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ABSTRACT
We study a variant of online optimization in which the learner

receives 𝑘-round delayed feedback about hitting cost and there is a

multi-step nonlinear switching cost, i.e., costs depend on multiple

previous actions in a nonlinear manner. Our main result shows that

a novel Iterative Regularized Online Balanced Descent (iROBD)

algorithm has a constant, dimension-free competitive ratio that is

𝑂 (𝐿2𝑘 ), where 𝐿 is the Lipschitz constant of the nonlinear switch-

ing cost. Additionally, we provide lower bounds that illustrate the

Lipschitz condition is required and the dependencies on 𝑘 and 𝐿

are tight. Finally, via reductions, we show that this setting is closely

related to online control problems with delay, nonlinear dynamics,

and adversarial disturbances, where iROBD directly offers constant-

competitive online policies. This extended abstract is an abridged

version of [2].
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1 INTRODUCTION
We study a variant of online convex optimization (OCO) with

feedback delay and nonlinear switching (movement) cost. In this

setting an online learner iteratively picks an action 𝑦𝑡 and then
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suffers a convex hitting cost 𝑓𝑡 (𝑦𝑡 ) and a (linear) switching cost

𝑐 (𝑦𝑡 , 𝑦𝑡−1, · · · , 𝑦𝑡−𝑝 ), depending on current and previous 𝑝 actions.

Our work aims to generalize the online convex optimization

literature in two directions, motivated by two limitations of the

classical setting that prevent applications of the results in some

important situations. First, in the classical setting, the online learner

observes the hitting cost function 𝑓𝑡 before picking the action 𝑦𝑡 .

However, in many applications, such as trajectory tracking prob-

lems in robotics, 𝑓𝑡 is revealed after a multi-round delay due to

communication and process delays, i.e., multiple rounds of actions

must be taken without feedback on their hitting costs. Delay is

known to be very challenging in practice and [4] shows that even

one-step delay requires non-trivial algorithmic modifications. The

impact of multi-round delay has been recognized as a challenging

open question for the design of online algorithms and broadly in

applications. For example, [3] highlights that a three-step delay

(30 milliseconds) can already cause catastrophic crashes in drone

tracking control using a standard controller without algorithmic

adjustments for delay.

Second, the classical online convex optimization setting allows

only linear forms of switching cost functions, where the switching

cost 𝑐 is some (squared) norm of a linear combination of current

and previous actions. However, in many practical scenarios the

costs to move from 𝑦𝑡−1 to 𝑦𝑡 are non-trivial nonlinear functions.
For example, consider 𝑦𝑡 ∈ R as the vertical velocity of a drone in a

velocity control task. Hovering the drone (i.e., holding the position

such that 𝑦𝑡 = 0,∀𝑡 ) is not free, due to gravity. Such non-linearities

create significant algorithmic challenges because (i) in contrast

to the linear setting, small movement between decisions does not

necessarily imply small switching cost (e.g., the aforementioned

drone control example), and (ii) a small error in a decision can lead

to large non-linear penalties in the switching cost in future steps,

which is further amplified by the multi-round delay. Addressing

such challenges is well-known to be a challenging open question

for the design of online algorithms.

Additional motivation for our focus on delay and nonlinear

switching cost comes from the emerging connection between online

convex optimization and online control. The notion of a switching

cost in online optimization parallels the control cost in optimal

control theory in that both characterize the cost to steer the state

𝑦𝑡 . All the existing results focus on linear dynamical systems with-

out delay. The question of how general a connection can be made
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between online control and online convex optimization remains

unanswered. In this paper, the proposed online optimization setting

with delay and nonlinear switching costs allows us to generalize the

set of control problems that can be reduced to online optimization

significantly.

1.1 Problem formulation
We consider an online learner that interacts with the environment

as follows:

(1) The adversary reveals a functionℎ𝑡 , which is the geometry of

the 𝑡 th hitting cost, and a point 𝑣𝑡−𝑘 , which is the minimizer

of the (𝑡 − 𝑘)th hitting cost.

(2) The online learner picks 𝑦𝑡 as its decision point at time step

𝑡 after observing ℎ𝑡 , 𝑣𝑡−𝑘 .
(3) The adversary picks the minimizer of the hitting cost at time

step 𝑡 : 𝑣𝑡 .

(4) The learner pays hitting cost 𝑓𝑡 (𝑦𝑡 ) = ℎ𝑡 (𝑦𝑡 −𝑣𝑡 ) and switch-
ing cost 𝑐 (𝑦𝑡 :𝑡−𝑝 ).

Note that the switching cost 𝑐 (𝑦𝑡 :𝑡−𝑝 ) might be non-convex and

nonlinear. The goal of the online learner is to minimize the total cost

incurred over 𝑇 time steps, 𝑐𝑜𝑠𝑡 (𝐴𝐿𝐺) =
∑𝑇
𝑡=1 𝑓𝑡 (𝑦𝑡 ) + 𝑐 (𝑦𝑡 :𝑡−𝑝 ).

The performance metric used is the competitive ratio, the worst-case
ratio between the total cost incurred by the online learner and the

offline optimal cost: 𝑅(𝐴𝐿𝐺) = sup𝑓1:𝑇

𝑐𝑜𝑠𝑡 (𝐴𝐿𝐺)
𝑐𝑜𝑠𝑡 (𝑂𝑃𝑇 ) .

When deciding𝑦𝑡 , the learner has perfect knowledge of cost func-

tions 𝑓1 · · · 𝑓𝑡−𝑘 , but incomplete knowledge of 𝑓𝑡−𝑘+1 · · · 𝑓𝑡 . Such
delay hides crucial information from the online learner and so

makes adaptation to changes in the environment more challenging.

As the learner makes decisions it is unaware of the true cost it is

experiencing, and thus it is difficult to track the optimal solution.

1.2 Main results
This paper proposes the first competitive algorithm for online con-

vex optimization with multi-step delay and nonlinear switching

costs. We introduce a new algorithm, Iterative Regularized On-

line Balanced Descent (iROBD) in order to provide competitive

guarantees in a significantly more general and challenging setting.

Theorem 1.1 (Informal). Suppose the hitting costs are𝑚-strongly
convex and 𝑙-strongly smooth, and the switching cost is given by
𝑐 (𝑦𝑡 :𝑡−𝑝 ) = 1

2
∥𝑦𝑡 − 𝛿 (𝑦𝑡−1:𝑡−𝑝 )∥2, where 𝛿 : R𝑑×𝑝 → R𝑑 . the com-

petitive ratio of iROBD(_) (see [2]) is bounded by

𝑂

(
(𝑙 + 2𝑝2𝐿2)𝑘 max

{
1

_
,

𝑚 + _

𝑚 + (1 − 𝑝2𝐿2)_

})
,

where 𝐿 is the Lipschitz constant of 𝛿 , _ > 0 and𝑚 + (1−𝑝2𝐿2)_ > 0.

Theorem 1.1 highlights the contrasting impact of memory, feed-

back delay, and nonlinear switching cost on the competitive ratio.

Interestingly, feedback delay (𝑘) leads to an exponential degrada-

tion of the competitive ratio while memory (𝑝) and the Lipschitz

constant of the nonlinear switching cost (𝐿) impact the competitive

ratio only in a polynomial manner.

The competitive ratio does not depend on the time horizon 𝑇

or the dimension 𝑑 ; it only depends on the delay, the memory

structure, the convexity and smoothness of the cost functions, and

the parameter the algorithm chooses. This means that iROBD is

constant-competitive for OCO with feedback delay and nonlinear

memory. It is also interesting to observe that the competitive ratio is

exponential in the delay 𝑘 , which highlights that the bound grows

quickly as delay grows. We show later that this is tight, which

emphasizes the challenge delay creates for learning.

Theorem 1.2. Consider hitting costs that are both𝑚-strongly con-
vex and𝑚-strongly smooth, and switching cost given by 𝑐 (𝑦𝑡 , 𝑦𝑡−1) =
1

2
∥𝑦𝑡 − 𝛼𝑦𝑡−1∥2. If there is a 𝑘-round feedback delay and 𝛼 > 1, then

the competitive ratio of any online algorithm is lower bounded by
𝑚 (𝛼2𝑘−1)

𝛼2−1 .

In the study of no-regret online learning without switching costs,
delay influences regret bounds in a polynomial way, instead of expo-

nentially [1]. The contrast provided by the above result highlights

that the existence of switching costs (which gives more power to

the adversary) and the stronger metric (competitive ratio) makes

the impact of delay significantly more dramatic.

To show how online optimization with delay and nonlinear

switching cost can be used for online control, we discuss the fol-

lowing example (see more discussions in [2]). Consider a drone

with vertical speed 𝑦𝑡 ∈ R. The goal of the drone is to track a se-

quence of desired speeds 𝑦𝑑
1
, · · · , 𝑦𝑑

𝑇
with cost

∑𝑇
𝑡=1

1

2
(𝑦𝑡 − 𝑦𝑑𝑡 )2 +

1

2
(𝑦𝑡 − 𝑦𝑡−1 + 𝑔(𝑦𝑡−1))2, where 𝑔(𝑦𝑡−1) accounts for the gravity

and the aerodynamic drag. Due to the communication delay, at

time step 𝑡 the drone only knows 𝑦𝑑
1
, · · · , 𝑦𝑑

𝑡−𝑘 . This example is

beyond the scope of existing results in online optimization, because

of (i) the 𝑘-step delay in the hitting cost
1

2
(𝑦𝑡 − 𝑦𝑑𝑡 ) and (ii) the

nonlinearity in the switching cost
1

2
(𝑦𝑡 − 𝑦𝑡−1 + 𝑔(𝑦𝑡−1))2 with

respective to 𝑦𝑡−1. However, our algorithms immediately provide

constant-competitive policies for this setting.

1.3 Contributions
We study online optimization with 𝑘-round delay feedback and

non-linear switching costs. Our main results are Theorem 1.1 and

Theorem 1.2. We make the following main contributions:

(1) We design a novel online algorithm, iROBD, which adopts

the optimal estimate the unknown cost functions iteratively

to decide 𝑦𝑡 .

(2) We show that iROBD achieves the competitive ratio of𝑂 (𝐿2𝑘 ),
which matches the lower bound in Theorem 1.2.

(3) We give a reduction from a general class of online control

problems to our online optimization setting. Thus, the com-

petitive ratio result can be transferred to online control, in-

cluding nonlinear control settings with delay.
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