)2

q
coth(Tq)− Tq =

2

coth(Tq) +
(

coth(Tq)2 − 4q
(1+q)2

)1/2
< 2.

So

Tq >
(1 + q)2

q
coth(Tq)− 2 >

(1 + q)2

q
− 2 = q +

1

q
.

More work is required for the upper bound. From the equation for Tq,
the upper bound is equivalent to the inequality

coth(Tq) +

(
coth(Tq)

2 − 4q

(1 + q)2

)1/2

< 2,

itself equivalent to

coth(Tq) < 1 +
q

(1 + q)2
.

From the lower bound on Tq and since coth is decreasing, coth(Tq) <

coth
(

(1+q)2

2q

)
. Thus it suffices to show coth

(
(1+q)2

2q

)
< 1 + q

(1+q)2 , i.e.

coth(x) < 1 + 1
2x for x > 2 by setting x = (1+q)2

2q . Using that coth(x)− 1 =
2

e2x−1
, proving this last inequality is equivalent to proving

4x < e2x − 1 for x > 2,

which is clear since 8 < e4 − 1 ≈ 53 and e2x increases faster than 4x. �

5.2. Proof of Theorem 2.11. Since T > T1 and Tq → ∞ when q → ∞,

we can find a f : [0, T ]→ R+ such that T = Tq with q = f(0)
f(T ) .

From the eigenfunctions u1, u2, u3 found above, we want to construct a
harmonic map Ψ̂T : AT → B3 such that Ψ̂T (∂AT ) ⊂ S2. Let c1, c2 ∈ R+
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and let Ψ̂T = (c1u1, c2u2, c2u2) then the boundary condition Ψ̂T (∂AT ) ⊂ S2

implies {
1 = c2

1 + c2
2

1 = c2
1a(q)2 + c2

2b(q)
2.

where

a(q) = −1 + σ1ρ1Tq = q

b(q) = cosh(Tq)− σ1ρ1 sinh(Tq).

Clearly a solution (c1, c2) exists if and only if (a(q)2 = b(q)2 = 1) or (a(q)2 <
1, b(q)2 > 1) or (a(q)2 > 1, b(q)2 < 1). The case a(1)2 = b(1)2 = 1 gives the

critical catenoid and the map Ψ̂T1 , proving (1).
We now show that a solution exists when q 6= 1. Since the problem

does not change when switching ρ1 ↔ ρ2, we can consider without loss of
generality only the case 0 < q < 1 and it suffices to show b(q)2 > 1. Knowing
that b(1) = 1, we will show that b is decreasing on (0, 1).

The derivative of b is

b′(q) =
sinh(Tq)

T 2
q

(
T ′q
(
q + 1 + T 2

q − (1 + q)Tq coth(Tq)
)
− Tq

)
and since Tq > 0 and by lemma 5.1, Tq is decreasing for q ∈ (0, 1), it suffices
to show that

0 < Tq − (1 + q) coth(Tq).

By lemma 5.1, Tq >
(1+q)2

2q coth(Tq) hence

Tq − (1 + q) coth(Tq) > (1 + q)Tq coth(Tq)

(
1 + q

2q
− 1

)
> 0

for q ∈ (0, 1). This proves that for any T > T1, there exists a rotationally

symmetric free boundary harmonic map Ψ̂T : AT → B3 of spectral index 1.
Examples of the surface Ψ̂T (AT ) are shown in figure 1. As can be seen

from those figures and direct calculations, Ψ̂T (AT ) is a section of a stretched
catenoid. When T → ∞, this stretched catenoid collapses to a disk with a
segment orthogonal to it.

Proof of (2). The fact that the pair (gΨ̂T
, ρΨ̂T

) is rotationally symmetric

is clear by construction. The density ρΨ̂T
=
√
nσ1

|dΨ̂T |g
so we prove that for T >

T2 ≈ 3.04, |dΨ̂T |g depends on the boundary component of AT . Calculating
for t1 = 0, t2 = T ,

|dΨ̂T |2g(ti, θ) = σ2
1 +

c2
2

ρ2
i

(cosh(tj)− σ1ρ1 sinh(tj))
2.

Remark that for t1 = 0 the second term is
c22
ρ2

1
while for t2 = T =: Tq it is

c22b(q)
2

ρ2
2

. Hence we will prove that b(q) 6= ρ2

ρ1
= 1

q for Tq > T2, i.e for q 6 2
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(a) q = 1/2 (b) q = 1/4

Figure 1. Some examples of the surface Ψ̂Tq(ATq) for dif-
ferent values of q = ρ1

ρ2
.

and for q > 2. As discussed previously, it is enough to prove the case q > 2.
Rewriting b(q) as

b(q) = cosh(Tq)−
1

2
(q + 1)

(
coth(Tq)−

(
coth(Tq)

2 − 4q

(1 + q)2

) 1
2

)
sinh(Tq)

=
2q(

(1 + q)2 cosh(Tq)2 − 4q sinh(Tq)2
)1/2

− (1− q) cosh(Tq)

=
2q

2q
1+qTq sinh(Tq)− (1 + q) cosh(Tq)− (1− q) cosh(Tq)

=
1

Tq
1+q sinh(Tq)− 1

q cosh(Tq)
,

where the second to last equality comes from the equation for Tq, it is enough

to show
Tq

1+q sinh(Tq)− 1
q cosh(Tq) 6= q. Using lemma 5.1, we have the lower

bound

Tq
1 + q

sinh(Tq)−
1

q
cosh(Tq) >

>
1

1 + q

(
(1 + q)2

q
coth(Tq)− 2

)
sinh(Tq)−

1

q
cosh(Tq)

=

(
1− 2

1 + q

)
cosh(Tq) +

2

1 + q
e−Tq

>
q − 1

q + 1
cosh(Tq) >

q − 1

q + 1
cosh

(
q +

1

q

)
.

For q = 2, we have q−1
q+1 cosh

(
q + 1

q

)
≈ 3.1 > 2 = q and since q−1

q+1 cosh(q +

1/q) grows faster than q, this proves part (2).
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Proof of (3). By construction, σ̄1(AT , gΨ̂T
, ρΨ̂T

) = 2E(Ψ̂T ) and

σ̄1(AT , gΨ̂T
, ρΨ̂T

) =
1

Tq

(
1

ρ1
+

1

ρ2

)
2π(ρ1 + ρ2) =

2π(1 + q)2

qTq

By lemma 5.1, q + 1
q < Tq <

(1+q)2

q hence

2π < σ̄1(AT , gΨ̂T
, ρΨ̂T

) < 2π +
4πq

q2 + 1
.

This provides the desired lower bound while the limit is obtained by noting
that by lemma 5.1, when T →∞, q goes to 0 or ∞.

5.3. Proof of Proposition 2.12. From lemma 5.1, Tq achieves its mini-
mum at q = 1 hence for the conformal class on the annulus with T < T1, one
cannot have a rotationally symmetric σ̄1-conformally extremal metric given
by a map to B3. The only possible rotationally symmetric σ̄1-conformally
extremal metric comes instead from a map Ψ̂T : AT → B2. From our previ-
ous discussion, since T < T1, the components of Ψ̂T are first eigenfunctions
ui(t, θ) = ci(cosh(t) − σ1ρ

′
1 sinh(t))Si(θ) with S1 = cos, S2 = sin. From the

condition that Ψ̂T (∂AT ) ⊂ S1, we have c2
1 = c2

2 = 1 and we must satisfy

1 = (cosh(T )− σ1ρ1 sinh(T ))2

But

cosh(T )− σ1ρ1 sinh(T ) =
1

2
(1− q) cosh(T )

+
1

2
(1 + q)

(
cosh(T )2 − 4q

(1 + q)2
sinh(T )2

)1/2

so taking f : [0, T ]→ R+ with f(0) =: ρ1 = 1 = ρ2 := f(T ), gives q = 1 and
the condition is satisfied.

The normalized eigenvalue is

σ(AT , gΨ̂T
, ρΨ̂T

) = 4π
(

coth(T )−
(
coth(T )2 − 1

)1/2)
= 4π tanh(T/2).

Hence for all T 6 T̃ where T̃ ≈ 1.10 is the solution of 2 tanh(T/2) = 1,
σ(AT , gΨ̂T

, ρΨ̂T
) 6 2π. But it was shown in [MP] that the supremum of the

normalized eigenvalue over a conformal class must be > 2π, hence (gΨ̂T
, ρΨ̂T

)

is not a maximal pair.
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