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Abstract 

Cyclo[18]carbon, has been recently characterized by high-resolution atomic force 

microscopy which revealed a polyynic structure with alternating single and triple bonds. 

It is natural to ask why it does not exhibit bond equalization and adopt a cumulenic 

structure. This paper, on the other hand, begins with the opposite question: why we 

expect it to exhibit bond equalization in the first place. We then reexamine whether these 

intuitive arguments are theoretically sound. Hückel model, which was often attributed as 

the underlying reason for the famous 4N+2 electron-counting rule for aromatics, was 

reviewed with minimal structural flexibility introduced, which surprisingly revealed that 

even benzene would undergo bond alternation under the Hückel framework. This analysis 

is confirmed by extended Hückel calculations. DFT and semi-empirical calculations 

revealed that internuclear repulsion would be necessary for a model to correctly predict 

the D6h structure of benzene. Similar scenario was observed for C18, except that a 

greater fraction of exact exchange may result in a small energy gain when molecule 

distorts from D18h to D9h geometry. HOMO energy lowering and LUMO energy rising 

were found in the symmetry-lowering distortion of both benzene and C18, thus 

disqualifying the usual explanation of the bond alternating structure of C18 based on 

second-order Jahn-Teller effect. Finally, a hydrogen-ring model was presented as a toy 

model to investigate the origin of bond equalization of so-called aromatic systems, which 

clearly revealed the role of nuclear repulsion in favoring high-symmetry structure while 

electronic energy monotonically decreases in symmetry-lowering process. 

 



Introduction 

Cyclo[n]carbon has been proposed as a new family of molecular carbon allotrope other 

than fullerene. Its existence was initially predicted by Hoffmann at 1966 via 

computational study1 and cyclo[18]carbon (C18), the most stable member of this family 

according to computational investigation, was later synthesized for the first time at 19892. 

Since then, many efforts have been devoted to investigate whether this molecule and its 

analogs adopt polyynic structure with alternating single and triple bonds, or cumulenic 

structure with equalized bond lengths3–5. But only very recently, C18 has been 

experimentally characterized which reveals this molecule adopts the polyynic structure6. 

The experimental characterization of C18 naturally raises the question that why polyynic 

structure is more favored than cumulenic structure. As all carbon atoms are sp hybridized 

in this molecule, each carbon forms two sigma bonds with adjacent atoms, leaving two 

perpendicular p orbitals available for pi bonding. Thus, this molecule is termed with 

double aromaticity because both the in-plane and the out-of-plane p orbitals constitute 

delocalized bonding patterns, each with 18 electrons thus fulfilling the Hückel’s 4N+2 

rule with N=47. However, the aromaticity of C18 does not drive itself to exhibit bond 

equalized structure. This is apparently against chemists’ intuition for aromatic compounds. 

In order to explain the alternating structure of C18, density functional theory (DFT) study 

has been performed and second-order Jahn-Teller effect (SOJTE) has been accounted for 

the structural distortion based on the coherent change on orbital energies8. Nevertheless, 

high-level calculations suggest that DFT is unable to predict the correct geometry of C18, 

except for a few carefully selected ones9–13. 

In this very piece of work, we try to approach this question from the other way around by 

raising the opposite question: why we expect aromatic compound to exhibit bond 

equalization in the first place. Although bond equalization is a well-known feature of 

aromatic compounds, we surprisingly found that the Hückel theory, which leads to the 

famous 4N+2 rule of aromaticity, actually results in alternating geometry for all 

monocyclic aromatic compounds even including benzene. This analytic yet qualitative 

conclusion is verified by extended Hückel method (EHM) calculations for both benzene 

and C18. By comparing among EHM results, other semi-empirical methods, DFT and 

CCSD(T) results, we conjectured that the intuitive bonding picture based on orbital 

interaction actually favors bond-alternating structure, while it is the nuclear repulsion and 

electron correlation that balance the former factor and drives usual aromatic compounds 

to exhibit bond equalization. This conjecture, though astonishing in the first glance, is 

validated by a hydrogen ring model. We note that this work may not serve as a definitive 

answer to why C18 has a bond alternating structure, but hopefully it can serve as an 



reminder that the common argument that "a simple 4N+2 electron count would lead to 

bond equalization" may require a second thought, and may not serve as an convincing 

argument to question the bond-alternating structure of C18. 

 

Results and Discussions 

Revisiting 4N+2 rule from Hückel model 

The Hückel model, in its form often used in arguments related to aromaticity, assumes 

that the Hamiltonian of a cyclic conjugated hydrocarbon is dominated by its π subsystem 

and that the total energy of the system is sum of energies of occupied orbitals. Further 

assumptions on relevant integrals lead to the following Hamiltonian14: 
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in which α denotes atomic orbital energy and β denotes the resonance integral. The 

eigenvalues and eigenvectors are then given by 

 𝑣𝑗𝑘 =
1

√𝑛
exp(2𝜋𝑖

𝑗𝑘

𝑛
) (2) 

 𝜖𝑘 = 𝛼 + 2𝛽 cos (
𝑘𝜋

𝑛
) (3) 

where states and atoms are numbered by k and j, respectively, and n is the total number of 

carbon atoms. Apparently, the orbital energy reaches its minimum εmin=α+2β when k=0 

and its maximum εmin=α-2β when k=n/2 if n is even, noting that β is negative. The rest of 

orbitals are doubly degenerate. Thus, if we ignore the possibility of triplet states for this 

moment, orbital degeneracy requires the electron count of the system to adopt the form of 

4N+2, otherwise Jahn-Teller distortion would occur due to unevenly occupied degenerate 

orbitals. 



The 4N+2 electron-counting rule for aromatics is probably the most important inference 

of the Hückel model, and is widely used in both organic and inorganic chemistry. It is 

arguably the only reason that Hückel model is still taught in undergraduate level of 

chemistry15, when other semi-empirical calculations almost lose their vitality in the 

contemporary era with rich computing resources. 

However, it seems that the usual way of delivering Hückel model and 4N+2 rule easily 

drives people to take for granted that system with 4N+2 electrons must, at least in the 

framework of Hückel model, exhibit bond equalization, one of the most typical 

characteristics of aromatic systems. But can bond equalization be inferred from Hückel 

model? Are they really compatible? 

Hückel model with alternating bond lengths 

The above derivation begins with Hamiltonian in the form of (1) which already implies 

equalized bond lengths. Thus, this derivation actually shows that a stable system with 

equal bond length must have 4N+2 electrons, which means 4N+2 electron count is the 

NECESSSARY condition of bond equalization. However, this derivation provides no 

information on the sufficiency of 4N+2 electron count. In other words, given a system 

with 4N+2 electrons, we have no clue other than plain intuition on whether it exhibits 

bond equalization. 

To investigate whether bond equalization is the consequence of 4N+2 electron count, we 

investigate the Hamiltonian with alternating resonance integrals: 

 �̂� =
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As the symmetry is reduced, the period of Hamiltonian is doubled, hence the eigenvalues 

split into two branches, corresponding to bonding and anti-bonding orbitals: 

 𝜖𝑘 = 𝛼 ± √𝛽1
2 + 𝛽2

2 + 2𝛽1𝛽2 cos
2𝑘𝜋

𝑛
 (5) 



It is clear that this energy reduces to (3) for the symmetric case where β1=β2=β. If we 

perturb the system from high-symmetry geometry, letting β1=β+δ，β2=β-δ, then we have 

 𝜖𝑘 = 𝛼 ± √(2𝛽 cos
𝑘𝜋

𝑛
)
2

+ (2𝛿 sin
𝑘𝜋

𝑛
)
2

 (6) 

Obviously, a non-zero δ always increases energy splitting. The bonding branch will 

become lower in energy with increasing δ while the anti-bonding branch become higher. 

A plot of εk as function of k/n with different δ values is given in Fig. 1. 

 

Fig. 1. Hückel energy spectrum εk as function of k/n with different δ values. 

 

While the number of electrons is just equal to that of atoms, the bonding branch is thus 

fully occupied and anti-bonding branch is empty. In this case, the total energy 

monotonically decreases when |δ| increases. Therefore, Hückel model always predicts an 

alternating structure, no matter for benzene or C18. 

A similar derivation is sometimes used to illustrate the alternating structure of 

polyacetylene. Tight-binding model for polyacetylene is essentially the same as Hückel 

model except for its periodic boundary condition. In this case, the state numbering k 

becomes continuous and is termed wave vector. Following a similar derivation as what 

we have done for benzene and C18, one could also come to the conclusion that the 



symmetry-lowering distortion of polyacetylene (known as Peierls distortion), would turn 

the system from a metal to an insulator16. 

A second thought on second order Jahn-Teller effect (SOJTE) 

The origin of bond alternating structure of C18 has been explained by second-order 

Jahn-Teller effect in literatures, as demonstrated by its lowered HOMO and raised LUMO 

upon distortion. However, the Hückel model shows that such an energy change is 

generally present in symmetry-lowering distortion, no matter for C18 or benzene. 

To demonstrate this point, we have scanned the conformations of both benzene and C18 

along the symmetry-lowering coordinate and examined the corresponding energy change. 

In Dnh point group, the coordinates of carbon atoms can be written as: 

 

(𝑥𝑗 , 𝑦𝑗, 𝑧𝑗) = (𝑟 cos 𝜃𝑗 , 𝑟 sin 𝜃𝑗 , 0) 

𝜃𝑗 =
2𝜋

𝑛
𝑗 + (−1)𝑗

𝛼𝜋

𝑛
 

(7) 

The symmetry-lowering coordinate α is defined as change in polar coordinate multiplied 

by a factor of n for ease of later comparison between systems with different number of 

atoms. The radius of carbon ring is relaxed as well as hydrogen atoms if present. 

Single point calculations are performed using different methods based on the geometries 

optimized by PBE0/def2TZVP level of theory and the potential energy surfaces (PES) are 

shown in Fig. 2. 



 

Fig. 2. Energy change of C6H6 upon symmetry-lowering distortion calculated with 

different methods. 

 

Three different parameterizations of extended Hückel methods (EHM) implemented in 

Gaussian 16 package are all tested, along with selected DFT methods, HF, CCSD(T) as 

well as a few semi-empirical methods including CNDO, INDO, MNDO and ZINDO that 

are implemented in Gaussian 1617. Technically speaking, extended Hückel method is also 

one of semi-empirical methods. Herein, semi-empirical method refers to those other than 

extended Hückel method since significant difference is present between extended Hückel 

method and other methods used in this work. 

It is expected that different functionals perform similarly for benzene, all close to the 

CCSD(T) results. Semi-empirical methods give qualitatively same PES as DFT, but with 

much greater distortion energies. EHM, however, predicts lower energy upon 

symmetry-lowering distortion, consistent with previous derivation based on the simplest 

Hückel model. 

Taking the geometry with α=0.133 for demonstration, the HOMO/LUMO energies are 

given in Fig. 3. As the absolute band gap is largely affected by the choice of calculation 

method, the plotted HOMO/LUMO energies are shifted and scaled such that the 

HOMO/LUMO energies corresponding to undistorted geometry are 0 and 1, respectively. 

It is then clear from Fig. 3 that the LUMO energy is raised upon distortion no matter 

which calculation method is used, while HOMO energy is lowered for all methods but 

CNDO and INDO. 



 

Fig. 3. Normalized HOMO/LUMO energies of C6H6 upon distortion. The normalization 

is done for each method by scaling and shifting orbital energies such that the HOMO and 

LUMO energies at the high-symmetry point is 0 and 1, respectively. Orbital energies at 

α=0.133 are shown here. 

 

In this way, we have shown that the HOMO is indeed stabilized upon distortion, 

demonstrating the qualitative correctness of Hückel model. However, such stabilization 

should not be related to total energy change, as it is present even in benzene which 

undoubtedly favors D6h structure. 

The same calculation is performed for C18 except that ωB97XD functional is used for 

optimization because PBE0 has been reported to favor bond equalized structure for C18. 

Nevertheless, for each distortion parameter, the radii predicted by PBE0 is nearly the 

same as ωB97XD (see Fig. 4). 



 

Fig. 4. Change of radii of C18 with respect to distortion parameter calculated with 

different functionals. 

 

Fig. 5. Energy change of C18 upon symmetry-lowering distortion calculated with 

different methods. 

 

From Fig. 5, we can see that EHM predicts monotonically decreasing energy change upon 

distortion (at least within scanned regime), similar to the scenario in benzene. This again 

demonstrates that Hückel model cannot correctly predict the geometry of this kind of 

systems. DFT methods now behave differently: PBE and PBE0 show monotonically 



increasing energy change, while ωB97XD shows an energy gain when distortion is small, 

the latter being consistent with the experimentally observed polyynic structure. Compared 

to DFT methods, HF shows a similar curve shape but with larger energy gain and greater 

distortion. The results from semi-empirical methods closely resemble that from HF 

method, except ZINDO which predicts rapidly increasing energy upon distortion. Finally, 

the so-called golden standard CCSD(T) method agrees with the experimental observation 

that polyynic structure is more stable than cumulenic structure. But in fact, it predicts a 

very flat curve when distortion is small, which to certain extent elucidates why this 

system is so difficult to predict accurately. 

More DFT methods have also been tested covering a wide variety and their difference can 

be clearly seen from Fig. 6, in which functionals are ordered by their predicted energy 

change at α=0.050. 

 

Fig. 6. Calculation methods ordered by energy change at α=0.050. 

 

By ordering the functionals by their predicted energies, we can see that greater 

component of HF exchange in the functional generally favors polyynic structure more 

than cumulenic structure. All pure functionals predict wrong structure for this particular 

molecule, showing that delocalization error might be essential in this case. HF gives the 

other extreme where electrons are over-localized. 



While the calculated molecular energy may change depending on the choice of 

calculation method, all methods exhibit lowered HOMO and raised LUMO upon 

distortion as shown in Fig. 7. 

 

Fig. 7. Normalized HOMO/LUMO energies of C18 before and after distortion. The 

normalization is done for each method by scaling and shifting orbital energies such that 

the HOMO and LUMO energies at the high-symmetry point is 0 and 1, respectively. 

Orbital energies before distortion (α=0) and after distortion (α=0.050) are shown as 

dashed and solid lines, respectively. 

 

Therefore, we think that the explanation for distortion of C18 based on second-order 

Jahn-Teller effect is not persuasive enough, because such an orbital energy decrease is 

intrinsic for this kind of system, including benzene and C18, as demonstrated above from 

dual perspectives, analytic derivation based on Hückel model and numerical simulations 

using a variety of calculation methods. 

Although HF is not accurate enough to predict the exact energy change upon distortion, it 

correctly predicts the polyynic structure of C18. Compared to HF, DFT methods exhibit 

more preference to cumulenic structure, demonstrating that electron correlation might 

favor localized electronic structure. Now that HF and semi-empirical methods are able to 

predict the correct structure while EHM cannot, we conjecture that electronic structure is 

the factor that tends to reduce the symmetry, while it is the internuclear repulsion, which 

is included in all tested methods but EHM, that prevents the structure from being 

distorted. 



Hydrogen ring model 

In order to distinguish internuclear repulsion from total energy in a clearer manner, we 

use hydrogen ring to model the behavior of carbon rings and try to decompose the total 

energy into nucleus-nucleus repulsion, nucleus-electron attraction, and electron-electron 

repulsion. 

To be specific, we build the hydrogen ring in which the coordinates of hydrogen atoms 

are specified according to eq 7 and investigate how the distortion parameter α affects total 

energy for different n and r. However, the ring radius is expected to be highly related to 

number of atoms. Thus, instead of r itself, we choose to control the average bond distance 

d according to 

 𝑟 =
𝑑

2 sin
𝜋
𝑛

 (8) 

Now for different n and d, we scan the distortion parameter α and calculate the energy of 

the hydrogen ring under HF/STO-3G level. All calculations hereafter for hydrogen ring 

model are performed by the PySCF package18–20 and the results are shown in Fig. 8. 

 

Fig. 8. Energy of hydrogen ring with respect to distortion parameter α with different ring 

size n and bond distance d obtained under HF/STO-3G level. 

 



It is interesting to notice that different bond lengths behave very differently. For very 

short bond length, the ring is stable at the high-symmetry structure with bonds equalized. 

For long bond length, symmetry-lowering distortion is favorable, which turns the 

hydrogen ring of into a ring of H2 molecules. In the intermediate bond distance regime 

(d=0.7~0.8), small rings prefer bond equalization while large rings prefer alternating 

bonds. This scenario is somehow similar to the case of carbon rings in which bonds are 

equalized in benzene but alternating in C18. 

To confirm HF/STO-3G give correct energetics, FCI/STO-3G and HF/cc-pVTZ 

calculations have also been performed for selected critical points. As shown in Fig. 9, the 

energetics are almost the same as HF/STO-3G results. 

 

Fig. 9. Energy of hydrogen ring with respect to distortion parameter α with different ring 

size n and bond distance d obtained under FCI/STO-3G (top) and HF/cc-pVTZ (bottom) 

levels. 

 

Now we decompose the HF/STO-3G energy into internuclear repulsion (Enn), 

nucleus-electron attraction (Ene) and electron-electron repulsion (Eee) contributions. 



 

Fig. 10. Decomposition of energy of hydrogen ring with respect to distortion parameter α 

with different ring size n obtained under HF/STO-3G level. Bond distance d is fixed to be 

0.8d Å. 

 

It is clear from such decomposition that Ene is monotonically decreasing upon distortion 

while Enn is increasing. The electron-electron repulsion is also monotonically increasing 

but is very small compared to the other two terms. This decomposition reveals that the 

electronic energy favors structure with alternating bond lengths while it is indeed the 

internuclear repulsion term that prevents the ring from symmetry-lowering. This is 

consistent with the fact that the only methods that cannot correctly predict the geometry 

of benzene are Hückel model and EHM calculations, both of which lack the internuclear 

repulsion term. 

 

Conclusion 

This work revisits the origin of bond equalization in conjugated carbon rings and shows 

that Hückel model, from which the well-known 4N+2 electron-counting rule is obtained, 

result in bond alternating structure even for benzene molecule. By calculating orbital 

energies of benzene and C18 using a variety of methods, we have shown that the orbital 

energy lowering predicted by Hückel model is intrinsic, independent with the ring size. 

We conjecture that it is the internuclear repulsion, which is ignored in Hückel model and 



extended Hückel calculations, that prevents the ring from symmetry-lowering distortion. 

A hydrogen ring model is proposed, which, if properly parametrized, have similar 

behavior as carbon rings in the sense that small rings tend to stay at high-symmetry 

structure while large rings are more likely to distort. Further decomposition of energy into 

electronic energy and internuclear repulsion shows that the former is lowered upon 

distortion while the latter is raised. Despite of its crudeness, this model indeed reveals the 

unneglectable role of internuclear repulsion in determining bond equalized structures. 

This work provides a very different angle to look at the seemingly trivial bond 

equalization phenomenon that is widely observed in aromatic systems. Finally, we would 

like to remind the readers that the decomposition scheme used in this work is not the only 

way of decomposition and other approaches may also result in interpretable terms. This is 

especially important if one notices that when applied on carbon rings, the internuclear 

repulsion is extremely large and is significantly cancelled out by repulsions among core 

electrons. Still, we anticipate this work provides a new viewpoint to bond equalization 

that may help people understand the origin of aromaticity. 
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