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Supporting Information Text15

1. The numerical experiments16

Model framework. The barotropic quasi-geostrophic model is based on the GeosphysicalFlows.jl modeling framework (1), using17

the SingleLayerQG module with an infinite deformation radius and no forcing or dissipation. We take advantage of the GPU18

functionality (2) provided by GeosphysicalFlows.jl, speeding up the computations by a factor of ∼70 compared to running on19

24 CPUs. The computational domain is doubly periodic with size Ldom × Ldom. Our default resolution is 1024× 1024. Early20

tests showed that a resolution of 2048× 2048 provided nearly identical results. The system is time-stepped forward in Fourier21

space using a 4th-order Runge-Kutta time stepper with spectral filtering (1); for the reference run dt = 62.5s. The reference22

run and its flat-trap equivalent are integrated for 8 Earth years and all the other runs are integrated for 4 Earth years. Both23

time periods are longer than the time required for polar vortex crystals to emerge (∼ 2-3 Earth years).24

Set-up of the initial conditions. We initialize the model by specifying a random monoscale relative vorticity ζ0(x, y). Monoscale25

means that ζ0(x, y) is characterized by a single well defined length scale, Linit. To construct a monoscale field we first identify26

an annulus A in wavenumber space localized close to a radial wavenumber 2π/Linit such that27

0.95× 2π
Linit

≤ |k| ≤ 1.05× 2π
Linit

, [1]28

where k is the horizontal wavenumber. We populate A using a complex normal random number generator with mean 0 and29

variance 1 to determine the modal amplitude ξk. The initial relative vorticity is then30

ζ0(x, y) = Q T (r)
∑
k∈A

ξk e
ik·x. [2]31

In [2] we introduce a taper function T (r) that confines the initial relative vorticity to the center of the trap. Our taper is32

T (r) = (r? − r)4
1?(r), [3]33

where 1?(r) is the indicator function of the disc with radius r? i.e. 1?(0 < r < r?) = 1 and 1?(r? < r) = 0. The power 4 in34

[3] ensures that the initial vorticity is well confined to the center of the trap (figure 1a). The normalization factor Q [2] is35

determined so that the initial kinetic energy density is equal to 1
2U

2, where U is specified, e.g. 80 m.s−1 for the reference run.36

The radius r? = 5Lγ is chosen so that r? � Lγ without violating the polar-cap approximation (3). 5Lγ corresponds to37

a latitude of 50◦. The extreme choice of r? = 6Lγ = Ldom/2 creates interactions with the boundaries of the domain and38

corresponds to a latitude of 40◦, i.e. where the polar-cap approximation tends to break (3). We experimented with r? = 4Lγ ,39

which also produces polar vortex crystals. Using a planetary PV η = − 1
2γr

2 over the entire domain (i.e., with no discontinuity)40

produces uncomfortable boundary interactions adjacent domains.41

Sensitivity to Linit. We explored a range of Linit from 100 to 2 000 km (see figure 4 of the main text and figure S3). Polar vortex42

crystals such as those found on Jupiter, i.e. a central polar cyclone surrounded by several circumpolar cyclones, emerge for43

Linit = 100, 200 or 300 km, whereas runs with Linit = 400 or 800 km produce crystals composed of 1 to 4 cyclones (without a44

polar cyclone when more than one vortices survive).45

Crystal radius and Lγ . In all runs the length scale Lγ emerges as the radius of the crystal. To further confirm the prevalence of46

Lγ , we performed several twin simulations, in which U and γ were divided by factors such as 2 and 8, sometimes keeping Lγ47

fixed and in other cases reducing Lγ by a factor of 2. In all cases, a circle of radius Lγ encompasses the circumpolar cyclones.48

Energy and enstrophy conservation. To a good approximation the kinetic energy is conserved throughout the evolution of the49

simulations. For the reference run (see Figure S1 and Table S1), 5% of the initial kinetic energy is lost in the first 19 hours and50

another 5 in the remaining eight years. Enstrosphy loss is more dramatic: 77 % is lost in the first 19 hours and an additional51

15 % in the remaining 8 years. Note that increasing Linit reduces the kinetic energy loss as the initial forcing gets closer to the52

grid resolution.53
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Fig. S1. Kinetic energy ratio (E/E0, in blue) and enstrophy ratio (Z/Z0, in orange) as a
function of time (s), with E0 and Z0 the value at t = 0 s, for the reference run. There is
a sharp drop of kinetic energy and enstrophy in the first 19 hours, then both quantities
decrease slowly. At the end of the reference run, there is a 10% loss of kinetic energy
and 92.5 % loss of enstrophy.

time KE loss [%] enstrophy loss [%]
0 0 0

19 h 4.97 77.29
3 days 5.68 87.84
6 days 5.81 89.82
32 days 5.95 91.45
75 days 6.05 92.18
1 year 6.50 92.42

1.5 years 6.81 92.44
4 years 8.12 92.47
8 years 10.08 92.47

Table S1. Kinetic energy and enstrophy loss at discrete times.

54

2. Integrity of the trap boundary at r?55

The PV discontinuity at r? is intended to confine the vorticity to within the disc 0 < r < r?. While there is some leakage56

through r?, it is small and we regarded the results as satisfactory. We did not experiment by changing the strength of the r?57

PV discontinuity, and nor did we attempt to mollify the discontinuity.58

Anticyclonic retention and cyclonic expulsion. In addition to vortex segregation, there is a second process that discriminates59

between cyclones and anticyclones: anticyclones that encounter the trap boundary at r? are retained within the trap while60

cyclones are expelled. Anticyclonic retention and cyclonic expulsion (ARCE hereafter) happens as a result of dipole interaction61

with the PV discontinuity at r? – this process is vividly illustrated in movie 2 of the SI. In the main test one can see the62

aftermath of a dipole collision with r? in figure 1c: the dipole at seven o’clock has recently bounced off the r?-boundary – note63

the boundary disturbance left behind at a little past six o’clock. This dipole then propagates parallel to the trap boundary and64

in figure 1d is at eleven o’clock. As the dipole moves along the boundary it leaves a trail of disturbances and the component65

vortices entrain fluid and expand. In figure 1d the cyclonic component of the original dipole has escaped the trap, leaving its66

anticyclonic partner behind. These vortices formed by interaction of a dipole with the boundary are shielded e.g. the external67

cyclone at eleven o’clock in figure 1d is surrounded by a blue halo of negative vorticity. In runs using ηpc, ARCE happens at68

early times when rapidly propagating dipoles are a prominent feature of the flow. The early-time cyclonic escapees are the ten69

or twelve external vortices in the bottom row of figure 1. The retained anticyclones remain close to the r?-boundary of the trap.70

The mechanism of ARCE is that small test cyclones move up the planetary PV gradient and small test anticyclones move71

down the planetary PV gradient (3–7). At r?, the discontinuity in ηpc(r) results in a deep circumpolar valley in the planetary72

PV (one wall of the valley is a vertical cliff). This valley traps anticyclones, hence anticyclonic retention. Cyclones will climb73

up the walls of the valley and can either escape the trap, hence cyclonic expulsion, or move in the other direction, back into74

the interior of the trap. Notice that γ-driven vortex segregation acts in opposition to ARCE: the γ-effect shepherds cyclones75

towards towards the pole, r = 0, while ARCE ejects cyclones if they manage to reach r = r?. We caution that in our simulations76

ARCE happens as a result of dipole collision with r?, resulting in strong interactions that are more complex than the tendency77

of test vortices described above.78

3. Supplementary figures in support of the main text79

The following four figures are referred to in the main text.80
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Fig. S2. Same as figure 1 of the main text, but showing PV ζ − 1
2γr

2 instead of ζ. This figure highlights PV mixing and the development of the two PV terraces resulting from
the chaotic mixing in the period between about 7 and 75 days.
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Fig. S3. PV at 4 Earth years for different seeds of the random number generator and variation of Linit. Linit is constant in each row, increasing from 400 km in the top row
to 2000 km in the bottom row, as indicated. (Figure 2 of the main text shows six solutions with Linit = 200 km.) With Linit = 2000km (bottom row) we obtained several
additional solutions and always found a single polar cyclone.
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Fig. S4. Relative vorticity at 4 Earth years for different Linit for the flat-trap configuration. Increasing Linit results in fewer larger vortices and sometimes a more regular crystal
e.g. panel c.
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Fig. S5. Diagonal cuts for the run in figure 4f of the main text. This solution has a single polar cyclone and, in the figure above, incomplete PV mixing resulting from the early
establishment of approximate axisymmetry in this particular solution.
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4. Non-dimensional parameters of the polar-cap QG model81

The dimensional parameters required to specify the system described above are :82

U , γ , Linit , Ldom , r?. [4]

Time scales such as the root-mean-square of ζ0(x, y), and the size of the initial PV extrema, qext, are not on the list in [4].83

These quantities follow from U and Linit. For the computations we must also specify the time step dt and the number of time84

steps nsteps, so that the final time is nsteps × dt.85

From the parameters in [4], we define Lγ = (U/γ)1/3. Then there are three non-dimensional parameters:

P1 = Ldom

Lγ
, P2 = Linit

Lγ
, P3 = r?

Lγ
. [5]

Note that ap/Lγ is not a relevant non-dimensional parameter for our system. We can now predict how any velocity of interest86

depends on the initial setup. For instance, the maximum azimuthal velocity surrounding a polar vortex must have the typical87

value88

Umax
v = U F (P1, P2, P3), [6]89

where F is a non-dimensional function. Likewise, any timescale in the system, such as the initial vorticity extrema forming the90

vortex cores, must have the form91

qext = U

Linit
G(P1, P2, P3), [7]92

where G is another non-dimensional function.93

To cleanly isolate the polar-cap regime we would like to achieve the limiting values94

P1 =∞, P2 = 0, P3 =∞. [8]95

The most optimistic hypothesis is that F (∞, 0,∞) and G(∞, 0,∞), and other analogous non-dimensional functions, are96

non-zero constants. We cannot achieve [8] e.g. in the reference run the compromise is97

P1 = 12, P2 = 0.02, P3 = 5. [9]98

We have not conducted an exhaustive test of the hypothesis that the values in [9] are sufficiently close to the ideal in [8].99

We did, however, verify that increasing P3 = r?/Lγ from 5 to 10 did not qualitatively change the structure of the solution100

within the polar zone defined as 0 < r ≤ Lγ (see below). Because of sensitivity to initial conditions quantities such as Umax
v101

can only be defined by measuring peak vortex velocities in an ensemble of runs defined by varying the seed in the random102

number generator used to generate ξk in the initial condition. A systematic study is beyond our scope here.103

We did, however, test results such as [6]. For example, dividing the reference-run velocity U = 80 m s−1 by a factor of 8104

reduces Lγ by a factor of 2. We simultaneously halved Linit, Ldom and r? so that the non-dimensional parameters P1, P2 and105

P3 remained fixed at the reference values. We verified that all velocities in the system were reduced by a factor of 8 and that106

all time scales in the system are increased by a factor of 4 and vorticity is reduced by a factor of 4. Thus, one can increase dt107

by a factor of 4 compared to the reference-run but to reach an equivalent stage, one must integrate the system for 4 times as108

long as the reference-run. The number of time steps is unchanged by these machinations.109

5. Zonal mean flow diagnostics110

The results in this section are straightforward translations of well known β-plane results to polar-cap geometry. We use polar111

coordinates r and λ and write the velocity as112

u = uλ̂+ vr̂ , [10]113

where λ̂ and r̂ are unit vectors in the azimuthal and radial directions. Mass conservation is114

∇· u = 1
r
∂r(rv) + 1

r
∂λu = 0 , [11]115

and we introduce a stream function ψ such that116

u = ψr , v = − 1
r
ψλ . [12]117

The vertical vorticity is118

ζ = 1
r
(ru)r − 1

r
vλ = 4ψ . [13]119

The total PV is ζ − 1
2γr

2. The polar-cap QGPV equation in polar coordinates is120

ζt + 1
r

∂(ψ, ζ)
∂(r, λ) −

1
r

∂(ψ, 1
2γr

2)
∂(r, λ)︸ ︷︷ ︸
=γr v

= D , [14]121

where D is dissipation that acts on small scales.122
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A. Azimuthal averages and various identities. The azimuthal average of any function χ(t, r, λ) is123

χ̄(t, r) def=
∮
χ(t, r, λ) dλ

2π . [15]124

The azimuthal average of the PV equation [14] is125

ζ̄t + 1
r

(
rvζ
)
r

= D̄ . [16]126

Notice that within the polar cap, defined as 0 < r < Lγ , the circumpolar cyclones contribute to the both zonal mean and the127

eddy field.128

With the decomposition ζ(t, r, λ) = ζ̄(t, r) + ζ′(t, λ, r), the departure from the zonal mean satisfies129

ζ′t + ū

r
ζ′λ +

(
ζ̄r − γr

)
v′ + 1

r

∂(ψ′, ζ′)
(r, λ) − 1

r
(rv′ζ′)r = D′ . [17]130

Circulation and zonal mean flow. Denote the disk inside a circle of radius r by C(r), so that the total circulation inside C is131

Γ(t, r) def=
∫∫
C
ζ̄ dA = 2π

∫ r

0
ζ̄(t, s)sds = 2πrū(r, t) . [18]132

Integrating Eq. (16) over C:133

Γt + 2πr vζ =
∫∫
C
D̄ dA . [19]134

With the eddy-mean decomposition (ζ = ζ̄ + ζ′ and v = v′) we use [18] to recast [19] as135

ūt + v′ζ′ ≈ 0 . [20]136

Thus the sign of v′ζ′ determines the direction of zonal acceleration. (In [20] ≈ is a reminder that dissipation D has been137

neglected.) The enstrophy balance can be used to argue about the sign of v′ζ′ (see below).138

As a cautionary example, suppose one argues that the sign of v′ζ′ in [20] can be determined by focusing on the vortex-core139

transport of ζ during the first few days of the reference run. During this evolutionary stage vortex segregation is active. Positive140

vortices (ζ > 0) move northwards (v < 0), resulting in vζ < 0. The southwards motion of negative vortices also results in141

vζ < 0. Thus according to [20] vortex segregation results in positive (eastward) mean-flow acceleration. In fact the zonal142

mean acceleration during the segregation stage is complex and shows both positive and negative zonal mean acceleration. The143

conclusion is that in determining v′ζ′ one cannot neglect the background vorticity transport that occurs outside of vortex cores:144

the background is as important as the prominent vortices.145

At long time, after segregation is finished, ū(r) in the polar-cap region is positive, perhaps as indicated by the reasoning146

above. Note, however, that a more direct explanation of ū(r) > 0 in the polar cap is that the ū(r) in this region is dominated147

by the long r−1 reach of polar cyclone.148

The Taylor-Bretherton identity. The axisymmetric version of the Taylor-Bretherton identity is149

r2v′ζ′ = ∂r
(
r2u′v′

)
. [21]150

The Taylor-Bretherton identity is the key to showing that the zonal mean flow equation [20] is consistent with the angular151

momentum conservation as expressed in [27] below.152

Proof of Taylor-Bretherton:153

v′ζ′ = vζ = 1
r
v(ru)r = 1

r
(vru)r − vru . [22]154

Using mass conservation in the form Eq. (11), we see that uvr + 1
r
uv = 0, and thus [22] is155

vζ = 1
r

(vru)r + 1
r
uv =

(
uv
)
r

+ 2
r
uv . [23]156

Now multiply [23] by r2 and integrate to obtain [21].157

Angular momentum. The angular momentum density is rū(r, t) and therefore the total angular momentum within the disc C(r) is158

J(t, r) def=
∫∫
C
rū dA = 2π

∫ r

0
ū(t, s) s2ds [24]159

Let us also consider the angular impulse160

Ω(t, r) def=
∫∫
C
r2ζ̄ dA = 2π

∫ r

0
ζ̄ s3ds = 2π

∫ r

0
(sū)s s2ds . [25]161
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Then with integration by parts in the final term above162

J(t, r) = 1
2r

2Γ(t, r)− 1
2 Ω(t, r) , [26]163

where Γ(t, r) is the circulation in [18]. The identity above provides a handy diagnosis of the cumulative angular momentum,164

J(t, r), in terms of weighted integrals of ζ(t, r, λ) over the disc C(r).165

Multiplying the azimuthally averaged PV equation [16] by 2πr2, integrating in r, and using the Taylor-Bretherton identity166

[21], and also [26], one finds167

∂tJ + 2πr2uv = π

∫ r

0
(r2 − s2)D̄ sds . [27]168

The term 2πr2uv is the Reynolds stress transfer of angular momentum across the boundary of C(r).169

[An alternative derivation of [27] (though without the dissipative term) starts with the azimuthal momentum equation in170

the standard form171

∂tu+
(
v∂r + u

r
∂λ

)
u+ uv

r
+ fv + 1

r
pλ = 0 . [28]172

The equation above can also be written as173

∂tu+ ∂r(uv) + 1
r
∂λu

2 + 2uv
r

+ fv + 1
r
pλ = 0 , [29]174

so that the azimuthal average is175

∂tū+ ∂ruv + 2uv
r

= 0 . [30]176

Multiplying by r2, we can write this as:177

∂t
(
r2ū
)

+ ∂r
(
r2uv

)
= 0 . [31]178

Integrating from r = 0 we recover Eq. (27) (apart from the dissipation D).]179

In figure S6 we show J(t, r) diagnosed from [26]. The initial rapid nucleation and segregation results complicated unmixing180

of the initial angular momentum profile J(0, r) = 0: see the three curves with 0 ≤ t ≤ 32 days in figure S6a.181

Interesting longer term angular momentum transport is indicated by the zero of J(t, r) in the region 0.75 < r/r? < 0.8 in182

figure S6a. Denoting this zero by rJ(t), there is no net angular momentum within the disc 0 < r < rJ(t). In figure S6a rJ(t)183

is moving inwards towards the pole as time increases. The five curves with t ≥ 75 days indicate that this transport is slow,184

persistent and systematic. The relatively large transport occurring between 75 days and 1.5 years in figure S6a is indicative of185

cooling the chaotic vortex octet.186

A main point is that the zonal mean flow in the far-field region (Lγ � r) is continuing to evolve during the formation and187

subsequent motion of the crystal. We speculate that this long-term slow evolution is associated with ongoing weak PV mixing188

resulting from the long-range velocity field of the circumpolar cyclones.189

B. Eddy enstrophy. The eddy enstrophy equation is obtained with ζ′[17], resulting in190

∂t
(

1
2ζ
′2
)

+ 1
r
∂r

(
r v′ 12ζ

′2
)

+
(
ζ̄r − γr

)︸ ︷︷ ︸
q̄r

v′ζ′ = ζ′D′ . [32]191

Eddy enstrophy may help one argue the sign of v′ζ′, and therefore the sign of the zonal-mean acceleration in [20]. This is most192

clear during the final stages of evolution leading towards crystallization e.g. as the vortex octet cools. One then expects a193

dominant balance between creation of eddy enstrophy by stirring the mean PV gradient, q̄r, and negative definite dissipation of194

enstrophy at small scales, ζ′D′. This dominant balance in [32] is195 (
ζ̄r − γr

)
v′ζ′ ≈ ζ′D′ < 0 . [33]196

6. A model of the polar-cap azimuthal mean flow: background and vortices197

Inspired by the zones with homogeneous PV in figures 2a and S5 we develop a kinematic model of the azimuthally averaged198

flow. Kinematic means that we construct an analytic form for the azimutally averaged PV and then integration produces an199

analytic expression for the azimuthally averaged azimuthal velocity, which can then be compared with the numerics.200

We have not been successful at injecting dynamical information into this model by considering energy and angular momentum.201

This limited kinematic approach is, nonetheless, interesting because it reveals special features of the numerical PV and azimuthal202

velocity that must have an underlying dynamical explanation.203
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Fig. S6. Angular momentum within the disc C(r) – J(t, r)– at different times as a function of r. Panel a is the whole domain and panel b is an expanded view of the polar
region 0 < r < 1.25Lγ = 0.25r?.

The model PV. Decompose the azimuthally averaged PV, q̄ = ζ̄ − 1
2γr

2, into background and vortex components204

q̄(r) = qb(r) + qv(r). [34]205

The overbar above denotes an azimuthal average. The vortex PV qv(r) contains contributions from both a central vortex and206

the azimuthal average of the circumpolar vortices.207

For the background PV qb(r) we adopt a model with two zones (the inner zone and the outer zone) of constant PV208

qb(r) =
{
qi, for 0 < r < rs;
qo, for rs < r < r?.

[35]209

The PV step – that is the boundary between the inner and outer zones – is at r = rs and the constant values of PV in the210

inner and outer zones are qi and qo respectively. See the upper panel of figure S7 for an illustration of these definitions.211

Turning to the vortex component qv(r) in [34] we use the Gaussian model212

qv(r) = Kpv

π`2pv
exp
[
−
(

r
`pv

)2
]

+ Kcpv

2π3/2`cpvrcpv
exp
[
−
(
r−rcpv
`cpv

)2
]

+ Kac

2π3/2`acrac
exp
[
−
(
r−rac
`ac

)2]
, [36]213

where subscript “pv” means polar vortex, “cpv” means circumpolar vortices and “ac” means anticyclonic vortices. The zonal214

average of the circumpolar vortices is modeled as a Gaussian annulus centered on radius rcpv ≈ Lγ . The anticyclonic vortices215

are located at radius rac > rs, close to the edge of the trap at r?. In the limit (`pv, `cpv, `ac)→ (0, 0, 0) the Gaussians become216

δ-function distributions217

qv(r)→ Kpv
δ(r)
2πr +Kcpv

δ(r − rcpv)
2πrcpv

+Kac
δ(r − rac)

2πrac
. [37]218
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Fig. S7. The PV terrace model with small values of `pv, `cpv and `ac i.e. the point-vortex limit. Top panel: the azimuthally averaged PV, q̄(r) = − 1
2γr

2 + r−1∂r(rū). In the
inner zone the PV is qi = −2.5× ( 1

2γL
2
γ) and in the outer zone qo = −6.25××( 1

2γL
2
γ); the PV step is at rs = 2.5Lγ . The trap radius is r? = 5Lγ and we do not

model the region with r > r?. The dashed curve is the planetary PV− 1
2γr

2. Lower panel: the azimuthally averaged azimuthal velocity ū(r) in the limit (`cpv, `ac)→ (0, 0);
we use a small but non-zero value of `pv. The azimuthal velocity ū(r) is discontinuous at the δ-singularities.
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Maintaining non-zero (`pv, `cpv, `ac) enables fitting the numerical results against analytic expressions below. We assume that219

(`pv, `cpv, `ac) � rcpv < rs < rac < r? and use the � to simplify some Gaussian integrals without further comment. The220

constants Kpv > 0, Kcpv > 0 and Kac < 0 are the circulation integrals of the three components in qv(r).221

The azimuthal velocity ū(r). The azimuthal velocity ū(r) associated with the PV above is determined by integration of222

r−1∂r(rū)︸ ︷︷ ︸
ζ̄(r)

= 1
2γr

2 + qb(r) + qv(r) . [38]223

with the initial condition ū(r) = 0.224

Before presenting the details of the integration above we note that the radial position of the step, rs above, is not well225

determined by figure 2a: the change in PV is not a clean discontinuity. Instead there is a noisy transition in the region226

0.50 < r/r? < 0.52. Close to rs, ū and its radial derivative ∂rū are both rather small. Mainly for simplicity, and also to avoid227

over-fitting noisy numerics, we require in advance that228

ū(rs) = 0 , and ∂rū(r−s ) = 0 . [39]229

The derivative ∂rū(r−s ) above is the “one-sided derivative”, taken from r < rs. The numerical solution satisfies the two230

conditions in [39] only approximately. It would be satisfying to supply a physical justification for [39], but we are not able231

to provide this. In the following calculations many simplifications follow from [39] and it seems that we are glimpsing an232

important patching principle.233

With [39] there is no circulation around the circle r = rs, and therefore there is no net relative vorticity inside this circle.234

Thus integration of [38] over the disc enclosed by r = rs produces the circulation constraint235

Kpv +Kcpv + πr2
s qi + π

4 γr
4
s = 0. [40]236

Evaluating [38] at r = rs, and again appealing to [39] we obtain a second constraint237

qi = − 1
2γr

2
s . [41]238

Using [41] to eliminate qi from [40]239

Kpv

2π + Kcpv

2π = 1
8γr

4
s . [42]240

Once rs is specified, the total circulation of the polar vortices, that is Kpv +Kcpv, is determined from Eq. (42); the constant241

PV of the inner zone, qi, follows from Eq. (41).242

In the inner zone, 0 < r < rs, we determine the azimuthal velocity ū(r) by integration of243

r−1∂r(rū) = 1
2γr

2 + qi + Kpv

π`2pv
exp
[
−
(

r
`pv

)2
]

+ Kcpv

2π3/2`cpvrcpv
exp
[
−
(
r−rcpv
`cpv

)2
]
. [43]244

Requiring that there is no singularity at r = 0, the result is

ū(r) = 1
8γr

3 + 1
2qir+

Kpv

2πr

{
1− exp

[
−
(

r
`pv

)2
]}

+ Kcpv

4πr

{
erfc

[
rcpv−r
`cpv

]
− `cpv

π1/2rcpv
exp
[
−
(
r−rcpv
`cpv

)2
]}

, for 0 < r < rs. [44]

Above, erfc is the complementary error function i.e. erfc(z) = 1− erf(z). Using [41] and [42] one can verify that the expression245

for ū(r) above reduces to ū(rs) = 0.246

In the outer zone, rs < r < r?, we determine the azimuthal velocity ū(r) by integration of247

r−1∂r(rū) = 1
2γr

2 + qo + Kac

2π3/2`acrac
exp
[
−
(
r−rac
`ac

)2]
, [45]248

starting from r = rs where ū(rs) = 0. The result of this integration is249

ū(r) = 1
8γr

3 + 1
2qor −

(
1
8γr

4
s + 1

2qor
2
s
)
r−1 + Kac

4πr

{
erfc

[
rac−r
`ac

]
− `ac

π1/2rac
exp
[
−
(
r−rac
`ac

)2]}
, for rs < r < r?. [46]250

The velocity is continuous at rs: ū(rs) = 0. There is, however, a discontinuity in ∂rū – equivalently a discontinuity in ζ̄(r) – at251

rs.252

In the point-vortex limit, (`pv, `cpv, `ac)→ (0, 0, 0), the results above simplify to253

ū(r)→ 1
8γr

3 + 1
2qir + Kpv

2πr + Kcpv

2πr H(r − rcpv) , for 0 < r < rs; [47]254

and255

ū(r)→ 1
8γr

3 + 1
2qor −

(
1
8γr

4
s + 1

2qor
2
s
)
r−1 + Kac

2πrH(r − rac) for rs < r < r?. [48]256

In the expressions above H(s) denotes the Heaviside step function.257
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Parameter values for fitting the theoretical solution to the numerical solution. In figure 2b we compare the azimuthally averaged258

azimuthal velocity of the reference solution, ū(r), with the kinematic model above. The numerical ū(r) is obtained from the259

circulation theorem260

2πrū(r) =
∫∫

0<r′<r
ζ dA′ . [49]261

On the right above we use a single snapshot of ζ(x, y) from the reference solution at t = 8 years and integrate over the area262

enclosed by circles of radius r centered on the origin. This results in the “numerical” ū(r) in figure 3b of the main text.263

For comparison of the model above with the numerical solution, recall that264

r? = 5Lγ and q?
def= 1

2γr
2
? . [50]265

We put the circumpolar vortices at266

rcpv = Lγ . [51]267

For simplicity we put the step between the inner and outer homogenized zones at268

rs = 1
2r? = 2.5Lγ . [52]269

With rs in hand, we calculate qi and Kpv +Kcpv from [41] and [42]. For the PV in the outer homogenized zone we use270

qo = − 1
2q? = −γr2

s . [53]271

The value above is close to the value suggested by figure 2a (a slightly more negative value, say −0.52q?, might be in closer272

agreement with the numerical result).273

To determine the partitioning of the cyclonic vorticity between the polar vortex and the circumpolar vortices we introduce a274

parameter N such that275

Kcpv = NKpv . [54]276

If all of the cyclones are identical then N is the number of circumpolar cyclones e.g. in the reference run there are 8 cyclones277

and N = 7. But the cyclones are not identical and we found that N = 6.5 produces a better fit between numerics and theory.278

(Note this is the first time we have used a principle other than simplicity to determine a parameter value.)279

To determine the location of the anticyclonic vortices we notice that if (rac − r)/`ac � 1 then ū(r) in Eq. (46) simplifies to280

ū = γ

8r
(
r2 − r2

s
)(
r2 − 3r2

s
)
. [55]281

Our attention is captured by the observation that ū(
√

3rs) = 0 and so we use282

rac =
√

3rs =
√

3
2 r? . [56]283

We set the strength of the peripheral anticyclones as284

Kac = −Kpv −Kcpv. [57]285

Finally we turn to `pv, `cpv and `ac. To match the maxima of the model ū(r) with those of the reference solution we use286

`pv = 0.045Lγ , `cpv = 0.85Lγ , `ac = 0.05Lγ . [58]287

The three lengths above were determined by empirical adjustment of the theoretical fit to the numerical data e.g. `pv is288

determined so that the maxima of ū(r) agree.289

7. A big-trap solution: sensitivity to trap size290

The trap radius of the reference run (and in the majority of our runs) is r? = 5Lγ i.e. P3 = 5 in [5]. The domain size is291

Ldom = 12Lγ i.e. P1 = 12 in [5].292

To address concerns that r? might affect the vortex crystal, we conducted a modest number of runs with r? = 4Lγ and 6Lγ .293

The domain size, Ldom = 12Lγ , was unchanged from the reference value and the numerical resolution remained at 1024× 1024.294

With these modest variations in r? we did not find a striking effect on the central region and the vortex crystal: in particular295

the crystal radius was always close to Lγ . To more severely test sensitivity to r? and Ldom we doubled r? to 10Lγ and Ldom to296

24Lγ . This doubles P1 and P2, while holding P2 = Linit/Lγ fixed at the reference-run value 0.02. The result of this "big-trap"297

experiment is shown in figure S8.298

To keep the effective resolution fixed we also doubled the number of waves from 1024 × 1024 to 2048 × 2048 in the big299

trap. Note, however, that doubling r? makes the PV discontinuity at r? larger by a factor of four. This strong discontinuity300

rationalizes the observed generation of strong small-scale vorticity near the trap boundary e.g. note the many small vortices301

outside the trap in figure S8 a. These small-scale external vortices are not a feature of the reference run. (In future the model302

might be improved by mollifying the discontinuity at r?.)303
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Fig. S8. Panel a shows the PV, ζ + ηft, of the big-trap run with r? = 10Lγ (the reference run used r? = 5Lγ ). Panel b shows a zoom on the central region on panel a; the
crystal radius is close to Lγ . Panel c shows PV along the diagonal cuts in panel a. Panel d shows an expanded view of the central region of panel c. The PV terraces in panels
c and d are at q ≈ −0.078q? and q ≈ −0.110q? where q? is the PV discontinuity at r? i.e. q? = 1

2γr
2
? = 50γL2

γ .
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The main result of the big-trap experiment is evident in figure S8b: the polar crystal, which consists of four cyclones, still304

has radius Lγ . This particular polar crystal is hollow. Hollow crystals are also sometimes formed in smaller domains e.g. there305

are several examples in figure S3.306

In figure S8c and d we see that there are two PV terraces with a smooth transition (not an abrupt step) between them. The307

outer terrace terminates at around r = 4Lγ = 0.4r?. Referring to figure S8c, there is a remarkable axisymmetric flow in the308

annulus 0.45r? < r < r?: apart from some small fluctuation q̄ ≈ − 1
2γr

2. Thus in the annulus 0.45r? = 4.5Lγ < r < r? = 10Lγ309

there is almost no azimuthally averaged relative vorticity, ζ̄ = 0. In other words, the azimuthally averaged flow is irrotational310

and therefore ū = K/2πr, where K is the total circulation enclosed by the circle r ≈ 0.45r? = 4.5Lγ . Thus although the flow311

original reference domain (0 < r < 5Lγ) is qualitatively unchanged, there is a qualitatively new circulation in the region more312

distant from the pole.313

In the original reference solution one should not be too concerned about the details of the circulation in the vicinity of r?:314

this flow seems to be strongly affected by the finite size of the trap. And if one intends to develop the model of section 4 it315

would be interesting to include an “irrotational” zone outside the qo terrace. We speculate that this might be the ultimate316

polar-cap structure in the limit r?/Lγ →∞.317

8. Movie legends318

Movie S1. This movie shows the first 1.4 years of evolution of the polar vortex crystal for the reference run.319

This movie has a high temporal resolution of 60 seconds per frame. Two stages of evolution are evident. The320

first is vortex segregation and ARCE happening during the first ∼ 0.3 year. After that, the crystal forms but321

does not reach its final configuration (i.e. with a stable and non-changing polar cyclone) at the end of the322

movie, which happens at about 1.5 years (shown in movie S2).323

Movie S2. This movie shows the entire 8 years of evolution of the reference run. With 8 hours between frames324

this movie has a much coarser temporal resolution than movie S1. At 1.5 years, the crystal configuration325

becomes stable (i.e., the central cyclone remains the same until the end of the run after some competition326

with its neighboring cyclones). One can note the quasi-uniform rotation of the final vortex crystal from ∼327

2.5 years onwards. The qualifier “quasi" refers to small jitter around the equilibrium. This residual motion328

is reminiscent of the oscillations of the cyclones about their mean position at the south pole of Jupiter (8, 9).329

Movie S3. This movie shows the last year of evolution of the polar vortex crystal for the reference run. This330

movie has a high temporal resolution of 60 seconds per frame. At this stage, the crystal is in solid body331

rotation and only small deviations around the Lγ circle are observed, reminiscent of the cyclone’s oscillations332

observed at Jupiter’s poles (9).333
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