
How to See Hidden Patterns in Metamaterials with Interpretable
Machine Learning

Zhi Chen∗1, Alexander Ogren2, Chiara Daraio2, L. Catherine Brinson1, and Cynthia Rudin1

1Duke University
2California Institute of Technology

Abstract

Metamaterials are composite materials with engi-
neered geometrical micro- and meso-structures that
can lead to uncommon physical properties, like neg-
ative Poisson’s ratio or ultra-low shear resistance.
Periodic metamaterials are composed of repeating
unit-cells, and geometrical patterns within these unit-
cells influence the propagation of elastic or acoustic
waves and control dispersion. In this work, we de-
velop a new interpretable, multi-resolution machine
learning framework for finding patterns in the unit-
cells of materials that reveal their dynamic properties.
Specifically, we propose two new interpretable repre-
sentations of metamaterials, called shape-frequency
features and unit-cell templates. Machine learning
models built using these feature classes can accurately
predict dynamic material properties. These feature
representations (particularly the unit-cell templates)
have a useful property: they can operate on designs
of higher resolutions. By learning key coarse scale
patterns that can be reliably transferred to finer reso-
lution design space via the shape-frequency features
or unit-cell templates, we can almost freely design
the fine resolution features of the unit-cell without
changing coarse scale physics. Through this multi-
resolution approach, we are able to design materials
that possess target frequency ranges in which waves
are allowed or disallowed to propagate (frequency
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bandgaps). Our approach yields major benefits: (1)
unlike typical machine learning approaches to mate-
rials science, our models are interpretable, (2) our
approaches leverage multi-resolution properties, and
(3) our approach provides design flexibility.

1 Introduction
Metamaterials are structured, composite materials
with physical properties that are derived from the
properties of their constituent materials, and the ge-
ometry in which the constituent materials are ar-
ranged. One class of metamaterials, periodic meta-
materials, are created as periodic repetitions of fun-
damental geometries, referred to as "unit-cells". By
carefully arranging the constituent materials within
the unit cells, periodic metamaterials can be engi-
neered to have desirable properties for a variety of
engineering applications. For example, compared to
conventional composite materials, mechanical meta-
materials can be surprisingly lightweight and strong
[53, 65], can have controllable fracture toughness [22],
and can be highly energy- and vibration-absorptive
[3, 17, 35, 42, 43]. Metamaterials can also exhibit
highly non-standard elastic behavior such as auxeticity
(negative Poisson’s ratio) [29], cloaking [8], significant
anisotropy [5], and shear-normal coupling [20]. Similar
unconventional properties have also been reported in
optical and electro-magnetic metamaterials, like nega-
tive refractive index materials and optical cloaking [9].
The existence of uncommon mechanical properties of
some metamaterials (such as negative effective mass

1

ar
X

iv
:2

11
1.

05
94

9v
1 

 [
cs

.L
G

] 
 1

0 
N

ov
 2

02
1



stiff soft or stiff

Shape frequency Unit-cell template

sliding window

softoccurs at 15% locations

a b Example unit-cells 
match with the template

Figure 1: Examples of interpretable key patterns discovered by the proposed method. a A shape frequency
feature (this one is shaped like a “+”. How frequently this shape appears in the unit-cell is a useful predictor of
a band gap. b A unit-cell template, which considers specific global patterns in the unit-cell. Here, regardless
of whether we place stiff or soft materials at each green pixel in the unit-cell, as long as the stiff and soft
materials are in the positions defined by the template in yellow and purple, there will be a band gap.

or stiffness [13, 15]) has been experimentally observed
at different scales, which has prompted engineers to
explore their use in different applications, ranging
from materials for advanced batteries [62], to energy
harvesting [12], seismic protection [7, 26, 46, 47], vi-
bration or sound insulation [34, 41, 64], frequency
filtering [48, 51], wave guiding [52, 57], heat man-
agement [40], RF telecommunication [10, 11], and
ultrasonic imaging [28]. A fundamental aspect in the
design of metamaterials is the ability to design the
materials’ basic building blocks (i.e., the unit-cells)
to present specific properties.

The ability to control dynamic properties in meta-
materials, such as propagation of sound signals and
vibrations, is essential for many applications such
as sound insulation (e.g., in buildings and concert
halls), vibration insulation (e.g., airplanes and car
components), and seismic wave redirection away from
sensitive infrastructure. To control the propagation
of elastic or acoustic waves, metamaterials rely on
engineering the dispersion characteristics of the prop-
agating waves. In specific examples, this can be done
designing unit cells that forbid specific frequency bands
of propagation (referred to as band gaps) in their dis-
persion relations, in which waves cannot propagate.

Designing metamaterials with such properties, espe-
cially at higher physical and spacial dimensions can
be challenging and computationally expensive.

Most metamaterials designed to date have been se-
lected through a limited set of geometrical structures,
often based on empirical trial-and-error or intuition
[1]. Topology optimization has been used to design
metamaterials [56, 55, 4, 1, 54], however the process
is extraordinarily computationally expensive and is
often limited to a single functionality. More recently,
machine learning (ML) has been used for material
design (and we will discuss this in depth later). A typi-
cal machine learning (ML) approach predicts material
properties from unit cells defined by a finite set of pix-
els/voxels, and is used as a faster surrogate model for
computationally expensive simulation. Such a black
box approach does not provide insight into which ge-
ometric properties of materials are important. The
lack of interpretability prevents scientists from gaining
knowledge from the model or checking if the model is
aligned with the specific materials’ domain knowledge.
In addition, typical machine learning would require a
large simulation dataset, to predict target properties
or perform inverse design accurately, which is com-
putationally expensive. The simulation bottleneck
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becomes even narrower as the design space becomes
larger: the design space grows exponentially with the
number of dimensions in the unit-cell, and thus the
training data would also need to grow exponentially
to avoid the curse of dimensionality in model fitting.
We hypothesize this problem could be alleviated if
the model can be trained on a small carefully-chosen
subset of the design space, i.e., a coarser resolution
design space, but generalize to the whole space, i.e.,
the finer resolution design space.
In this paper, we propose a novel interpretable

multi-resolution ML approach for metamaterial design
that has several advantages over the state-of-the-art
black box ML approaches. In particular:

• Interpretability: The approach allows us to
discover interpretable key patterns within unit-
cells that are related to a physical property of
interest (see Figure 1). We consider two types
of patterns: (i) local patterns called shape fre-
quency features, which calculate the occurrence
frequency of certain shapes in the unit-cell; (ii)
global patterns, called unit-cell templates, which
look for arrangements of constituent materials in
specific regions of the materials’ unit-cells.

• Leverages Multi-resolution Properties: An
important observation underpinning our method-
ology is that a pattern in the coarser resolution
design space also exists in finer resolution design
space, with one coarse pixel replaced by many
finer pixels. As a result, if a pattern can robustly
characterize the target property at the coarse res-
olution design space, it will also be predictive at
the finer resolution design space. This leads to
computationally-efficient discovery of many valu-
able metamaterial designs possessing the desired
properties. In particular, our method allows us
to construct a scaffold of patterns that allows in-
terpretable coarse scale information discovered at
low resolutions to be reliably transferred to make
accurate predictions for high resolution designs.

• Flexible Metamaterial Designs: Our unit-
cell templates (e.g., the one in Figure 1b) enables
flexibility in unit-cell designs at any resolution.
Simply, unit-cell templates specify regions where

one can almost freely design unit-cell features
without changing the target band gap property
(in other words, by arranging constituent ma-
terials in the region of the template that our
algorithm has marked in green). Such flexibility
in design might be useful to satisfy practicality
constraints such as connectivity.

Our multi-resolution approach is able to generate fine
resolution metamaterials with target band gap prop-
erties without collecting massive amounts of new data
at the finer resolution. Fine resolution simulations
are computationally expensive, and typical ML ap-
proaches would simply start at the fine resolution and
try to explore its (massive) space. However, by char-
acterizing patterns at the coarse scale, our method
suggests where we have freedom to design fine resolu-
tion features to achieve target wave behaviors.

Section 2 discusses the key problems of metamate-
rial design, and the limitations of current black box
ML approaches in terms of solving these key problems.
In Section 3, we introduce the four basic problem set-
tings. In Section 4, we provide our two novel methods
and explain how they deal with the four objectives.
We then evaluate the proposed methods in Section 5,
based on their performance with respect to the key
problems mentioned in Section 2 and through tests
on practical applications. We discuss and conclude in
Section 6.

2 Key problems of metamate-
rial design

Unlike traditional ML settings, the goals of metama-
terial design are not restricted to building an accurate
prediction model. Here, we present four core objec-
tives of data-driven approaches that are important
to materials scientists: (a) design-to-structure predic-
tion; (b) property-to-structure sampling; (c) identify
key patterns; (d) transfer to finer resolution. More
details about these four goals with visual illustration
are shown in Figure 2.

Much past work on ML-based metamaterial design
focuses on design-to-structure prediction (Objective
(a)). Because of the expensive computational cost
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Figure 2: Core objectives of data-driven metamaterial designs.
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of numerical simulations, these works train machine
learning models (mostly neural networks) to approxi-
mate the simulation results, using these ML models
as faster surrogates of the simulator [45, 6, 49, 18, 61].
Deep learning models require large labeled training
data, but labels (i.e., material properties) are calcu-
lated by simulation, which is computationally expen-
sive. Unlike our method, which alleviates this sim-
ulation bottleneck with a multi-resolution approach,
[38] propose a self-supervised learning approach that
can utilize randomly generated unlabeled data dur-
ing training to use simulation results more efficiently.
This method aims only at Objective (a), which is
just the first step in the process of engineering a new
metamaterial (and the approach is not interpretable).

The property-to-structure objective (Objective (b))
is an inverse problem with important practical out-
comes: when materials with certain properties are
needed, an algorithm ideally provides valid designs
having these target properties. Such algorithms
should leverage the results from Objective (a) to esti-
mate the properties of each design, while the search
is also constrained to consider valid designs.

Given the immense size of the design space, search-
ing through the whole space is difficult or almost
impossible. Advancements in deep generative models
and neural network inverse modeling have allowed
some recent works [33, 36, 16, 37, 58, 50, 32] to di-
rectly solve the inverse design problem for metama-
terials, i.e., the property-to-structure objective. See
[23, 39, 63] for reviews on deep learning methods
addressing Objective (a) and (b) for metamaterial
designs. There are two possible problems with these
approaches. First, typical machine learning meth-
ods might suffer from curse of dimensionality, as we
discussed. Second, from a scientific discovery perspec-
tive, solving the inverse design-to-structure problem
using a black box is unsatisfying. Such approaches are
unable to answer the key question, “What patterns in
a material’s design would lead to a specific desirable
property?” A link between the specific design and the
target property could be useful for further research;
i.e., to determine whether there is an agreement with
domain knowledge, and if not, to potentially discover
new knowledge. The discovery of these interpretable
patterns is Objective (c).

If we can transfer the knowledge gained from in-
terpretable patterns discovered in Objective (c) from
coarse to fine resolutions, it would give us a way to
efficiently search the full space at the coarse resolution
to determine what freedom we have in designing the
fine resolution; this is Objective (d). In such a multi-
resolution design process, a coarse resolution macro-
structure can first be built for one property and then
the finer resolution micro-structure can be fine-tuned
to achieve another property simultaneously. The suc-
cess of this multi-resolution approach depends only
on robustly transferring of coarse scale information
to finer resolution. As we will show the interpretable
patterns, discovered by our method can be robustly
transfered across resolutions. (Note that classically,
deep learning methods require data to have a fixed
input size, and we will show later, the traditional
methods of resizing the finer resolution inputs work
poorly in this case.)
The method proposed in this work simultaneously

addresses all four objectives discussed above: By find-
ing interpretable patterns (Objective (c)) that predict
coarse scale physics well (Objective (a)) at fine resolu-
tions (Objective (d)), we can engineer new materials
with exotic properties (Objective (b)).

3 Problem Settings

Let us introduce the settings of the metamaterial
design problem we are trying to solve, including the
inputs and target of the dataset and their physical
meanings.
We aim to design and characterize 2-D pixelated

metamaterials made by tiling a 10×10 unit-cell. Such
materials can be stacked to form 3D structures, and
can direct, reflect or scatter waves, depending on the
choice of unit-cell’s material selection and geometry.
In our framework, the unit-cell is a square with side
length a = 0.1 m. However, transferring to a different
length scale for a different application is easily doable
by a simple scaling transformation on the dispersion
relations. For a 10× 10 unit-cell, the pixel side length
is 1 cm; for 20 × 20 unit-cell, the pixel side length
is 0.5 cm. Each unit-cell is made of two constituent
materials: one is soft and lightweight, with elastic
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modulus E = 2 GPa∗ and density ρ = 1,000 kg/m3,
and the other is stiff and heavy with E = 200 GPa,
and ρ = 8,000 kg/m3. These two sets of material
properties are representative of a polymer and steel
respectively. Our unit-cells are symmetric, with four
axes of symmetry (x,y and ±45◦). Under the sym-
metry constraints, the coarsest resolution (10 × 10)
unit-cell has only 15 irreducible pixels. As a result,
the raw input features of a sample in our dataset
is a 15-dimensional binary vector: 0 means the soft
constituent material in that location, and 1 means
stiff constituent material. Thus, the full coarse space
can be characterized, having 215 total states. Fig-
ure 3 shows how to construct a material from the
representation involving the 15 raw input features.

The material property we desire in our engineered
materials is a band gap within a specific frequency
range, given by the user. A band gap is a range of
frequencies within which waves cannot propagate and
are instead reflected.
To identify the existence of a band gap, one can

examine the effect of dispersion in metamaterials by
calculating dispersion relations. Wave dispersion oc-
curs when waves of different wavelengths have different
propagation velocities and dispersion arises in discrete
systems, such as in metamaterials consisting of a pe-
riodic repetition of unit cells. Dispersion relations are
functions that relate the wavenumber of a wave to
its frequency, and they contain information regarding
the frequency dependent propagation and attenuation
of waves. Dispersion relations are found by comput-
ing elastic wave propagation solutions over a dense
mesh of wavevectors. A band gap exists when there
is a range of frequencies in the dispersion relation for
which no wave propagation solutions exist (see Figure
2a,b).

Dispersion relation computations use Bloch-Floquet
periodic boundary conditions, i.e., they assume that a
given unit-cell is tiled infinitely in space. The physics
revealed in dispersion analysis (infinite-tiling) can
be leveraged in more realistic finite-tiling scenarios,
as we will demonstrate later, which makes disper-
sion relation computations very useful for exploration
and design of real materials. Our dispersion relation

∗GPa is gigapascals, a unit used to quantify elastic modulus.

simulations are implemented using the finite element
method.

More details about the simulation can be found in
the Supplementary Information A.
We are looking for materials with band gaps in

a certain frequency range. To define this task as a
supervised classification problem, we create a binary
label based on existence of a band gap in a given
frequency range (e.g. [10, 20] kHz): 1 means one or
more band gaps exist, 0 means no band gap exists. In
other words, if a band gap range intersects with the
target frequency range, the label is 1, otherwise the
label is 0. One can also flexibly adjust the band gap
label for different practical uses. For example, we can
set the label to 1 only when the intersection of the
band gap and the target frequency range is above a
minimum threshold. We can also set the label to 1
when the band gap covers the entire target range, or
even create a label for band gap properties in multiple
frequency ranges.

4 Method

This section introduces methods proposed to realize
the four objectives. Section 4.1 explains the shape-
frequency features and how they can be used to op-
timize different objectives. Inspired by the efficiency
of shape-frequency features, we propose unit-cell tem-
plate sets, which make coarse-to-fine transitions easier,
and thus is relevant for the fourth objective in Section
4.2.

4.1 Shape-Frequency Features

Denote the unit-cell as a n × n binary matrix U ∈
{0, 1}n×n, where Ui,j = 0 means pixel i, j is assigned
to the soft material and Ui,j = 1 when the pixel is
assigned to the stiff material. We propose an inter-
pretable representation of unit-cells relying on the
fraction of the unit-cell in which specific small shapes
are present. These fractions are called shape-frequency
features.
A specific shape s can be represented as a set

of location offsets Os whose elements are coordi-
nates of pixels with respect to a reference pixel.
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Figure 3: Constructing tiled 2-D material with the raw features. Upper Left: raw 15 dimensional feature
vector. Lower left: the feature vector defines the triangle in the lower right of the unit-cell. The triangle
is copied using lines of symmetry to define the full unit-cell. Right: the unit-cell is tiled to obtain the full
material.For the Bloch-Floquet boundary conditions, the tiling is infinite in all dimensions.

For example, a 2 × 2 square window can be rep-
resented as {(0, 0), (1, 0), (0, 1), (1, 1)}. A 3 × 3
plus symbol as in Figure 1 can be represented as
{(0, 1), (1, 0), (1, 1), (1, 2), (2, 1)}. For a specific unit-
cell, the feature value corresponding to that shape
is computed by sliding the shape over the unit-cell
and calculating the fraction of times that it is entirely
contained within the soft material,

fs =
1

n2

n∑
i=1

n∑
j=1

1

 ∑
(or,oc)∈Os

Ui+or,j+oc

 = 0

 ,
(1)

where 1[·] is the indicator function. It equals 1 if and
only if all the pixels in the shape are soft material
(i.e.,

∑
or,oc

Ui+or,j+oc = 0).
We would typically consider a collection of shapes,

and have one element in a unit-cell’s feature vector
per shape. Thus, for unit-cell i, the jth component
of its feature vector corresponds to how often the full
shape j appears in its soft material.
In more detail, consider the collection of shapes,

shown within Figure 4a (left). Note that this collec-
tion of shapes is the full set used in experiments, not
just examples of them. Again, pixels of the stiff ma-
terial are in yellow, and the soft material is shown in
purple. We slide each of the shapes (sliding windows)
over the unit-cell (Figure 4a (middle)) and count the
fraction of positions over which the shape is fully
contained within pixels of the soft (purple) material.
These fractions together form the new representation
for the unit-cell (Figure 4a (right)). Note that, to
calculate the fraction, we should also consider the situ-
ation where the sliding window is across the boundary
of two unit-cells, since the entire material is made by
tiling the unit-cell. Because the unit-cells are symmet-
ric, the occurrence of the patterns within the unit-cell
are also symmetric: if we rotated the patterns by 90◦,
180◦ or 270◦, the number of detection of the pattern
within the unit-cell would be identical. Note that the
shape-frequency features are different from standard
convolution filters used in computer vision; details
are discussed in the Supplementary Information B.
Theoretically, our method can be generalized to non-

7



frequency: [0, 6] kHz
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≥ 0.1

a

b

a

Figure 4: a. The process of calculating shape-frequency features. Left : Collection of shapes (sliding windows)
used to create the shape-frequency features. Middle: An example 10× 10 unit-cell design (tiled 4 times for
better visualization). Right: Shape-frequency features of the unit-cell, which count the fraction of locations
in the unit-cell where the shape is present in the soft material; b. Optimal sparse decision trees built on
shape-frequency features for predicting band gaps in different frequency ranges.
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square pixels and unit-cells as well, see Supplementary
Information E.

We will show later that the shape-frequency features
have a powerful ability to predict the existence of band
gaps. With shape-frequency features, one can easily
build an interpretable model (e.g., a sparse decision
tree) that clearly shows how a pattern is related to the
target property. Figure 4b shows examples of sparse
decision trees built from shape frequency features.

4.1.1 Optimizing Precision and Support

For the property-to-structure task (the discovery of
new designs with the target property), our objective
for supervised learning will be a balance of preci-
sion (percentage of discovered designs with the target
property) and support (total number of discovered
designs), as opposed to standard metrics like accu-
racy or balanced accuracy. This is because we aim
to find rules that capture a large number of unit-cell
designs, and the unit-cells captured by those rules
should each have a high chance of having the desired
band gap. (We are not aiming for high recall, i.e.,
percentage of discovered designs among all designs
with the target property, and we are not aiming to
classify the full space, just to identify a promising part
of it that we could explore.) Most machine learning
methods cannot directly optimize custom objectives
with constraints, such as precision, constrained by
support. However, there are new approaches that per-
mit direct optimization of custom discrete objectives.
We use GOSDT (Generalized and Scalable Optimal
Sparse Decision Trees, [31]) for this task, because it
directly optimizes decision trees for customized objec-
tives. We programmed it to maximize the following
custom objective to optimality:

max
tree

[
TPtree

TPtree + FPtree + ε
− K

TPtree + ε

]
(2)

= maxtree

[
P−FNtree

P−FNtree+FPtree+ε
− K

P−FNtree+ε

]
. (3)

Here, K is a parameter that balances the precision and
the support; ε is a small constant for numerical con-
venience; TP, FP, TN, FN means true positives, false
postives, true negatives and false negatives. Equation
(2) shows precision (first term) and inverse support

(second term); we use inverse support so that if sup-
port is large, the term diminishes in importance. The
simplification in Equation (3) shows that the objective
is monotonically decreasing with respect to FNtree
and FPtree. Theorem B.1 of [31] shows that as long
as the objective is decreasing with respect to FNtree
and FPtree, we can find an optimal sparse decision
tree using GOSDT’s branch and bound algorithm.

4.1.2 Property-to-structure Sampling

Because we optimize the precision using GOSDT, the
false positive rate of our model will be low enough
to work with. At this point, we can directly do rejec-
tion sampling for the property-to-structure problem
without invoking the physics-based models: randomly
sample a design and only accept the sample when
the GOSDT model predicts the existence of a band
gap. After sampling, each accepted sample is evalu-
ated with the physics-based finite-element model to
determine whether a band gap is present.

4.1.3 Transfer to Finer Resolution

The raw feature space of finer resolution samples is
different from that of coarse resolution samples. There-
fore, for the finer resolution data, we need to slightly
modify the approach to obtain shape-frequency fea-
tures that are compatible with the coarse resolution
shape-frequency features. Suppose we want to transfer
the model from 10× 10 to 20× 20 space. Then, there
are three changes in calculating the shape-frequency
features:

• The window size should be doubled when moving
from coarse resolution to fine resolution;

• The stride of the sliding window should be 2
instead of 1;

• In counting the shape-frequency values, exact
agreement between the window and soft mate-
rial (purple) should be replaced with near exact
agreement. In particular, when less than 2 yellow
pixels (stiff material) are found in the window,
we can consider this to be an agreement.
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Algorithm 4.1 Sampling Fine resolution Unit-cell Designs via Shape-frequency Features

Input: simulated coarse resolution (10× 10) dataset D := {xi, yi}2
15

i=1,xi ∈ {0, 1}15: raw features;
yi: band gap label

Parameters: set of shapes S; tree sparsity regularization λ (see [31]); K, ε (see Section 4.1.1)
Output: raw features of a fine resolution unit-cell x̃
1: calculate shape-frequency features xSFF

i = SFF(xi,S) (coarse resolution), see Section 4.1
2: train an optimal sparse decision tree τ = GOSDT({xSFF

i , yi}2
15

i=1, λ, K, ε), see Section 4.1.2
3: while(True):
4: randomly sample a binary vector x̃ as raw features in the fine resolution space
5: calculate shape-frequency features x̃SFF = SFF(x̃,S) (fine resolution), see Section 4.1.3
6: if τ(x̃SFF) = 1:
7: return x̃

When using the shape-frequency features with these
modifications, the decision tree model learned on the
coarse resolution data can be directly applied to the
fine resolution. Thus, we can also do rejection sam-
pling on the fine resolution with the model.

Algorithm 4.1 shows the entire pipeline of using an
optimal sparse decision tree built on shape-frequency
features to sample fine resolution designs with the
target band gap property. Visual illustration of the
sampling process can be found in Supplementary In-
formation C.

4.2 Unit-cell Template Sets
Here, we introduce another interpretable machine
learning model, called unit-cell template sets. Dif-
ferent from sparse trees on shape-frequency features,
which focus on local patterns, a unit-cell template
captures a global pattern for the unit-cell that is re-
lated to the target properties. The unit-cell template
is a n × n matrix T ∈ {0, 1, ∗}n×n, where Ti,j = 0
means the pixel is soft material, Ti,j = 1 means the
pixel is stiff material, and Ti,j = ∗ means the pixel
could be either soft or stiff.
Definition (match). We say a unit-cell design U
matches with the unit-cell template if and only if all
pixels with value 0 on the template are also 0 on the
design, and all pixels with value 1 on the unit-cell
template are also 1 on the design. That is, ∀(i, j) such
that Ti,j 6= ∗, we have Ui,j = Ti,j .

A unit-cell template set contains a set of unit-cell
templates, and the sample design is predicted as pos-
itive iff it matches at least one unit-cell template in
the set. Figure 5a shows an example of a unit-cell
template set that consists of five different templates.
The relationship between the unit-cell template set
and other machine learning methods are discussed in
the Supplementary Information B. Theoretically, our
method can be generalized to nonsquare pixels and
unit-cells as well, see Supplementary Information E.

The training objective of the model is to find a small
number of unit-cell templates, such that the training
precision of the entire model is high enough, and the
model covers as many valid designs as possible, i.e.,
maximizing the support under a minimum precision
constraint. The training process contains two steps,
a pre-selection of candidate unit-cell templates (Sec-
tion 4.2.1), and a integer linear programming (ILP)
formulation to optimally select from the candidates
(Section 4.2.2). Figure 5b shows the unit-cell template
sets learned by the proposed algorithm for band gap
prediction. More analysis of these discovered patterns
can be found in Section 5.3.

4.2.1 Pre-selection of Templates

Here we consider symmetric unit-cell templates, be-
cause designs in our dataset are all symmetric. By
removing all symmetry redundancy, the unit-cell tem-
plate can be represented by its irreducible pixels, i.e.
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frequency: [0, 6] kHz
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support = 424
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Figure 5: a. An Example of a unit-cell template set. A unit-cell is predicted as positive as long as it matches
with at least one unit-cell template in the set; b. unit-cell template sets learned for predicting band gaps in
different frequency ranges. Note that because unit-cells are tiled, a large cross through the center is identical
to a square on the border. (E.g., consider the two upper right unit-cells.)
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a 15 dimensional vector t ∈ {0, 1, ∗}15. The total
number of possible templates is 315 which is approxi-
mately 14.3 million. This is too large for the ILP in
the next step. However, among the 315 possible tem-
plates, most of them would never be selected because
either their precision or support is not high enough.
For example, a unit-cell template with precision 80%
is not likely to be used if we want the entire model
to have precision above 99%. Also, if the support
of a unit-cell template, i.e., the total number of de-
signs that match with it, is very small (e.g., < 10),
the model may not generalize well. Therefore, we
pre-select the unit-cell templates by setting minimum
thresholds of precision and support, which reduces
the search space only to promising unit-cell templates.
We select the unit-cell template as a candidate only
when it meets the minimum thresholds.

Observing that the entries are all binary in the unit-
cell designs, we implement the precision calculation
via bit operations, which significantly improves the
speed of the pre-selection step. With the bit-operation
implementation, the pre-selection steps of all 315 pos-
sible templates can be finished in 50 seconds. The
number of unit-cell templates that remains is typically
in the range of 6000 to 12000, which is now suitable
for ILP.

4.2.2 ILP for Template Selection

After the pre-selection step, we have a set of candidate
unit-cell templates. Here, we formulate a ILP to
optimally select from the candidates. Suppose we
have n designs and m candidate templates. The goal
of the ILP is to choose at most s unit-cell templates
(s � m) whose union forms a model, such that the
support is maximized and the precision of the model
is at least p. Denote the true labels of all designs by
a binary vector y ∈ {0, 1}n, and the predicted labels
by ŷ ∈ {0, 1}n. M ∈ {0, 1}n×m denotes a matching
matrix, whereMi,j indicates whether design imatches
with template j (1 for match, and 0 for no match).
Binary vector c ∈ {0, 1}m denotes the chosen unit-cell
templates, where cj indicates whether template j is
chosen (1 for choose, and 0 for not choose). We solve

the following ILP for template selection:

max

n∑
i=1

ŷi (optimizing support) (4)

s.t.
m∑
j=1

cj ≤ s (sparsity constraint) (5)

n∑
i=1

yi · ŷi ≥

(
n∑
i=1

ŷi

)
· p (minimum precision)

(6)
m∑
j=1

Mi,j · cj ≥ ŷi, i = 1, . . . , n (define ŷi)

(7)
m∑
j=1

Mi,j · cj ≤ m · ŷi, i = 1, . . . , n (define ŷi)

(8)

cj ∈ {0, 1}, j = 1, . . . ,m (9)
ŷi ∈ {0, 1}, i = 1, . . . , n. (10)

In this ILP, the objective (4) means maximizing the
total number of designs predicted as positive, which
is the same as support. Constraint (5) controls the
sparsity, i.e., choose at most s unit-cell templates.
Constraint (6) guarantees training precision of the
model is at least p. (7) and (8) constraints together
define ŷi, where ŷi = 1 iff design i matches with at
least one of the chosen unit-cell templates. In particu-
lar, (7) says that if design i does not match any chosen
template j (i.e., whenever cj is 1, Mi,j happens to be
0), then ŷi will be set to 0. (8) will ensure that if there
is a match for design i to any of the chosen templates
(which all have cj = 1), then this design is assigned
ŷi=1. Using a commercial MIP solver, a problem with
around 10000 candidate templates can be solved to
optimality (when the current best solution meets the
upper bound of the best possible solution) or near-
optimality in about 10 minutes. If s = 5, it can be
solved to optimality all the time, and when s = 10,
the optimality gap (difference between current best
solution and an upper bound of the best possible solu-
tion as the percentage of the upper bound) is always
<20% for a run time of 30 minutes; it is worthwhile to
note that optimal solutions are often attained quickly,

12



Algorithm 4.2 Sampling Fine Resolution Unit-cell Designs via Unit-cell Template Set

Input: simulated coarse resolution (10× 10) dataset D := {xi, yi}2
15

i=1, xi ∈ {0, 1}15: raw features;
yi: band gap label

Parameters: pre-selection support ψpre, pre-selection precision ppre, sparsity constraint s,
minimum precision p

Output: raw features of a fine resolution unit-cell x̃
1: pre-select candidate template set Spre

T = pre-selecting(D, {0, 1, ∗}15, ψpre, ppre), see Section 4.2.1
2: run ILP to find optimal template set S∗T = ILP(D, Spre

T , s, p), see Section 4.2.2
3: randomly pick a template t ∈ S∗T
4: expand t to fine resolution space, get t̃
5: randomly set to 0 or 1 for all * elements in t̃, get x̃
6: return x̃

but the solvers can take a while to prove that the
solution is optimal. Note that, if desired, one can
set higher minimum precision and support thresholds
for the pre-selection step to make the problem even
smaller, so that the ILP can be solved even faster.
We choose s = 5 for all the experiments in the main
paper.

The result of the ILP is our unit-cell template set.

4.2.3 Property-to-structure Sampling

After training the design-to-structure model, the re-
sulting unit-cell template set can be directly used to
solve the inverse property-to-structure problem. An
easy sampling procedure to do this is as follows: first,
randomly choose a unit-cell template t from the unit-
cell template set, where the probability to choose each
template is proportional to its support; second, for all
entries in t that equal *, randomly assign value 0 or 1
to them. These sampled unit-cells are likely to have
the desired band gap.

4.2.4 Transfer to Finer Resolution

The unit-cell template set naturally transfers coarse
scale information to finer resolutions. In particular, by
subdividing each pixel in the unit-cell template into
four sub-pixels, we directly obtain a unit-cell template
defined on a finer-resolution space.
Algorithm 4.2 shows the entire pipeline of using

unit-cell template set to sample fine resolution designs
with the target band gap property. Visual illustration
of the sampling process can be found in Supplementary
Information C.

5 Experiments

The experiment section is organized according to the
four objectives of data-driven metamaterial design dis-
cussed in the introduction. We evaluate how well the
proposed methods can achieve these objectives, fol-
lowed by several tests involving practical applications
in materials discovery.

5.1 Objective 1: Design-to-structure
Prediction

Let us test how well the proposed methods can per-
form design-to-structure prediction. We chose five
frequency ranges ([0, 10], [10, 20], [20, 30], [30, 40]
and [40, 50] kHz) to predict the existence of band
gaps; these frequency ranges correspond to five dif-
ferent binary classification problems. Using balanced
accuracy (bacc) as the evaluation metric, we com-
pare the predictive performance of a diverse set of
ML models with and without the shape-frequency
features. We specifically consider linear models like
support vector machines with linear kernels (SVMs)
and logistic regression (LR); tree-based models like
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Model Frequency range
[0, 10]kHz [10, 20]kHz [20, 30]kHz [30, 40]kHz [40, 50]kHz

SVM
raw 71.77% 73.88% 50.85% 54.93% 49.84%
SFF 75.62% 77.35% 67.96% 59.89% 49.93%

improvement +3.85% +3.47% +17.11% +4.96% 0.09%

LR
raw 78.03% 75.44% 56.31% 76.59% 90.96%
SFF 80.53% 79.55% 69.04% 76.9% 91.32%

improvement +2.50% +4.11% +12.73% +0.31% +0.36%

RF
raw 85.81% 80.04% 73.00% 77.66% 87.54%
SFF 85.52% 81.98% 74.53% 81.26% 95.35%

improvement -0.29% +1.94% +1.53% +3.60% +7.81%

CART
raw 84.74% 75.68% 63.40% 73.95% 86.82%
SFF 83.63% 80.13% 70.72% 79.73% 94.47%

improvement -1.11% +4.45% +7.32% +5.78% +7.65%

MLP
raw 90.72% 86.39% 78.15% 77.47% 65.90%
SFF 85.90% 82.55% 76.01% 77.69% 66.4%

improvement -4.82% -3.84% -2.14% +0.22% +0.50%

LightGBM
raw 91.32% 88.27% 81.11% 82.62% 77.76%
SFF 96.10% 90.97% 85.57% 90.01% 94.76%

improvement +4.78% +2.70% +4.46% +7.39% +17.00%
CNN raw 93.24% 89.76% 81.65% 79.56% 84.83%

(a) Design-to-structure prediction: testing balanced accuracies (baccs) of different methods. We mark the models with
the best bacc in each frequency range in bold.

Frequency range SFF+GOSDT Unit-Cell Template Sets SFF+LightGBM Raw+LightGBM
[0, 10]kHz 95.77%, 89 98.53%, 339 88.93%, 2169 80.77%, 2310
[10, 20]kHz 98.11%, 423 98.68%, 758 95.62%, 4063 93.52%, 4013
[20, 30]kHz 94.15%, 205 94.08%, 203 89.56%, 3811 86.94%, 3654

(b) Property-to-structure sampling: testing precision and support of different methods. Numbers in the table cells are
formatted as “precision, support.” The testing support here is calculated among 6554 testing samples (20% of the
entire dataset).

Frequency range CNN+resizing LightGBM+resizing SFF+GOSDT Unit-Cell Template Sets
20× 20 20× 20 20× 20 20× 20 40× 40 80× 80

[0, 10]kHz 18.0% 25.0% 72.5% 100.0% 100.0% 100.0%
[10, 20]kHz 58.0% 68.5% 73.5% 98.5% 99.0% 100.0%
[20, 30]kHz 39.5% 52.5% 25.0% 91.0% 96.0% 98.0%

(c) Transfer to finer resolution: transfer precision of different methods.

Table 1: Summary of key quantitative results. The results are organized with respect to different objectives
of data-driven metamaterials design. (a) Design-to-structure prediction; (b) Property-to-structure sampling;
(c) Transfer to finer resolution.
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CART, random forest (RF), and boosted trees (Light-
GBM [24]), as well as neural networks including the
multi-layer perceptron (MLP). We also compare the
proposed method with convolutional neural networks
(CNNs), since they have been widely used in previous
works of ML-based metamaterial design. The baccs
of each model trained on raw feature, SFF, and im-
provements of SFF over raw features, are shown in
Table 1 (a). We train each model 5 times and average
the accuracy.
Our results show that using the shape-

frequency features, rather than the original
raw features, improves the accuracy of clas-
sifiers for most machine learning methods, es-
pecially tree-based methods such as boosted trees, but
with the exception of MLP (SFF decreases its in [0,
10] kHz, [10, 20] kHz, and [20, 30] kHz).

One might expect CNNs to achieve great success
in classifying band gaps for 2-D metamaterials since
the unit-cells share many similarities with images.
However, LightGBM [24] built on shape-frequency
features outperforms ResNet18 [21] in all ranges. In
some cases, e.g., within frequency range [40, 50] kHz,
simple models like CART outperform CNNs.
More details of the experiment (e.g., hyper-

parameter settings) can be found in Supplementary
Information D.1.

5.2 Objective 2: Property-to-
structure Sampling

Using the methods discussed in Section 4.1.2 and
Section 4.2.3, we are able to solve the inverse property-
to-structure problem.
In practice, materials scientists need valid designs

with the target property, but they do not require the
set of all designs with the property. As such, our per-
formance metric is precision, rather than recall. We
also calculate the support, which is the total number
of testing samples predicted as positive, to ensure the
models can generate enough potentially-valid designs.
Table 1 (b) lists the precision and support values from
different methods. The methods we compared include
GOSDT trained on shape-frequency features (denoted
SFF) with the objective in Section 4.1.1, the unit-cell

template set, and LightGBMs trained on SFF and
raw features.
In terms of precision, SFF+GOSDT and unit-

cell template sets significantly outperformed
LightGBMs. This is probably owing to the fact
that the proposed methods directly optimize preci-
sion. LightGBMs maintain larger support, while the
support of SFF+GOSDT and unit-cell template sets
is much lower. But for practical use, it is sufficient
that the model finds dozens of valid designs. The av-
erage sampling time of these methods and the results
of unit-cell template sets with different sparsity con-
straints can be found in Supplementary Information
D.2.

5.3 Objective 3: Show Key Patterns

One advantage of the proposed methods is model
interpretability; we aim to explicitly identify the key
patterns learned from data that are related to the
target property. In this way, domain experts can
verify whether the learned rules are aligned with the
domain knowledge, or even discover new knowledge.
In Figure 4b and Figure 5b, we visualize the

GOSDT+SFF and unit-cell template set learned for
band gaps in several frequency ranges ([0, 6], [6, 12],
[12, 18], [18, 24], [24, 30] kHz).

In Figure 4b, the top splits of each tree trained on
shape-frequency features seem to be looking for bars in
the soft material. Conversely, the deepest nodes in the
trees seem to identify the unit-cells that do not have
as many soft material patterns. In the field of elastic
wave propagation, it is known that the presence of
stiff inclusions in a matrix of a softer material causes
a Bragg-scattering effect, which may open a band gap.
The trees we found seem to be looking for patterns
that fit this description: the deepest node encourages
the existence of stiff inclusion while the first node
encourages more soft material.
The unit-cell templates (Figure 5b) contrast with

the shape frequency features in that they explicitly
identify global (rather than local) patterns. In the
unit-cell template sets for different frequency ranges,
we can observe the existence of soft circles (closed
curves) and stiff inclusions inside the circles, which
are responsible for the Bragg-scattering effect. As the
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frequency range moves higher, the size of the circle
decreases. This agrees with physical intuition that the
smaller the stiff inclusions, the higher the frequency
of the band gap.

5.4 Objective 4: Transfer to Finer
Resolution

In Sections 4.1.3 and 4.2.4, we discussed how the pro-
posed methods can transfer coarse scale information
to finer resolution design space. To evaluate how well
the model can transfer information, we trained the
models on coarse resolution (10× 10) unit-cells and
tested them on finer resolution (20× 20, 40× 40 and
80× 80) unit-cells. Table 1(c) shows the transfer pre-
cision of GOSDT+SFF and unit-cell template sets
for band gaps in different frequency ranges. We also
compared the proposed methods with two baselines:
we resized the fine resolution (20×20) unit-cell to
the original size (10×10) and applied two algorithms
(CNN or LightGBM) for rejection sampling. As be-
fore, if the CNN or LightGBM model predicts that the
resized design has a band gap, we accept that sample,
otherwise we reject it. The resizing was done via bicu-
bic interpolation. For each frequency range, we asked
the trained models to sample 200 unit-cell designs in
finer resolution space, and ran the FEA simulation
to obtain the true band gap property for evaluating
the transfer precision. For the baseline models and
GOSDT+SFF, we show the results for 20× 20 design
space. As unit-cell template sets performs extremely
well on this task, and generates new designs efficiently,
we also show its results in 40× 40 and 80× 80 design
space. Please see Supplementary Information C for
visual illustrations of how to sample fine resolution
designs using each model.
The results in Table 1(c) indicate that the unit-

cell templates, when transferred to all finer
resolutions (20×20, 40×40 or 80×80), have very
high precision, with almost no precision drop
compared to 10×10. GOSDT+SFF and other base-
lines do not generalize as well as unit-cell templates to
the finer resolution design space. GOSDT+SFF per-
forms better than the resizing baselines in [0, 10] kHz
and [10, 20] kHz, but performs worse than baselines
in [20, 30] kHz. Interestingly, the transfer precisions,

of both GOSDT+SFF and unit-cell template sets,
decrease as frequency ranges moves higher, although
unit-cell template sets have a much slower precision de-
crease than GOSDT+SFF. A possible explanation for
the decrease of precision is that, in higher frequency
ranges, the band gaps are physically more related to
finer scale features that are not included in the coarse
resolution dataset. Since the models are trained on
coarse resolution data, they can only transfer physics
that occurs in coarse patterns to finer resolution design
space, but cannot discover finer scale physics without
supervision. But as shown by the transfer precision
results, we should emphasize that our unit-cell tem-
plate sets method was capable of extracting critical
coarse resolution features such that this decrease of
precision at finer resolution due to wave physics is
minimized (the worst transfer precision is still above
90%). One further potential improvement to this is
to add new samples at each finer resolution design
space when transferring between extreme scales.
In Supplementary Information D.3, we show addi-

tional results on sampling with correlation between
green pixels for unit-cell template sets, which demon-
strates the surprising flexibility of unit-cell template
sets in terms of designing at finer-resolution design
space.

5.5 Practicality Test

In our method and simulations so far, we assumed the
unit-cell is tiled infinitely for computational conve-
nience. However, a unit-cell can only be tiled finitely
in practice and the results can differ for infinite and
finitely tiled domains due to boundary conditions. To
test whether the designs found by our method work
in practice, we simulated the dispersion relations of
finitely-tiled materials made by unit-cell designs dis-
covered by our method. See Supplementary Infor-
mation D.4 for results of the finite tiling COMSOL
simulation. The results show that our method is
robust under finite tiling.
In addition to the finite tiling test, we also tested

the practicality of the proposed method on its ability
to create a wave demultiplexer (Figure 6), in which
waves with different frequencies travel through the
materials in different directions. That is, a signal
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demultiplexer design block all pass 1, block 2&3

pass 2, block 1&3 pass 3, block 1&2

experiment 1 
frequency = 11.45 [kHz]

experiment 2 
frequency = 13.97 [kHz]

experiment 3 
frequency = 15.55 [kHz]

Figure 6: Mechanical wave demultiplexer and the displacement fields for input signals frequencies. Each
part of the demultiplexer was built using our discovered unit-cells that have desired properties. Top: The
demultiplexer and the unit-cell designs used to make the demultiplexer. Bottom: Magnitude of displacement
fields when signals of different frequencies (11.45, 13.97 and 15.55 [kHz]) are fed into the left side of the
demultiplexer. The displacement values are clipped if they exceed the display range. The signals with
different frequencies go through different channels in the demultiplexer: 11.45 [kHz] goes upward, 13.97 [kHz]
goes right, and 15.55 [kHz] goes downward, as desired. Note that, although the passing signal of experiment
2 is not as strong as signals in the other experiments, it still pass the channel on the right without fading
inside the channel.
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enters the demultiplexer, and there are three different
possible outputs; which one will be non-zero depends
on the frequency of the input signal. Specifically, we
will build the demultiplexer to route signals from three
different frequency ranges in different directions.
We need 5 different materials to build the demul-

tiplexer: one material with band gaps covering all
three ranges, one material allowing band pass in all
ranges, and three materials allowing band pass in one
range while blocking the other two ranges. We use
homogeneous stiff unit-cells for the material allow-
ing band pass in all ranges. For other materials, we
train a unit-cell template set to find 20 × 20 unit-
cell designs with these properties, and assemble the
5 unit-cells to build the demultiplexer (top row of
Figure 6). The bottom row of Figure 6 shows the
how the demultiplexer successfully guides waves with
different frequencies (11.45, 13.97 and 15.55 [kHz])
towards different directions, which was the goal of the
experiment.

6 Conclusion and Discussion

Our work shows the power of interpretable machine
learning tools in material design. The approach has
achieved both mechanistic understanding, e.g., physi-
cally interpretable rules of patterns that lead to band
gaps, and designing new materials with desired func-
tionality. The approach has been demonstrated to be
predictive for both infinite domains and realistic finite
domains, and it has been able to design the material
geometry for a wave demultiplexer. Additionally, our
multi-resolution framework, which robustly carries
coarse-scale knowledge to finer resolutions, is poten-
tially applicable to a wide range of materials science
problems.

Since our method learns robust coarse-scale features
that can generalize to finer-resolution design space, it
might also be useful in future studies for determining
how to collect finer-resolution training data for rapidly
capturing fine-scale physics. Using these new data,
we might be able to fine tune the model so that it can
more efficiently capture physics at multiple scales.

Data Availability

All datasets and related simulation code will be avail-
able upon acceptance.

Code Availability

The code for replicating our experiments will be avail-
able upon acceptance.
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A Simulation Settings

In-house/Infinite-medium Simulator

To determine whether a unit-cell design has a bandgap, we evaluate the dispersion relation along the wavevector
contour (Irreducible Brillouin Zone contour) shown in Figure S1. To evaluate the dispersion relation, we
solve a series of eigenvalue problems given by the harmonic elastic wave equation with Bloch-Floquet periodic
boundary conditions.

Dispersion relation analysis is performed only on the domain of a single unit-cell, and assumes that the
metamaterial has a unit cell that is infinitely repeating in each direction that Bloch-Floquet periodic boundary
conditions are applied.

The harmonic elastic wave equation is:

ρ(x)ω2u =
∂

∂xj

[
Cijkl(x)

1

2

(
∂uk
∂xl

+
∂ul
∂xk

)]
i, j, k, l = 1, 2. (11)

where C is the material stiffness tensor, ρ is the material density, u is the displacement field (eigenfunction),
ω is the eigenfrequency, and x represents positions in the 2-D space. Displacements (and therefore wave
modes) are confined to the same 2-D plane that contains the metamaterial. Bloch-Floquet theory says
that the displacement field solutions, u, should be spatially periodic, so we introduce the wavevector γ to
characterize this spatial periodicity. To enforce Bloch-Floquet periodicity, we apply Bloch-Floquet periodic
boundary conditions:

u(x+ an) = u(x)e−iγ·an ∀x ∈ {x ∈ Ω | x+ an ∈ Ω}, n = 1, 2. (12)

where i is the imaginary unit, an are the lattice vectors representing the periodicity of the material, and
Ω ⊂ R2 represents the domain of the unit-cell.

To discretize and solve this eigenvalue problem, we apply the Finite Element method using bilinear
quadrilateral elements. The resulting discretized eigenvalue problem is

[K(γ)− ω2M(γ)]u = 0, (13)

where K and M are the stiffness and mass matrices, respectively. The boundary conditions are baked into
the wavevector-dependent stiffness and mass matrices. This code is implemented in MATLAB.
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Figure S1: Left: Wavevector contour (also known as Irreducible Brillouin Zone contour). Right: Example of
a dispersion relation evaluated along the wavevector contour.

Commercial/Finite-medium Simulator
Dispersion relation analysis is performed only on the domain of a single unit-cell, and assumes that the
metamaterial has a unit cell that is infinitely repeating in each direction that Bloch-Floquet periodic boundary
conditions are applied. However, real periodic metamaterials do not extend infinitely in any directions. While
dispersion analysis is a critically useful method for converging on a unit-cell design with desirable properties,
it is important to check that these properties are still present when the metamaterial is only finitely periodic.

To perform this validation, we perform frequency domain analysis on finitely periodic geometries using the
commercial Finite Element software COMSOL Multiphysics [66] with the Structural Mechanics Module.

Material Properties
The material is a 2-D metamaterial made by tiling a 10× 10 pixelated unit-cell. Each unit-cell is made of two
constituent materials: one is soft and light, with elastic modulus and density of E = 2[GPa], ρ = 1, 000[kg/m3]
respectively, and the other is stiff and heavy with E = 200[GPa], and ρ = 8, 000[kg/m3].

B Relationship of Proposed Methods to Other Machine Learning
Methods

Comparison of shape-frequency features to CNN filters: One might think that the sliding windows of the
shape-frequency features are similar to convolution filters in CNNs, but they are not. Shape-frequency
features count only exact matches between each window and the soft constituent material, while a traditional
convolutional layer would output a real number for the degree of match. In order to attempt to replicate
the calculation of shape-frequency with a CNN, one would concatenate a convolutional layer, a Rectified
Linear Unit (ReLU) layer and a linear layer in a CNN [27]: the convolutional layer calculates the matching
score, the ReLU layer sets a threshold to round the matching score to 0 or 1, and the linear layer averages
the rounded score over all locations. However, if we train such a CNN, the weights cannot be integers and
thereby the model cannot be as sparse and interpretable as our method using the shape-frequency features.
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Comparison of unit-cell template sets to prototype learning and decision sets: The unit-cell template set
technique is closely related to prototype-based machine learning models (e.g., [2, 25]). The prototype-based
models learn a set of prototypical cases (which can be whole observations or parts of observations) from the
training data. Given a test observation, the model makes a decision by comparing the test observation to the
prototypical cases. For example, in classification, the model would output the label of the the prototypical
case that most closely resembles the test observation. A unit-cell template can be viewed as a part-based
prototype because it is part of a training observation, and the decision of the model is made by matching the
templates and the test observation. A difference between classical prototype-based learning and our approach
is that classical objectives are classification losses while our method optimizes support and precision.
A unit-cell template set can also be viewed as an instance of a decision set. A decision set (e.g.,

[14, 19, 59, 30, 60]), is a logical model comprised of an unordered collection of rules, where each rule
is a conjunction of conditions. In other words, the entire model is a disjunctive normal form (DNF), or “OR
of ANDs.” A positive prediction is made if at least one of the rules is satisfied. One unit-cell template in the
set is essentially a conjunction of conditions that compares whether the pixel in the template is the same as
the pixel in the test observation. That is, there is an “OR” over unit-cell templates and an “AND” over pixels
in the template. As far as we know, decision sets have not previously been utilized for material discovery.

C Visual Illustration of Sampling in Finer Resolution Design Space

Figure S2(a) shows an example of how to sample a 20× 20 design with GOSDT+SFF trained on 10× 10 data.
This is essentially a rejection sampling process, where a random 20× 20 design is selected, and accepted if
the algorithm predicts existence of a band gap, and rejected if not. However, as the design space has changed
from 10× 10 to 20× 20, the calculation of SFF has also changed, with details discussed in Section 4.1.3 in
the main text.

Figure S2(b) shows an example of how to sample a 20× 20 design with a 10× 10 unit-cell template. While
still following the templates learned from coarse resolution (10 × 10) data, most of these finer resolution
designs can never be found in the coarse resolution (10× 10) design space.

D More Experimental Results

D.1 Structure-to-property - Prediction Accuracy

We now compare the testing balanced accuracy (bacc) of various machine learning methods, including linear
models like support vector machines with linear kernels (SVMs) and logistic regression (LR); tree-based
models like CART, random forest (RF), and boosted trees (LightGBM [24]); as well as neural networks
including the multi-layer perceptron (MLP) and convolutional neural networks (CNNs). LightGBM [24] was
used with 300 trees, and the MLP had 2 hidden layers, each containing 100 neurons. The CNN architecture is
ResNet18 [21] adapted to one-channel input, and default parameters were used for other methods. All other
models were trained on shape-frequency features (SFF) and raw features respectively, while the CNN was
trained on the entire 2-D design. We trained each model 5 times to average out randomness in the training
process. Figure S3 shows the balanced accuracy results. Models trained on shape-frequency features generally
perform much better than models trained on raw features, with the exception of MLP. Also, LightGBM
trained on SFF outperforms CNN.
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(a) Sampling finer resolution design with SFF+GOSDT trained on coarse resolution data. Sampling consists of
rejection sampling with GOSDT, and adapting the calculation of SFF from coarse to fine resolution (see Section
4.1.3).

(b) Sampling finer resolution design with unit-cell template trained on coarse resolution data.

Figure S2: Visual illustration of how to sampling finer resolution design with proposed methods.
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(a) freq.∈[0, 10] kHz (b) freq.∈[10, 20] kHz (c) freq.∈[20, 30] kHz

(d) freq.∈[30, 40] kHz (e) freq.∈[40, 50] kHz

Figure S3: Testing balanced accuracies (bacc) of different machine learning models. The label for each
machine learning problem is in its subfigure caption, for instance, freq.∈[10, 20] kHz means predicting whether
the material has a band gap within any frequency in the range [10, 20] kHz. Using the shape-frequency
features (sff) generally improve performance over raw features. Note that it is not natural to design a
convolution over the shape-frequency features since there is no notion of adjacency, so there is no CNN value
for the shape-frequency features.

D.2 Property-to-structure Sampling - Precision and Support

SFF+GOSDT Unit-Cell Template Sets SFF+LightGBM Raw+LightGBM
1.8× 10−4 s 1.9× 10−7 s 3.0× 10−4 s 5.1× 10−6 s

Table S1: Average sampling time of a new 10× 10 design.

Table S1 compares the average time per sample drawn for each method. The unit-cell template set has
the fastest sampling speed because the model explicitly represents all designs that match with it, while
other methods rely on rejection sampling to solve the inverse problem. Models trained on shape-frequency
features have a slower sampling rate than models trained on raw features, since calculation of shape-frequency
features takes extra time. Also, due to their sparsity, GOSDT models have faster sampling than LightGBM.
However, all these the sampling times work fine in practice.
Table S2 compares the performance of unit-cell template sets with different sparsity constraints (s = 5,

s = 8, and s = 10). The MIP corresponding to each model was run with a time limit of 60 minutes. The
best solution at that expiration time was used if the MIP was not solved to optimality. The results suggest
that there is no significant precision difference when using different numbers of templates in the model. The
support, i.e., the number of designs covered by the template set, increases as the number of templates increase.
In practice, a support of s = 5 tends to be good enough.
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Frequency range s = 5 s = 8 s = 10
[0, 10] kHz 98.53%, 339 98.54%, 481 97.73%, 529
[10, 20] kHz 98.68%, 758 98.60%, 1142 98.35%, 1274
[20, 30] kHz 94.08%, 203 94.77%, 287 95.33%, 343

Table S2: Testing precision and support of unit-cell template sets with different sparsity constraints. s is the
number of templates. Numbers in the table cells are formatted as “precision, support.” The testing support
here is calculated among 6554 testing samples (20% of the entire dataset).

Frequency range no covariance Matern 3/2 (l = 2) Matern 3/2 (l = 6) Matern 3/2 (l = 10)
[0, 10] kHz 100.0% 98.0% 96.5% 96.5%
[10, 20] kHz 98.5% 98.5% 96.5% 98.0%
[20, 30] kHz 91.0% 92.5% 95% 94%

Table S3: Transfer precision from coarse resolution (10 × 10) to finer resolutions with different sampling
methods (20× 20) in the free regions of the unit cell templates.

D.3 Transfer to Finer Resolution - Transfer Precision

In order to test the flexibility of unit-cell template sets in sampling finer scale designs, in addition to sampling
the pixels independently in the free region of a unit-cell template, as we did in the main paper, we also try to
sample pixels with correlation between them. Specifically, we use a Matern 3

2 kernel, i.e.,

k(x,x′) = (1 +
√

3 · d(x,x′)

l
) · e−

√
3· d(x,x′)

l (14)

to calculate the covariance between two pixels x and x′; d is the distance function, which is set to be the
distance between the two pixels in the 2D design space; l is the scale parameter, the larger l is, the more the
correlation spreads throughout the larger design region of the unit cell. Note that since the design pixels
are binary, we cannot directly sample them with a given covariance matrix. Instead, we first rescale the
covariance matrix elements by a transformation function g(x) = sin(xπ2 ), then sample from a multivariate
Gaussian distribution, and take the sign of the Gaussian variables to get the binary variables/pixels. Figure
S4(a) shows the covariance matrices with different scale parameters, and Figure S4(b) shows the designs
whose free pixels (green region of templates) are sampled with (i) no covariance, and (ii) the Matern 3/2
covariance matrices with l = 2, l = 6, and l = 10. Generally, the designs sampled with Matern covariance
matrices are more regularized than independent sampling — independent designs look like coarse templates
with fine white noise, while the Matern covariance designs are more similar to designs generated by humans.
Also, larger values of the length scale parameter l would create larger length scale features (regions with
larger areas of purple or yellow).
Table S3 shows the precision of these 20 × 20 designs. Interesting phenomena about wave physics can

be founding when comparing the precisions in different frequency ranges and feature sizes of the generated
designs. In the lowest frequency range, i.e., [0, 10] kHz, the transfer precision is the lowest at l = 10, when
the generated designs have largest feature length scales. Here, length scale of feature means the average size
of regions with the same color. In the highest frequency range, designs with the smallest feature length scale
(independent fine pixels) produce the lowest precision. In the middle frequency range [10, 20] kHz, precision
is the lowest at l = 6, which corresponds to medium feature length scales. This agrees with intuition about
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(a) Matern 3/2 covariance matrices with different scale parameter (l = 2, l = 6, and l = 10). The larger l is, the more
correlated the design pixels are.

(b) 20× 20 designs sampled from unit-cell template set for band gaps in [0, 1000] using different sampling methods.
From left to right are the template, pixels sampled with no covariance (independently), Matern 3/2 covariance (l = 6),
Matern 3/2 covariance (l = 2), and Matern 3/2 covariance (l = 10)

Figure S4: Sampling with correlation. (a) covariance matrices; (b) sampled finer resolution (20× 20) designs
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band gap wave physics — band gaps in higher frequency ranges are more closely associated with finer-scale
features, and thus would naturally more highly affected by finer-scale features generated in the green regions
of unit-cell templates. Surprisingly, the unit cell templates still perform well (lowest precision > 90%) even
considering the interplay between wavelength and length scale of feature. These results indicate that our unit
cell templates are very robust and flexible for material design. Given a template, materials scientists can
design features almost freely in the green region to satisfy practical needs (e.g., connectivity constraints)
while still maintaining the desired band gap.

D.4 Finite Tiling COMSOL Test
We use a commercial finite-element solver [COMSOL, 44] to simulate the dispersion relations of finitely tiled
materials. COMSOL is a standard, industrial finite element software tool. We set the label to 1 when the
size of the band gap in the target frequency range was greater than 1 kHz; these large band gaps are useful
in practice.

Figure S5 shows three examples of finitely tiled materials made by 20× 20 unit-cells found by the unit-cell
template sets, along with the wave transmission factors simulated by COMSOL, and their dispersion curves.
The transmission factor is the ratio between the magnitude of the response on the right side of the material
to the input signal on the left side of the material. Sharp drops in the transmission factor happen in the
target frequency ranges in all three examples, indicating the existence of a band gap, which matches with the
band gaps shown between the dispersion curves. In addition to the three examples in Figure S5, we tested
the same finite tiling for 100 unit-cells in each frequency range, and all of them have the target band gap
property. Therefore, our method is robust under finite tiling.

E Extension to Non-square Pixels and Unit-cells
In the problem setting of our experiments, both the pixels and unit-cells are square. This is mainly due to
the simplicity of simulation in square settings. However, the proposed methods are general enough to be
adapted to nonsquare pixels and unit-cells. Our methods try to calculate or identify the existence of certain
global or local patterns, but do not specify that their shape should be comprised of square pixels. As an
example, Figure S6 shows how shape-frequency features and unit-cell templates can be adapted to nonsquare
pixels (triangle pixel) and unit-cells (diamond unit-cell).
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dispersion curvetransmission factor

(a) Frequency range: [0,10] [kHz]

dispersion curvetransmission factor

(b) Frequency range: [10,20] [kHz]

transmission factor dispersion curve

(c) Frequency range: [20,30] [kHz]

Figure S5: Finitely tiled materials and their corresponding transmission factor. Left : Tiled material (tiled
5 × 5 times) made by unit-cell designs selected by the proposed method with respect to three different
frequency ranges. Middle: the transmission factor is the ratio between the magnitude of the response on the
right side of the material to the input signal on the left side of the material. Right : the dispersion curves of
the tiled material.
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Figure S6: Nonsquare unit-cell and adaptation of proposed methods. a An example of metamaterial unit-cell
design with triangle pixel and diamond unit-cell b An example of shape-frequency feature defined on this
nonsquare design space; c A unit-cell template defined on this nonsquare design space that matches with the
example unit-cell in a.
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