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Abstract

Recently, boundary conformal field theories (BCFTs) have attracted much attention in
the context of quantum gravity. This is because a BCFT can be dual to gravity coupled to
a heat bath CFT, known as the island model. On this background, it would be interesting
to explore the duality between the boundary and the braneworld. However, this seems to
be a challenging problem. The reason is because although there has been much study of
rational BCFTs, there has been comparatively little study of irrational BCFTs, and irrational
BCFTs are expected to be the boundary duals of the braneworlds. For this reason, we
explore properties of boundary ingredients: the boundary primary spectrum, the boundary-
boundary-boundary OPE coefficients and the bulk-boundary OPE coefficients. For this
purpose, the conformal bootstrap is extremely useful. This is the first step in providing an
understanding of BCFTs in the context of braneworld holography by using the conformal
bootstrap. The techniques developed in this paper may be useful for further investigation
of irrational BCFTs.
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1 Introduction & Summary

1.1 Introduction
Recently, there has been tremendous progress on the information paradox problem. The idea
is to consider a setup where a CFTd on AdSd and a CFTd on a non-gravitational bath are glued
along the (asymptotic) boundary [1–3]. Since light can go through the asymptotic boundary in
this setup, we can probe the Hawking radiation from black holes by the entanglement entropy
between the gravitational and bath systems. This setup is sometimes called “doubly hologra-
phy”. This is because we have three pictures, which are equivalent (see Figure 1). By applying
the AdS/CFT correspondence [4] to the AdSd gravity in this setup (left of Figure 1), we can
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Figure 1: Triality through the AdS/CFT correspondence. The CFT drawn in the left is dual
to the BCFT drawn in the right through the AdS/CFT correspondence. Moreover, the BCFT
is dual to the quantum gravity shown at the bottom through the AdS/BCFT correspondence.
There is also a relation between the left picture and the bottom picture through the braneworld
holography [17–19].

obtain a boundary conformal field theory, where the boundary is dual to the AdSd gravity (right
of Figure 1 ). We can obtain another picture by applying the AdS/BCFT correspondence [5, 6]
to this BCFT (see bottom of Figure 1). Here we apply the AdS/CFT correspondence “twice”,
so we call this holography the doubly holography. The bottom picture in Figure 1 is sometimes
useful because we can evaluate “quantum” entanglement therein by just calculating the holo-
graphic entanglement entropy (i.e. the area of Ryu-Takayanagi surface) in the setup shown in
bottom of Figure 1 (for example, see [7–16]).

On this background, it would be very interesting to explore the duality, 1

1This duality can be obtained by (i) applying the AdS/CFT to the left of Figure 1, or (ii) applying the braneworld
holography and the AdS/BCFT to the left of Figure 1. It is still unclear whether this duality really holds. Our
investigations of BCFTs is partly motivated to clarify the consistency of this duality. We hope to come back to this
issue more explicitly in the future paper.
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� �
d dimensional boundary of CFTd+1 = d + 1 dimensional braneworld� �

In particular, it would be interesting to consider the question, “can the boundary be dual to
classical gravity?” or “which type of gravity is realized on the braneworld associated with
the BCFT?”. Nevertheless, there has been little knowledge of the CFT with this holographic
boundary. This is because there has been currently very little knowledge of irrational BCFTs.
2 3 For example, many techniques in CFTs with no boundaries have been generalized to CFTs
with boundaries, and various constraints have been given by using the conformal bootstrap
equation as shown in [24]. However, these results are given only when we restrict ourselves to
rational conformal field theories (RCFTs).

Against this backdrop, it is very important to exhibit various universal formulae in irra-
tional CFTs with boundaries. For example, the universal formula for the entropy at high energy,
known as the Cardy formula [25], plays an important role in the understanding of quantum grav-
ity. This entropy formula surprisingly matches with the black hole entropy [26]. This result may
therefore answer the greatest question, “Is black hole thermodynamics is really thermodynam-
ics?”. The Cardy formula answers this question, “Yes”. This accomplishment surely supports
the high usefulness of discovering universal formulae in BCFTs with some assumptions that are
needed for reproducing classical gravity.

There is a useful tool to identify unknown information in a given CFT, known as the confor-
mal bootstrap. The conformal bootstrap is just a consistency condition in CFTs, more precisely,
the OPE associativity. We can utilize this consistency condition to give non-trivial constraints
on the spectrum and the OPE coefficients in a given CFT. Some significant breakthroughs have
been achieved by the numerical application (or the low-order approximation inspired by that) of
the conformal bootstrap to investigate low-lying operators [27–31], the upper bound on the gap
from the vacuum [31–36] and the uniqueness of Liouville CFT [37]. The conformal bootstrap
equation can also be used to derive universal formulae in some asymptotic regions. For exam-
ple, one can derive the universal formula for the spectrum at high energy region [25,38,39], the
heavy-light-light OPE coefficients [40–44], the heavy-heavy-light OPE coefficients [45–48], the
heavy-heavy-heavy OPE coefficients [49] and the OPE in the large spin limit [50–59].

Recently, there is remarkable progress in solving the bootstrap equation in 2D CFTs. The
idea is to act the fusion transformation on the vacuum block, which provides a new analytic
method to access the CFT data. The fusion matrix bootstrap has provided important progress
in the light cone conformal bootstrap [31,60,61] and the light-cone modular bootstrap [62–64].
Moreover, by making use of the fusion matrix bootstrap, all of the results in [40–43, 45–49]
can be organized [65–67]. For this reason, in this article, we investigate universal formulae in
BCFTs by using the fusion matrix bootstrap.

2Except for the Liouville CFT, [20–22]. The Liouville CFT is not of interest in this paper, since it is not a
compact CFT, which seems to be quite different from the holographic CFT.

3When we were writing up this article, we noticed the interesting preprint [23] on the arXiv, which has provided
some results about irrational BCFTs by using the bootstrap equation at the fixed point. This is complementary to
this article, which considers the bootstrap equation in the high-low temperature limit.
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1.2 Summary
One goal of this paper is to formulate the bootstrap equation in irrational BCFTs and to clarify
what we can learn from the bootstrap equation beyond rational BCFTs. The techniques devel-
oped in this paper are very useful to provide a new understanding of the braneworld holography
from the CFT side. Although we only show the asymptotic universal formulae in this paper,
there are a lot of applications of our techniques in the context of the braneworld holography. At
the end of this paper, we propose some interesting questions that we can address by using our
techniques.

Here we briefly summarize our results:

• Universality for OPE coefficients (Section 4)

The asymptotic behaviors of the OPE coefficients can be estimated by using the fusion
matrix bootstrap. In particular, we will show the universal formulae for

– boundary primary spectrum (i.e., open-string spectrum) at high energy,

– boundary-boundary-boundary OPE coefficients for heavy-heavy-heavy weights,

– boundary-boundary-boundary OPE coefficients for heavy-heavy-light weights,

– boundary-boundary-boundary OPE coefficients for heavy-light-light weights,

– bulk-boundary OPE coefficients for heavy-heavy weights,

– bulk-boundary OPE coefficients for heavy-light weights,

– bulk-boundary OPE coefficients for light-heavy weights.

For this purpose, we will consider various bootstrap equations on various manifolds. Al-
though in principle, we can fix all components in a BCFT by considering only six confor-
mal bootstrap equations [68], it is useful to consider other bootstrap equations to fix the
asymptotics in practice.

• Light-cone bootstrap in BCFT (Section 5)

We will show that in some setups, we can consider the large-spin asymptotics of the OPE
coefficients even though BCFTs do not have the anti-holomorphic part. It implies that
it would be possible to consider an analog of the light-cone modular bootstrap [63] in
BCFTs.

• Braneworld holography (Section 6)

Although many recent works heavily make use of the braneworld holography, there is
very limited knowledge about this type of holography. We believe that the braneworld
should be realized on the boundary of the BCFT, nevertheless, we do not know what
gravity is realized as the boundary of the BCFT. Some hints can be obtained from the
asymptotics of the boundary ingredients, like the matching between the Cardy formula
and the Bekenstein-Hawking entropy. In some recent works, we consider the braneworld
in the JT or Liouville gravity, which can have black hole solutions. From this observation,
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we can expect that the boundary ingredients follow the Cardy formula, the eigenstate
thermalization hypothesis (ETH), and some other chaotic nature, like the AdS3 gravity.
On this background, we will give some thoughts on the braneworld. Here we do not give
the explicit connection between the braneworld and the BCFT because our main purpose
is to give a new tool to access the data of the boundary ingredients in irrational BCFTs
as the first step. We hope that we will show the explicit connection by using our results
obtained here in the near future paper.

Note that some of our results can also be straightforwardly applied to the one-dimensional
conformal bootstrap. This consideration could provide a generalization of the analytic boot-
strap result in 1D CFT [69, 70] into a Virasoro version. For example, our result (4.35) can be
thought of as the Virasoro generalization of the asymptotic results in [69,70]. On the bulk side,
the Virasoro generalization allows us to access information including graviton effects. This is
particularly useful to consider the black hole information paradox as one can see in [59, 71, 72]
since the exchange of the Virasoro descendants can create an effect of the presence of the BTZ
black hole background, unlike the global conformal descendants.

2 Review of Fusion Matrix Bootstrap
In this section, we will review how to solve the conformal bootstrap equation by using the fusion
matrix, first introduced in [60, 61, 73] and generalized in [66].

The conformal bootstrap equation is the relation between different OPE coefficients Ci jk in
the following form, ∑

p

C12pC34pF
21

34 (hp|z)F 21
34 (h̄p|z̄)

=
∑

p

C14pC23pF
23

14 (hp|1 − z)F 23
14 (h̄p|1 − z̄),

(2.1)

where we define the Virasoro conformal block as follows,

F
ji

kl (hp|z) ≡ . (2.2)

For simplicity, we focus on the case where h1 = h2 = hA and h3 = h4 = hB. Even though it is
hard to solve this equation in general, in some asymptotic regimes, we can analytically solve
the bootstrap equation. Here, we will show some examples. In the limit as z, z̄ → 0, we can
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approximate the bootstrap equation as 4

F AA
BB (0|z)F AA

BB (0|z̄) '
∑

p

CABpCABpF
AB

AB (hp|1 − z)F AB
AB (h̄p|1 − z̄), (2.3)

The key point is that we have invertible fusion transformations between the s and t-channel
Virasoro conformal block.

F AA
BB (0|z)

=
∑

αn,m<
Q
2

n,m∈Z≥0

Res
(
−2πiF0,αt

[
αA αA

αB αB

]
F AB

AB (ht|1 − z);αt = αn,m

)

+

∫ Q
2 +i∞

Q
2 +0

dαtF0,αt

[
αA αA

αB αB

]
F AB

AB (ht|1 − z),

(2.4)

where αn,m ≡ αA + αB + mb + nb−1 and kernel Fαs,αt denotes the fusion matrix (or crossing
matrix), and we introduce the notation usually found in the Liouville CFT,

c = 1 + 6Q2, Q = b +
1
b
, hi = αi(Q − αi), h̄i = ᾱi(Q − ᾱi). (2.5)

For simplicity, we define the degeneracy of primary states ρ(α, ᾱ) as

ρ(α, ᾱ) =
∑

p

Dpδ(α − αp)δ(ᾱ − ᾱp), (2.6)

where the function Dp denotes the degeneracy of primary operators with weights (hp, h̄p) and
then define the averaged OPE coefficients as

ρ(αp, ᾱp)CABpCABp =
∑

q

CABqCABqδ
(
αp − αq

)
δ
(
ᾱp − ᾱq

)
, (2.7)

where the average is taken over the states with the Liouville momentum (αp, ᾱp).
With this notation, we obtain the following asymptotic bootstrap equation,∫

dαpdᾱp F0,αp

[
αA αA

αB αB

]
F0,ᾱp

[
ᾱA ᾱA

ᾱB ᾱB

]
F AB

AB (hp|1 − z)F AB
AB (h̄p|1 − z̄)

'

∫
dαpdᾱp ρ(αp, ᾱp)CABpCABpF

AB
AB (hp|1 − z)F AB

AB (h̄p|1 − z̄).
(2.8)

Thus, we can find the universal asymptotic formula for the OPE coefficients as

ρ(αp, ᾱp)CABpCABp ' F0,αp

[
αA αA

αB αB

]
F0,ᾱp

[
ᾱA ᾱA

ᾱB ᾱB

]
, hp, h̄p → ∞. (2.9)

4In fact, we do not need to take both z→ 0 and z̄→ 0 limit if we assume our CFT to have no extended current.
The limit z→ 0 with z̄ fixed leads to the same vacuum block approximation. This technique is called the light cone
bootstrap (see Section 5 in more details). Note that the same technique (including the fusion matrix approach as
we show in the following) can also be useful to investigate the Lorentzian dynamics (see for example, [60,61,74]).
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The explicit form of the fusion matrix is given in Appendix A. In particular, the asymptotic
behavior of the fusion matrix is given by

F0,αp

[
αA αA

αB αB

]
' 16−hpeπ

√
c
6 (hp−

c
24 ) hp → ∞. (2.10)

This asymptotic behavior is consistent with the results in [40–43], which derive the asymptotic
behavior of the OPE coefficients in a different way, using the inverse Laplace transformation.
Note that the above result (2.9) should be interpreted as the density of states averaged over
a small window. The dependence on the size of the window can be obtained by using the
Tauberian theorem [43,88], which show that a change of the size only gives O(1) corrections. In
this paper, we will not attempt here to care about the size of the window. It would be interesting
to applying the Tauberian theorem on our results in a similar way as [43, 88].

The same approach can also be applied to the modular bootstrap equation. The partition
function can be expressed by

Z(τ, τ̄) =

∫
dαpdᾱp ρ(αp, ᾱp)χhp(τ)χ̄h̄p(τ̄), (2.11)

where χhp(τ) is the Virasoro character. The character has an analog of the fusion transformation,
so-called the modular-S transformation,

χhp(τ) =

∫
dαq S pqχhq

(
−

1
τ

)
. (2.12)

Thus, in the same way as the conformal bootstrap, we obtain the universal asymptotic formula
for the density of states as

ρ(αp, ᾱp) ' S 0pS̄ 0p, hp, h̄p → ∞. (2.13)

Note that the explicit form of the modular-S matrix is given by

S 0p = −4
√

2 sin
(
2πb

(
α −

Q
2

))
sin

(
2π

1
b

(
α −

Q
2

))
. (2.14)

The asymptotic behavior of the modular-S matrix is

S 0p ' e2π
√

c
6 (hp−

c
24 ), hp → ∞. (2.15)

This completely matches the Cardy formula. In other words, the result (2.13) is just another
derivation of the Cardy formula.

3 Boundary Conformal Field Theory
Let us move on to conformal field theories with boundaries. As shown in [24], if we restrict
ourselves to boundary conditions satisfying

T (z) = T̄ (z̄)
∣∣∣
bdy
, (3.1)
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Figure 2: The definition of the boundary operator. The index I labels a primary field with the
conformal dimension hI and the indices a, b denote its boundary conditions, where the boundary
condition a is changed to b by the operator φab

I .

we can directly relate the analytic structure of correlators on the upper half plane to that on the
full plane. More precisely, we can reconstruct the Ward identity if we consider T̄ (z̄) to be the
analytic continuation of T (z) into the lower half plane. It means that the Virasoro algebra can
fix many ingredients in BCFTs, like in CFTs without boundaries as we have seen in Section 2.

Let us consider what the new ingredients are, other than the bulk ingredients, In addition to
bulk primary operators φi, BCFTs have boundary primary operators φab

I (x), which live only on
the boundary (see Figure 2). The index I labels a primary field with the conformal dimension hI

and the indices a, b denote its boundary conditions, where the boundary condition a is changed
to b by the operator φab

I (x). In the following, we denote the bulk primary operators by φ with
lowercase letters i and the boundary primary operators by φ with capital letter I.

The dynamics of a BCFT can be completely determined by the following information,

Disk partition function (i.e., boundary entropy)

〈I〉a = ga, (3.2)

Boundary-boundary-boundary OPE coefficients

φab
I (0)φbc

J (x) ∼
∑

K

Cabc
IJK xhK−hI−hJφac

K (x) + · · · , (3.3)

Bulk-boundary OPE coefficients

φi(z) ∼
∑

I

(2=z)hI−hi−h̄iCa
iIφ

aa
I (<z) + · · · , (3.4)

Bulk-bulk-bulk OPE coefficients

φi(0)φ j(z) ∼
∑

k

Ci jkzhk−hi−h j z̄h̄k−h̄i−h̄ jφk(z) + · · · . (3.5)

8



Note that the normalization ga in (3.2) cannot be freely chosen. Let us consider an RCFT to see
this explicitly. From eq.(3.1), one can show that possible boundary conditions can be expressed
in terms of the Ishibashi states,

| j〉〉 ≡
∑

N

| j; N〉 ⊗ U | j; N〉, (3.6)

where | j; N〉 is a state in the Verma module j labeled by N, and U is an anti-unitary operator.
Moreover, the open-closed duality constraints the possible linear combinations of the Ishibashi
states as

|ĩ〉 =
∑

j

S i j√
S 0 j
| j〉〉, (3.7)

known as the Cardy state. From this expression , we can immediately find that the disk partition
function is given by

〈I〉a = ga =
S a0
√

S 00
. (3.8)

In a similar way, we can also fix the bulk-boundary OPE coefficients with the vacuum boundary
operator as [75]

Ca
iI =

S ai
√

S 00

S a0
√

S 0i
(3.9)

Our interest is the asymptotic formula for the boundary ingredients where the boundary
condition does not matter since the universal feature is only fixed by the Virasoro symmetry (i.e.,
the properties of Virasoro blocks with no boundary). Therefore, we only focus on a special case
where all boundary conditions are the same (i.e., identical boundaries), for simplicity. In the
following, we also omit the index a that specifies the boundary condition to avoid cumbersome
expressions.

Let us consider a natural normalization for a two point function,

〈φI(0)φJ(x)〉 = δIJ x−2hIαI . (3.10)

Naively, we could set αI freely by suitable normalization of the boundary primary fields φI .
However, we have the non-trivial normalization for the vacuum amplitude, g, which leads to
a natural normalization αI = g. Note that, for example in [75], the normalization is set to be
αI = 1. In this case, one can find that CII , 1, which seems to be unnatural. For this reason, we
set αI = g in the following. With this normalization, we have

CII = 1, (3.11)

CIII = 1, (3.12)

Now we have four simplified components in a BCFT,

Disk partition function(i.e., boundary entropy)

≡ g. (3.13)

9



Boundary-boundary-boundary OPE coefficients

≡ CIJK . (3.14)

Bulk-boundary OPE coefficients

≡ CiI . (3.15)

Bulk-bulk-bulk OPE coefficients

≡ Ci jk. (3.16)

We sketch a sphere without boundaries by a gradient color disk (3.16).
With this information, we can completely evaluate any correlation function. For example,

let us consider a two point function on a disk.

This can be decomposed into two parts by inserting the bulk identity
∑

p |p〉 〈p| along the red
line in the following picture,

10



Thus, we obtain

= g
∑

p

CpICi jp , (3.17)

where the diagram is the same as the standard Virasoro conformal block. The prefactor g comes
from the bulk-boundary OPE,

〈φp〉disk =
∑

Q

CpQ 〈φQ〉 = g CpI. (3.18)

We can obtain another channel expansion by inserting the boundary identity 1
g

∑
P |P〉 〈P| along

the red line in the following picture, where the prefactor 1
g comes from the normalization of the

boundary two-point function 〈P|P〉 = g.

Thus, we obtain

= g
∑

P

CiPC jP . (3.19)

What we would like to emphasize here is that the sewing and cutting procedure in the full
plane [76–79] also work in the upper half-plane. More details can be found in the reference [68].
The point is that any correlation function in a BCFT can also be decomposed in terms of the
standard Virasoro block. Therefore, in a similar way as the procedure shown in Section 2, the
information about the boundary ingredients at asymptotically large dimensions can be fixed by
the fusion matrix. We will show them in the next section.
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4 Bootstrap in BCFT
In this section, we will solve various bootstrap equations in a BCFT. In the following, we assume
our CFT to be a unitary compact CFT with c > 1.

4.1 Zero-point on a cylinder: spectrum of boundary primaries
For a zero-point function on a cylinder, we have the following two choices of how to cut,

= . (4.1)

The corresponding bootstrap equation is given by

∫
dαP ρ(αP) = g2

∫
dαp ρ(αp)CpICpI , (4.2)

where the diagram represents the Virasoro character χp(τ) (which depends only on the confor-
mal dimension hp and independent of whether the field lives on the boundary or the bulk), and
ρ(αP) represents the density of the “boundary” primary states, which is different from the den-
sity of the “bulk” primary states ρ(αp) ≡ ρ(αp, αp) with lowercase letters. The right hand side
can be approximated by the vacuum block if we take the τ→ i0 limit. 5 As a result, we obtain

∫
dαP ρ(αP) ' g2

= g2
∫

dαP S 0P .

(4.3)

In the second equation, we use the modular-S transformation (2.12). Thus, the universal formula
for the density of the boundary primary states is given by

ρ(αP) ' g2S 0P, hP → ∞. (4.4)

This is similar to the Cardy formula for the spectrum of bulk primaries. Indeed, the same result
was derived in [46] by the traditional approach using the inversion Laplace transformation.

5Here we assume that the boundary satisfies the condition g , 0. In general, this condition would be satisfied
since D-branes usually have non-zero tension.

12



Note that although we retain the non-universal factor g, this factor is subleading in the large hp

asymptotics. This is just a constant in the conformal dimension hp.
One can take another limit τ → i∞, where the left hand side can be approximated by the

vacuum block. In a similar way as (4.3), we obtain

g2
∫

dαp ρ(αp)CpICpI '

∫
dαp S 0p . (4.5)

This equation implies
g2ρ(αp)CpICpI = S 0p, hp → ∞. (4.6)

As show in (2.13), the density of the bulk primary states is given by

ρ(αp) ' S 0pS 0p hp → ∞, (4.7)

therefore, we can simplify this result as

CpICpI ' g−2S −1
0p , hp → ∞. (4.8)

4.2 Bulk two-point on a disk: bulk-boundary OPE coefficients
For a bulk two-point function on a disk, we have the following two choices of how to cut,

= . (4.9)

In the following, we assume hi = h̄i and h j = h̄ j, which can simplify some phase factors to be
one. The corresponding bootstrap equation is given by 6

∫
dαp ρ(αp)Ci jpCpI =

∫
dαP ρ(αP)CiPC jP . (4.10)

Let us take the limit z → 0, where the left-hand side can be approximated by a single block
with the conformal dimension hpmin , which is the lowest dimension in the OPE between φi and

6We have a mathematical subtlety involving positivity. On the left-hand side of the bootstrap equation, the
coefficients can be negative. It implies that the asymptotic formula is more sensitive to the size of the averaging
window than other cases with positive coefficients. Nevertheless, it would be expected that the result is true for a
suitable size of the averaging window.
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φ j. By making use of the fusion transformation , we obtain the following equation,

∫
dαP ρ(αP)CiPC jP ' ρ(αpmin)Ci jpminCpminI

= ρ(αpmin)Ci jpminCpminI

∫
dαP Fαpmin ,αP

[
α j αi

α j αi

]
.

(4.11)

From this equation, we obtain the universal formula for the bulk-boundary OPE coefficients as

ρ(αP)CiPC jP ' ρ(αpmin)Ci jpminCpminIFαpmin ,αP

[
α j αi

α j αi

]
, hP → ∞. (4.12)

In particular, in the case i = j, we have a simple formula,

ρ(αP)CiPCiP ' F0,αP

[
αi αi

αi αi

]
, hP → ∞. (4.13)

By using (4.4), we have

CiPCiP ' g−2S −1
0PF0,αP

[
αi αi

αi αi

]
, hP → ∞. (4.14)

Note that the Virasoro block expansion of the bulk two-point function on a disk often ap-
pears in the evaluation of the entanglement entropy in BCFTs. For example, one can provide
constraints on the bulk-boundary OPE coefficients by considering the holographic entanglement
entropy in BCFTs [80]. It would be interesting to consider a combination of the constraints from
the bootstrap equation and the holographic entanglement entropy.

4.3 Boundary four-point on a disk: boundary-boundary-boundary OPE
coefficients

For a boundary four-point function on a disk, we have the following two choices of how to cut,

= . (4.15)
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The corresponding bootstrap equation is given by

∫
dαP ρ(αP)CIIPCJJP =

∫
dαP ρ(αP)CIJPCIJP .

(4.16)
In the z→ 0 limit, the left hand side can be approximated by the vacuum block, which leads to
the following approximated bootstrap equation,

∫
dαP ρ(αP)CIJPCIJP '

=

∫
dαP F0,αP

[
αI αI

αJ αJ

]
.

(4.17)
Therefore, the boundary-boundary-boundary OPE coefficients follow the universal asymptotic
formula,

ρ(αP)CIJPCIJP ' F0,αP

[
αI αI

αJ αJ

]
, hP → ∞. (4.18)

By using (4.4), we have

CIJPCIJP ' g−2S −1
0PF0,αP

[
αI αI

αJ αJ

]
, hP → ∞. (4.19)

This asymptotic formula is similar to that of the bulk-bulk-bulk OPE coefficients (2.9),

ρ(αp, ᾱp)Ci jpCi jp ' F0,αp

[
αi αi

α j α j

]
F0,ᾱp

[
ᾱi ᾱi

ᾱ j ᾱ j

]
, hp, h̄p → ∞. (4.20)

4.4 Boundary one-point on a cylinder: boundary-boundary-boundary OPE
coefficients

For a boundary one-point function on a cylinder, we have the following two choices of how to
cut,

= . (4.21)
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The corresponding bootstrap equation is given by 7

∫
dαP ρ(αP)CIPP = g2

∫
dαp ρ(αp)CpICpI . (4.22)

In the τ→ i0 limit, the right hand side can be approximated by a single block with the conformal
dimension hpmin , which is the lowest dimension that satisfies CpminI , 0. Thus, the approximated
bootstrap equation is given by

∫
dαP ρ(αP)CIPP ' g2

∫
dαp ρ(αpmin)CpminICpminI

= g2 ρ(αpmin)CpminICpminI

∫
dαP S pminP[I] ,

(4.23)

where the matrix S pq[I] represents the kernel of the modular-S transformation for the torus one-
point block [81] (see also [66]). As a result, we obtain the universal formula for the boundary-
boundary-boundary OPE coefficients as

ρ(αP)CIPP ' g2 ρ(αpmin)CpminICpminIS pminP[I], hP → ∞, (4.24)

or equivalently, by using (4.4), we have

CIPP ' S −1
0P ρ(αpmin)CpminICpminIS pminP[I], hP → ∞. (4.25)

4.5 Boundary two-point on a cylinder: boundary-boundary-boundary
OPE coefficients

For a boundary two-point function on a cylinder, we can consider the following two choices of
how to cut,

= . (4.26)

7In the standard convention of the conformal block, we have conformal factors under this modular transforma-
tion. For simplicity, we absorb these factors into the block. In fact, this simplification does not change our results
because we come back to the same channel by using the fusion transformation, which cancels the factors. This
simplification can also be found in [66].
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The corresponding bootstrap equation is given by

∫
dαP

∫
dαQ ρ(αP)ρ(αQ)CIPQCIPQ

= g2
∫

dαP

∫
dαq ρ(αP)ρ(αq)CIIPCqPCqI .

(4.27)

Let us consider the limit τ → i0 and the short distance limit between two boundary operators.
In this limit, the right-hand side can be approximated by the vacuum block and then we obtain
the following equation,

∫
dαP

∫
dαQ ρ(αP)ρ(αQ)CIPQCIPQ

' g2

= g2
∫

dαP S 0P

= g2
∫

dαP

∫
dαQ S 0PF0,αQ

[
αI αI

αP αP

]
.

(4.28)

Thus, the universal formula for the boundary-boundary-boundary OPE coefficients is given by

ρ(αP)ρ(αQ)CIPQCIPQ ' g2S 0PF0,αQ

[
αI αI

αP αP

]
, hP, hQ → ∞. (4.29)

We can re-express it by (4.4) as

CIPQCIPQ ' g−2S −1
0QF0,αQ

[
αI αI

αP αP

]
, hP, hQ → ∞. (4.30)
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4.6 Sphere with three holes: boundary-boundary-boundary OPE coeffi-
cients

For a sphere partition function with three holes, we can consider the following two choices of
how to cut,

= . (4.31)

In general, partition functions on manifolds with genus g ≥ 2 have complicated moduli spaces.
To avoid cumbersome expressions, we represent the conformal block with simple sketches in-
stead of explicit forms. This makes sense because we do not need the exact values of the mod-
ulus to show the universal formula, unlike the traditional approach making use of the inverse
Laplace transformation (as shown in [49]). We only use the fusion transformation.

With this notational simplification, the corresponding bootstrap equation can be expressed
by

∫
dαP

∫
dαQ

∫
dαR ρ(αP)ρ(αQ)ρ(αR)CPQRCPQR

= g4
∫

dαp

∫
dαq

∫
dαr ρ(αp)ρ(αq)ρ(αr)CpqrCpICqICrI .

(4.32)

In an appropriate limit of the moduli parameters, the right-hand side can be approximated by
the vacuum block. By using the fusion transformation, we obtain

∫
dαP

∫
dαQ

∫
dαR ρ(αP)ρ(αQ)ρ(αR)CPQRCPQR

' g4

= g4
∫

dαP

∫
dαR S 0PS 0R

= g4
∫

dαP

∫
dαQ

∫
dαR S 0PS 0RF0,αQ

[
αP αP

αR αR

]
.

(4.33)
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Thus, the universal formula for the boundary-boundary-boundary OPE coefficients is given by

ρ(αP)ρ(αQ)ρ(αR)CPQRCPQR ' g4S 0PS 0RF0,αQ

[
αP αP

αR αR

]
, hP, hQ, hR → ∞, (4.34)

or equivalently, we have

CPQRCPQR ' g−2S −1
0QF0,αQ

[
αP αP

αR αR

]
, hP, hQ, hR → ∞. (4.35)

5 Light-Cone Bootstrap in BCFT
Besides the high-low temperature limit, we can analytically solve the bootstrap equation in the
light-cone limit. As shown in [31,60,61], we can derive the universal feature for large-spin states
in this limit. Here we have a natural question: how we can derive the large-spin universality in a
BCFT? In this section, we will provide simple examples of the light-cone bootstrap in BCFTs.

5.1 Torus partition function with a hole: bulk-boundary OPE coefficients
For a torus partition function with a hole, we can consider the following two choices of how to
cut,

= . (5.1)

The corresponding bootstrap equation can be expressed by∫
dαp

∫
dᾱp

∫
dαQ ρ(αp, ᾱp)ρ(αQ)CpQCpQ

=

∫
dαp

∫
dαq

∫
dᾱq ρ(αp)ρ(αq, ᾱq)CpqqCpI .

(5.2)

Here, the OPE coefficients CpQCpQ are functions of three parameters (αp, ᾱp, αQ), unlike the
examples in Section 4. For example, in the zero-point cylinder partition function (4.2), the OPE
coefficients CpICpI have only only one parameter because of αp = āp. The OPE coefficients
Cpqq can also have more parameters because the bulk primaries q with the Liouville momentum
αq , āq can exist in this case. Let us consider the limit where the hole of the right torus shrinks
whereas the left torus remains. If we assume our theory to be a c > 1 compact CFT with no
extended current, the density of the bulk-primaries satisfies

ρ(0, ᾱp) =

{
1, if ᾱp = 0,
0, otherwise . (5.3)
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Therefore, if the right torus is dominated by the vacuum primary, then the left torus is also
dominated by the vacuum. This is completely the same strategy as the light-cone bootstrap. Let
us take the limit where the hole of the right torus shrinks and the bridge between the two tori
has a large distance. By using the fusion transformation, we obtain∫

dαp

∫
dᾱp

∫
dαQ ρ(αp, ᾱp)ρ(αQ)CpQCpQ

'

=

∫
dαp

∫
dᾱp S 0pS 0 p̄

=

∫
dαp

∫
dᾱp

∫
dαQ S 0pS 0 p̄F0,αQ

[
αp αp

ᾱp ᾱp

]
.

(5.4)

Thus, the universal formula for the bulk-boundary OPE coefficients is given by

ρ(αp, ᾱp)ρ(αQ)CpQCpQ ' S 0pS 0 p̄F0,αQ

[
αp αp

ᾱp ᾱp

]
, hp, hQ → ∞. (5.5)

Here the anti-chiral conformal dimension h̄p can be free chosen, therefore, this formula tells us
the bulk-boundary OPE in the large-spin limit. By using the Cardy formula for the bulk primary
operators and boundary primary operators, we obtain

CpQCpQ ' g−2S −1
0QF0,αQ

[
αp αp

ᾱp ᾱp

]
, hp, hQ → ∞. (5.6)

5.2 Boundary two-point function on a cylinder: bulk-boundary OPE co-
efficients

For a boundary two-point function on a cylinder, we can consider the following two choices of
how to cut,

= . (5.7)
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The corresponding bootstrap equation can be expressed by

g2
∫

dαp

∫
dᾱp ρ(αp, ᾱp)CpICpI

=

∫
dαP

∫
dαQ ρ(αP)ρ(αQ)CPQICPQI .

(5.8)

In the τ→ i0 limit, the right-hand side can be approximated by the vacuum block. By using the
fusion transformation, we obtain

g2
∫

dαp

∫
dᾱp ρ(αp, ᾱp)CpICpI

'

=

∫
dαp S 0p

=

∫
dαp

∫
dᾱp S 0pF0,ᾱp

[
αI αI

αp αp

]
.

(5.9)

Thus, the universal formula for the bulk-boundary OPE coefficients is given by

ρ(αp, ᾱp)CpICpI ' g−2S 0pF0,ᾱp

[
αI αI

αp αp

]
, hp → ∞, (5.10)

or equivalently,

CpICpI ' g−2
(
S 0p

)−1
F0,ᾱp

[
αI αI

αp αp

]
, hp → ∞. (5.11)

Note that if we take the τ → i∞ limit, the first line of (5.9) is dominated by the vacuum
block with hp = h̄p = 0. At first glance, this seems strange because the vacuum torus block with
two external operators should vanish unless the external operators are the vacuum. Indeed, this
is consistent with CII = 0 if I , I.
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5.3 Re-derivation of CFT universality from BCFT
In the last of this section, we will comment on the relation between the light-cone bootstrap
in CFTs and BCFTs. In fact, we can always obtain a bootstrap equation in CFTs as a special
case of a bootstrap equation in BCFTs. Let us show the simplest case by using a torus partition
function with a hole. For this partition function, we can consider the following two choices of
how to cut,

= . (5.12)

The corresponding bootstrap equation can be expressed as∫
dαp

∫
dᾱp

∫
dαq ρ(αp, ᾱp)ρ(αq)CqICqI

=

∫
dαp

∫
dᾱp

∫
dαq ρ(αp, ᾱp)ρ(αq)CqICqI .

(5.13)

In the large distance limit between two tori, this bootstrap equation reduces to∫
dαp

∫
dᾱp ρ(αp, ᾱp)χhp(τ)χh̄p(τ̄)

=

∫
dαp

∫
dᾱp ρ(αp, ᾱp)χhp

(
−

1
τ

)
χh̄p

(
−

1
τ̄

)
.

(5.14)

This is just the modular bootstrap equation without boundary. In this sense, the limit considered
in Section 5.1 is definitely the light-cone limit, and the result is a slight generalization of the
light-cone modular bootstrap.

6 Implication for Braneworld Holography
The CFT2 with boundaries has new ingredients, the boundary primary operators, which live
only on the boundary. We may think of the boundary primaries as primaries in a CFT1. If the
duality between the boundary and the braneworld is true, the boundary primaries should satisfy
some properties expected from the gravity side as explained in the introduction. In this section,
we will present some thoughts on them.

6.1 Cardy formula
We have shown that the density of the boundary primary states at high energy is given by

ρ(hP) ' e2π
√

c
6 (hP−

c
24 ), hP → ∞. (6.1)

22



In other words, the entropy is given by

S (E) ' 2π
√

c
6

E, (6.2)

where the energy for the boundary primaries is defined as E = h − c
24 . This is just a chiral part

of the Cardy formula in 2D CFTs. We should mention that this is not the spectrum of the CFT1

(i.e, the braneworld) itself but the CFT1 coupled to the heat bath CFT2, like the island model.
Note that this result matches with the entropy of a 2D gravity [82].

So far, the Cardy formula for the open strings is universal in any CFT. Let us consider a
particular class of CFTs, which have sparse spectrum and large central charge. These properties
are expected if a given CFT is dual to classical gravity. If we restrict ourselves to such a CFT,
we may extend the validity regime of our universal formula to E = O(c). The reason is because
the vacuum dominance is crucial in our derivation and naively the sparseness and the large c
may support this vacuum dominance beyond the limit E → ∞. In fact, this extension of the
validity regime has been shown for the Cardy formula in CFTs without boundaries in [83],

S (E) ' 2π
√

c
3

E, if E >
c

12
, (6.3)

where the energy E is defined as E = h + h̄− c
12 . One can expect that something similar happens

in BCFTs. In that, if we assume that the boundary primary spectrum satisfies an analog of the
sparseness condition (see (2.14) in [83]), then the Cardy formula for the boundary primaries
can hold in the regime hP = O(c). In fact, this is true in some sense. The main difference
between the modular bootstrap equations for CFTs with no boundaries and BCFTs is that the
former is self-dual under the modular-S transformation but the latter is not. Nevertheless, one
can consider a symmetrized version of the cylinder partition function, 8

Z(τ) ≡
∫

dαP

(
ρbdy(αP) + g2ρbulk(αP)CPICPI

)
, (6.4)

where we abuse the capital letters, which describe the boundary primaries, to label the bulk
primaries in the second term. That is, ρbulk(αP)(≡ ρbulk(αP, αP)) is the spectrum for the “bulk”
primary operators and CPICPI are the “bulk”-boundary OPE coefficients. This partition function
is self-dual under the modular-S transformation, therefore, we can show the validity regime
extension for the holographic BCFT in the same way as [83]. We have to mention that ρbulk(αP)
is the spectrum for the scalar bulk primaries, which is different from the spectrum as found in the
original paper, ρbulk(∆P) with ∆P = hP + h̄P. Consequently, we obtain the following statement,

If we assume our theory to have large central charge and satisfy the following
sparseness condition,

ρbdy(E), ρbulk(E) ≤ e2π(E+ c
24 ), if E ≤ 0, (6.5)

8We would like to thank Dalimil Mazac for pointing this out.
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then the spectrum satisfies the Cardy formula in the extended regime,

S (E) ' 2π
√

c
6

E, if E ≥
c

24
. (6.6)

Here we define E = h − c
24 , following the notation in [83].

Note that the sparseness condition (the large gap condition) on the boundary primary spectrum
is conjectured in [84] from a different viewpoint.

6.2 Eigenstate Thermalization Hypothesis
The eigenstate thermalization hypothesis (ETH) is one criterion of quantum chaos [85–87]. The
statement is as follows:

If a given system exhibits thermalization, the matrix elements of (few-body) ob-
servables O in the energy eigenstate basis should follow the equation,

〈n|O|m〉 = fO(E)δnm + e−
S (R)

2 gO(En, Em)Rnm, (6.7)

where S(E) is the entropy at the every E = En+Em
2 and the functions fO(E) and

gO(En, Em) are smooth and O(1) functions. The matrix Rnm is a random matrix
variable following a Gaussian distribution with zero mean and unit variance.

One can easily check a system satisfying the ETH thermalizes

〈φ(t)|O|φ(t)〉 = 〈O〉micro (6.8)

and (
〈φ(t)|O|φ(t)〉 − 〈φ(t)|O|φ(t)〉

)2
' e−S (E), (6.9)

where the overline denotes time averaging.
In fact, our results are consistent with this ETH in the following way. We regard low-body

operators as light operators and take the states |n〉 to be at high energy, which are responsible
for thermalization. 9 Then, what we are interested in are the heavy-heavy-light OPE coef-
ficients. For convenience, we again exhibit our results for the boundary-boundary-boundary
OPE coefficients in terms of the boundary primary entropy:

• boundary-boundary-boundary OPE coefficients for heavy-heavy-heavy weights,√
C2

PQR '

(
27
16

) 3
2 hP

e−
3
4 S (hP), hP, hQ, hR � c,

∣∣∣hP − hQ

∣∣∣ , ∣∣∣hQ − hR

∣∣∣ , (6.10)

9The ETH in 2D CFTs without boundaries was investigated by the bootstrap in [46–48, 66].
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• boundary-boundary-boundary OPE coefficients for heavy-heavy-light weights,√
C2

IPQ ' e−
1
2 S (hP), hP, hQ � c,

∣∣∣hP − hQ

∣∣∣ , (6.11)

CIPP ' e−
(
1− 12

c

√
c
6 ( c

24−hpmin)
)
S (hP)

, hP � c, (6.12)

• boundary-boundary-boundary OPE coefficients for heavy-light-light weights,√
C2

IJP '

(
1

16

) 1
2 hP

e−
1
4 S (hP), hP � c. (6.13)

One can find that the result (6.11) is consistent with the off-diagonal part of the ETH (6.7). 10

In general, the dimension hpmin is of order O(1), therefore, in the large c limit, we have

CIPP ' O(1). (6.14)

That is, although the ETH is not satisfied in general CFTs, it is satisfied in holographic CFTs.
The point is that even though the off-diagonal part (6.11) is universal, the diagonal part (6.12)
is theory-dependent.

It is hard to directly check the randomness in the off-diagonal part. Nevertheless, one can
indirectly check it by considering a n-point function on a cylinder.

If the OPE coefficients reflect the randomness in the ETH, the following property should be
satisfied

CIP1P2CIP2P3CIP3P4 · · ·CIPn−1Pn ' e(n−1)S (hP), (6.15)

where we just substitute the ETH and use the Wick theorem for the random matrices. Indeed,
the conformal bootstrap for the n-point function on a cylinder gives the same result. This is one
consistency check for the randomness.

10Note that this is not a proof of the ETH. If our theory is really chaotic, the exponential suppression of the OPE
coefficients should be found in the average over an exponentially small window, not over an order one window.
The dependence on the size of the window can be investigated by using the Tauberian theorem as in [43, 88]. It
would be interesting to consider an analog of this issue in BCFTs.
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Let us move on to the holographic CFT case. Like the Cardy formula, the key point in
the derivation of the OPE asymptotics is the vacuum block approximation. Therefore, one can
naturally expect that sparseness and large central charge support the extension of the vacuum
block dominance , and then the OPE asymptotics can hold beyond the regime hP, hQ, hR � c.
We do not prove it here in an explicit way, but it would be interesting to give a rigorous proof
of this statement.

7 Discussion
We propose some remaining questions and interesting future works at the end of this paper:

• Hellerman bound

One interesting topic is to investigate the largest gap between the vacuum and the first
primary state. The value of the largest gap is important because if there exists a CFT dual
to pure gravity on AdS3, it should have the gap ∆gap = c

12 + O(1), which corresponds to
the BTZ threshold. This problem was investigated in [32], which showed that the largest
gap obeys ∆gap ≤

c
6 + O(1) by utilizing an approximated modular bootstrap equation

(improved versions can be found in [31, 33–35]). It would be interesting to consider an
analog of this result in BCFTs. We would like to mention that the weakest version of
the gap can be straightforwardly obtained by applying the tricks in [31, 32, 34, 35] to the
symmetrized partition function (6.4),

min
(
hbdy

gap, h
bulk
gap

)
≤

c
12
, (7.1)

where hgap is the chiral spectral gap between the vacuum and the first primary state, and
c

12 comes from the Hellerman bound (we can take c
18.2 instead, following [35]). It would

also be interesting to consider the gap in the OPE [36], which is the generalization of the
Hellerman bound into four-point functions.

Another progress in this direction can be found in [63], which shows that we need primary
fields with twist less than c

12 to be consistent with positivity of the density of states. The
key tool to show it is the fusion matrix bootstrap in the light-cone limit. As shown in
Section 5, we can take a generalization of the light-cone limit in BCFTs. Therefore, it
may be possible to show a similar no-go theorem from the partition function on a manifold
with boundaries.

We may be able to consider an analog of the Maloney-Witten partition function [90]
in BCFTs (see [91]), in which one can find a negative density of states. In a similar way
as [63], we may find a resolution of this problem by looking at the fusion matrix approach
as shown in this paper.

• Boundary condition

An important remaining task is to fix the boundary entropy in some way. In this paper, we
do not focus on the details of the boundary condition. However, it is worth investigating
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BCFT BCFT

AdS

Figure 3: BCFT with two boundaries. In the ε → 0 limit, the left setup leads to the duality
between AdSd+1 gravity and CFTd−1, so-called the wedge holography. On the other hand, the
right setup vanishes in this limit.

the boundary condition for reproducing the braneworld. We can find some progress in
this direction in [92]

In particular, one can find interesting results in [23], one of which provides the upper and
lower bound on the boundary entropy by making use of semindefinite programming using
the program SDPB [30]. This is complementary to our results. 11 It would be interesting
to consider an analytic (Virasoro) bootstrap for the boundary entropy as a next step and
for this purpose, the fusion matrix could be useful. 12

• Wedge Holography

Recently, a new holographic duality has been proposed in [13], called wedge holography
or codimension-two holography (see also [14, 93]). This is a duality between AdSd+1

gravity and CFTd−1. The basic idea comes from the AdS/BCFT correspondence. Let us
consider a BCFTd with two boundaries whose charges are different from each other (see
the left of Figure 3). If we take the limit as the distance between two boundaries (i.e.,
the parameter ε in Figure 3) approaches zero, we can obtain a CFTd−1, which is dual to
the AdSd+1 gravity. Since this new holography is in an early phase of investigation, many
parts remain unexplained yet. For example, it is very interesting but still unclear what
difference can be found in the Virasoro spectrum for the AdS2/CFT1 and AdS3/CFT1 cor-
respondences. Our fusion matrix bootstrap in BCFTs could be useful in such a situation
where we have little knowledge about the spectrum. We might be able to obtain charac-

11The information at low energy (including the boundary entropy) can be studied by the bootstrap equation at the
fixed point as in [23]. On the other hand, the information at high energy can be studied by the bootstrap equation
in the high-low temperature limit as in our results.

12As shown in [34], one can show that the analytic bootstrap in the sl(2,R) block basis can be utilized for
giving the maximal gap for the “Virasoro” primary spectrum. The reason is because the Virasoro block can be
expanded in terms of the sl(2,R) blocks with positive coefficients. However, there is a possibility that while the
sl(2,R) block expansion has negative coefficients, the Virasoro block expansion has no negative coefficients. It
implies that the analytic Virasoro bootstrap has the capacity to give more strict constraints. Indeed, the numerical
Virasoro bootstrap provides more strict constraints on the maximal gap [31, 35]. We would like to thank David
Simmons-Duffin for explaining this to us.
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teristic properties of the CFT dual to the wedge, which can be compared to the AdS3 side
calculations. This type of challenge would provide new support on the wedge holography.

• Impossible brane configuration

A brane configuration where a brane overlaps itself should be prohibited. We can translate
this constraint into the CFT language by the AdS/BCFT correspondence. With this idea,
some constraints have been given (for example, [94, 95], which investigate properties of
the braneworld by the AdS/BCFT). It would be interesting to reproduce these types of
constrains from the conformal bootstrap, because the conformal bootstrap is particularly
useful to exclude impossible spectra. We would like to comment that the value c

32 dis-
covered in [95] sometimes appear in the light-cone conformal bootstrap [41, 42, 60, 96]
and the light-cone modular bootstrap [63]. Now that we have formulated the light-cone
bootstrap in BCFTs, it would be interesting to investigate the relation between them.

• Some assumptions from braneworld

In order for gravity to be localized on the brane, we need a large brane tension. Moreover,
the more we decrease the brane tension, the larger the mass the graviton gets. Therefore,
we have to consider the brane with the large tension if we would like to use the braneworld
holography [17]. We also have some constraints from the existence of the bulk causality
[84, 97]. This type of assumption appears as some constraints on the BCFT data on the
BCFT side (for example, see [84, 98]). It would be interesting to make use of these
assumptions to solve the bootstrap equation. In particular, it would be interesting to study
whether such a theory can exist in a consistent way with the bootstrap equation.

We can also consider a similar approach in the AdS/BCFT setup. 13 It is naturally ex-
pected that not all boundary states can be dual to classical gravity with an EOW, only
some do. Thus, we have a question, which boundary condition can have a good classical
gravity description. To answer this question, it is natural to use the bootstrap equation
with few known constraints from the consistency between BCFT calculations and gravity
calculations (e.g., [99]). It would be interesting to further explore this direction.

• Generalization to BCFTs with other symmetries

It would be interesting to consider a generalization of our results into a BCFT with a rich
structure. For example, recently, the asymptotic behavior of the density of states trans-
forming under a given irreducible representation of a global symmetry has been studied
in [100–103]. From its generalization into BCFTs, we may be able to give statements
about black holes with finite group hair in the doubly holographic scenario.

13Note that although the AdS/BCFT is similar to the braneworld holography, they are different from each other
in a precise sense. For example, while in the braneworld holography, all degrees of freedom of the conformal
boundary on the BCFT side are localized on the brane on the bulk side, this is not true in the AdS/BCFT.
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A Explicit Form of Fusion Matrix
In the following, we introduce the notation usually found in Liouville CFTs.

c = 1 + 6Q2, Q = b +
1
b
, hi = αi(Q − αi). (A.1)

Note that we can relate the parameter ηi appearing in [60] to αi as αi = Qηi.
The fusion matrix is defined by the invertible fusion transformations between s and t- chan-

nel conformal blocks [104] as follows:

F 21
34 (hαs |z) =

∫
S

dαtFαs,αt

[
α2 α1

α3 α4

]
F 23

14 (hαt |1 − z), (A.2)

where the contour S runs from Q
2 to Q

2 + i∞, and also runs anti-clockwise around αt = α1 +α4 +

mb + nb−1 < Q
2 and αt = α2 + α3 + mb + nb−1 < Q

2 for m, n ∈ Z≥0. The kernel Fαs,αt is called the
crossing matrix or fusion matrix. The explicit form of the fusion matrix is given in [104,105]as
follows:

Fαs,αt

[
α2 α1

α3 α4

]
=

N(α4, α3, αs)N(αs, α2, α1)
N(α4, αt, α1)N(αt, α3, α2)

{
α1 α2 αs

α3 α4 αt

}
b
, (A.3)

where the function N(α3, α2, α1) is

N(α3, α2, α1) =
Γb(2α1)Γb(2α2)Γb(2Q − 2α3)

Γb(2Q − α1 − α2 − α3)Γb(Q − α1 − α2 + α3)Γb(α1 + α3 − α2)Γb(α2 + α3 − α1)
,

(A.4)

and
{
α1 α2 αs

α3 α4 αt

}
b

is the Racah–Wigner coefficient for the quantum group Uq(sl(2,R)),

which is given by 14{
α1 α2 αs

α3 ᾱ4 αt

}
b

=
S b(α1 + α4 + αt − Q)S b(α2 + α3 + αt − Q)S b(α3 − α2 − αt + Q)S b(α2 − α3 − αt + Q)

S b(α1 + α2 − αs)S b(α3 + αs − α4)S b(α3 + α4 − αs)

× |S b(2αt)|2
∫ 2Q+i∞

2Q−i∞
du

S b(u − α12s)S b(u − αs34)S b(u − α23t)S b(u − α1t4)
S b(u − α1234 + Q)S b(u − αst13 + Q)S b(u − αst24 + Q)S b(u + Q)

,

(A.5)
where we have used the notations ᾱ = Q − α, αi jk = αi + α j + αk and αi jkl = αi + α j + αk + αl.
The functions Γb(x) and S b(x) are defined as

Γb(x) =
Γ2(x|b, b−1)

Γ2

(
Q
2 |b, b

−1
) , S b(x) =

Γb(x)
Γb(Q − x)

, (A.6)

14Ponsot–Teschner have derived a more symmetric form of the Racah–Wigner coefficient [106] than the tradi-
tional expression found in [104, 105]. In this study, we used the new expression derived in [106].
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Γ2(x|ω1, ω2) is the double gamma function,

log Γ2(x|ω1, ω2) =

 ∂∂t

∞∑
n1,n2=0

(x + n1ω1 + n2ω2)−t


t=0

. (A.7)

Note that the function Γb(x) is introduced such that Γb(x) = Γb−1(x) and satisfies the following
relationship:

Γb(x + b) =

√
2πbbx− 1

2

Γ(bx)
Γb(x). (A.8)

By substituting the explicit form of the Racah–Wigner coefficients (A.5) into (A.3), we can
simplify the expression for the fusion matrix into

Fαs,αt

[
α2 α1

α3 α4

]
=

Γb(Q + α2 − α3 − αt)Γb(Q − α2 + α3 − αt)Γb(2Q − α1 − α4 − αt)Γb(α1 + α4 − αt)
Γb(2Q − α1 − α2 − αs)Γb(α1 + α2 − αs)Γb(Q + α3 − α4 − αs)Γb(Q − α3 + α4 − αs)

×
Γb(Q − α2 − α3 + αt)Γ(−Q + α2 + α3 + αt)Γb(α1 − α4 + αt)Γb(−α1 + α4 + αt)

Γb(α1 − α2 + αs)Γb(−α1 + α2 + αs)Γb(Q − α3 − α4 + αs)Γb(−Q + α3 + α4 + αs)

× |S b(2αt)|2
Γb(2Q − 2αs)Γb(2αs)
Γb(2Q − 2αt)Γb(2αt)

×

∫ 2Q+i∞

2Q−i∞
du

S b(u − α12s)S b(u − αs34)S b(u − α23t)S b(u − α1t4)
S b(u − α1234 + Q)S b(u − αst13 + Q)S b(u − αst24 + Q)S b(u + Q)

.

(A.9)
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