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An intriguing regime of universal charge transport at high entropy density has been proposed
for periodically driven interacting one-dimensional systems with Bloch bands separated by a large
single-particle band gap. For weak interactions, a simple picture based on well-defined Floquet quasi-
particles suggests that the system should host a quasisteady state current that depends only on the
populations of the system’s Floquet-Bloch bands and their associated quasienergy winding numbers.
Here we show that such topological transport persists into the strongly interacting regime where the
single-particle lifetime becomes shorter than the drive period. Analytically, we show that the value
of the current is insensitive to interaction-induced band renormalizations and lifetime broadening
when certain conditions are met by the system’s non-equilibrium distribution function. We show
that these conditions correspond to a quasisteady state. We support these predictions through nu-
merical simulation of a system of strongly interacting fermions in a periodically-modulated chain
of Sachdev-Ye-Kitaev dots. Our work establishes universal transport at high entropy density as a
robust far from equilibrium topological phenomenon, which can be readily realized with cold atoms
in optical lattices.

I. INTRODUCTION

The interplay of topology and far from equilibrium dy-
namics became an important arena of research in recent
years [1–33]. In equilibrium, the field of topology has sub-
stantially influenced the modern understanding of elec-
tronic systems, contributing to the introduction of funda-
mental concepts such as topological robustness of quan-
tum states, topological degeneracies of ground states, and
non-abelian anyonic statistics [34–45]. Extension of these
concepts to non-equilibrium systems provides the means
for dynamical control of topological properties and design
of topological phases “on-demand” [46–55]. Recently, pe-
riodic drives were employed to induce exotic phases of
matter without equilibrium analogs [56–67].

An important paradigmatic model of an intrinsically
non-equilibrium topological system is the topological
pump. The topological pump, originally introduced
by Thouless [68], describes a one-dimensional atomic
chain with an adiabatically slowly and periodically in
time modulated potential. Such a system when tuned
to its topological phase, supports a robust quantized
transport [69–77]. The precise quantization and robust-
ness of adiabatic pumps to external perturbations makes
them important candidates for applications in quantum
metrology [78–82] and processing of quantum informa-
tion [83–85]. Adiabatic pumps were recently experimen-
tally realized in photonic systems and cold atoms [86–95].

The realization of topological pumps in metallic in-
teracting systems is challenging due to an interplay of
inter-particle interactions and the non-adiabatic evolu-

tion stimulated by the periodic drive. Such an interplay
often results in an extensive generation of entropy and
incessant heating up of the system to a featureless, high-
entropy state [96–98]. The heating can be significantly
slowed down in the high driving frequency regime or un-
der special conditions, giving rise to a long-lived prether-
mal state [99–111]. Recently it was shown that a slowly
driven topological pump in the weakly interacting limit
can form a quasi steady state [112–114]. In this limit, the
quasi-steady state can be understood heuristically on the
level of free dynamics and weak scattering of particles
in well-defined Floquet-Bloch bands. Notably, the quasi
steady state hosts a universal current that depends only
on the populations of the system’s Floquet-Bloch bands
and their associated quasienergy winding numbers.

Here we show that the quasi-steady state persists into
the strongly interacting regime where the single-particle
scattering lifetime is shorter than the drive period. Fur-
thermore, in this regime, the current exhibits a similar
universal value as in the weakly interacting case, despite
the absence of long-lived single-particle Floquet states.
We support our analytical predictions through numerical
simulations of a system of strongly interacting fermions
in a periodically-modulated chain of Sachdev-Ye-Kitaev
(SYK) [115–117] dots. Our work demonstrates a new
approach for numerically exact simulations of driven,
strongly interacting chains of many sites, by specializ-
ing to SYK-type interactions. This method outperforms
the conventional exact diagonalization methods that can
be applied to significantly smaller systems. In turn,
approximate methods such as Hilbert space decimation
(i.e., the time-dependent density matrix renormalization
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FIG. 1. The model and the single-particle spectrum.
a Illustration of the system. A chain of atoms with time-
modulated hopping and staggered potential, following the
driving protocol realizing an adiabatic pump, as shown in
the right bottom corner of panel a (we denote ∆d(t) =
d+(0, t) − d−(0, t)). In the numerical simulation, each site
is an SYK dot with N → ∞ orbitals that interact through
random interactions [see Eq. (2)]. b The single-particle spec-
trum of the system at t < 0, before the drive is switched
on. The dashed line represents the Fermi level and the col-
ored section represents initially occupied states, constituting a
quarter of all the states in the system. The shaded gray areas
show the instantaneous levels of the driven system in one pe-
riod. The band structure is calculated for J0 = 1, J1 = 0.85,
v0 = 2.55, and Ω = 0.5 [see Eq. (1) for the definition of the
single-particle Hamiltonian]. c The period averaged spectral
function of the non-interacting system, ḡ∆(k;ω). Energy and
frequency in panels b and c are plotted in units of J0 = 1. d
The period-averaged non-interacting density of states (DOS).

group [118, 119]), can not be applied here, because ther-
malization dynamics generates long-ranged correlations.

II. DEFINITION OF THE PROBLEM

In this work, we consider a one-dimensional bipar-
tite chain of L unit cells with periodic boundary con-
ditions, hosting N flavors of otherwise spinless fermions
(see Fig. 1a). We label the two sublattices by A and B,
and denote the lattice constant by a. For simplicity of
notation, throughout we set ~ = kB = e = 1.

At times t ≥ 0, the evolution of the system is
described by the time-periodic Hamiltonian Ĥ(t) =∑
kα ĉ

†
kαH0(k, t)ĉkα + Ĥint, where H0(k, t) denotes the

time-periodic single particle Bloch Hamiltonian and Ĥint

denotes the electron-electron interactions. Here, ĉ†kα =

(ĉ†A,kα, ĉ
†
B,kα); ĉ†s,kα = 1√

L

∑
j∈js e

ikaj/2ĉ†jα, where ĉ†jα
creates a fermion at a position j with flavor index α; js

includes all the odd (even) sites for s = A(B). The single-
particle Hamiltonian describes the Rice-Mele model [120]
with time-periodically modulated parameters:

H0(k, t) =

(
v(t)− µ0 d(k, t)
d∗(k, t) −v(t)− µ0

)
. (1)

Here, d(k, t) = d+(k, t) + d−(k, t) and d±(k, t) =
e∓ika/2[J0 ± J1 sin(Ωt)] and v(t) = v0 cos(Ωt), where Ω
is the driving frequency and v0, J0, J1 are constants.
The chemical potential µ0 sets the average density of the
fermions in the chain (see Fig. 1b). For t < 0, the system
is assumed to be in an equilibrium state with respect to
the Hamiltonian Ĥ(t = 0), at inverse temperature β0.

The interparticle interactions are described by the
Hamiltonian

Ĥint =
∑
jj′

∑
αβγδ

Uαβγδ(j, j
′)ĉ†jαĉjβ ĉ

†
j′γ ĉj′δ + h.c. (2)

In our analytical study, we assume a single flavor, α = 1,
and generic short-ranged interactions of characteristic
strength Uαβγδ(j, j

′) = Uχ(|j− j′|), where χ(|j− j′|) is a
rapidly decaying dimensionless function of its argument,
with χ(1) = 1. (Note that for a single species of fermions,
the on-site interaction terms, j = j′, do not contribute.)
In the numerical study, we consider the limit of a large
number of flavors, N , with N → ∞, see Fig. 1a for an
illustration. Particles of different flavors can locally inter-
act through an SYK-type on-site interaction term, where
we consider random and constant in space interactions

with Uαβγδ(j, j′) = 0 and U2
αβγδ(j, j

′) = δjj′U
2/N3, such

that the system preserves invariance to translations for
every realization of disordered couplings [121, 122].

III. NON-INTERACTING DYNAMICS

Before studying the interacting model, we briefly sum-
marize the dynamics of the non-interacting topological
pump [2, 68, 75, 112, 123, 124]. We initialize the pump
in an equilibrium state of H(0), at inverse temperature
β0 and a chemical potential µ0 that fixes the average den-
sity of particles at n0, see Fig. 1b. The spectral function
is initially periodic in k, following the spectrum of the
static Hamiltonian, H(0), as is demonstrated in Fig. 1b.

After switching on the drive (i.e., for t > 0), the dy-
namics of the system follows the time-dependent Hamil-
tonian H(t). Shortly after the quench, the bands of high
intensity in the spectral function develop a pronounced
structure of sidebands, spaced by the drive frequency
Ω, and furthermore obtain nonvanishing net slopes [2]
as a function of k (see Fig. 1c and attached video).
The peaks of the spectral function at each k correspond
to quasienergies associated with the single-particle Flo-
quet state solutions [31, 125] of the time-periodic Rice-
Mele problem, [i∂t − H0(k, t)]|Ψν(k, t)〉 = 0, with the
multiple values across the different sideband peaks cap-
turing the indeterminacy of quasienergy up to integer
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FIG. 2. Renormalization of the spectrum by interac-
tions. a First row: Dyson’s expansion for the band resolved
Green’s function. The double and single blue lines indicate
the band-resolved renormalized and bare functions respec-
tively. Black lines denote the full bare Green’s function. Sec-
ond row: Diagrammatic expansion of the self-energy, used in
the analytical model (shown up to order U2). In the numer-
ics, we considered SYK interactions in the infinite N limit,
in which all the diagrams with odd number of interaction
vertices or with crossed lines are averaged to zero (i.e., only
the last diagram in a contributes). b Period-averaged spec-
tral function, Ḡ∆(k;ω), renormalized by the SYK interactions
with U = 1. c Period-averaged lesser function, iḠ<(k;ω),
indicating occupation after 30 periods of the drive, for the
same parameters as in b. Note the weak, yet finite occupa-
tion of the upper band produced by the interband processes.
d The renormalized period-averaged single-particle DOS. In
the presence of interaction, the non-interacting DOS appear-
ing in Fig. 1d, broadens obtaining exponential tails ξ. The
broadening creates an overlap between the upper and lower
bands, forming an interband heating channel (indicated by
the wiggly arrow). Frequencies are plotted in units of J0 = 1.

multiples of the drive frequency, Ω. The single parti-
cle Floquet states [126, 127] are given by |Ψν(k, t)〉 =
e−iεν(k)t

∑
m e
−iΩmt|φmν (k)〉, where {|φmν (k)〉} are time-

independent states. Here, εν(k) is the corresponding
quasienergy of the single particle state with crystal mo-
mentum k, and chirality (or Floquet band) index ν =
{L,R} for the net left- and right-moving bands, respec-
tively. We denote the bandwidth of the Floquet bands
by WF and the gap between them by ∆. The net chi-
ralities of the bands are determined by the topological
index [2, 31] W = Ω−1

∮
dk ∂kεR/L(k) = ±1, where the

+ (−) sign corresponds to the R (L) band. The chiralities
of the bands are exhibited by the spectral function shown
in Fig. 1c. As the momentum changes from k = −π/a to
k = π/a, the peaks of the spectral function of the R (L)
band shift in frequency from ω to ω ± Ω.

IV. TIME-EVOLUTION TOWARDS THE
QUASISTEADY STATE

We now study the dynamics of the system in the in-
teracting case. In particular, we focus on the evolu-
tion of the two-point Green’s functions, providing infor-
mation about expectation values of one-body operators,
such as particle densities and the current (see below).
The time-evolution of the interacting system’s two-point
Green’s functions is described by the Kadanoff-Baym
equations [128]

[i∂t −H0(t)]GR(k; t, t′) = δ(t− t′) + ΣR ◦GR (3a)

[i∂t −H0(t)]G<(k; t, t′) = ΣR ◦G< + Σ< ◦GA, (3b)

where for brevity we have suppressed the crystal mo-
mentum and time indices on the right hand sides of
these equations, and the ◦ symbol indicates a con-
volution over time and matrix product in the sub-
lattice indices. In Eq. (3), the (flavor-averaged) re-
tarded and lesser Green’s functions are defined as

GRss′(k; t, t′) = − i
N θ(t−t

′)
∑N
α=1 〈{ĉs,kα(t), ĉ†s′,kα(t′)}〉

ρ0
,

and G<ss′(k; t, t′) = i
N

∑N
α=1 〈ĉ

†
s′,kα(t′)ĉs,kα(t)〉

ρ0
, while

GAss′(k; t, t′) = GRs′s(k; t′, t)†. In these expressions, the
expectation values are calculated with respect to the ini-
tial state described by the density matrix ρ0, describing
an equilibrium state with respect to H(0) with temper-
ature β0 and average density of particles n0. The bar
denotes averaging over the random interaction strength
(in the case of the SYK interactions), “{, }” denotes an
anticommutator, and θ(t) is the Heaviside step function.
Throughout, we omit the sublattice indices s, s′, leaving
the 2 × 2 matrix structure of the Green’s functions im-
plicit. The retarded and lesser components of self-energy
are denoted by ΣR(k; t, t′) and Σ<(k; t, t′), respectively
(see Fig. 2a and Appendix C for technical details).

A. Single-particle spectral function

The renormalized single-particle spectrum of the non-
equilibrium system is encoded in the retarded Green’s
function, whose time-evolution is given by Eq. (3a). In
order to facilitate the separation of intraband and in-
terband scattering processes below, we write the full re-
tarded Green’s function as a sum of R- and L-band pro-
jected Green’s functions: GR = GRR + GRL . The band-
resolved Green’s functions are defined through the Dyson
series shown in Fig. 2a, corresponding to Dyson’s equa-
tion,

GRν (k; t, t′) = gRν (k; t, t′) + gRν ◦ ΣR ◦GR, (4)

where, as in Eqs. (3a) and (3b), we suppress the crystal
momentum and time indices on the last term for brevity.
Here, gRν (k; t, t′) is the non-interacting retarded Green’s
function projected to band ν, see Appendix A for more
details.
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We define the renormalized band-resolved spectral
functions as G∆

ν (k;ω, t̄) = i[GRν (k;ω, t̄) − GAν (k;ω, t̄)],
where GRν (k;ω, t̄) is obtained via the Wigner transform
of the two-time function, GRν (k; t, t′), with t̄ = 1

2 (t + t′),

and GAν (k;ω, t̄) = [GRν (k;ω, t̄)]†. The renormalized band-
resolved spectral function broadens due to interactions,
with tails extending into the gap that decay approxi-
mately as e−ω/ξ. In what follows, we focus on the limit
ξ � ∆, where the band-resolved spectral functions are
well separated in frequency, see Figs. 2b,d. This separa-
tion of the renormalized Floquet bands in the frequency
domain is crucial for obtaining a long-lived quasi steady
state in the system (see below).

The renormalization of the single-particle spectral
function is caused by the dressing of the non-interacting
Floquet bands by virtual electron-hole pair creation and
annihilation processes. Our analytical estimate near the
quasi steady state (see Appendix C) suggests that the
broadening of G∆

L in the limit WF � U � ∆ is ap-

proximately given by ξL ≈ −WF / ln
(
U2

∆2 [f0
Lf̄

0
L + f0

Rf̄
0
R]
)

,

where f0
L and f0

R are the occupation probabilities of the
Floquet bands (see below) and f̄0

ν = 1− f0
ν .

B. The kinetic equation and population dynamics

To study the formation and properties of the qua-
sisteady state, we define occupation probabilities by
parametrizing the lesser Green’s function as

G<(k; t, t′) = fR ◦GAR−GRR ◦fR+fL ◦GAL−GRL ◦fL, (5)

where crystal momentum and time indices are suppressed
on the right hand side. By analogy to the case of thermo-
dynamic equilibrium, where the (Fourier-transformed)
lesser Green’s function and the spectral function are re-
lated via the Fermi occupation function, in Eq. (5) the
Hermitian matrices fR(k; t, t′) and fL(k; t, t′) play the
roles of distribution functions for the two bands. As
we will discuss further below, this interpretation is most
meaningful when fR(k; t, t′) and fL(k; t, t′) take simple
forms in terms of their matrix and time (or frequency)
structures. We will see that such a simple form naturally
emerges in the quasisteady state of the system.

To assess the dynamics of the distribution functions
we derive a kinetic equation for ∂t̄fL(k;ω, t̄), where
fL(k;ω, t̄) is obtained via the Wigner transform of the
two-time function, fL(k; t, t′). A similar approach is of-
ten employed in studies of weakly interacting dynamical
systems [129–131]. Here, we generalize this approach to
the strongly interacting case, without imposing the “on-
shell” approximation [132]. Crucially, such an approxi-
mation would not correctly capture interband scattering,
which occurs through high-order processes in U .

The kinetic equation is obtained by combining the
Wigner transforms of Eqs. (5) and (3b) and subtract-
ing terms proportional to ∂t̄G

R(k;ω, t̄), which itself is
described by Eq. (3a) (see Appendix D for the full

derivation). Generically, the kinetic equation for fL can
be written as [133] ∂t̄fL(k;ω, t̄) = IL(k;ω, t̄) {fR, fL},
where the collision integral IL is a functional of fR and
fL with a matrix structure in the sublattice indices. No-
tably, for values of ω where G∆

L (k;ω, t) has significant
weight, i.e., near the lower band (see Fig. 2d), the net col-
lision integral is exponentially small if its arguments are

independent of k and ω [see appendix D]: f
(qs)
L (k;ω, t̄) =

f0
L1, f

(qs)
R (k;ω, t̄) = f0

R1, where f0
L and f0

R are constants
and 1 denotes the identity matrix in sublattice space.

In particular, we estimate IL
{
f

(qs)
L , f

(qs)
R

}
∝ e−∆/ξδf ,

where δf = f0
R − f0

L. A state described by this form of

f
(qs)
ν , characterized by uniform occupation within each

band, exhibits exponentially slow population dynamics
and thus describes a long-lived quasisteady state of the
system.

C. Universal value of the current

Using the form of the quasisteady state found above in
terms of two-point Green’s functions, we can now char-
acterize observables in the quasisteady state. In par-
ticular we focus on the value of the time-averaged cur-
rent, which was previously conjectured to take a univer-
sal value based on a weak-coupling picture and evidence
from numerical simulations on modestly-sized systems.

The instantaneous current averaged along the chain
in a generic translation-invariant state described by G<

reads

J (t) = −i
∫

dk

2π
Tr
{
∂kH0(k, t)G<(k; t, t+ 0+)

}
, (6)

where the momentum integral is performed over the first
Brillouin zone. Next, we evaluate Eq. (6) in the qua-
sisteady state given by G<(qs)(k; t, t′) = if0

RG
∆
R(k; t, t′) +

if0
LG

∆
L (k; t, t′) +O(e−∆/ξ) [see Eq. (5) and the following

discussion]. At equal times, G<(qs) can be further simpli-

fied using G∆
ν (k; t, t + 0+) = g∆

ν (k; t, t + 0+), due to the
fact that the time-integrals in Eq. (4) vanish for t = t′.
Substituting the resulting quasisteady state form of G<(qs)

into Eq. (6), we obtain J (t) = f0
RJ 0

R(t)+f0
LJ 0

L(t), where

J 0
ν =

∫
dk
2π 〈Ψν |∂kH0|Ψν〉 is the current carried by Flo-

quet band ν of the system in the absence of interactions,
when fully filled (see Appendix A). As defined in Sec. III
above, |Ψν(k, t)〉 denotes the single-particle Floquet state
with crystal momentum k in band ν of system in the ab-
sence of interactions. In the adiabatic limit, the period

averaged current J̄ 0
ν = 1

T

∫ T
0
dtJ 0

ν is quantized [68] as

J̄ 0
R,L = ± 1

T . In a system where the upper (R) band is

initially empty and the lower (L) band has fractional fill-
ing ν0 = an0, we therefore expect f0

L = ν0 and f0
R = 0,

such that the current in the quasisteady state is equal
to J̄ (qs) = ν0

T +O(e−∆/ξ), where the correction captures
the deviation of the quasi steady state from the maximal
entropy state in which the upper band is empty.
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FIG. 3. Relaxation to the quasi steady state. a “Dis-
tance” to equilibrium, Deq(t), defined in Eq. (7), as a function
of time. Lines of different colors in this and following panels
correspond to the different interaction strengths indicated on
the top of the figure, in units of J0 = 1. Shaded areas indicate
error bars due to the extrapolation procedure, see text. At
t = 0, the extrapolation yields non-physical, negative values
of Deq(t) due to the quench, we thus cut-off these values in
the plot. b Effective temperature of the lower band minimiz-
ing Deq(t) in units of J0 = 1, as a function of time. Blue
dashed line indicates the point where Teff = WF. c Entropy
density of the system’s one-body reduced density matrix as
a function of time, defined in Eq. (8). A dashed line indi-
cates maximal entropy for a quarter-filled system, when all
the particles occupy the lower band. d Period averaged cur-
rent normalized by the total density of particles and driving
frequency, J̄ (t)(T/ν0) as a function of time.

This is a remarkable result: even in a limit where the
single particle scattering lifetime may be short compared
with the driving period, where the single particle Floquet
states and associated spectrum are not well-resolved or
defined, the current still attains a universal value associ-
ated with the nontrivial topology of the system’s single-
particle Floquet spectrum in the absence of interactions.
The universal value of current holds, up to an exponen-
tially small correction, provided that the scattering rate
(and associated level broadening, captured by ξ) remains
small compared with the single particle band gap, ∆.

V. NUMERICAL ANALYSIS

To benchmark our analytical results, we numerically
simulated the model given in Eqs. (1) and (2), with
SYK interactions. In addition to the terms described
above, we also included a weak random quadratic term

ĤSYK−2 =
∑
j,αβKαβ ĉ

†
jαĉjβ + h.c., where Kαβ = 0 and

K2
αβ = K2/N , with K = 0.05. This additional term is

essential for stabilizing the numerics in the weakly inter-
acting regime.

The unique structure of the SYK interactions allows us
to simulate considerably larger systems compared to ex-
act diagonalization methods applied to systems with con-
ventional interactions. Here, we simulated the time evo-
lution of a chain of 100 SYK dots arranged into L = 50
unit cells. We used the Kadanoff-Baym equations [given
in Eq. (3)] to evolve the Keldysh-ordered Green’s func-
tions in time [110, 134–137]; for further details see Ap-
pendix E. The system is initialized in an equilibrium state
of Ĥ(0) with temperature β−1

0 = 0.1 and µ0 = −2.93,
which is set to fix the density of electrons approximately
at quarter filling, see Fig. 1b. For the model itself, we se-
lect the parameter values: J0 = 1, J1 = 0.85, v0 = 2.55,
Ω = 0.5, see Eq. (1) and surrounding text for the defi-
nitions of the Hamiltonian and its parameters. We note
that all the energies and frequencies are given in units in
which J0 = 1.

The time-evolution algorithm is based on the dis-
cretization of the time and frequency domains, with small
steps δt and δω, respectively. We performed the evolution
for several values of steps in the range 0.08 ≤ δt ≤ 0.16
and 0.015 ≤ δω ≤ 0.04, and performed a two-dimensional
linear extrapolation to δt = δω = 0. In the numerical re-
sults we present the extrapolated values with error bars
indicating the uncertainty of the extrapolation procedure
(defined as the difference between the extrapolated value
and the closest numerically-determined point).

A. Formation of the quasisteady state

We first analyze the formation of the quasisteady state,
wherein the distribution functions fL and fR for the two
bands become independent of crystal momentum and fre-
quency, while the total populations of the two bands re-
main approximately constant. As a means of charac-
terizing the nonequilibrium state of the system, and to
enable the extraction of an effective temperature (when
it is appropriate to do so), we define the “distance” of
the distribution from a thermal equilibrium state as

Deq(t̄) = min
β,µ

∫
a · dk

2π

∫ ωc

−∞

dω

2π
Tr
∣∣∣iG< + fFD(β, µ)G

∆
∣∣∣ ,

(7)
where ωc is the center of the spectrum and the Green’s
functions are evaluated in the Wigner transformed rep-

resentation and averaged over one period: G
<

(k;ω, t̄) ≡
1
T

∫ T/2
−T/2 dsG

<(k;ω, t̄ + s) and similarly for G
∆

(k;ω, t̄).

Here, fFD(β, µ) = [1 + eβ(ω−µ)]−1 is the Fermi func-
tion. For a system in thermal equilibrium, the integrand
in Eq. (7) vanishes for all k and ω, corresponding to
Deq = 0.

In Figs. 3a,b we plot the evolution of the distance to
equilibrium Deq(t̄) and the extracted effective tempera-

ture Teff = β−1
min, corresponding to the minimization in
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Eq. (7). When the drive is switched on at t = 0, Deq

rapidly grows, indicating evolution into a far from equi-
librium state. Following the rapid rise, the system re-
laxes to the quasisteady state, which is manifested by
the decay of Deq. In parallel, the effective temperature
grows approximately exponentially with a rate Γintra:
Teff ∼ β−1

0 eΓintrat (Fig. 3b). The quasisteady state ob-
served in the simulation approximately realizes the con-
ditions discussed in Sec. IV B, once the effective tem-
perature exceeds the width of the single-particle Floquet
bands, Teff � WF, indicated by blue dashed line (and
for Deq � 1). The curves of different colors in Figs. 3a,b
correspond to different interaction strengths, U ; the time
to reach the quasisteady state rapidly decreases with in-
teraction strength, U .

To track the system’s evolution towards a high entropy
density state, we calculated the average von-Neumann
entropy density of the system’s one-body reduced density
matrix

S(t̄) = −Tr

∫
dk

2π

[
(−iG<) log(−iG<) + (iG

>
) log(iG

>
)
]
,

(8)
where Ḡ> = −iḠ∆ + Ḡ< and the Green’s functions are
evaluated at equal times t = t′ = t̄, see Fig. 3c. The value
of S(t̄) for a maximal entropy density state in a quarter-
filled system, subject to the constraint that all the parti-
cles occupy the lower band, is given by Smax

L = log(2)/a.
As can be seen in Fig. 3c, the entropy density stabilizes
slightly above this value due to a small population ex-
cited to the upper band at t = 0. After stabilizing near
S(t) ≈ Smax

L , the entropy slowly grows further due to in-
terband transitions. In the infinite time limit, we expect
S → Smax ≈ 1.12/a corresponding to one quarter filling
of the entire system.

In Fig. 3d, we extracted the period-averaged current
normalized by the filling, J̄ /ν0 [see Eq. (6)]. As follows
from the discussion below Eq. (6), we expect an approx-
imately quantized value in the units of T−1 for the nor-
malized current in the quasisteady state. Fig. 4b shows
the period-averaged current normalized by ν0 as a func-
tion of the stroboscopic time. The gray strips indicate
the uncertainty intervals associated with the extrapola-
tion to infinitesimal grid spacing in the simulations, as
described above. In the regime of strong interactions,
the average current rapidly increases on a timescale set
by ∼ Γintra. When the quasisteady state is reached, the
current obtains the expected universal value to within the
uncertainties of the numerical simulation, as expected.
For later times, the current slowly decays with the rate
Γinter due to interband heating. In the weakly interact-
ing case, the normalized current remains non-universal
for much longer times; for these cases, the quasisteady
state was not reached within the time window that we
were able to simulate. Interestingly, slowly-driven Fermi
liquids have been shown to persist in non-thermal states
for parametrically long timescales [110]. The connection
between the slow intraband heating observed here and
the mechanism in Ref. 110 will be interesting to investi-
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FIG. 4. Heating and current in the quasi steady state.
a Density of electrons excited to the upper band as a function
of time, in the interacting and non-interacting cases. Circles
represent the period averaged density. In the interacting case,
the density of excitations increases with an approximately
constant rate Γinter, while in the non-interacting case the av-
erage charge is constant, following an initial jump at t = 0.
b Intraband (Γintra) and interband (Γinter) equilibration rates
as a function of the interaction strength. The intraband equi-
libration rate is extracted from the temperature growth [see
Fig. 3b]. The interband equilibration rate is extracted from
the slope of the period-averaged excitation density, in a.

gate in future work.

B. Interband heating and universal current

To investigate the interband scattering processes and
measure their rates, in Fig. 4a we extracted the den-
sity of excitations in the (renormalized) R band from
our simulations. We define the excitation density as
nex(t̄) = −i

∫∞
ωc

dω
2π

∫
dk
2πTr {G<(k;ω, t̄)}. The period-

averaged density of excitations jumps at t̄ = 0, when
the drive is switched on [124], and then gradually in-
creases with an approximately constant rate Γinter. The
interband equilibration rate, Γinter, compared to the in-
traband equilibration rate, Γintra, is shown as a function
of the interaction strength in Fig. 4b.

Fig. 2c shows the period averaged lesser Green’s func-
tion as a function of momentum and frequency, after 30
periods of the drive. The excited population can be seen
as a pale strip at the location of the upper band. Note
that the features are heavily broadened due to fast in-
traband scattering, such that for the selected parameters
the Floquet harmonic side bands are nearly completely
washed out.

VI. DISCUSSION AND OUTLOOK

Periodically driven systems can host Floquet-Bloch
bands with unique topological properties that cannot be
obtained in equilibrium systems. In the presence of in-
teractions, it is natural to wonder if rapid scattering on
timescales comparable to the driving period might mask
any dynamical features expected to arise from the single-
particle Floquet states. In this work we showed that
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this need not be the case: even in a state with high en-
tropy density and rapid scattering, universal transport
associated with the topological properties of the sys-
tem’s Floquet Bloch bands persists. We demonstrated
this phenomenon in the context of a topological pump
with non-integer filling, which exhibits a long-lived qua-
sisteady state with maximal entropy density (subject to
the constraint of fixed particle number in each band).
We derived conditions under which the quasisteady state
hosts quantized transport (in units of the particle den-
sity), up to an exponentially small correction in the ratio
of the system’s band gap to its renormalized band width.

To support these arguments, we studied this phe-
nomenon numerically in an SYK-type chain. This setup
enabled us to examine the dynamics in a regime of strong
scattering, in system sizes much larger than could be ac-
cessed by exact evolution. This advantage is gained from
the fact that the SYK system can be solved by time evolu-
tion of the Kadanoff-Baym equations. Our numerical re-
sults allowed us to study the dynamics leading to the for-
mation of the quasisteady state. Importantly, we showed
that quantized transport persists even when quasiparti-
cles are short-lived due to fast intraband scattering and
the Floquet sidebands are hence not well resolved.
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Appendix A: The band-resolved bare Green’s
function

Here, we present the derivation of the retarded band-
resolved bare Green’s function, see Fig. 1c,d. In the non-
interacting case the flavors (denoted by α in Eq. (2)) are
independent of each other. We thus focus on α = 1 and
omit the flavor index. The bare retarded Green’s function
is defined as

gRss′(k; t, t′) = −i〈{ĉs,k(t), ĉ†s′,k(t′)}〉θ(t− t′), (A1)

where s, s′ = {A,B} are the sublattice indices, and

ĉs,k(t) = Û†(t)ĉs,k(0)Û(t). The unitary evolution op-

erator is given by Û(t) = T e−i
∫ t
−∞ Ĥ(t′)dt′ , where Ĥ(t)

is given in Eq. (1). For t and t′ well after the quench,
the time-dependent Hamiltonian can be diagonalized, by
the Floquet eigenstates |Ψν(k, t)〉, for ν = R,L. In this
eigenbasis the fermionic operators read

ĉs,k(t) = 〈s|ΨR(k, t)〉d̂R,k + 〈s|ΨL(k, t)〉d̂L,k, (A2)

where d̂ν,k annihilate the Floquet state |Ψν(k, t)〉 and
〈s|Ψν(k, t)〉 is the amplitude of the Floquet state pro-
jected onto a sublattice s. Substituting Eq. (A2) in

Eq. (A1), and evaluating 〈{d̂†ν,k, d̂ν′,k}〉 = δνν′ , we arrive
at

gRss′(k; t, t′) = −iθ(t− t′)×
[〈s|ΨR(k, t)〉〈ΨR(k, t′)|s′〉+ 〈s|ΨL(k, t)〉〈ΨL(k, t′)|s′〉] .

(A3)

Following Eq. (A3), we define the right/left chirality
Green’s functions as

gRν (k; t, t′) = −iθ(t− t′)|Ψν(k, t)〉〈Ψν(k, t′)|. (A4)

Note, that gRν (k; t, t′) is essentially a projector to one
of the Floquet bands and therefore has a matrix struc-
ture in the sublattice indices. The original Green’s
function [defined in Eq. (A1)] is given by the sum
of the band-resolved Green’s functions, gRss′(k; t, t′) =
〈s|gRR(k; t, t′) + gRL (k; t, t′)|s′〉.

1. Wigner representation of the retarded Green’s
function

Next, we derive the Winger-transformed representa-
tion of the band-resolved Green’s function, given in
Eq. (A4). The Wigner transform of g(k; t, t′) is defined
as

g(k;ω, t̄) =

∫
eiωδtg(k; t̄+ δt/2, t̄− δt/2)dδt. (A5)

To evaluate Eq. (A5), we substitute the har-
monic expansion of the Floquet states, |Ψν(k, t)〉 =
e−iεν(k)t

∑
m e
−iΩmt|φmν (k)〉 (see Sec. IV) in Eq. (A4).

We then perform the δt integral yielding [138]

gRν (k;ω, t̄) =
∑
m,n

|φm+n
ν (k)〉〈φm−nν (k)|

ω − εν(k) +mΩ + i0+
e−2inΩt̄. (A6)

The period averaged Green’s function [cf. Fig. 1c] can be
extracted from the n = 0 terms in Eq. (A6), yielding

ḡRν (k;ω) =
∑
m

|φmν (k)〉〈φmν (k)|
ω − εν(k) +mΩ + i0+

. (A7)
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Appendix B: Definition of the Keldysh-Floquet
Green’s functions in the gauge-invariant form

Due to the non-equilibrium nature of the Floquet-
Keldysh Green’s functions, the energy in the collision
processes is only conserved modulo Ω. This property
complicates the calculations using the Keldysh formal-
ism, as multiple photon absorption/emission processes
have to be take in account in each collision. Here, we
present a gauge invariant definition of the Green’s func-
tions in which the ω index is conserved in the colli-
sion processes, and show how convolution and product
of the the two-time Green’s functions are defined with
this gauge choice. Such a definition, allows us to oper-
ate the Keldysh-Floquet Green’s functions as equilibrium
Keldysh Green’s functions with additional matrix struc-
ture in the Floquet harmonics.

Given the Wigner-transformed Green’s function
G(ω, t̄) [see Eq. (A5) for definition], we define the Green’s
function in the harmonic basis (with indices m,n ∈ Z) as

Gmn(ω) =
1

T

∫ T

0

dt̄G(ω +
m+ n

2
Ω, t̄)eiΩ(m−n)t̄. (B1)

This definition is invariant under the transformation
Gm,n(ω+ lΩ) = Gm+l,n+l(ω) for any integer l. A convo-
lution C(t, t′) =

∫
dsA(t, s)B(s, t), reads

Cmn(ω) =
∑
l

Aml(ω)Bln(ω). (B2)

Similarly, a product of two same-time functions,
P (t, t′) = A(t, t′)B(t, t′) is given by

Pmn(ω) =
∑
l

∫
dω′

2π
Am−l,n(ω − ω′)Bl,0(ω′). (B3)

Appendix C: Evaluation of the self-energy and
renormalization of the spectral function

Here, we estimate the broadening ξ of the renormalized
bandwidth of the Floquet bands, discussed in Sec. IV A.
In all the expressions in this section, we assume the
Green’s functions in the frequency domain are defined as
matrices in the harmonic basis [as defined in Eq. (B1)],
and implicitly contract the harmonic indices following the
rules given in Eqs. (B2) and (B3). The renormalization
of the spectral width can be understood from the defini-
tion of the renormalized Green’s function in terms of the
bare one,

[GR(ω)]−1 = [gR(ω)]−1 − ΣR(ω), (C1)

following from Eq. (3a). Focusing on the values of ω at
the gap of the bare function, i.e., where g∆(ω) = 0, the
renormalized spectral function reads

G∆(ω) ≈ −[gR(ω)]2Σ∆(ω). (C2)
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FIG. 5. Examples of diagrams contributing to the self en-
ergy, Σ>(ω), arranged such that the vertices on the positive
Keldysh branch are at the left side and the vertices on the
negative Kelysh branch are at the right side. Notice that the
left diagram would not contribute in the case of the SYK in-
teractions, since it is subleading in the number of the SYK
flavours.

Therefore, to estimate the broadening of the spectral
function, we need to estimate Σ∆(ω). In what follows,
we estimate the lesser and greater components of the
self-energy Σ≶(ω), constituting the spectral component,
Σ∆ = iΣ> − iΣ<.

To estimate the self-energy, we need to sum over all ir-
reducible diagrams allowed by the interaction term (first
four terms in the expansion are demonstrated Fig. 2a).
We begin by estimating the greater component of the self-
energy, Σ>(ω). Consider a generic irreducible diagram
in this sum, corresponding to the order Up in the inter-
action strength, see Fig. 5. Such a diagram contains p
interaction vertices evaluated at the times t1, t2,.., tp and
positions on the Keldysh contour i1, .., ip, where ip = ±
corresponding to positive (+) and negative (−) branches
on the Keldysh contour. The vertices are connected by
the non-interacting propagators gi,i′(t, t

′), with the con-

vention g+− = g<, g−+ = g>, g++ = gT and g−− = gT̃ .
For a specific combination of ip, it is useful to arrange the
diagram such that all the vertices on the positive branch
are on the left side and all the vertices on the negative
branch are on the right side, see Fig. 5. Notice that by
the definition of Σ> the incoming vertex belongs to the
negative Keldysh branch and the outgoing vertex belongs
to the positive branch.

Next, we transform the expression for the self energy
following the transformation given in Eq. (B1). For con-
venience, we enumerate the frequencies of the l propa-
gators going from the left to the right side of the di-
agram by ω1, ω2,..., ωl, and l − 1 propagators going
from the right side to the left side by ωl+1, ωl+2,...,
ω2l−1. The maximal value of l is limited by p. We de-
fine the sum of the frequencies of the propagators cross-
ing the center of the diagram with opposite signs by
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∆ω = ω1 + ...+ωl −ωl+1 − ...−ω2l−1. From the conser-
vation of frequency, ∆ω = ω, where ω is the frequency
associated with self-energy.

By construction, the propagators directed from the
left to right correspond to the greater component of the
Green’s function, g>(ω1),..., g>(ωl) while the ones di-
rected oppositely correspond to the lesser components of
the Green’s function, g<(ωl+1),..., g<(ω2l−1). For sim-
plicity, we suppressed the momentum dependence and
the Floquet harmonic indices, as they are not important
for the qualitative result. Therefore, the greater compo-
nent of the self-energy of a single diagram to the order
Up is given by

Σ>p (ω) =Up
∫
dω1...dω2l−1

(2π)2l−1
δ(ω −∆ω)×

× g>(ω1) · · · g<(ω2l−1)Fp(ω1, ..., ω2l−1).

(C3)

The function Fp includes the contribution from all the
propagators that do not cross the center of the diagram,
which include the time-ordered and anti time-ordered
components. It is analytical and non vanishing, there-
fore can not change the support of the convolution in the
ω domain, yet it may change the weight of the function.

Our goal is to estimate Σ>(ω) for ω away from the sup-
port of the non-interacting density of states. The dom-
inant contribution to the self-energy would arise from
ladder-shaped diagram, as is shown in Fig. 5c. Such a
diagram has maximal number of lines crossing the center
of the diagram, with minimal constraints on the interme-
diate frequencies.

The unique topology of this diagram allows to write it
as a recursive relation

Σ>p+2(ω) =U2

∫
dω1dω2dω3

(2π)2
δ(ω3 − ω + ω1 − ω2)×

× g>(ω1)g<(ω2)gT (ω3)gT̃ (ω3)Σ>p (ω3).

(C4)

with the initial condition

Σ>2 (ω) =U2

∫
dω1dω2

(2π)2
g>(ω1)g<(ω2)g>(ω − ω1 + ω2).

(C5)

For simplicity, we assume a nearly quasi steady state in
which the lesser and greater functions can be approxi-
mated by g>(ω) ≈ if̄0

Rg
∆
R (ω) + if̄0

Lg
∆
L (ω) and g<(ω) ≈

−if0
Rg

∆
R (ω) − if0

Lg
∆
L (ω). The dominant contribution

arises from diagrams where each pair of propagators in
Eqs. (C4) and (C5) corresponds to the same band, i.e.,
g>(ω1)g<(ω2) → (fLf̄L + fRf̄R)g∆

0 (ω1)g∆
0 (ω2), where

g∆
0 (ω), is the density of states of one of the bands

shifted to the center of the energy. We also approximate

gT (ω)gT̃ (ω) ≈ 1/ω2.
The solution to Eq. (C5), can be written as Σ>2 (ω) ≈

iU2(fLf̄L + fRf̄R)[f̄Rg̃
∆
R (3WF , ω) + f̄Lg̃

∆
L (3WF , ω)],

where g̃∆
ν (d, ω) is a function of width d centered

around the ν-th band. Applying Eq. (C4), we obtain

Σ>4 (ω) ≈ i U4

((3/2)WF )2 (fLf̄L + fRf̄R)2[f̄Rg̃
∆
R (5WF , ω) +

f̄Lg̃
∆
L (5WF , ω)]. Similarly, after p iterations, we ar-

rive at Σ>2p(ω) ≈ iU2p

(p!)2W 2p−2
F

(fLf̄L + fRf̄R)p[f̄Rg̃
∆
R ((2p +

1)WF , ω) + f̄Lg̃
∆
L ((2p + 1)WF , ω)]. We separate

the self energy to Σ>2p(ω) = Σ>L,2p(ω) + Σ>R,2p(ω)

where Σ>ν,2p(ω) ≈ iU2p

(p!)2W 2p−2
F

(fLf̄L + fRf̄R)pf̄ν g̃
∆
ν ((2p +

1)WF , ω).
For a distance |ω| from the left band, the leading

order in p is proportional to p ∼ |ω/WF |. There-
fore, the self energy to this order reads Σ>L (ω) ≈

iUf̄L
(b|ω/WF |c!)2

[
U2

W 2
F

(fLf̄L + fRf̄R)
]|ω|/WF

. Using the Stir-

ling’s approximation p! ≈ pp, we obtain Σ>L (ω) ≈

iUf̄L

[
U2

ω2 (fLf̄L + fRf̄R)
]|ω|/WF

. For ω of the order of

∆, we arrive at Σ>L (ω) ∝ iUf̄Le−|ω|/ξ, where

ξ ≈ −WF / ln

(
U2

∆2
[fLf̄L + fRf̄R]

)
. (C6)

Similarly, the lesser component of the self energy reads
Σ<L (ω) ∝ −iUfLe−|ω|/ξ. Therefore, Σ∆ = iΣ> − iΣ< ∝
Ue−|ω|/ξ. Using Eq. (C2), we obtain

G∆
L (ω) ∝ e−|ω|/ξ. (C7)

A similar calculation near the upper band leads to the
same energy scale for the broadening.

Appendix D: Kinetic equation

In this section, we derive the kinetic equation for the
occupation probabilities, defined in Eq. (5), and demon-
strate that this equation is solved by constant occupa-
tions of the bands fL = f0

L and fR = f0
R, up to terms

proportional to O(δfe−∆/ξ), where δf = f0
L − f0

R. This
means that the fixed point of the kinetic equation to the
order e−∆/ξ, corresponds to an infinite temperature dis-
tribution in each of the bands. If these terms are in-
cluded, the fixed point is a global infinite temperature
state, in which δf = 0.

To derive the kinetic equation , we substitute Eq. (5),
in Eq. (3b). Before, performing the substitution, we
rewrite Eq. (3b) in the frequency-momentum domain
by performing the Wigner transformation of the time-
frequency domain, yielding

[ω −H0(k, t) #G<(k;ω, t)] =

= ΣR ◦G< −G< ◦ ΣA −GR ◦ Σ< + Σ< ◦GA.
(D1)

Here, “◦” denotes the Moyal and matrix product and
[A #B] = A ◦B −B ◦A. To the first order in the deriva-
tives and commutators the Moyal commutator reads,
[A #B] = [A,B]+ i∂tA∂ωB− i∂wA∂tB. Our goal is to de-

rive an equation for ḟL and ḟR without imposing the “on-
shell” approximation, which otherwise would not include
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the interband transitions occurring off-shell. Eq. (D1)
describes the time-evolution of G<, which includes time-
evolutions of both the spectral function and the occupa-
tions [see Eq. (5)]. On the other hand, the evolution of
G∆ alone can be derived from Eq. (3a), and reads

[ω −H0(k, t) #G∆(k;ω, t)] =

= ΣR ◦G∆ −G∆ ◦ ΣA −GR ◦ Σ∆ + Σ∆ ◦GA.
(D2)

To separate the kinetic equation for fL from the kinetic
equation for G∆, we define IL(k;ω, t) ≡ [ω −H0 #G<] +
fL ◦ [ω−H0 #G∆]. Evaluating the l.h.s. of Eqs. (D1) and
(D2), we obtain

IL = [ω−H0 #G<+ fL ◦G∆]− [ω−H0 # fL] ◦G∆. (D3)

To simplify, we rewrite Eq. (5) as G< = −fL ◦G∆
L − fR ◦

G∆
R +δG<, where δG< = [fL #GRL ]+[fR #GRR]. Therefore,

G<+fL◦G∆ = δf ◦G∆
R +δG<. To simplify even further,

we assume a close to steady state, such that we can keep
only the first order terms in the derivatives and commu-
tators of fν . With this assumption δG< is already given
to the leading order and its Moyal commutator will be
of higher order and thus can be neglected. In addition,
focusing on ω ≈ −∆/2, the spectral function scales as
G∆
R ≈ e−∆/ξ [see Eq. (C7)]. Therefore, this term can be

neglected compared to fL ◦G∆
L . With these approxima-

tions and explicitly computing the Moyal commutator of
fL in Eq. (D3) to the leading order, we obtain,

IL = (iḟL + iḢ0∂ωfL − [H0, fL])G∆
L . (D4)

Eq. (D4) is essentially the l.h.s. of the Boltzmann-
like equation (up to the band-renormalization terms dis-
cussed below).

Similarly, we evaluate IL using the r.h.s. of Eqs. (D1)
and (D2), yielding the collision term (and band-
renormalization terms). An explicit calculation yields,

IL = G< ◦ Σ∆ −G∆ ◦ Σ<+

+ [ΣR #G< + fL ◦G∆]− [ΣR # fL] ◦G∆+

+ [Σ< + fL ◦ Σ∆ #GA]− [fL #GA] ◦ Σ∆.

(D5)

Evaluation of Eq. (D5) in a generic state is complex and
is performed in the numerical part. As a first order check,
we will verify that an infinite temperature state for each
of the bands fν = f0

ν , with f0
L 6= f0

R almost nullifies the
collision integral and estimate the timescale for the full
thermalization of the system to an infinite temperature
state (in which f0

R = f0
L). Under the assumption of con-

stant occupations, Eq. (D5) simplifies to

IL =δf(G∆
R ◦ Σ∆

L −G∆
L ◦ Σ∆

R)+

+ [ΣR # δfG∆
R ] + [δfΣ∆

R #GA].
(D6)

Here, we denote by ΣL(ω) the self energy near ω =
−∆/2, and similarly ΣR(ω), denotes the self-energy near
ω = ∆/2. We also used Σ<L ≈ −if0

LΣ∆
L and Σ<R ≈

= +

𝐾2/𝑁

𝐺 𝑔 𝑔 𝐺
= + Σ

Σ

𝐽2/𝑁3

FIG. 6. Self consistent relations for a Thouless pump with
SYK interactions. Single lines represent the non-interacting
Green’s function gss′(k; t, t′). Double lines represent the
renormalized Green’s functions Gss′(k; t, t′).

−if0
RΣ∆

R . Importantly, all the terms in IL are propor-
tional to ∆f and to either G∆

R or Σ∆
R , that are exponen-

tially small near ω = −∆/2. This exponentially small
value of IL is proportional to the rate of thermalization
to the infinite temperature state, in which δf = 0. In
this state Eq. (D6) becomes identically zero, IL = 0.

Appendix E: Details of the numerical simulation

Here, we present the details of the numerical simula-
tion of the time-evolution of the Kadanoff-Baym equa-
tions [see Eq. (3)]. The time-evolution is performed
with respect to the SYK Hamiltonian, given in Eq. (2),
with N → ∞. To stabilize the numerics in the weakly-
interacting limit, we added a weak random quadratic
term

ĤSYK−2 =
∑
j,αβ

Kαβ ĉ
†
jαĉjβ + h.c., (E1)

where Kαβ = 0 and K2
αβ = K2/N .

Instead of evolving in time the GR and G< functions,
as appears in Eq. (3), we found it more convenient to
evolve the retarded GR, and Keldysh components GK .
The latter is defined as

GKss′(k; t, t′) = G>ss′(k; t, t′) +G<ss′(k; t, t′). (E2)

The Kadanoff-Baym equations for these two components
read

[i∂t −H0(t)]GR = δ(t− t′) + ΣR ◦GR (E3a)

[i∂t −H0(t)]GK = ΣR ◦GK + ΣK ◦GA. (E3b)

The disorder-averaged self-energy for the chain of SYK
dots with SYK-4 [Eq. (2)] and SYK-2 [Eq. (E1)] inter-
actions can be written in the self-consistent form. The
diagrammatic structure of the self-energy to the leading
order in N is shown in Fig. 6 [117]. As follows from
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𝑡′ GR(t, t′), GK(t, t′)

𝑡

Equilibrium 
solution

𝑁𝑡

𝑁𝑡

FIG. 7. Time evolution of the retarded and Keldysh
Green’s functions according to the Kadanoff-Baym equations
[Eqs. (E3)]. The square in the bottom left corner represents
the initial conditions for the Green’s function, Geq(t, t′). At
each step of the evolution a new row, column and a cell
on the diagonal are added to the matrix, corresponding to
G(t0 + δt, t), G(t, t0 + δt) and G(t0 + δt, t0 + δt).

this diagram, the greater and lesser components of the
self-energy are given by

Σ
≷
ss′(x; t, t′) =K2G

≷
ss′(x; t, t′)+

+J2[G
≷
ss′(x; t, t′)]2G

≶
s′s(−x; t′, t).

(E4)

Here, x is obtained from the Fourier transform of the mo-
mentum, k, index. The retarded and Keldysh Green’s
functions GR and GK [appearing in Eq. (E3)], are re-
lated to G≷ via GRss′(k; t, t′) = θ(t − t′)[G>ss′(k; t, t′) −
G<ss′(k; t, t′)] and Eq. (E2). In turn, the inverse relatons

read G≷ = 1
2

[
GK ± (GR −GA)

]
, where GAss′(k; t, t′) =

GRs′s(k; t′, t)†. The relations for the self energy are simi-
lar, with G replaced by Σ.

1. Equilibrium solution

Equations (E3) and (E4) constitute a set of integro-
differential equations which determine the time evolution
of the Green’s functions. Initial conditions for this time-
evolution are set by the state ρ0, corresponding to equi-

librium with an inverse temperature β0 and Hamiltonian
Ĥ(0). Due to invariance to time-translations in equilib-
rium, the equilibrium Green’s functions depend only on
the time-difference ∆t = t − t′. To find the equilibrium
solution, we we evaluate Eq. (E3a) for H0(t) at t = 0 and
transform ∆t to the frequency space ω, giving rise to

[ω −H0(0)]GR(ω) = 1 + ΣR(ω)GR(ω). (E5)

Furthermore, Eq. (E3b) is trivially satisfied in equilib-
rium, due to the fluctuation-dissipation theorem [130,
131, 139],

GKss′(ω) = F (ω)[GRss′(ω)−GAss′(ω)], (E6)

where F (ω) = tanh(β0ω/2). The equilibrium Green’s
function is obtained from the self-consistent solution of
Eqs. (E4), (E5) and (E6).

2. Time evolution

Having found an equilibrium solution, GReq(k; t − t′)

and GKeq(k; t− t′), we rearrange the vectors into matrices

[GReq]ss′(k; t, t′) and [GKeq]ss′(k; t, t′) of size Nt×Nt in the
time domain and 2×2 in the sublattice space, for a vector
of crystal momenta of size L. In our simulations, we used
Nt = 3000 (smaller values of Nt are used to vary δω
and δt), and L = 50. We used the equilibrium solution
as the starting point of the simulation to propagate the
Green’s functions by one time step δt in each iteration
according to Eq. (E3) [134], see Fig. 7. In particular,
given GR(t0, t

′), we evolve GR according to:

GR(t0 + δt, t′) = U0(t0)[GR(t0, t
′)− i

2
δt,t′ ]− iδtIR(t′)

(E7)

for t′ ≤ t0; GR(t, t0 + δt) = 0 for t ≤ t0; and
GR(t0 + δt, t0 + δt) = GR(t0, t0). Here we defined
U0(t) = e−iδtH0(t) and IR(t′) =

∫
ΣR(t0, s)G

R(s, t′)ds.
To optimize the efficiency of the simulation, we keep

the overall size of the matrices constants. Therefore, for
each new element of the Green’s function calculated in
the future, we erase one element in the past. Such a trun-
cation of the Green’s function fixes the required memory
of the simulation and significantly reduces the computa-
tional resources used.
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Dmitry A. Abanin, “Periodically driven ergodic and
many-body localized quantum systems,” Ann. Phys. (N.
Y). 353, 196–204 (2015).

[99] Marin Bukov, Luca D’Alessio, and Anatoli
Polkovnikov, “Universal high-frequency behavior
of periodically driven systems: from dynamical sta-
bilization to Floquet engineering,” Adv. Phys. 64,
139–226 (2015).
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and Ulrich Schneider, “Interaction Dependent Heating
and Atom Loss in a Periodically Driven Optical Lat-

http://dx.doi.org/ 10.1103/PHYSREVB.84.195410
http://dx.doi.org/ 10.1126/SCIENCE.1239834
http://dx.doi.org/ 10.1126/SCIENCE.1239834
http://dx.doi.org/ 10.1126/SCIENCE.285.5434.1706
http://dx.doi.org/ 10.1126/SCIENCE.285.5434.1706
http://dx.doi.org/10.1016/J.CRHY.2004.08.006
http://dx.doi.org/10.1016/J.CRHY.2004.08.006
http://dx.doi.org/10.1038/nphys582
http://dx.doi.org/10.1038/ncomms1935
http://dx.doi.org/10.1038/ncomms1935
http://dx.doi.org/10.1103/REVMODPHYS.85.1421
http://dx.doi.org/10.1103/REVMODPHYS.85.1421
http://dx.doi.org/ 10.1103/PHYSREVLETT.111.216807
http://dx.doi.org/10.1038/nnano.2014.275
http://dx.doi.org/10.1063/1.4978388
http://dx.doi.org/ 10.1103/PHYSREVLETT.109.106402
http://dx.doi.org/ 10.1103/PHYSREVLETT.109.106402
http://dx.doi.org/ 10.1103/PHYSREVLETT.117.170405
http://dx.doi.org/10.1038/nphys3584
http://dx.doi.org/10.1038/nphys3584
http://dx.doi.org/10.1038/nphys3622
http://dx.doi.org/10.1038/nphys3622
http://dx.doi.org/ 10.1038/nature25011
http://dx.doi.org/ 10.1038/nature25011
http://dx.doi.org/10.1038/nature25000
http://dx.doi.org/ 10.1038/s41377-020-00408-2
http://dx.doi.org/ 10.1038/s41377-020-00408-2
http://dx.doi.org/10.1038/s41567-021-01229-9
http://dx.doi.org/10.1038/s41586-021-03688-9
https://arxiv.org/abs/2112.12788v1
https://arxiv.org/abs/2112.12788v1
http://arxiv.org/abs/2112.12788
http://dx.doi.org/10.1103/PHYSREVE.90.012110
http://dx.doi.org/10.1103/PHYSREVE.90.012110
http://dx.doi.org/10.1103/PHYSREVX.4.041048
http://dx.doi.org/10.1016/J.AOP.2014.11.008
http://dx.doi.org/10.1016/J.AOP.2014.11.008
http://dx.doi.org/ 10.1080/00018732.2015.1055918
http://dx.doi.org/ 10.1080/00018732.2015.1055918
http://dx.doi.org/ 10.1088/1367-2630/17/9/093039
http://dx.doi.org/ 10.1088/1367-2630/17/9/093039
http://dx.doi.org/10.1103/PhysRevLett.115.256803
http://dx.doi.org/10.1103/PhysRevLett.115.256803
http://dx.doi.org/ 10.1103/PHYSREVB.93.155132
http://dx.doi.org/ 10.1103/PHYSREVB.93.155132
http://dx.doi.org/ 10.1016/J.AOP.2016.01.012
http://dx.doi.org/ 10.1103/PHYSREVX.7.011026
http://dx.doi.org/10.1007/s00220-017-2930-x
http://dx.doi.org/10.1007/s00220-017-2930-x


15

tice,” Phys. Rev. Lett. 119, 200402 (2017).
[107] Takashi Mori, “Floquet prethermalization in periodi-

cally driven classical spin systems,” Phys. Rev. B 98,
104303 (2018).

[108] Owen Howell, Phillip Weinberg, Dries Sels, Ana-
toli Polkovnikov, and Marin Bukov, “Asymptotic
Prethermalization in Periodically Driven Classical Spin
Chains,” Phys. Rev. Lett. 122, 010602 (2019).

[109] Michael Vogl, Pontus Laurell, Aaron D. Barr, and Gre-
gory A. Fiete, “Flow Equation Approach to Periodically
Driven Quantum Systems,” Phys. Rev. X 9, 021037
(2019).

[110] Clemens Kuhlenkamp and Michael Knap, “Periodically
Driven Sachdev-Ye-Kitaev Models,” Phys. Rev. Lett.
124, 106401 (2020).

[111] Christoph Fleckenstein and Marin Bukov, “Thermaliza-
tion and prethermalization in periodically kicked quan-
tum spin chains,” Phys. Rev. B 103, 144307 (2021).

[112] Netanel H. Lindner, Erez Berg, and Mark S. Rud-
ner, “Universal chiral quasisteady states in periodically
driven many-body systems,” Phys. Rev. X 7, 011018
(2017).

[113] Tobias Gulden, Mark S Rudner, Erez Berg, and Ne-
tanel H Lindner, “Exponentially long lifetime of univer-
sal quasi-steady states in topological Floquet pumps,”
SciPost Phys 9, 15 (2020).

[114] Raffael Gawatz, Ajit C. Balram, Erez Berg, Netanel H.
Lindner, and Mark S. Rudner, “Prethermalization
and entanglement dynamics in interacting topological
pumps,” (2021), arXiv:2103.15831.

[115] Subir Sachdev and Jinwu Ye, “Gapless spin-fluid ground
state in a random quantum Heisenberg magnet,” Phys.
Rev. Lett. 70, 3339–3342 (1993).

[116] A. Kitaev, ““A simple model of quantum holography.”
http://online.kitp.ucsb.edu/online/entangled15/kitaev/,http:
//online.kitp.ucsb.edu/online/entangled15/kitaev2/.
Talks at KITP, April 7, 2015 and May 27, 2015,”.

[117] Juan Maldacena and Douglas Stanford, “Remarks on
the Sachdev-Ye-Kitaev model,” Phys. Rev. D 94,
106002 (2016).

[118] Steven R. White and Adrian E. Feiguin, “Real-time evo-
lution using the density matrix renormalization group,”
Phys. Rev. Lett. 93, 076401 (2004).
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