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A B S T R A C T

We examine aggregation in the neoclassical growth model with aggregate shocks and uninsur-
able employment risk, as well as related environments. We introduce a Walrasian auctioneer
whose job is to report to households all possible state-contingent future prices. Households take
these as given when forming expectations and making optimal consumption/savings decisions,
and the auctioneer adjusts her forecasts until markets clear. This natural dichotomy between
the households and the auctioneer allows us to study each problem in isolation as well as to
discuss the intersection. On the household side, we separate an explicit expression for the linear
permanent income component of savings from a well-behaved nonlinear adjustment arising from
precautionary behavior and incomplete markets. Equipped with this decomposition, we then
study how economies aggregate in the presence of various auctioneer types that are popular
in the literature. The steady-state auctioneer of Huggett (1997) and Aiyagari (1994) offers a
paper-and-pencil analysis of aggregation that provides a bound on more complex environments.
We provide an economic interpretation of the regression coefficients and explain the lack of
time variation in the auctioneer of Krusell and Smith (1998). We also introduce a new numerical
method which uses the empirical distribution of auctioneer forecasts to substantially improve
solution accuracy in cases where the standard coefficient of determination and other well-known
statistics prove to be misleading.

. Introduction

Dynamic models with non-insurable idiosyncratic shocks have become standard in macroeconomics. Nearly all of the critical
esults—transmission of idiosyncratic and aggregate shocks, evolution of the distribution of wealth, welfare, etc.—rely heavily on
he extent to which the economy aggregates (Krusell and Smith, 2006; Heathcote et al., 2009; Guvenen, 2011; Krueger et al., 2016).
espite the importance of aggregation, few papers have sought to develop the foundations of such properties. Models with rich
eterogeneity primarily rely on quantitative analysis—making the assessment of aggregation difficult (e.g., Kaplan et al., 2018)—
hile tractable models often invoke assumptions which serve to simplify aggregation (e.g., Bilbiie, 2008). We study aggregation,
nd the insights provided therein, in well-known incomplete markets models that permit substantial heterogeneity.
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The challenge associated with studying aggregation in these models is well known. When aggregate shocks are present, the
uture price of capital depends on the asset holdings and employment status of each agent. The resultant time-varying distribution
f wealth becomes a relevant state variable. We take a dichotomous approach to this problem by initially introducing a generic
alrasian auctioneer who sets the level of aggregate capital and labor in advance for all time periods and all outcomes of the

hocks. Conditional on the auctioneer’s predictive distribution, households optimize investment–consumption allocations. Given
ny such market-clearing predictions by the auctioneer—and consequently any prevailing wealth distribution—we derive a unique

expression (Proposition 1) for the savings function which separates the linear, permanent income component from the nonlinear
adjustment arising from incomplete markets and precautionary savings. The auctioneer allows us to assess aggregation even with
substantial heterogeneity in agent types and time-varying wealth levels.

Our analysis of aggregation begins with deterministic, two-period economies, Section 3.1. In this setting, we derive conditions
under which the combination of incomplete markets and wealth heterogeneity leads to a departure of aggregation even when
the wage is deterministic. Proposition 2 delivers a necessary and sufficient condition for the failure of aggregation. Specifically,
aggregation fails if a positive measure of households would like to borrow against future labor earnings but are unable to do so due
to incomplete markets. Constrained agents can even be ‘‘wealthy’’ in an intertemporal sense (high future earnings), but the market
for future earnings is illiquid. Thus, neither incomplete markets nor a skewed wealth distribution alone are sufficient for breaking
aggregation.

Our theorems of aggregation (Theorems 1 and 2) show that adding uncertainty introduces a nonlinear component to the savings
function that is well-behaved with respect to household wealth: strictly decreasing, strictly convex, non-negative, with asymptotes
that approach zero as household resources increase without bound. Our contribution lies in proving these conditions, which we then
exploit to understand aggregation properties. The linear–nonlinear decomposition of the household savings function is preserved but
the coefficients governing the rate at which households save change as the horizon lengthens. This, in turn, alters the location of the
distribution of wealth, which plays a key role in aggregation. Section 3 concludes with an extension to nominal assets, demonstrating
that our approach can be applied to a broader set of models.

Our aggregation theorems are built on a generic treatment of auctioneer and therefore do not rely on any type of simplification.
However in order to fully specify an equilibrium, a particular auctioneer is necessary. Section 4 provides an interpretation of the
auctioneer as an integral part of numerical algorithms designed to solve dynamic models with heterogeneity. In that setting, the
auctioneer breaks the curse of dimensionality by positing a specific aggregate law of motion. Section 4 studies the most popular
(numerical) auctioneers and offers the following novel insights:

Section 4.1 shows how to derive an efficient paper-and-pencil analysis of aggregation based on steady-state values that provides
a bound on more complex environments. The bound takes advantage of the fact that the steady state capital stock with idiosyncratic
uncertainty is strictly larger than the representative-agent (RA) steady state, the primary result of Huggett (1997). Evaluating
aggregate wealth at the RA steady-state, we ask the following question: At what point in the RA wealth distribution will households
become constrained (would like to borrow against future labor income)? Alternatively, how far in the left-tail is the borrowing
constraint binding for households in our economy? We show that this is a trivial calculation and is accurate when the solution is
sought in the space of stationary distributions around a steady state.

Section 4.2 studies the popular auctioneer of Krusell and Smith (1998), Castaneda et al. (1998), and den Haan (1993) and
provides an economic interpretation of the now well-known regression analysis. The intuition of our results date back at least to
the optimal portfolio literature of Merton (1969) and Samuelson (1969). With log utility and i.i.d. returns, the optimal portfolio,
expressed as a percentage of wealth, is independent of the level of wealth. Technology shocks merely alter the level of wealth in the
economy, implying the optimal share of investment is constant and the coefficient of determination (𝑅2) is identically one under
certain assumptions. Thus, we are able to identify regression coefficients and explain the lack of time variation in the aggregate law
of motion of capital. We argue that these results do not tie directly to aggregation.

Section 4.3 offers an alternative to the commonly-used metrics of equilibrium determination (e.g., 𝑅2, den Haan (2010)) that
exploits the theorems of Section 3 and the dichotomous nature of the problem to produce an arbitrarily precise evaluation of the
auctioneer through the market clearing mechanism. First, we demonstrate how the popular metrics like coefficient of determination
and those of den Haan (2010) can deliver misleading assessments of equilibrium. One particular counterexample, Example 1, shows
that low values for the coefficient of determination do not always imply inaccurate laws of motion. Second, we propose an evaluation
step that replaces model-dependent statistics—like the 𝑅2—with an iterative procedure for the auctioneer. Therefore, convergence
riteria can be applied to the auctioneer’s problem in much the same way that it is applied to the household’s problem. This is an
mprovement over contemporary metrics because it does not rely on subjective cutoff points. We test this approach in an economy
n which aggregation is not the base case.

.1. Connection to the literature

The incomplete-market, heterogeneous-agent model is a workhorse in macroeconomics and we view our household-auctioneer
pproach as a potential organizing principle. As a specific example, Section 3.4 shows how adding a nominal friction (say, through an
ntermediate goods sector) does not alter the typical household’s consumption/saving decision in a fundamental way, and therefore
ur insights can be applied to the increasingly important Heterogeneous Agent New Keynesian (HANK) literature (Gornemann et al.,
016; McKay et al., 2016; Auclert, 2019; Kaplan et al., 2018). One can then show, through our theorems and decompositions, the
onnection between the quantitative models of heterogeneity and the alternatives that feature a limited number of agent types
2

Debortoli and Galí, 2018; Bilbiie, 2018; Ravn and Sterk, 2020; Acharya and Dogra, 2020), as the extent to which an economy
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aggregates is an obvious way to address questions of comparisons between these models. While Section 3.4 derives the extension
to nominal assets, we mainly focus on the seminal Real Business Cycle (RBC) model of Krusell and Smith (1998).

Much of applicable theory on aggregation with incomplete markets dates back several decades and while the results remain
seful, they are typically limiting cases of modern models (e.g., Yaari, 1976; Constantinides, 1982).1 However, much of our analysis

of the household has precedence in the literature. Given that the savings function is the mirror image of consumption, our treatment
of the household dates back at least to the literature examining the permanent income hypothesis (Friedman, 1957). Deaton (1991),
Carroll (1992) are important partial equilibrium treatments of savings under liquidity constraints. Concavity of the consumption
function with respect to wealth under uncertainty was established numerically by Zeldes (1989) and put on firm theoretical
foundation by Carroll and Kimball (1996).

More recently (Straub, 2018) shows that in many common macroeconomic models with precautionary savings motives (Aiyagari,
1994; Carroll, 1997; Gourinchas and Parker, 2002) have consumption functions that are linear in permanent income, which is
consistent with the linear component of our savings functions in Theorems 1 and 2. Carroll (2014) derives a similar limiting
condition to the perfect foresight solution as a function of wealth. Bilbiie (2021) employs an assumption of risk-pooling within
subfamilies (after idiosyncratic uncertainty is resolved) and assumes family heads that can only partially insure between subfamilies,
following Lucas (1990). This serves to facilitate aggregation while preserving some important heterogeneity-related channels.
Similarly, Acharya and Dogra (2020), Ravn and Sterk (2020) make assumptions that mitigate the richness of household heterogeneity
along certain dimensions. Specifically, Ravn and Sterk (2020) limit the actions of their three-agent types in order to achieve analytical
results with respect to cyclicality of income risk. Acharya and Dogra (2020) show that CARA utility with Gaussian shocks permits
linear aggregation with a non-degenerate wealth distribution. While these papers (rightfully) argue that the simplifications which
serve to circumvent a potentially infinite-dimensional state space are justified from an economic analysis standpoint, Theorems 1
and 2 offer an alternative that maintains the richness of the model.

Our contribution to this theoretical literature is twofold: First, we examine the household savings function in general equilibrium
through the market-clearing actions of the auctioneer and derive aggregation conditions endogenously.2 One interpretation of
the recent literature through the lens of our paper is that invoked assumptions relegate aggregation to exogenously determined
parameters. Disaggregation in Bilbiie (2008) posits an exogenous fraction of agents who are hand-to-mouth with key results
depending on this fraction; here we look at what determines whether agents will endogenously end up constrained in this manner.
Likewise Ravn and Sterk (2020) make simplifying assumptions to place all agents on the constraint, with employed workers sitting
right at the point where it becomes binding. Our contribution considers how agents would endogenously end up at this point, with
upside income risk being key.

Second, we derive novel properties of the nonlinear component (i.e., non-negative, convex, decreasing in wealth, asymptotes)
of the household’s savings function that are critical for assessing aggregation. Without these asympototic results, we would not
be able to bound the savings function under uncertainty, which affords us a clean definition of ‘‘approximate aggregation’’. For a
given level of wealth, we can easily calculate the fraction of households that would be constrained and relate this to the nonlinear
component. This intuition drives our results in Section 4.1, where we employ our theory to evaluate well-known algorithms and
propose extensions thereof.

One of our primary messages—that incomplete markets alone are not sufficient to break aggregation, nor is a skewed distribution
of wealth—is not without precedent (in some form) in the literature. For example, Bilbiie (2008) shows that substantial wealth
heterogeneity is insufficient to break aggregation, especially when incomes are proportional. Werning (2015) also demonstrates
that partial equilibrium analysis is insufficient for assessing aggregation. Despite the fact that we have derived a clean condition for
aggregation from the households’ perspective, without the auctioneer’s values for the interest rate and wage process, our conditions
would be indeterminant.

The first generation of models with incomplete-markets (and many contemporary treatments) feature agents who can adequately
self-insure with a limited number of assets. While this result has largely been explored numerically, it is robust and first appeared in
the asset pricing literature.3 These papers foreshadowed the ‘‘approximate aggregation’’ results of the heterogeneous agent, macro
literature pioneered by Krusell and Smith (1998), whose algorithm seemingly depends on the result. Quoting (Krusell and Smith,
2006),

Approximate aggregation means that aggregates almost do not depend on anything but average capital. The implication of
approximate aggregation therefore is that individual decision makers make very small mistakes by ignoring how higher-than-
first moments of the wealth distribution influence future prices. If, in contrast, aggregation fails, such moments by definition
do influence savings, portfolio decisions, and so on, thus affecting not only the future distribution of wealth, but also average

1 A notable exception is Levine and Zame (2002), who derive conditions in which market incompleteness has little effect on equilibrium allocations, a
oretelling result.

2 Although a different setup and execution, the idea of partitioning the problem of the household and auctioneer dates back at least to Prescott and Mehra
1980). Ljungqvist and Sargent (2004) refer to this as the ‘‘Big 𝐾 (auctioneer), little 𝑘 (household) trick’’. Lucas (1994) uses a related ‘‘auctioneer algorithm’’
o clear stock and bond markets in a portfolio problem with heterogeneous investors. Takahashi (2014) is a good example of the importance of relating the
ousehold and auctioneer through market clearing.

3 Following the suggestion of Bewley (1982), several papers examined deviations from the representative-agent framework via incomplete markets in order
o explain anomalies such as the Equity Premium Puzzle. The enrichment of the model along this dimension (e.g., Lucas, 1994; Aiyagari and Gertler, 1991;
eaton and Lucas, 1992; Telmer, 1993) was deemed ‘‘largely illusionary’’ by Constantinides and Duffie (1996) because ‘‘consumers are able to come close to
3

he complete markets rule of complete risk sharing, even though consumers are allowed to trade in just one security in a frictionless market’’.



European Economic Review 141 (2022) 103997K.O. Chipeniuk et al.

(
2
c
t
o
S

a
h
H
o
a
(
o
a
t
p

2

1
o
e
A
t

2

a
t

w

e
a

resources available in the future, and hence also future prices relevant to the agent’s current decisions. Thus, approximate
aggregation allows one to solve the problems of forward-looking agents with a very small set of state variables. This is the
key insight. The specific numerical procedure we outline here is the natural one, given this insight.

This algorithm has been widely adopted, including in models that depart substantially from the original KS framework
e.g., Cooley et al., 2004; Zhang, 2005; Cooley and Quadrini, 2006; Storesletten et al., 2007; Khan and Thomas, 2013; Favilukis et al.,
017). Assessing efficacy of the algorithm requires knowledge of how the economy aggregates. The bounded-rational equilibrium
ould be quite far from the true rational expectations equilibrium. However, our results imply that the algorithm is more robust
han the above quote may suggest. Section 4 gives several examples where approximate aggregation fails and yet the optimal share
f aggregate capital allocated remains roughly constant. Thus, the law of motion and simulation methods proposed by Krusell and
mith (1998), Castaneda et al. (1998) and den Haan (1993) will be an accurate representation of the equilibrium.

Dozens of papers have examined the KS algorithm. The relevant literature is much too voluminous to cite but interested readers
re directed to volume 34 of the Journal of Economic Dynamics and Control (den Haan et al., 2010), which is devoted to solving
eterogeneous agents with incomplete markets and aggregate uncertainty. One paper in this volume of particular relevance is den
aan and Rendahl (2010), who advocate for using aggregation of individual policy rules as a method for finding the aggregate law
f motion. While this approach was shown to be an effective method for numerically solving a heterogeneous agent model with
ggregate uncertainty, we are advocating for using aggregation properties as an evaluation of accuracy. den Haan and Rendahl
2010) and nearly all applications of the KS algorithm continue to rely on the coefficient of determination, other regression statistics,
r non-iterative metrics to test for the equilibrium. Our iterative procedure delivers clear indications of convergence of the KS
lgorithm as shown in Section 4.3. The methodology is easy to implement and uses the empirical distribution of auctioneer forecasts
o substantially improve solution accuracy in cases where the standard coefficient of determination and other well-known statistics
rove to be misleading.

. The economic environment

Our results pertain to economic environments that are consistent with the foundational models of this literature (Huggett,
993; Aiyagari, 1994; Krusell and Smith, 1998) and by direct extension, their successors. In the main text, we focus primarily
n the environment of Krusell and Smith (1998), relegating discussions of generalizations to appendices and footnotes. One notable
xtension is that of the Heterogeneous/Two Agent New Keyesian (TANK/HANK) literature (e.g., Kaplan et al., 2018; Bilbiie, 2018;
charya and Dogra, 2020). In order to make our connection to this literature more explicit, we include a nominal asset in many of

he derivations below.

.1. Households

Households live for 𝑇 periods indexed by 𝑡 = 1, 2,… , 𝑇 .4 We will use the convention that a new period commences with the
rrival of new information. Any variable known or chosen at date 𝑡 will be indexed by 𝑡. Households value consumption according
o

𝑈 (𝑐1, 𝑐2,… , 𝑐𝑇 ) = E1

𝑇
∑

𝑡=1
𝛽𝑡−1𝑢(𝑐𝑡) (1)

here 0 < 𝛽 < 1 is the intertemporal discount factor and period utility takes the constant relative risk aversion (CRRA) form

𝑢(𝑐𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑐1−𝜎𝑡
1−𝜎 𝜎 > 0, 𝜎 ≠ 1
log(𝑐𝑡) 𝜎 = 1

Household income in each period is composed of proceeds from a single savings asset and an endowment which is driven by an
individual and exogenous stochastic process. Our primary focus will be on production economies in which savings come in the form
of capital and endowments in the form of time or efficiency units to devote to labor. As such, we denote the level of savings brought
into period 𝑡 + 1 by 𝑘𝑡 and the endowment in period 𝑡 by 𝓁𝑡 ≥ 0.5 Savings depreciate at rate 𝛿 ∈ [0, 1].

Households are price takers. Letting 𝑅𝑡 denote the market return on savings net of depreciation and letting 𝑊𝑡 denote the price
of a unit of endowment in terms of the consumption good, the period resource constraint is given by 𝑐𝑡+𝑖𝑡 ≤ 𝑅𝑡𝑘𝑡−1+𝑊𝑡𝓁𝑡, where the
left-hand side consists of consumption and investment expenditures at time 𝑡 and the terms on the right-hand side are savings and
ndowment income, respectively. We use the convention that lower-case variables are household specific, while upper-case denotes
ggregate quantities and prices. An agent’s new allocation of capital stock 𝑘𝑡 consists of the fraction of current capital which does

4 𝑇 can be arbitrarily large and vary across households. Results are also given for the limiting case, 𝑇 → ∞. However, as we note below, control over this
parameter will be important for understanding aggregation.

5 In the production economy of Krusell and Smith (1998), households are endowed with one unit of time and inelastically supply 𝜖𝓁 units of labor each
̃

4

period, where 𝜖 is stochastic, taking on the value of unity if employed and zero if unemployed. Hence, 𝓁𝑡 ≡ 𝜖𝑡𝓁𝑡.
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not depreciate in addition to new investment, 𝑘𝑡 = (1 − 𝛿)𝑘𝑡−1 + 𝑖𝑡. Combining the previous two equations, we directly write the
esource constraint in terms of the household’s period 𝑡 choice of capital holdings,

𝑐𝑡 + 𝑘𝑡 ≤ (1 − 𝛿 + 𝑅𝑡)𝑘𝑡−1 +𝑊𝑡𝓁𝑡 (2)

Our formal analysis will rely heavily on the intertemporal Euler equation being a necessary condition for optimality in the
household’s problem. It will therefore facilitate much of the analysis to subject households to their natural borrowing limits 𝑘𝑡 ≥ 𝑘𝑡,
for 𝑡 = 1,… , 𝑇 , in which case the asymptote in the period utility function for zero consumption prevents this constraint from binding.
The natural borrowing limit equals the infimum of resource holdings for which the household can guarantee repayment according
to its income stream. For example, if the labor endowments are bounded below by zero and there is a positive probability that all
future endowments will be null, then the natural borrowing limit is a no-borrowing constraint.

2.2. Firms

In the context of a production economy, the savings vehicle available to the households is capital and the endowment comes in
he form of labor efficiency units. The income from these assets comes from renting them out to firms which operate in perfectly
ompetitive factor and product markets. The aggregate production technology is Cobb–Douglas, 𝑌𝑡 = 𝐹 (𝑍𝑡, 𝐾𝑡−1, 𝐿𝑡) = 𝑍𝑡𝐾𝛼

𝑡−1𝐿
1−𝛼
𝑡 ,

ith 𝛼 ∈ [0, 1]. Aggregate capital and labor are denoted 𝐾 and 𝐿 respectively, and 𝑍 is an aggregate productivity shock. Profit
maximization delivers the rental rate of capital and the wage rate as

𝑅𝑡 = 𝛼𝑍𝑡

(

𝐾𝑡−1
𝐿𝑡

)𝛼−1
(3)

𝑊𝑡 = (1 − 𝛼)𝑍𝑡

(

𝐾𝑡−1
𝐿𝑡

)𝛼
(4)

2.3. Uncertainty

Let 𝑡 denote the stochastic processes that enter the model. These shocks can take various forms (e.g., idiosyncratic, aggregate)
and can take various correlation structures (e.g., idiosyncratic shocks can be correlated with aggregate shocks). The theoretical
results of Section 2.5 and our results on aggregation require only that there be a finite number of possible exogenous outcomes
in each future period, which necessitates shocks with discrete sample spaces. This allows us to write theorems with expectations
as finite sums, which we then algebraically manipulate. While this restriction does rule out commonly used continuous support
processes, for example autoregressive series with normal innovations, it admits finite approximations to such series commonly used
in numerical solutions.

Assumption 1. For each period 𝑡 = 2,… , 𝑇 of a given household’s lifetime, there is a finite set 𝑡 ⊂ R2 such that exogenous shock
distributions assign probability one to the event (𝓁𝑡, 𝑍𝑡) ∈ 𝑡.

2.4. The auctioneer

Households maximize their preferences subject to the above budget constraint and borrowing limit, given initial savings 𝑘0. To
do so, they must have access to sequences of state contingent prices, 𝑅𝑡 and 𝑊𝑡, for their entire lifetime. The equilibrium sequences
of prices will clear markets in all future states, and consequently depend upon the evolution of aggregate capital and labor. These,
in turn, depend upon the time-varying, cross-sectional distribution of individual capital holdings. That this distribution is a relevant
state variable and (potentially) a high-dimensional object is the primary challenge of these models.

To establish our aggregation results in the most generic environment possible, we introduce a Walrasian auctioneer whose job
is to report to the households all possible future prices which could occur during their lifetimes and the states in which they occur.
Formally, we will denote by 𝑡 the predicted future prices relevant to the consumption/savings decision of an age 𝑡 household,

𝑡 = {𝑹𝑠,𝑾 𝑠}𝑇𝑠=𝑡+1 (5)

These predictions associate to each future age 𝑠 a vector (indicated by bold font) of prices, with one component for each possible
history of nature when the household reaches this age, given the current state at age 𝑡. Because households are price takers, they treat
these predictions as given when forming expectations and optimizing. Thus, there is a natural dichotomy between the auctioneer’s
and households’ problems.

To visualize the role of the auctioneer, it is helpful to think of the tree diagram shown in Fig. 1 for the case 𝑇 = 3 and for
two possible aggregate states, good (𝑔) and bad (𝑏). The auctioneer provides the households with predictions 𝑅𝑗

𝑡 for the interest
rate at each time in every possible future. As we will formalize in the next section, households endowed with knowledge of the
corresponding probabilities of each future can then optimize their consumption and savings. The auctioneer may then aggregate
these decisions in each possible future and compare the implied prices with her predictions to determine whether markets will clear.

Our theorems for the household are built on a generic treatment of these predictive densities and therefore do not rely on any type
of simplification. From the perspective of the household, the predictive distributions can be arbitrarily large and accurately reflect
the true rational expectations equilibrium. In this respect, our aggregation results are immune from the curse of dimensionality.
Moreover, the generality of our aggregation theorems allows us to study various types of auctioneers that are an integral part of
5

popular numerical algorithms designed to solve models with heterogeneity.
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Fig. 1. Example of auctioneer predictions for 𝑇 = 3. We assume households know all possible future realizations of the interest rate (𝑅), and the states (good 𝑔,
ad 𝑏) in which they occur. Households are endowed with knowledge about the future probabilities of each such state (𝑝). Subscripts denote time periods and

superscripts states of the world.

2.5. Formal treatment of a household’s problem

Along with the auctioneer’s predictions, the household is assumed to know the joint distribution of the idiosyncratic and
aggregate exogenous shock processes, 𝑡 = {𝓵𝑠,𝒁𝑠,𝒑𝓁,Z,𝑠}𝑇𝑠=𝑡+1, consistent with rational expectations. We can now write the
household’s problem formally as follows: Letting 𝑥𝑡 denote period resources at time 𝑡, 𝑥𝑡 = (1 − 𝛿 + 𝑅𝑡)𝑘𝑡−1 + 𝑊𝑡𝓁𝑡, the dynamic
rogramming formulation consists of the sequence of problems

𝑉 (𝑡)(𝑥𝑡,𝑡,𝑡) = max
𝑐𝑡 ,𝑘𝑡

(

𝑢(𝑐) + 𝛽E𝑡𝑉
(𝑡+1) (𝑥𝑡+1,𝑡+1,𝑡+1

)

)

(6)

subject to 𝑐𝑡 + 𝑘𝑡 ≤ 𝑥𝑡
𝑥𝑡+1 = (1 − 𝛿 + 𝑅𝑡+1)𝑘𝑡 +𝑊𝑡+1𝓁𝑡+1

𝑘𝑡 ≥ 𝑘𝑡

or 𝑡 = 1,… , 𝑇 , with 𝑘0,𝓁1, 𝑅1 and 𝑊1 given, along with the terminal condition 𝑉 (𝑇+1) ≡ 0.
A solution to this sequence indicates savings functions 𝑘(𝑡)(𝑥𝑡,𝑡,𝑡), 𝑡 = 1,… , 𝑇 , giving a typical household’s choice of additional

sset holdings as a function of current resources and predictions, and this will be our primary object of focus.6 It will therefore be
important that the households’ problems have a unique, well-behaved solution, as our first proposition establishes.

Proposition 1 (Household Existence and Uniqueness). There is a unique solution to the household’s dynamic programming problem (6).
The associated savings functions 𝑘(𝑡) are increasing (strictly for 𝑡 < 𝑇 ) with respect to 𝑥𝑡 and satisfy lim𝑥𝑡→𝑘𝑡

𝑘(𝑡)(𝑥𝑡,𝑡,𝑡) = 𝑘𝑡,
lim𝑥𝑡→∞ 𝑘(𝑡)(𝑥𝑡,𝑡,𝑡) = ∞, for 𝑡 < 𝑇 . The corresponding value functions are strictly increasing and strictly concave with respect to 𝑥𝑡
and satisfy lim𝑥𝑡→𝑘𝑡

𝑉 (𝑡)(𝑥𝑡,𝑡,𝑡) = −∞

Proof. Appendix A. □

Our assumptions ensure that the inter-temporal Euler equations are a necessary condition for optimality. In terms of the asset
choice, these conditions read

(

𝑥𝑡 − 𝑘𝑡
)−𝜎 = 𝛽E𝑡(1 − 𝛿 + 𝑅𝑡)(𝑥𝑡+1 − 𝑘𝑡+1)−𝜎 , 𝑡 = 1,… , 𝑇 − 2 (7)

(

𝑥𝑇−1 − 𝑘𝑇−1
)−𝜎 = 𝛽E𝑡(1 − 𝛿 + 𝑅𝑇 )𝑥−𝜎𝑇 (8)

The theory below relies on algebraic manipulations of these expressions to study aggregation. The omnipresent nature of the Euler
equation implies that our theorems are operational in many environments. While our focus is on the neoclassical growth model
with idiosyncratic labor shocks, our approach can be adapted to several other popular model choices. As we note below and
derive explicitly in the online Appendix, introducing nominal assets does not alter the household’s problem substantially. All of
our theorems continue to go through with relatively minor algebraic adjustments.

6 We use the notation 𝑘(𝑡)(𝑥𝑡 ,𝑡 ,𝑡) to denote a function with dependence on the elements 𝑥𝑡 ,𝑡 ,𝑡. This notation is used when referring to the macroscopic
properties of the savings function (i.e., across different wealth levels). In what follows, we often drop the dependence on the predictive distributions 𝑡 ,𝑡 for
6

notational convenience.
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3. Aggregation theorems

This section builds sequentially to an understanding of nonlinearity in household savings and how it impacts aggregation. We
tart from a two-period model, which permits closed-form expressions of the equilibrium, and demonstrate that the intuition derived
herein extends to more complex environments.

.1. Two-periods, no uncertainty

Consider a typical household’s problem with a single savings decision (𝑇 = 2), log utility (𝜎 = 1), and complete depreciation of
apital (𝛿 = 1). Further, suppose there is no uncertainty about labor income or aggregate productivity. Markets are complete in that
here exists a spot market at 𝑡 = 1 to trade claims on future wages. The auctioneer provides deterministic values for the aggregate
age (𝑊 ) and interest rate (𝑅). The typical household’s optimal savings function (capital holding, 𝑘1) for 𝑇 = 2 is

𝑘1 =
1

1 + 𝛽

(

𝛽𝑥1 −
𝑊2𝓁2
𝑅2

)

(9)

where 𝑥1 is defined as household wealth known at the beginning of period 1. Savings that optimally smooths consumption across
periods compares wealth today with discounted labor income tomorrow. If wealth is relatively high, savings will be positive. If
wealth is significantly less than discounted wages, the household will borrow against future labor earnings to bring resources into
the current period.

The aggregation properties of this model are also straightforward. The household’s savings function is linear in wealth with slope
coefficient 𝛽∕(1 + 𝛽), which is the rate of transformation of wealth. Since all households, regardless of wealth levels, have the same

arginal propensity to save (consume), the economy (Gorman, 1953, 1961) aggregates. We will refer to savings functions with
his characteristic as linear in wealth. Integrating over all households gives the well-known representative agent aggregate savings
unction,

𝐾1 =
(

𝛼𝛽
1 + 𝛼𝛽

)

𝑋1 (10)

where 𝑋1 is economy-wide resources available at 𝑡 = 1. Note that this value of aggregate capital is what the auctioneer would
provide to households and is independent of the distribution of wealth.

Suppose now that markets are incomplete and households cannot borrow against future labor income. If we impose an ad-hoc
no-borrowing constraint (𝑘1 ≥ 0), the optimal savings function is piece-wise linear

𝑘1 =

⎧

⎪

⎨

⎪

⎩

(

𝛽
1+𝛽

)

𝑥1 −
𝑊2𝓁2

(1+𝛽)𝑅2
, if 𝑥1 ≥

𝑊2𝓁2
𝛽𝑅2

0, otherwise
(11)

Now households which would borrow under complete markets can no longer intertemporally substitute. These constrained
households behave in a hand-to-mouth fashion, consuming all of the resource endowment in the first period and labor income
in the second. We will refer to the households which choose a positive level of savings as unconstrained, denoted by ‘‘u’’ and will
enote households whose constraint binds with ‘‘c’’.

We take as given an initial distribution of household resources, 𝜆1. (Foreshadowing results, one may think of this distribution
of wealth as being determined by a simulated economy close to its steady state distribution.) If this distribution is such that every
household is unconstrained, we have

𝑥1 ≥
𝑊2𝓁2
𝛽𝑅2

=
(1 − 𝛼)𝑌2𝓁2𝐾1

𝛼𝛽𝑌2𝐿2
=
(

1 − 𝛼
1 + 𝛼𝛽

)

𝓁2
𝐿2

𝑋1

for almost every 𝑥1 in the support of 𝜆1. This level of savings is linear in initial resources for all households and aggregation once
again obtains, with aggregate savings being given by (10). Rearranging slightly, we obtain a necessary condition for the economy
to aggregate,

𝑥1
𝑋1

≥
(

1 − 𝛼
1 + 𝛼𝛽

)

𝓁2
𝐿2

(12)

Namely, (almost) every household must have a share of initial resources which is sufficiently large relative to its share of the
aggregate wage bill. We can use (12) to obtain a necessary condition7 for the failure of aggregation, which we state as a proposition:

7 Sufficiency attains if and only if there exists a set of pairs of initial resources and final labor outcomes, 𝐜 = {(𝑥,𝓁)}, such that 𝜆1(𝐜) > 0 and such that for
every (𝑥,𝓁) in the set of constrained allocations, we have

𝑥
∫𝐮 𝑥1 𝑑𝜆1

<
𝓁
𝐿2

𝛼(1+𝛽)
1−𝛼

+ ∫𝐮
𝓁2

𝐿
𝑑𝜆1
7
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Fig. 2. Savings Functions in 𝑘-𝑥 Space. The Linear Savings Function (black line) and the Incomplete-Markets Savings Function (dotted line) are plotted for
arious wealth distributions (𝜆1). Two distributions of wealth are shown; one that leads to aggregation (solid, blue distribution) and one that does not (dashed,
ed distribution). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

roposition 2 (Skewness, Labor Market Outcomes and Aggregation). A necessary condition for breaking aggregation is for the initial
resources to be sufficiently skewed relative to labor market outcomes:

∫𝐜
𝑥1
𝑋1

𝑑𝜆1

∫𝐮
𝑥1
𝑋1

𝑑𝜆1
<

∫𝐜
𝓁2
𝐿2

𝑑𝜆1
𝛼(1+𝛽)
1−𝛼 + ∫𝐮

𝓁2
𝐿2

𝑑𝜆1
(13)

Incomplete markets alone are not sufficient to break aggregation, nor is a skewed distribution of wealth. There must be a positive
easure of households that would like to borrow against future labor earnings that are unable to do so. Aggregation would continue

o hold if relatively poor households had bleak labor market prospects. Conversely, aggregation would fail to hold if relatively
ealthy households expected much higher wages in the future. The distribution of wealth alone does not determine aggregation
roperties. The denominator on the RHS of (13) shows that the failure of aggregation requires a more skewed wealth distribution
s labor’s share decreases, patience increases, or the fraction of labor hours supplied by the poor decreases. Moreover, allowing
or partial depreciation of capital (𝛿 ∈ (0, 1)) would facilitate aggregation by increasing the return to savings, requiring a stronger
nequality in (13).

Fig. 2 plots the savings functions 𝑘1 against initial resources 𝑥1 under incomplete markets (dotted line) and complete markets
solid line). With complete markets, households can fully insure across states of nature via state-contingent assets. They can borrow
p to tomorrow’s discounted labor earnings (𝑘-intercept of linear savings function) and savings turn negative when the household’s

wealth (𝑥1) falls below tomorrow’s discounted wage, (𝑥 intercept). Under linear savings and for any point on the distribution of
ealth, the slope of the savings function is constant at 𝛽∕(1 + 𝛽). Every households’ marginal propensity to consume is identical.
ggregation holds independent of the distribution of wealth (𝜆1).

When we do not allow households to borrow (dotted line), households save the same constant fraction until wealth falls below
he discounted wage. At that point, savings equal zero. The extent to which the economy aggregates depends upon the relationship
etween the distribution of wealth and labor market outcomes. For heuristic purposes, we plot two different distributions in Fig. 2
o represent two different economies, acknowledging that the numeric values of the 𝑥-intercept would not be identical across the
conomies. As shown above, if no households are constrained 𝜆(𝐜) = 0 (solid, blue distribution), then aggregation holds. If the
istribution of wealth falls below the intercept of the Gorman savings function (dashed, red distribution), then households would
e constrained 𝜆(𝐜) > 0 and the economy will not aggregate. It is the relationship between labor market outcomes as determined by
he piece-wise linear function and the distribution of wealth that determines aggregation.

As we justify more thoroughly below, this simple model provides the basic intuition for aggregation in dynamic economies. Our
ext results will show that the entire class of models described thus far share the feature that adding risk to the economy results
n a well-behaved perturbation to the closed form solution of (9). This perturbation will be seen to reflect household risk aversion
nder uncertainty.

.2. Two-periods, uncertainty

We now introduce idiosyncratic labor shocks to the two-period setup described above. We assume households face a ‘‘low’’
abor outcome which we take to be an unemployment state, 𝓁 = 0, with probability 𝑝, and a ‘‘high’’ labor outcome, 𝓁 , with
8

low high
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probability 1−𝑝. Capital must now serve the dual role of the savings vehicle to intertemporally smooth consumption and as insurance
against employment shocks. This, combined with the risk-averse nature of our households, will result in savings functions which are
nonlinear across the entire feasible set of resources. Hence the savings decisions will not aggregate for non-degenerate distributions
of households across resources. Our results are summarized by the following theorem.

Theorem 1 (Two Periods, CRRA Utility). The savings function for the typical household with wealth level 𝑥1 and CRRA utility can be
ritten as

𝑘(1)(𝑥1) =
1

1 +𝑄1

(

𝑄1𝑥1 − E
(

𝑊2𝓁2
1 − 𝛿 + 𝑅2

)

+ 𝜖(1)(𝑥1)
)

(14)

with 𝑄1 =
[

𝛽(1 − 𝛿 + 𝑅2)1−𝜎
]1∕𝜎

where the nonlinear error term is strictly decreasing, strictly convex, non-negative, and satisfies

lim
𝑥1→𝑘1

𝜖(1)(𝑥1) = E
(

𝑊2𝓁2
1 − 𝛿 + 𝑅2

)

+ 𝑘1, lim
𝑥1→∞

𝜖(1)(𝑥1) = 0

Proof. See Appendix A.
An obvious corollary of the theorem is the log utility case, 𝜎 = 1, which gives the savings function as

𝑘(1)(𝑥1) =
1

1 + 𝛽

(

𝛽𝑥1 − E1

(

𝑊2𝓁2
1 − 𝛿 + 𝑅2

)

+ 𝜖(1)(𝑥1)
)

(15)

here the nonlinear error term 𝜖(1)(𝑥1) satisfies the properties of Theorem 1.
The first two terms on the right-hand side of the household’s savings Eqs. (14) and (15) are the same as the deterministic case (9),

ith the deterministic wage replaced by the expected wage.8 Households once again compare current wealth levels to (expected)
abor market outcomes. The final term, 𝜖(1)(𝑥1), is unique to the uncertainty case, strictly positive and captures the precautionary

savings motive of the household. Thus, the savings function is nonlinear in wealth and aggregation will not hold in general. The
extent to which the economy aggregates depends upon the size of this last term. We therefore refer to it as the nonlinear component
in the otherwise linear (Gorman) savings rule. If this nonlinear component is small, the economy will ‘‘approximately aggregate’’.
If it is large, aggregation breaks down.

The nonlinear term has the disadvantage that it is endogenous, with a closed-form expression that is inaccessible to us.
Nonetheless, we can derive properties of this nonlinear component from what we know about the savings function. For example,
differentiating 𝜖(1)(𝑥1) and recalling that 𝑘(1) is strictly increasing, we obtain that the nonlinear component is strictly decreasing
in resources. We can also show that it is positive, strictly convex in wealth, and we can calculate its limits as resources approach
the endpoints of the domain. The first limiting case shows that as resources dwindle, the savings function approaches the natural
borrowing limit, 𝑘1. If unemployment occurs with positive possibility and there is no unemployment benefit, this value will be zero.

s wealth increases, the value of the nonlinear component diminishes, and the household will behave as a linear (Gorman) saver.
Fig. 3 adds the nonlinear savings function 𝑘(𝑥) (dashed line) to Fig. 2. Theorem 1 establishes that the savings function limits to

zero as wealth falls to the natural borrowing limit, and asymptotes to the linear (Gorman) savings function as wealth increases. The
nonlinear component is, therefore, decreasing in wealth. We plot this figure assuming log utility, but replacing 𝛽 with 𝑄 as defined
in (14) and increasing the size of the nonlinear component delivers the CRRA savings function.

As in the deterministic case, the relationship between expected labor market outcomes and the distribution of wealth is critical.
If the distribution of wealth lies primarily to the left of the discounted, expected wage (𝑥-axis intercept), aggregation will not attain.
This is depicted by the dashed, red distribution in Fig. 3. If instead, the wealth of most households is substantially greater than
the expected wage (solid, blue distribution), the nonlinear component of the savings function will be minimal, and the economy
will approximately aggregate. The ‘‘approximate’’ adjective applies because even if the poorer households have significant nonlinear
savings behavior, they hold such little capital that their impact on aggregates is minimal.

Our linear–nonlinear decomposition provides some intuition as to how two-asset models or models with illiquid assets might
change our calculus. As an example, suppose we have a large share of ‘‘wealthy hand to mouth’’ with illiquid asset holdings.
Illiquidity can be interpreted as a missing market and by imposing borrowing limits, we have enforced a form of illiquidity. When
markets are incomplete, households would like to borrow but cannot. Likewise with illiquid assets, households cannot transfer these
resources directly into consumption-equivalent goods. Our interpretation also allows for ‘‘wealthy hand to mouth’’ as households
with high levels of wealth that are constrained by incomplete markets and have increasingly improving labor outcomes, would have
high marginal propensities to consume. This scenario would lead to a breakdown of aggregation despite a high-level of wealth. As
we note above, incomplete markets alone are not sufficient to break aggregation, neither is a skewed distribution of wealth. There
must be a positive measure of households that would like to borrow against future labor earnings that are unable to do so. Illiquidity
is one way to impose this condition.

8 The difference between the utility specifications can be seen in the linear (Gorman) savings function, which has a slope of 𝑄1∕(1 + 𝑄1), that differs from
the log case of 𝛽∕(1 + 𝛽) due to income/substitution effects. In addition, risk aversion plays an important role in the nonlinear component. We examine these
9

elements more closely in the next section.
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Fig. 3. Savings Functions in 𝑘-𝑥 Space. The Linear (Gorman) Savings Function (black line) and the household’s Savings Function (dashed line) are plotted for
arious wealth levels. Two initial distributions of wealth are shown; one that leads to approximate aggregation (solid, blue distribution) and one in which
ggregation will not hold (dashed, red distribution). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
f this article.)

.3. 𝑇 -periods, uncertainty

We now present the extension of Theorem 1 to the full generality of the setup. While the theorem shows that the properties
erived in the two-period model extend to the multi-period counterpart for CRRA (and log) utility, the parameter values that
nfluence aggregation change in important ways.

heorem 2 (Typical Household Savings Function, 𝜎 ≠ 1). Make the sequence of recursive definitions, 𝑀𝑇 = (1 − 𝛿 + 𝑅𝑇 )1−𝜎 ; 𝑄𝑇−1 =
(𝛽E𝑇−1𝑀𝑇 )1∕𝜎 ; 𝑀𝑡 = (1−𝛿+𝑅𝑡)1−𝜎 (1+𝑄𝑡+1)𝜎 ; 𝑄𝑡−1 =

[

𝛽E𝑡−1𝑀𝑡
]1∕𝜎 for 𝑡 = 𝑇 −2,… , 1. The savings functions 𝑘(𝑡)(𝑥𝑡,𝑡,𝑡), 𝑡 = 1,… , 𝑇

which solve the household’s optimization problem can be written in the form

𝑘(𝑡)(𝑥𝑡,𝑡,𝑡) =
𝑄𝑡

1 +𝑄𝑡
𝑥𝑡 −

1
1 +𝑄𝑡

E𝑡

( 𝑇
∑

𝑠=𝑡+1

( 𝑠
∏

𝑟=𝑡+1

𝑀𝑟
E𝑟−1𝑀𝑟

)

𝑊𝑠𝓁𝑠
∏𝑠

𝑟=𝑡+1(1 − 𝛿 + 𝑅𝑟)

)

+ 𝜖(𝑡)(𝑥𝑡,𝑡,𝑡) (16)

where the nonlinear error term 𝜖(𝑡) is strictly decreasing, strictly convex, non-negative, and satisfies

lim
𝑥𝑡→𝑘𝑡

𝜖(𝑡)(𝑥𝑡) =
1

1 +𝑄𝑡

[

E𝑡

( 𝑇
∑

𝑠=𝑡+1

( 𝑠
∏

𝑟=𝑡+1

𝑀𝑟
E𝑟−1𝑀𝑟

)

𝑊𝑠𝓁𝑠
∏𝑠

𝑟=𝑡+1(1 − 𝛿 + 𝑅𝑟)

)

+ 𝑘𝑡

]

and

lim
𝑥𝑡→∞

𝜖(𝑡)(𝑥𝑡) = 0

Proof. Appendix A. □

The form of the savings function (16) is identical to the two-period counterpart in that the linear component compares current
wealth 𝑥𝑡, discounted at a rate that is constant across all households, to expected discounted labor earnings. Additionally, the error
term satisfies the same properties as the two-period model (i.e., non-negative, convex, decreasing in wealth, identical bounds given
by asymptotes).

The difference is in the values of the parameters as 𝑇 increases. Consider the limiting case of Theorem 2 as 𝑇 → ∞ with log
utility, which we state as a conjecture.9

9 The only substantial difference here is that the household now must be endowed with predictive probabilities into the infinite future and standard
ransversality conditions replace zero savings at 𝑇 . Naturally, for the conjecture to make sense, the limits which define the sums and products out into the
nfinite future must be well defined, which in turn requires that household predictions must be restricted to be well-behaved in an appropriate sense. Putting
10

side this difficulty, the strategy for proving this seems evident. If we consider Euler equation iteration to be an operator on an appropriate function space, our
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Conjecture 1 (Infinite Horizon, Log Utility). The savings functions 𝑘(𝑡)(𝑥,𝑡,𝑡) which solve the infinite horizon analogue with log utility
can be written in the form

𝑘(𝑡)(𝑥𝑡,𝑡,𝑡) = 𝛽𝑥𝑡 − (1 − 𝛽)E𝑡

( ∞
∑

𝑠=𝑡+1

𝑊𝑠𝓁𝑠
∏𝑠

𝑟=𝑡+1(1 − 𝛿 + 𝑅𝑟)

)

+ 𝜖(𝑡)(𝑥𝑡,𝑡,𝑡) (17)

here the nonlinear error term 𝜖(𝑡) is strictly decreasing, strictly convex, non-negative and satisfies the well-established limits.

The horizon 𝑇 is a critical parameter in our analysis of aggregation. As the horizon increases, consumption smoothing necessitates
hat households save an increasing fraction of their wealth, which is well known permanent income behavior. This can be seen by
omparing (17) to the two-period analog (15). The fraction of wealth saved increases substantially from 𝛽∕(1+ 𝛽) in the two-period
odel to 𝛽 as 𝑇 → ∞. Moreover, the subjective discount applied to both the expected stream of wages and the nonlinear component

pproaches (1 − 𝛽) as 𝑇 → ∞. A sufficiently high discount factor (the typical quarterly calibration ranges from 0.95 to 0.99) places
much higher weight on savings relative to the expected wage and the nonlinear component of the savings function, facilitating

ggregation. Households continue to compare expected wages to wealth but the discount applied to wages is significantly lower for
ubstantial 𝑇 .

As a graphical representation, imagine adding the savings function (17) to Fig. 3. As 𝑇 increases so does the slope of the linear
Gorman) savings component; the 𝑥- and 𝑦-intercept would move closer to the origin, ceteris paribus. The linear savings function
or 𝑇 → ∞ would lie everywhere to the left of the linear savings function for 𝑇 = 2. For a fixed distribution of wealth, the bounds

on the savings function imply a smaller nonlinear component as 𝑇 increases and aggregation would be much more likely to hold.

3.4. Aggregation with nominal assets

We now introduce nominal assets (and other considerations consistent with the HANK setup) in order to provide intuition as to
how it would alter aggregation. Consider the following two-period budget constraint,

𝑃1𝑐1 + 𝑏1 = 𝐼1𝑏0 +𝑊1(1 − 𝜏1)𝑧1 + 𝑃1𝑑1 + 𝑃1𝑇1
𝑃2𝑐2 = 𝐼2𝑏1 +𝑊2(1 − 𝜏2)𝑧2 + 𝑃2𝑑2 + 𝑃2𝑇2

here 𝑃𝑡 denotes the time 𝑡 price level, 𝐼𝑡 the time 𝑡 gross nominal rate, 𝜏𝑡 a time 𝑡 labor income tax rate, 𝑑𝑡 profits from
monopolistic firms, and 𝑇𝑡 a lump sum government transfer. As has been established, aggregation depends upon the linearity of
he savings/consumption function. If profits (𝑑𝑡) and government transfers (𝑇𝑡) are lump sum, then their impact on aggregation

will be negligible. Moreover, we can embed the uncertainty associated with distorted tax rates directly into the exogenous shocks,
letting 𝑧𝑡 = (1 − 𝜏𝑡)𝑧𝑡, with no change to our formulas.10 Our interest lies in how the price level and nominal interest rate impact
our linear–nonlinear decomposition to which we have the following corollary to Theorem 1 for log utility.11

Corollary 1 (Two Periods, Log Utility, Nominal Assets). The savings function for the typical household with wealth level 𝑥1 and log utility
can be written as

𝑏1
𝑃1

=
(

𝛽
1 + 𝛽

)

𝑥1 −
1

1 + 𝛽
E
[

2
𝑅2

𝑧2

]

+
(

1
1 + 𝛽

) Var(𝜁2)
𝑏1
𝑃1

+ 2
𝑅2

𝑧low + Var(𝜁2)
E𝜁2

(18)

with 𝑏1 ≥ 𝑏1 and where 𝛱2 = 𝑃2∕𝑃1 is inflation, 𝑅2 = 𝛱2∕𝐼2 is the real rate, 2 is the real wage, and 𝜁2 = 𝛱2𝑊2
𝐼2

(𝑧2 − 𝑧low) denotes real
xcess wages.

roof. See Appendix A.

The extent to which nominal assets impact aggregation depends upon the stickiness of wages. If wages are perfectly flexible,
hen an increase in inflation will be offset in all of the wage terms by an increase in the nominal wage, leaving the real wage and
he linear component of savings unaffected. To see this note,

𝜕(𝑏1∕𝑃1)
𝜕𝑃2

= −
(

1
1 + 𝛽

) Var(𝜁2)
(

𝑏1
𝑃1

+ 𝛱22
𝐼2

𝑧low + Var(𝜁2)
E𝜁2

)2
𝜕(𝑏1∕𝑃1)

𝜕𝑃2
(19)

which requires 𝜕(𝑏1∕𝑃1)∕𝜕𝛱2 = 0, so the real value of savings does not respond to the change in prices/inflation. However, if wages
are sticky (a common assumption in the New Keynesian literature), then an increase in the price level will not be offset by changes

main theorems essentially state that this operator leaves invariant a particular subspace. If this subspace is closed in some topology in which repeated application
of the operator leads to convergence, then the above conjecture will hold.

10 Our setup does not allow for elastic labor supply, which is not an innocuous alteration as the Euler equation—from which we derive the linear-plus-error
form—contains wage earnings, hence hours. Hours worked are an implicit nonlinear function of savings, and therefore introduce additional nonlinearities to this
part of the savings function. However, our asymptote remains intact as these nonlinearities approach zero in the limit of high wealth.

11 We only examine log utility and two periods as we have established that the intuition carries over to multiple periods and CRRA utility with explicit
derivations available upon request.
11
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in the real wage. Revisiting Proposition 2, a falling expected real wage will facilitate aggregation in the sense that households would
like to borrow less today due to deteriorating labor prospects. However, inflation uncertainty increases the precautionary savings
motives, especially as the variance of inflation and spread of the distribution increases. The extent to these second-moment concerns
outpace the first-moments of inflation obviously depends upon the stochastic process for inflation. For example, as US inflation data
has become less volatile over the last two decades, the precautionary savings motives attributable to inflation have most likely
become negligible.

Also note that Var(𝜁2) scales up with the real discounted wage and with underlying income risk itself. The literature has
emphasized the importance of cyclicality of earnings risk (Bilbiie, 2021; Ravn and Sterk, 2020; Acharya and Dogra, 2020). Procyclical
income risk exacerbates Var(𝜁2), implying higher precautionary savings.

4. Implications

The aggregation theorems of the previous section are proved for a generic auctioneer. This generality affords us the opportunity
to study several different types of auctioneers that are popular in the literature.12 We show how aggregation can be quickly assessed
using the auctioneer proposed by Aiyagari (1994), Huggett (1997). We then study the auctioneer of Krusell and Smith (1998),
Castaneda et al. (1998) and den Haan (1993), which has served as the most popular numerical approach to solving macroeconomic
models with heterogeneity. We offer a novel interpretation of the auctioneer’s output and an improvement on the numerical
procedure.

4.1. Steady-state auctioneer and a paper-pencil assessment of aggregation

Consider the steady-state auctioneer, which specifies a single, constant value for all prices in all periods. In a pure credit setting,
this amounts to a Huggett Auctioneer which fixes a constant interest rate (Huggett, 1993). In a production setting, this can take the
form of an Aiyagari Auctioneer, which specifies a single aggregate capital labor ratio 𝐾∕𝐿 for every future period and computes
prices consistent with firm optimization, Eqs. (3) and (4) (Aiyagari, 1994).

Steady state analysis is often used to simplify the economics and provide insights that are of the paper-and-pencil variety. We
show how this carries over to the analysis of aggregation with the help of a steady-state auctioneer. Consider substituting steady-
state auctioneer values, 𝑠𝑠 = {𝐾𝑠𝑠, 𝐿𝑠𝑠, 𝑅𝑠𝑠,𝑊𝑠𝑠}, into the typical household’s savings function (17) under log utility and for 𝑇 → ∞.
Because we do not have a closed-form expression for the nonlinear component, 𝜖(𝑡), we cannot solve directly for the corresponding
steady state values.13 However, we can use the theorems of the previous section and the main results of Aiyagari (1994) and Huggett
(1997) to provide an assessment of aggregation that only requires a few lines of algebra.

Huggett’s primary result is that when idiosyncratic uncertainty is present, the steady state capital stock obeys the inequality
𝛽𝑓 ′(𝐾) < 1 (Theorem 1, pg. 391), where production follows 𝑓 (𝐾) ≡ 𝐹 (𝐾, 1)+ (1−𝛿)𝐾 and 𝐹 (⋅) satisfies the usual constant returns to
scale assumption. Thus, the steady state capital stock with idiosyncratic uncertainty is strictly larger than the representative-agent
(RA) steady state, 𝐾RA. If we fix the amount of capital in the heterogeneous-agent economy to the RA steady state value, knowing
that the true value is higher due to the result of Huggett (1997), we can then ask: at this level of wealth, what fraction of households
are constrained, 𝜆(𝐜)? If this value is low (high), the economy will (not) approximately aggregate.

To provide a more concrete example, consider the following thought experiment: a lazy economist wants to understanding the
approximate aggregation result of Krusell and Smith (1998) without having to do any numerical analysis (hence the ‘‘lazy’’ moniker).
The economist has on hand the typical household’s savings function under log utility, (17), and recalls that the unique RA steady
state is given by

𝐾RA
𝐿RA

=
⎛

⎜

⎜

⎝

𝛼
1
𝛽 − (1 − 𝛿)

⎞

⎟

⎟

⎠

1
1−𝛼

, 𝑊RA = (1 − 𝛼)
(

𝐾RA
𝐿RA

)𝛼
, 𝑅RA = 𝛽−1 − (1 − 𝛿)

𝑍𝑅𝐴 = 1, 𝑌RA = 𝐾𝛼
RA𝐿

1−𝛼
RA + (1 − 𝛿)𝐾RA = 𝐿RA

((

𝐾RA
𝐿RA

)𝛼
+ (1 − 𝛿)

𝐾RA
𝐿RA

)

Substituting these steady state values into the savings function (17) and assuming14 that, on average, households are employed at
constant rate 𝜋𝑒 gives the typical household’s savings function as

𝑘(𝑡) = 𝛽
((

𝐾RA
𝐿RA

)𝛼
+ (1 − 𝛿)

𝐾RA
𝐿RA

)

𝜔𝑡 − 𝛽(1 − 𝛼)
(

𝐾RA
𝐿RA

)𝛼
𝜋𝑒 + 𝜖(𝑡) (20)

12 As such, our focus will be primarily on dynamic economies. In two-period environments, the modeler has complete control of the initial distribution of
ealth and can make households sufficiently poor (wealthy) to break (preserve) aggregation. While controlling the extent to which an economy aggregates can
e useful for many thought experiments (Chatterjee, 1994), it is counter to standard dynamic analysis which seeks to eliminate dependence on initial conditions.
early all dynamic heterogeneous agents models study the evolution of the distribution of wealth and/or examine perturbations around some well-defined steady

tate, and we follow suit.
13 In a continuous-time setup, Achdou et al. (2021) show that there is a unique stationary equilibrium if the intertemporal elasticity of substitution is greater

han one.
14 Here we follow the literature in assuming that the endowment is transformed to labor input according to 𝓁𝑡 = 𝓁𝑒𝑡, where 𝓁 is a normalizing constant and
is the employment shock unique to each household. Note that our approach can accommodate a more sophisticated process for the idiosyncratic labor shock.
12

𝑡
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where household wealth, 𝑥𝑡, is denoted as a share 𝜔𝑡 of total resources 𝑌RA. The economist can then solve for the share of wealth
which represents the point in the distribution where households would like to borrow against future labor earnings in the linear
(Gorman) savings function. This value is found by setting 𝜖𝑡 and (20) equal to zero, and solving for 𝜔. This particular share of wealth
is the 𝑥-intercept in the linear savings function in Figs. 2 and 3, and is given by

𝜔⋆
|RA

=
(

(1 − 𝛼)𝜋𝑒
1 + 𝛼(1 − 𝛿)∕𝑅RA

)

=
(

(1 − 𝛼)𝜋𝑒(1 − 𝛽(1 − 𝛿))
1 − 𝛽(1 − 𝛿)(1 − 𝛼)

)

(21)

he value of wealth given by (21) represents a point of substantial curvature in the household’s savings function. The intuition
ollows from our main theorems in Section 3, which prove that the savings function would be driven nearly entirely by the nonlinear
omponent 𝜖(𝑡) when evaluated at 𝜔⋆. This intuition also accords with Huggett (1997), who shows that the inequality 𝛽𝑓 ′(𝐾) < 1 can

neither be attributed to a high rate of time preference relative to the interest rate nor a positive third derivative of the period utility
function, but is due to binding borrowing constraints. Our economist plugs in the quarterly calibration of Krusell and Smith (1998)
(𝛼 = 0.36, 𝛽 = 0.99, 𝛿 = 0.025), coupled with the assumption that agents have a 4% chance of unemployment each period, to get
⋆ = 5.6%. In this case, the borrowing constraint binds at only 5.6% of steady-state wealth (capital holdings of slightly greater than

2 given a RA steady state capital stock of roughly 38), suggesting that very few households will have nonlinear savings functions.
How does our economist know that this metric is a reliable statistic? Accuracy of this measure is lost if the RA steady state

oes not have substantial point mass in the heterogeneous agent distribution. However, this is not likely given the focus on
tationary distributions that has been adopted by (nearly) the entire literature (Krusell and Smith, 2006). Many of the best numerical
pproaches employed to solve models with heterogeneity rely on grids and perturbation methods that are built around steady states
e.g., Reiter, 2010; Winberry, 2018; Boppart et al., 2018). Indeed, plotting a vertical line at the RA steady state capital stock would
e a value close to the mode of many heterogeneous agent distributions and this is certainly true of the model of Krusell and Smith
1998). Moreover, Huggett’s result ensures that this is a lower bound. As the steady state value for capital increases, the interest rate
alls. From (20), the rise in wealth due to higher aggregate capital is more than offset by the increase in discounted labor earnings.
herefore, one can easily calculate the corresponding 𝜔⋆ associated with an 𝑥% increase in the steady state.

Finally, we view this thought experiment as a first step in understanding how a model aggregates. It is not meant to replace
igorous analysis (we are not advocating for the ‘‘lazy’’ economist) but provides a good assessment of aggregation at an extremely
ow cost. For example, a researcher might be interested in understanding how perturbations to certain parameters affect aggregation.
teady state analysis is a good place to start.

.2. Assessing the Finite-Moment Auctioneer

By far the most popular auctioneer used to numerically solve heterogeneous agent models is what we call the Finite-Moment
uctioneer. Initially proposed in the early working papers of Krusell and Smith (1998), Castaneda et al. (1998) and den Haan (1993),

his auctioneer forecasts aggregate capital in future periods by using a law of motion which depends only on aggregate capital in
he current period and the current aggregate state. This formulation generalizes to the Higher-Order Moments Auctioneer which
orecasts capital using further distributional statistics, such as the variance, in addition to the mean. The numerical implementation
f the Finite-Moment Auctioneer is well known and therefore only briefly described here. Our algorithm follows the standard
tochastic-simulation approach of Krusell and Smith (1998) (KS, henceforth).15

Standard Algorithm

1. Guess an initial savings function, aggregate law of motion, and cross-sectional distribution of households. Generate a long
sequence of total factor productivity shocks once and for all.

2. Solve the household’s problem by Euler equation iteration or value function iteration, beginning from the initial savings
function and using the aggregate law of motion to forecast one-period-forward prices. Iterate until the savings functions
converge up to some tolerance.

3. Use the savings function from Step 2 to simulate the cross-sectional distribution for the sequence of TFP shocks generated in
Step 1 via the procedure of Young (2010).

4. Use the simulated data generated in Step 3 to update the aggregate law of motion by ordinary least squares regression (in
the case of a law which is linear in coefficients).

5. Repeat steps 2–4 until the aggregate law of motion converges within some tolerance.
6. Test for equilibrium. For example, one can compute the 𝑅2 fit of the regression in Step 4, or use the procedure advocated

by den Haan (2010).

In this section, we focus on interpreting the auctioneer output of Steps 4–6. Remarkably—and to the best of our knowledge—the
iterature does not contain an interpretation of the regression output along the lines proposed here. We show that approximate
ggregation is not the key insight, nor the driving force of this algorithm, as claimed by Krusell and Smith (2006). We then use this
nterpretation to offer an improvement of Step 6 in the following section.

15 The algorithm is more aptly described as a modified version of the stochastic-simulation algorithm due to Maliar et al. (2010), which combines that paper’s
ousehold solving method with the simulation procedure of Young (2010). For all results reported below, the algorithm was implemented in the programming
13

anguage Julia. Interpolation in Step 2 uses cubic splines via the Julia package Dierckx, which acts as a wrapper for the FORTRAN package of the same name.
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Interpreting regression output
Initially, we set 𝛿 = 1 as complete depreciation of capital permits cleaner exposition, and assume the standard calibration

{𝜎 = 1; 𝛿 = 1; 𝛼 = 0.36; 𝛽 = 0.99; 𝑇 → ∞} with the stochastic processes for technology and the labor market following KS. The
converged equilibrium law of motion for the two aggregate states from 1000 simulated draws is computed to be

log(𝐾 ′) = −0.0090 + 0.3605 log(𝐾), 𝑅2 = 1, 𝑠 = 𝑔𝑜𝑜𝑑 (22)

log(𝐾 ′) = 0.0522 + 0.3603 log(𝐾), 𝑅2 = 1, 𝑠 = 𝑏𝑎𝑑 (23)

The 𝑅2 values contain eight 9’s after the decimal, so we rounded up.
Defining 𝛺𝑡 as the share of aggregate output invested, 𝐾𝑡 = 𝛺𝑡𝑌𝑡, it is well known that the representative agent equilibrium

with log utility and complete depreciation of capital can be calculated in closed form. Under this scenario, the share of aggregate
investment is time invariant and given by 𝛺 = 𝛼𝛽. Thus we have 𝐾𝑡 = 𝛼𝛽𝑌𝑡 = 𝛼𝛽𝐾𝛼

𝑡−1𝐿
1−𝛼
𝑡 and taking logs gives

log(𝐾𝑡) = log(𝛼𝛽) + log(𝑧𝑡) + 𝛼 log(𝐾𝑡−1) (24)

where we have assumed the representative agent inelastically supplies one unit of aggregate labor in each period. Simulating data
from (24) would yield a nearly deterministic law of motion for aggregate capital. Running regressions (22)–(23) on this simulated
data would deliver an 𝑅2 of approximately one, slope coefficient of 𝛼, and intercept of log(𝛼𝛽) + log(𝑧𝑗 ). With the exception of the
intercept term, (24) is a good approximation of (22)–(23).16

The intuition of this result dates back at least to the optimal portfolio literature of Merton (1969) and Samuelson (1969). With log
utility and i.i.d. returns, the optimal portfolio, expressed as a percentage of wealth, is independent of the level of wealth. Complete
depreciation of capital breaks the time dependence of returns and the technology shock merely alters the level of wealth in the
economy. The optimal share of investment (𝛺) is constant and the coefficient of determination (𝑅2) is identically one.

This intuition carries over to heterogeneous agent models, which can be seen by rewriting the household’s budget constraint (2)
n terms of shares,

𝑐𝑡 = 𝑅𝑡𝑘𝑡−1 +𝑊𝑡𝓁𝑡 − 𝑘𝑡 = 𝑅𝑡𝐾𝑡−1𝑠𝑡−1 +𝑊𝑡𝐿𝑡𝑒𝑡 −𝛺𝑡𝑌𝑡𝑠𝑡

= (𝛼𝑠𝑡−1 + (1 − 𝛼)𝑒𝑡 −𝛺𝑡𝑠𝑡)𝑌𝑡 (25)

where 𝑠𝑡 is the household’s share of aggregate investment 𝑠𝑡𝐾𝑡 = 𝑘𝑡 and 𝑒𝑡 is the household’s share of the aggregate wage bill.
Substituting the constraint into the log utility function reveals an optimal savings/consumption allocation that is independent of
the level of wealth. That is, taking logs of (25) separates the choice variable, 𝑠𝑡, from aggregate output, 𝑌𝑡. That the optimal share
of investment for each household is independent of the level of wealth implies that the aggregate investment share (𝛺) will also
be independent of the level of wealth, and therefore time invariant. Households care only about their share of the pie and not the
overall size of the pie, which is changing with aggregate shocks. This result is important in our analysis of aggregation because
it holds independent of aggregate wealth and therefore holds independent of aggregation. Wealth can be sufficiently low such that
aggregation fails and the aggregate investment share (𝛺) will remain constant, implying 𝑅2 values will remain close to one. This
can be seen from our results in (22)–(23). The 𝑅2 values for the complete depreciation case are higher than the standard calibration
(results reported in footnote 14) despite the fact that approximate aggregation is no longer holding as strongly. We provide additional
evidence for this result in the following section.

When 𝛿 ≠ 1, the optimal amount of aggregate capital is a function of total resources, including undepreciated capital, 𝐾𝑡 =
𝛺𝑡(𝑌𝑡 + (1 − 𝛿)𝐾𝑡−1) = 𝛺𝑡(𝑧𝑡𝐾𝛼

𝑡−1𝐿
1−𝛼
𝑡 + (1 − 𝛿)𝐾𝑡−1). The share of resources invested, 𝛺𝑡, now varies with the level of wealth as the

return to capital is not time independent. Thus, the law of motion for capital will not be linear in logs. However, taking advantage
of the approximation log(1 + 𝑥) ≈ 𝑥 for small 𝑥, we have

ln(𝐾𝑡) = ln(𝛺𝑡) + ln(𝐾𝑡−1) + ln(𝑧𝑡𝐾𝛼−1
𝑡−1 𝐿

1−𝛼
𝑡 + (1 − 𝛿))

≈ ln(𝛺𝑡) + ln(𝐾𝑡−1) + 𝑧𝑡𝐾
𝛼−1
𝑡−1 𝐿

1−𝛼
𝑡 − 𝛿 (26)

where 𝑧𝑡𝐾𝛼−1
𝑡−1 𝐿

1−𝛼
𝑡 − 𝛿 ≈ 0.07 for 𝐾 ≈ 40, 𝑧 = 𝐿 = 1, which are the steady state values for these variables. From (26), the regression

slope coefficient will be slightly less than one and the intercept term will be close to zero, which is consistent with standard results.17

16 The 𝑅2 values are not exactly one and there are slight differences in the coefficients across states because the idiosyncratic shock is correlated with the
aggregate shock in the KS environment, and because aggregate labor is not identical across the two regimes. The intercept term is not well approximated because
there is no labor uncertainty in the standard representative agent model. A better approximation of (22)–(23) that takes labor uncertainty into account is given
by the linear–nonlinear decomposition of Section 3. Defining the average share of (un)employed households born at time 𝑡 as (𝑠𝑡𝑢) 𝑠𝑡𝑒, then the linear component
of aggregate capital is 𝐾𝑡 = 𝑠𝑡𝑢𝑘𝑢,𝑡 + 𝑠𝑡𝑒𝑘𝑒,𝑡,

𝐾𝑡(1 + 𝛽) = 𝛽𝑠𝑡𝑒𝑊
(𝑔)
𝑡 𝐿(𝑔)

𝑡 − (𝑠𝑡𝑢𝜋𝑔𝑔𝑢𝑒 + 𝑠𝑡𝑒𝜋𝑔𝑔𝑒𝑒)

(

𝑊 (𝑔)
𝑡+1𝐿

(𝑔)
𝑡+1

𝑅(𝑔)
𝑡+1

)

− (𝑠𝑡𝑢𝜋𝑔𝑏𝑢𝑒 + 𝑠𝑡𝑒𝜋𝑔𝑏𝑒𝑒)

(

𝑊 (𝑏)
𝑡+1𝐿

(𝑏)
𝑡+1

𝑅(𝑏)
𝑡+1

)

here the idiosyncratic transition probabilities are conditional on aggregate states following Krusell and Smith (1998): 𝜋𝑔𝑔𝑢𝑒 represents the probability of the
ggregate state remaining ‘‘good’’ and transitioning from unemployed (𝑢) to employed (𝑒).
17 The original KS regressions give

log(𝐾 ′) = 0.095 + 0.962 log(𝐾), 𝑅2 = 0.999998, 𝑠 = 𝑔𝑜𝑜𝑑

log(𝐾 ′) = 0.085 + 0.965 log(𝐾), 𝑅2 = 0.999998, 𝑠 = 𝑏𝑎𝑑
14
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That the 𝑅2 remains close to one—which is also a standard result—implies that there is not much time variation in the share of
output invested (𝛺). While the share of output invested is no longer constant as in the complete depreciation case, conditioning on
the aggregate state (𝛺𝑗) implies a near constant value set by the auctioneer. The upshot here is that 𝑅2 values are not necessarily tied
to aggregation. Aggregation can fail and the 𝑅2 values can be close to one; conversely, a representative agent model can generate
‘‘low’’ 𝑅2 values.

In order to carefully assess the algorithm, we require a setup in which aggregation is not the base case. The importance of 𝑇
ighlighted in Section 3.3 suggests a particular model structure that preserves the theory of Section 3 while providing the best chance
f breaking aggregation.18 Specifically, time is discrete and infinite. In each period, a measure 1∕𝑇 of 𝑇 -period lived households is

born, so that at any given time there is a unit measure of living individuals. Households behave according to the theory described
in Section 3. Equilibrium for this economy will now involve a distribution 𝛬𝑠(𝑘,𝓁, 𝑡) at time 𝑠 of households across capital 𝑘,
employment 𝓁, and age 𝑡 = 1,… , 𝑇 . For each time 𝑠, we initialize the new cohort by fixing 𝛬𝑠(0, 0, 1) = 𝑢𝑠∕𝑇 and 𝛬𝑠(0, 1, 1) =
(1 − 𝑢𝑠)∕𝑇 , where 𝑢𝑠 is the average unemployment rate corresponding to the aggregate state at time 𝑠. Households born into
unemployment are given a small unemployment benefit (𝜇), which is paid by taxing the wage of current workers. This overlapping-
generations, life-cycle framework has several advantages. First, as 𝑇 → ∞, it replicates well-known environments (Aiyagari, 1994;
Krusell and Smith, 1998). Second, for 𝑇 = 2, we are able to study an exact equilibrium; that is, one that is not subject to the curse
of dimensionality. This facilitates a precise evaluation of common numerical approaches. Third, it is a natural environment for
breaking aggregation as households representing different generations have different marginal propensities to save, as documented
above. Finally, an infinite horizon economy permits the study of simulation methods and steady state analysis. Thus, we can use
the KS algorithm described above to solve the model.

Assessment of Step 6: Testing for equilibrium
The literature continues to rely on regression statistics such as the coefficient of determination (𝑅2) as a test of the equilibrium

(Step 6), despite den Haan’s (2010) compelling counter-examples that show arbitrarily high 𝑅2 values may not correspond to
accurate aggregate laws of motion. We now show that low 𝑅2 values do not always imply inaccurate laws of motion.

Example 1. Let 𝑇 = 2 and simulate an exact sequence of equilibrium capital values {𝐾𝑡}𝑁𝑡=1 using the guess-and-verify algorithm
in Appendix B. Define the auctioneer’s law of motion as a function of investment, 𝐼𝑡 ≡ 𝐾𝑡 − (1 − 𝛿)𝐾𝑡−1, as opposed to log capital;
that is, estimate 𝐼𝑡 = 𝑎0,𝑗 + 𝐼𝑡−1𝑎1,𝑗 for 𝑗 = {𝑔, 𝑏} with the simulated data. The corresponding 𝑅2 values are 0.0786024 (good) and
0.110295 (bad). Any researcher using the current standards for Step 6 would clearly reject this particular law of motion. However,
the accuracy of this ‘‘investment auctioneer’’ is not nearly as poor as the 𝑅2 suggests. Since investment is defined as 𝛿-differenced
capital, the auctioneer is estimating a flow variable (investment) as opposed to a stock (capital). The fit of the regression will be
significantly lower but it does not imply that economically meaningful estimates are impossible to achieve. Using the estimated law
of motion for investment to forecast next period’s aggregate capital, the maximum error is only 1.6% and the average error is 0.6%.
This auctioneer would provide extremely accurate values of tomorrow’s aggregate capital (and hence tomorrow’s interest rate) to
households, despite having an 𝑅2 value close to zero.

Example 2. Consider another example that uses our knowledge of an exact equilibrium (𝑇 = 2): From the previous section, we
established that the share of output invested is nearly time invariant when 𝑇 = 2, implying an 𝑅2 very close to one. We follow the
standard methodology for solving and evaluating the equilibrium. Specifically, we define idiosyncratic grid points distributed on
an interval around the deterministic steady state according to the polynomial rule 𝑘𝑗 = (𝑗∕100)7𝐾max, for 𝑗 = 1,… , 100, while four
aggregate grid points are distributed linearly on an interval around the deterministic steady state. Convergence criteria for the log
linear aggregate law of motion was set to 1𝑒−6. The 𝑅2 values of the converged law of motion are roughly 0.99997 for both states. The
mean/max Den-Haan forecast errors are 0.003%∕0.01%, respectively.19 These are clearly acceptable values. However, mean capital
is roughly 37% below the actual equilibrium average, and the simulated equilibrium paths never cross. Experienced computational
economists will perform several additional robustness checks to find that increasing the number of aggregate grid points substantially
changes the equilibrium. For example as the number of aggregate grid points is increased to 100, the 𝑅2 approaches 0.999999997,
the mean/max Den-Haan error falls to 4.2e−5/1.3e−4, and the actual equilibrium is accurately approximated. Those with insufficient
experience may view the initial 𝑅2 / Den-Haan statistics as acceptable values, and poorly approximate the true equilibrium.

Example 3. This example follows from the results in Krueger and Kubler (2006). Aggregation interacts with the regression statistics
in important ways. If we plot the corresponding 𝑅2 values against 𝑇 using the standard log-linear law of motion (22)–(23), we
would get a u-shaped figure with the minimum occurring at 𝑇 = 9. While the 𝑅2 values are lowest where aggregation is least
likely to hold, these values are still quite high (0.9977, 0.9978 for 𝑇 = 9). Moreover, adding moments to the regression, which is
the standard operating procedure when 𝑅2 values fall, does not alter the equilibrium substantially. For values of 7 ≤ 𝑇 ≤ 15, the
maximum difference in the mean capital stock between the ‘‘mean only’’ regression and ‘‘mean plus variance’’ regression is less than
3%. Krueger and Kubler (2006) advocate for a superior projection/Smolyak algorithm that better fits the evolving distribution of
wealth.

18 The model and numerical approach to solving it are described in Appendix B.
19 In the context of the KS model, den Haan (2010) defines forecast errors as 𝑢𝑡+1 ≡ |�̂�𝑡+1 −𝐾𝑡+1|, where �̂�𝑡+1 is simulated from the estimated law of motion

(e.g., (22)–(23)), and 𝐾 is obtained by drawing a new sequence of exogenous shocks and simulating the model.
15
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Table 1
Values of the coefficient of determination (𝑅2), Den-Haan statistics (D-H), and percentage deviation from equilibrium (% Mean Dev.) are reported for the standard
lgorithm (Stand.), standard algorithm plus second moment (Add Var.), and the auctioneer iteration (Auc. Iter.) for 𝑇 = 2, 3, 4.

𝑇 = 2 𝑇 = 3 𝑇 = 4

Stand. Add Var. Auc. Iter. Stand. Add Var. Auc. Iter. Stand. Add Var. Auc. Iter.

𝑅2 (good) 0.9999 0.9999 0.9999 0.9647 0.9790 0.9985 0.9816 0.9912 0.9999
𝑅2 (bad) 0.9999 0.9999 0.9999 0.9790 0.9824 0.9974 0.9895 0.9934 0.9995
D-H (max) 0.0237 0.0131 1.3𝑒−7 0.0117 0.0117 3.2𝑒−7 0.1596 0.1325 4.0𝑒−7

D-H (mean) 0.0097 0.0056 1.2𝑒−8 0.0020 0.0021 4.5𝑒−7 0.0252 0.0235 5.6𝑒−7

% Avg dev 37.59% 26.93% 9.2𝑒−5 30.43% 26.23% 8.9𝑒−8 15.21% 15.13% 9.6𝑒−9

The issue that our examples highlight is that the current set of ‘‘convergence’’ statistics do not give cut-off points instructing
sers when to search for alternative computational strategies. Consequently, the statistics currently used to test for an equilibrium
an lead to erroneous conclusions. Both type I and type II errors are possible: rejecting a perfectly reasonable guess for the aggregate
aw of motion (Example 1) and accepting a law of motion that is quite far from the true equilibrium (Examples 2 and 3). This is
rue for both the 𝑅2 values and the more-recent Den-Haan statistics.

We propose taking advantage of the dichotomous nature of the problem to assess the accuracy of the auctioneer. Conditional on
guess for the auctioneer’s values, the household’s problem is extremely well posed: Proposition 1 proves existence and uniqueness

onditions; each household’s problem can be solved in isolation, implying an embarrassingly-parallel computing strategy can be
eployed; and finally, the solution to the households’ problem provides an arbitrarily precise evaluation of the auctioneer through
he market clearing mechanism. Any guess of the auctioneer’s values must be consistent with the market-clearing behavior of the
ndividual households. This suggests an iterative procedure for solving the auctioneer’s problem.

.3. Improving the Finite-Moment Auctioneer

Our suggested numerical procedure follows Steps 1–5 of the standard algorithm but replaces Step 6 with the following:

pdated Step 6: Using the simulated values for the (converged) aggregate capital stock {𝐾0
𝑡 }

𝑁
𝑡=1 and the converged law of motion

for aggregate capital

log(𝐾 ′) = 𝛼00,𝑗 + 𝛼01,𝑗 log(𝐾), 𝑗 = {good, bad} (27)

produced by Steps 1–5, generate a sequence of one-step-ahead forecasts for interest rates and wages {𝑅0
𝑡 ,𝑊

0
𝑡 }

𝑁
𝑡=2 from the firm’s

first-order conditions. Using the interest rate and wage sequence {𝑅0
𝑡 ,𝑊

0
𝑡 }

𝑁
𝑡=2, repeat steps 1 to 5 to obtain a new aggregate series

{𝐾1
𝑡 }

𝑁
𝑡=1. If this series is within tolerance of {𝐾0

𝑡 }
𝑁
𝑡=1, stop. Otherwise, replace {𝐾0

𝑡 }
𝑁
𝑡=1 with {𝐾1

𝑡 }
𝑁
𝑡=1 and repeat.

This evaluation step replaces model-dependent statistics—like the 𝑅2—with an iterative procedure for the auctioneer. Therefore,
convergence criteria can be applied to the auctioneer’s problem in much the same way that it is applied to the household’s problem.
It views the output coming from Steps 1–5 as a ‘‘potential solution’’, to be used as the initial sequence in the iteration. In the
notation of the household’s problem defined in Sections 2.5–2.4, the initial sequence and aggregate law of motion are a guess
for the auctioneer predictions,  , which is the interest rate and wage sequence {𝑅0

𝑡 ,𝑊
0
𝑡 }

𝑁
𝑡=2. As discussed in those sections, the

auctioneer’s guess must satisfy optimality and market clearing conditions. Thus, the iterative procedure disciplines the auctioneer’s
guess along these lines.

From a numerical standpoint, the Updated Step 6 replaces the aggregate grid with the simulated values for aggregate capital and
prices. The entire empirical distribution of capital is therefore evaluated. The iteration essentially operationalizes the D-H forecast
errors, which are defined as 𝑢𝑡+1 ≡ |�̂�𝑡+1 −𝐾𝑡+1|, where �̂�𝑡+1 is simulated from the estimated law of motion (e.g., (22)–(23)), and
𝐾𝑡+1 is obtained by solving the household’s problem. Step 6 states that if these errors are too large, an update of the auctioneer’s
sequence is warranted. The downside of the Updated Step 6 is that the model must be solved again. However, we do not view this
as a major obstacle given the computational ease with which the household’s problem can be solved,20 and potential efficiency gains
may be made by employing a relatively coarse histogram of the simulated empirical distribution.

Table 2 demonstrates the usefulness of adding an iterative check on the auctioneer’s problem for 𝑇 = 2, 3, 4. The table reports the
converged solution and diagnostics for the Standard Algorithm (Stand.), the Standard Algorithm with an additional second moment
added to the aggregate law of motion (Add Var.), and the Standard Algorithm with Step 6 replaced with the Updated Step 6 (Auc.
Iter.), with an auctioneer iteration tolerance of 1𝑒−8. As in Example 2, the algorithms were implemented with sparse aggregate grids
(six aggregate grid points) which generated equilibria that were far from the true bounded-rational equilibrium yet with reasonable
values for the 𝑅2 and D-H statistics. The last row of Table 2 reports the percentage deviation of average aggregate capital from the
true value, which was obtained through a well-placed, dense aggregate grid (64 grid points).

20 The speed of the Updated Step 6 depends upon the number of simulated values 𝑁 and optimality of the initial aggregate grid. The values reported in
Table 1 for 𝑇 = 4 and 𝑁 = 1000 took 63 s using Matlab’s Parallel Computing Toolbox on a Windows 10 machine with an Intel Xeon 3.50 GHz processor, 4
16

physical cores and 32 GB of RAM. Note that the model was solved in Matlab, not Julia, for this exercise.
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Table 2
Values of the coefficient of determination (𝑅2), Den-Haan statistics (D-H), and percentage deviation from equilibrium (% Mean Dev.) are reported for the standard
lgorithm (Stand.), standard algorithm plus second moment (Add Var.), and the auctioneer iteration (Auc. Iter.) for 𝑇 = 2, 3, 4.

𝑇 = 2 𝑇 = 3 𝑇 = 4

Stand. Add Var. Auc. Iter. Stand. Add Var. Auc. Iter. Stand. Add Var. Auc. Iter.

𝑅2 (good) 0.9999 0.9999 0.9999 0.9647 0.9790 0.9985 0.9816 0.9912 0.9999
𝑅2 (bad) 0.9999 0.9999 0.9999 0.9790 0.9824 0.9974 0.9895 0.9934 0.9995
D-H (max) 0.0237 0.0131 1.3𝑒−7 0.0117 0.0117 3.2𝑒−7 0.1596 0.1325 4.0𝑒−7

D-H (mean) 0.0097 0.0056 1.2𝑒−8 0.0020 0.0021 4.5𝑒−7 0.0252 0.0235 5.6𝑒−7

% Avg dev 37.59% 26.93% 9.2𝑒−5 30.43% 26.23% 8.9𝑒−8 15.21% 15.13% 9.6𝑒−9

Without an iterative procedure for the auctioneer’s problem, it is impossible to determine when the 𝑅2 statistic is sufficiently
close to one and when the D-H statistics are sufficiently small. For each value of 𝑇 and especially for 𝑇 = 2, the 𝑅2 values are quite
igh and the D-H statistics are low but the equilibrium remains far from the true value for the standard algorithm. The current
perating procedure is to add moments to the aggregate law of motion when the regression fit is sufficiently poor. However, adding
he second-moment does not dramatically improve the performance of the algorithm. The Updated Step 6 (Auctioneer Iteration)
eplaces the sparse aggregate grid with the simulated values of aggregate capital generated by the standard algorithm. In all cases
𝑇 = 2, 3, 4), the updated algorithm finds the more accurate solution.

It is perhaps more telling when the Auctioneer Iteration does not converge. For values of 𝑇 greater than six, the updated algorithm
oes not converge without a substantial reduction in auctioneer tolerance. This is a clear indication that the guess for the auctioneer’s
aw of motion needs modification. In these examples, the 𝑅2 and D-H statistics do fall but not substantially so (recall that the trough
n 𝑅2 does not occur until 𝑇 = 9). Again, without an iterative procedure with set tolerance, it is impossible to know when an 𝑅2

alue or D-H statistic is ‘‘too low’’. The Updated Step 6 provides much clearer guidance.

. Concluding thoughts

We examined uninsurable employment risk with aggregate shocks by introducing a Walrasian auctioneer, who reports to
ouseholds all possible state-contingent future prices. Households take these as given when forming expectations and making
ptimal consumption choices, and the auctioneer adjusts her forecasts until markets clear. By taking advantage of this natural
ichotomy between the households and the auctioneer, we studied each problem in isolation. On the household side, we separate
n explicit expression for the linear permanent income component of savings from a well-behaved nonlinear adjustment arising from
recautionary behavior and incomplete markets. Equipped with this decomposition, we then study how economies aggregate in the
resence of various auctioneer types that are popular in the literature. We provided an economic interpretation of the regression
oefficients and explained the lack of time variation in the auctioneer of Krusell and Smith (1998). We also introduced a new
umerical method which uses the empirical distribution of auctioneer forecasts to substantially improve solution accuracy in cases
here the standard coefficient of determination and other well-known statistics prove to be misleading.

ppendix A. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.euroecorev.2021.103997.
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