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We reinterpret Balents and Fisher’s free 2d chiral metal [Phys. Rev. Lett. 76, 2782

(1996)] as a chiral U(N) Wess-Zumino-Witten model at level k = 1. Here, the U(N)

symmetry relates the N →∞ low-energy excitations about the chiral Fermi surface.

We obtain non-Fermi liquid generalizations of the free chiral metal that maintain

the U(N) symmetry of the k = 1 theory by taking the level to be a positive integer

k > 1. We calculate two-point correlation functions of the U(1) number density and

current operators in these theories for general k. We find k to provide an overall

rescaling of the amplitude of these correlation functions. This construction illustrates

the ersatz Fermi liquid proposal of Else, Thorgren, and Senthil [Phys. Rev. X 11,

021005 (2021)].
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I. INTRODUCTION

States of matter with a sharp Fermi surface—but whose low-energy excitations are not

Landau quasiparticles—present a challenge for effective field theory. One approach to such

states begins by coupling the free Fermi gas to a gapless bosonic degree of freedom (e.g.,

[1–33]). This boson may represent an order parameter fluctuation of the Fermi fluid in

the vicinity of a quantum critical point or be an emergent gauge field in an effective de-

scription that is dual to the electron one. If the coupling between the fermions and bosons

is relevant, in the renormalization group (RG) sense, the resulting fermion + boson sys-

tem generally flows towards a strongly interacting non-Fermi liquid fixed point. Another

approach—piggybacking on the generic breakdown of the Fermi liquid in d = 1 spatial

dimension—employs arrays of coupled Luttinger liquids [34–40]. The resulting anisotropic

states generally have power-law instabilities with nonuniversal exponents.

Here we combine this second approach with a recent proposal by Else, Thorngren, and

Senthil (ETS) [41]. The ETS proposal is based on the IR symmetry enhancement that occurs

in the Fermi liquid. The IR symmetry is associated with the long-lived gapless quasiparticle

excitations of the Fermi liquid. The enhancement is relative to the microscopic symmetries

of a free Fermi gas, such as fermion number and translation invariance. From the effective

field theory point of view [42, 43], the enhanced symmetry of the Fermi liquid is due to

the special kinematics of the Fermi surface, which renders most quasiparticle interactions

irrelevant. A similar IR symmetry enhancement occurs at the Luttinger liquid fixed point

[44, 45], for which generically no quasiparticle picture applies, and in related systems [46–

51]. ETS suggested the Fermi liquid symmetry enhancement may characterize a class of

non-Fermi liquid metals in d > 1, termed ersatz Fermi liquids, and showed how these IR

symmetries, if preserved, constrain the properties of such states.

The ETS proposal is similar to how current algebra constrains the low-energy scattering

of pions in QCD [52]. This analogy motivates us to ask: Is there a corresponding nonlinear

sigma model in which the enhanced IR symmetries of the Fermi liquid are manifest?

In this paper, we construct one such effective theory and show how it can generalize the

Fermi liquid. We argue that the chiral Wess-Zumino-Witten (WZW) model [53–56] with

U(N) symmetry at integer level k ≥ 1 in two spacetime dimensions describes a spinless

(non-)Fermi liquid metal in two spatial dimensions. Here, N → ∞ equals the number of

points on the Fermi surface. The additional spatial dimension arises from the U(N) flavor

degrees of freedom of the WZW model. While we focus exclusively on 2d chiral metals,

in which all excitations move in the same direction along one of the spatial dimensions,

the construction appears to be generalizable non-chiral metals and/or higher dimensions.

The broken time-reversal and space inversion symmetries in the models we consider prevent

all conventional low-temperature instabilities (e.g., localization or superconductivity) and
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therefore allows for a stable metallic state to arbitrarily low temperature.

Our construction is inspired by the seminal works of Luther [57], Haldane [58], Castro Neto

and Fradkin [59], and Houghton and Marston [60] who studied the bosonization of interacting

fermions in d ≥ 2 (see also [61]). One difference between these earlier constructions and ours

is that we use a real-space effective theory throughout. A nonlinear bosonization scheme has

recently appeared in [62].

The remainder of this paper is organized as follows. We begin in §II with Balents and

Fisher’s free 2d chiral metal [63] (see also [64–67]), an anisotropic free Fermi gas with half of

an open Fermi surface. This state arises from an array of N coupled parallel quantum wires (a

real-space analog of partitioning the Fermi surface into small nonoverlapping patches), each

hosting a single chiral fermion. We point out that this theory has a nonlocal U(N) symmetry,

which corresponds to transforming fermions on arbitrarily-separated wires into one another.

This observation allows us to show in §III that the free chiral metal is equivalent to a

perturbed WZW theory with U(N) symmetry at level k = 1. Single-fermion hopping between

wires corresponds to perturbation by certain SU(N) symmetry currents. The solvability of

the perturbed WZW model at k = 1 (when it’s just free fermions) extends to level k > 1.

Since k is restricted to be an integer, deformation by k > 1 is nonperturbative. The resulting

k > 1 theories are not equivalent to free fermions, however, they do maintain the same

symmetries as the k = 1 theory. It is the deformation by k > 1 that distinguishes these

models from the usual coupled Luttinger liquid constructions. We probe these models in §IV

by calculating two-point correlation functions of the U(1) density and current operators for

arbitrary level k ≥ 1. In §V, we conclude by discussing possible directions of future research.

II. NONLOCAL SYMMETRY OF THE FREE CHIRAL METAL

In this section, we introduce the free 2d chiral metal and describe its nonlocal U(N)

symmetry. A U(1)N subgroup can be identified with the momentum-space fermion densities

numbering each point on the Fermi surface.

A. Free Chiral Metal

Consider a stack of N integer quantum Hall states, spaced a unit distance δ = 1 apart

from one another (see Fig. 1 (a)). In the absence of any coupling between the quantum Hall

layers, the low-energy excitations of the system consist of N free chiral fermion edge modes

ψI(x) with Hamiltonian,

H0 = −iv
∫
dx

N∑
I=1

ψ†I(x)∂xψI(x), (II.1)

3



FIG. 1: (a) Stack of 2d integer quantum Hall states with layer separation δ = 1. B > 0 is

the strength of the magnetic field; hopping between nearest-neighbor edge modes (each of

whose chirality is indicated by the counterclockwise arrow) proceeds with amplitude h/2.

Periodic boundary conditions along the y direction are assumed. (b) Fermi surface of the

free 2d chiral metal is indicated by the solid black line. The dashed line, which would be

present in a conventional system with open Fermi surface, is absent. Both figures are slight

adaptions of those in [63].

where the velocity v > 0. The positive sign of v corresponds to right-moving excitations.

The electron creation operator along the layer I edge is eipF xψ†I(x), where p2F is proportional

to the bulk 2d electron density in each layer [68]. The most relevant perturbation to H0

consists of single-particle hopping between nearest-neighbor edges,

H1 =
h

2

∫
dx

N∑
I=1

(
ψ†I+1(x)ψI(x) + ψ†I(x)ψI+1(x)

)
. (II.2)

We take the hopping amplitude h > 0; the overall factor of 1/2 is for later convenience.

The total Hamiltonian H = H0 + H1 describes the free 2d chiral metal. Taking periodic

boundary conditions, ψI(x) = ψI+N(x), along the y direction and free boundary conditions

along the x direction, the total Hamiltonian in momentum space k = (kx, ky) is

H = −
∫
d2k
(
vkx − h cos(ky)

)
ψ†(k)ψ(k), (II.3)

where ψI(x) =
∫

d2k
2π
e−ik·rψ(k) ≡ 1

2π

∫∞
−∞ dkx

∫ π
−π dky e

−ik·rψ(k) and r = (x, I). The Fermi

surface is half of a conventional open Fermi surface (see Fig. 1 (b)). Using (II.3), it consists
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of the N points k
(m)
F = (k

(m)
x , k

(m)
y ):

k(m)
x =

h

v
cos
(
k(m)
y

)
, (II.4)

k(m)
y =

2πm

N
, (II.5)

for m = −N
2

+ 1, . . . , N
2

.

B. SU(N) Symmetry

We can reinterpret the free 2d chiral metal as a 1d system of N chiral fermions. Viewing

the layer I label of ψI as a flavor index, the H0 part of the total Hamiltonian in (II.1) is

invariant under the U(N) transformations:

ψI →
N∑
J=1

UIJψJ , (II.6)

where UIJ ∈ U(N) is independent of x. From the 1d perspective, this transformation is

simply a U(N) global symmetry. From the 2d point of view, (II.6) is nonlocal since it

generally relates fermions separated by an arbitrary distance |I − J | modulo N along the

y direction. We will refer to this transformation as a nonlocal symmetry. There is a local

U(1)N subgroup consisting of the layer I phase rotations,

ψI → eiαIψI , I = 1, . . . , N, (II.7)

where αI is an arbitrary constant phase. The hopping term in H1 (II.2) appears to reduce

the U(N) invariance to an overall U(1) number symmetry. It turns out that the full nonlocal

U(N) symmetry is preserved for arbitrary hopping amplitude h [69].

To see this, we perform the gauge transformation,

ψI(x) =
N∑
J=1

MIJ(x)ψ̃J(x), (II.8)

with unitary SU(N) matrix,

M(x) = exp
(
− ihx

v

N∑
m=1

X(m,m+1)
)
, (II.9)

where the SU(N) generators X
(m,n)
IJ = 1

2

(
δI,mδJ,n + δI,nδJ,m

)
with m 6= n ∈ {1, . . . , N}. As

a result of the transformation (II.8), the hopping amplitude is gauged away and the total

Hamiltonian becomes

H = −iv
∫
dx

N∑
I=1

ψ̃†I(x)∂xψ̃I(x). (II.10)
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The nonlocal U(N) symmetry of H is now manifest:

ψ̃I =
∑
J

UIJ ψ̃J ↔ ψI =
∑
J,K,L

MIJUJKM
†
KLψL. (II.11)

Locality in the layer I direction is obscured in the diagonalized Hamiltonian (II.10) because

the fermions ψ̃I(x) in (II.8) are linear combinations of ψI(x) over all I. Note also that

the gauge transformation alters the boundary conditions when the x direction is compact.

For example, periodic boundary conditions on a circle of length L become “twisted” by

multiplication of the fermions by M(L).

The charges of the nonlocal U(N) symmetry are

Qa =

∫
dx
∑
I,J

ψ̃†IT
a
IJ ψ̃J =

∫
dx

∑
I,J,K,L

ψ†IMIKT
a
KLM

†
LJψJ , (II.12)

where T 0
IJ = δIJ and T aIJ for a ∈ {1, . . . , N2− 1} are Hermitian SU(N) generators satisfying

Tr
(
T aT b

)
=

1

2
δab,

[
T a, T b

]
= ifabcT c, (II.13)

with fabc being SU(N) structure constants. The gauge transformation by MIJ(x) in (II.8)

effects a position-dependent similarity transformation of the U(N) generators,

T aIJ → T aIJ(x) =
∑
K,L

MIK(x)T aKLM
†
LJ(x), (II.14)

under which the normalization and algebra in (II.13) are preserved. The real-space densities

defining the Qa are generally nonlocal with respect to the layer I direction.

The conserved momentum-space densities n(k) = ψ†(k)ψ(k) are associated with a partic-

ular linear combination of charges Qa. To identify them, we introduce the linear combination

of SU(N) generators:

A1 =
N∑
m=1

X(m,m+1), A2 =
N∑
m=1

X(m,m+2), · · · , AN/2 =
N∑
m=1

X(m,m+N/2), (II.15)

B1 =
N∑
m=1

Y (m,m+1), B2 =
N∑
m=1

Y (m,m+2), · · · , BN/2 =
N∑
m=1

Y (m,m+N/2), (II.16)

with X(m,n) given below (II.9) and Y
(m,n)
IJ = 1

2i

(
δI,mδJ,n − δI,nδJ,m

)
(m 6= n). The Aj (Bj′)

matrices define nearest-neighbor, next nearest-neighbor, etc. hopping terms of the form:

QAj =

∫
dx
∑
I,J

ψ†I(Aj)IJψJ , (II.17)

QBj′ =

∫
dx
∑
I,J

ψ†I(Bj′)IJψJ . (II.18)
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Fermions hopping via the QBj′ set of operators acquire a π/2 phase. Because the Aj and Bj′

matrices commute with one another, the hopping terms take the same form when expressed in

terms of the gauge-transformed fermions in (II.8). As such, these terms simply correspond to

particular linear combinations of the charges Qa in (II.12), the particular linear combination

determined by the SU(N) generators appearing in Aj (Bj′). In momentum space, these

charges become

QAj =

∫
d2k 2 cos(jky)n(k), (II.19)

QBj′ =

∫
d2k 2 sin(j′ky)n(k) (II.20)

for j, j′ = 1, . . . , N/2.

III. INTERACTING CHIRAL METALS

In this section, we review the chiral WZW theory and then show how the free chiral metal

can be written as a WZW theory with U(N) symmetry at level k = 1, before generalizing

to arbitrary integer k > 1.

A. Chiral WZW Models

The chiral WZW theory in two spacetime dimensions is a nonlinear sigma model with

Wess-Zumino topological term [53–56] (for pedagogical reviews, see [44, 70]). The WZW

fixed point action for a matrix boson g = gIJ(x, t) taking values in a compact group G is

Sk[g] = k
(
I[g] + Γ[g]

)
, (III.1)

where the level k ≥ 1. For right-moving excitations, the nonlinear sigma model term is

I[g] =
1

4π

∫
dtdxTr

(
(∂xg

−1)(∂+g)
)
, (III.2)

where ∂+ = v∂x + ∂t. (For left-movers, substitute ∂+ → ∂− = v∂x − ∂t.) The Wess-Zumino

topological term is

Γ[g] =
1

12π

∫
dtdxdz εµνρTr

(
(g−1∂µg)(g−1∂νg)(g−1∂ρg)

)
, (III.3)

where µ, ν, ρ ∈ {t, x, z} and the totally-antisymmetric symbol εtxz = +1. In this paper,

G = U(N) and the trace is taken in the fundamental representation. The Wess-Zumino term

is defined on a three-dimensional hemisphere with boundary equal to the two-dimensional
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spacetime. This term is independent of the extension of g to three dimensions modulo 2π,

provided k is an integer.

Under the replacement g → g1g2, the chiral WZW action (III.1) satisfies the Polyakov-

Wiegmann identity [71]:

Sk[g1g2] = Sk[g1] + Sk[g2]−
k

2π

∫
dtdxTr

(
g−11 (∂+g1)(∂xg2)g

−1
2

)
. (III.4)

This identity, which is of central importance in what follows, arises from the individual

multiplication rules obeyed by the nonlinear sigma model and Wess-Zumino terms:

I[g1g2] = I[g1] + I[g2]−
1

4π

∫
dtdxTr

(
g−11 (∂xg1)(∂+g2)g

−1
2 + g−11 (∂+g1)(∂xg2)g

−1
2

)
(III.5)

and

Γ[g1g2] = Γ[g1] + Γ[g2] +
1

4π

∫
dtdxTr

(
g−11 (∂xg1)(∂tg2)g

−1
2 − g−11 (∂tg1)(∂xg2)g

−1
2

)
. (III.6)

The Polyakov-Wiegmann identity can be used to show that the chiral WZW theory has

symmetry:

g → V (x−)gW (t), (III.7)

where x± = 1
2v

(x ± vt) and V (x−),W (t) are matrices in U(N). Invariance under right

multiplication of g by the x-independent matrix W (t) corresponds to the fact that g =

gR(x−)W (t), with gR(x−) ∈ U(N), is the general solution to the equations of motion of Sk[g]

that arise upon varying g → g + δg = g(1 + g−1δg):

∂x
(
g−1∂+g

)
= 0. (III.8)

g should therefore be thought of as a right-moving element of the coset LU(N)/U(N), i.e., the

loop group of U(N) modulo arbitrary x-independent matrices W (t) [56]. (Strictly speaking,

the x direction should be a circle, rather than the real line, for this to be the usual loop

group.) Invariance under left multiplication of g by V (x−) corresponds to a right-moving

U(N) Kac-Moody symmetry [72]. Conservation of the Kac-Moody currents,

Ja =
ik

2π
Tr
(
T a(∂xg)g−1

)
, (III.9)

i.e., ∂+J
a = 0, follows upon applying (III.4) to the variation, g → g + δg =

(
1 + (δg)g−1

)
g.

Note that T 0
IJ = δIJ and T a for a = 1, . . . N2 − 1 are the same SU(N) generators appearing

in (II.13). These Kac-Moody currents obey the usual equal-time commutation relations:[
J0(x, t), J0(x′, t)

]
= −ikN

2π
∂xδ(x− x′), (III.10)[

Ja(x, t), J b(x′, t)
]

= ifabcJ cδ(x− x′)− ikδab

4π
∂xδ(x− x′), (III.11)
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for a, b = 1, . . . N2 − 1.

When the level k = 1, Sk[g] is equivalent to N right-moving fermions with action,

Sk=1[g]↔ i

∫
dtdx

N∑
I=1

ψ†I∂+ψI , (III.12)

where “↔” indicates “equivalent to.” This equivalence is the chiral version of Witten’s non-

Abelian bosonization [53, 54]. The Kac-Moody currents correspond to the fermion bilinears,

Ja ↔
∑
I,J

ψ†IT
a
IJψJ . (III.13)

The level k > 1 theories are interacting generalizations of the k = 1 theory, in which the

U(N) symmetry is maintained. One way to think about them, which will not be directly

used in the remainder, goes as follows [73]. Consider the theory of kN nonchiral free Dirac

fermions. Similar to the free chiral metal, this theory arises in the low-energy limit at the

surface of a stack of kN integer spin-quantum Hall states. Factorizing the nonlocal symmetry

as U(kN)1 ≈ U(1)kN × SU(N)k × SU(k)N for each chirality, we may couple right-moving

and left-moving SU(k)N currents IaR,L [74] through the marginally-relevant interaction,

S ′ = −c
∫
dtdx

k2−1∑
a=1

IaRI
a
L. (III.14)

For c > 0, the interaction (III.14) drives the free fermion system to the nonchiral U(N)k
WZW model [75]. Although the interaction (III.14) is nonlocal in the flavor coordinates

from the perspective of the underlying fermions, the resulting fixed point theory, i.e., the

U(N)k WZW model with k > 1, has the same symmetry as the k = 1 theory. Sk[g] in (III.1)

is the chiral version of this fixed point in which there are only right-moving excitations.

B. Perturbed WZW Models

To make contact with the free chiral metal, we need to add nearest-neighbor hopping,

i.e., the H1 term in (II.2), to the k = 1 WZW model in (III.1). Using the identification of

U(N) currents in (III.13), we see that the free chiral metal is equivalent to

Sk=1[g]− h

2π

∫
dtdxTr

(
A1(∂xg)g−1

)
, (III.15)

where A1 is the linear combination of SU(N) generators given in (II.15). The second term

in (III.15) corresponds to minimal coupling to a constant vector potential polarized in the

A1 direction of the SU(N) group. As in the free fermion representation of this fixed point,

9



we can gauge away the hopping term to keep the U(N) Kac-Moody symmetry manifest. If

we replace g →Mg with M given in (II.9), the Polyakov-Wiegmann identity (III.4) gives

Sk=1[Mg]− Sk=1[M ] = Sk=1[g]− h

2π

∫
dtdxTr

(
A1(∂xg)g−1

)
. (III.16)

BecauseM is a gauge transformation parameter, i.e., nondynamical, we can absorb exp(−iSk=1[M ])

into the overall normalization of the path integral for the WZW model. The final step is to

define the gauge-transformed bosons as g̃ = Mg. The path integration measure is invariant

with respect to g →Mg.

All of these manipulations carry over for general integer k > 1. The resulting interacting

chiral metals have the same symmetries as the free chiral metal. In analogy with the k = 1

theory, we take the k > 1 chiral metals to be perturbed WZW models:

Sk[g] = Sk[g]− hk

2π

∫
d2xTr

(
A1(∂xg)g−1

)
. (III.17)

The manifestly U(N)-invariant form obtains by taking g̃ = Mg with action, Sk[g̃], and M

given in (II.9). The U(N) symmetry currents in this “tilded basis” are

J̃a =
ik

2π
Tr
(
T a(∂g̃)g̃−1

)
. (III.18)

In the next section, we will make use of the standard equal-time two-point correlation func-

tions of these currents:〈
J̃0(x)J̃0(x′)

〉
k

=
( i

2π

)2 Nk

(x− x′)2
, (III.19)

〈
J̃a(x)J̃ b(x′)

〉
k

=
( i

2π

)2 k

(x− x′)2
δab

2
, a, b ∈ {1, . . . N2 − 1}, (III.20)

with all other two-point correlation functions equal to zero, where J̃0 = J0 is the overall

U(1) current associated with the generator T 0
IJ = δIJ .

IV. TWO-POINT CORRELATION FUNCTIONS

In this section, we calculate two-point correlation functions of the U(1) number density

and U(1) current along the y direction, i.e., along the flavor space direction, in chiral metals

at arbitrary interaction k ≥ 1.

A. The Density Correlation Function

In a free Fermi gas, the equal-time U(1) number density two-point function (a.k.a. the

pair correlation function) gives the relative probability of finding two particles at r and r′
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[76]. The vanishing of this correlation function at r = r′ is a reflection of the Pauli exclusion

principle. The finite, nonzero fermion density produces a nonzero asymptote as |r−r′| → ∞.

Oscillations in the correlation function are determined by the Fermi wave vector.

We are interested in computing the analog of this correlation function in the chiral metals

with action Sk[g] for general k ≥ 1. We focus on the long-distance, connected part of this

two-point correlation function. This means that we will not directly probe the quantum

statistics of the underlying interacting particles (since the insertion points will never be

coincident) and that the correlator will vanish as |r− r′| → ∞. As may be anticipated from

the expression in (III.9) for the symmetry currents, we will find that the density correlation

function for k > 1 coincides with the k = 1 result, up to an overall factor of k. Thus,

the “rate” or amplitude at which this correlation function vanishes as |r− r′| → ∞ gives a

measure of the interaction parameterized by k. A similar conclusion obtains from the current

two-point function studied in the next section.

To begin, we define the local U(1) number density at r = (x, I) as

ρI(x) =
I∑
a

caJ
a(x) =

ik

2π
Tr
( I∑

a

caT
a
(
∂xg(x)

)
g−1(x)

)
. (IV.1)

In this and future expressions, the time dependence is left implicit with all operators evalu-

ated at the same time; the coefficients {ca} in the above sum of U(N) generators are chosen

so that
∑I

a caT
a
KL = δIKδIL (no sum over I) [77]. When k = 1, ρI(x) is the bosonized

expression for the fermion bilinear ψ†IψI(x) (no sum over I). We are interested in computing

the two-point density correlation function,

〈ρI(x)ρK(x′)〉k (IV.2)

for nonzero hopping h at k ≥ 1. (When h = 0, the 〈ρI(x)ρK(x′)〉k ∝ δIK/|x− x′|2.)
We first factor out the k dependence in order to relate the k > 1 correlation functions to

the k = 1 correlation function:

〈ρI(x)ρK(x′)〉k = k〈ρI(x)ρK(x′)〉k=1. (IV.3)

To do this, we switch to the “tilded basis,” g̃ = Mg with M given in (II.9). Up to an overall

additive constant (that we ignore), the density becomes

ρI(x) =
ik

2π
Tr
( I∑

a

caMT aM †g̃∂xg̃
)
. (IV.4)

We may decompose MT aM † in terms of the U(N) generators as

M(x)T aM †(x) =
∑
b

βab (x)T b, (IV.5)

11



for some expansion “coefficients” {βa(x)}. The density correlation function becomes

〈ρI(x)ρK(x′)〉k =
I∑
a

K∑
b

∑
m

∑
n

cacbβ
a
m(x)βbn(x′)

〈
J̃m(x)J̃n(x′)

〉
k
. (IV.6)

Notice that the only dependence on k occurs in the current two-point functions. Replacing〈
J̃m(x)J̃n(x′)

〉
k
→ k

〈
J̃m(x)J̃n(x′)

〉
k=1

using (III.19) and (III.20), we may invert the above

relations in the k = 1 theory to obtain the desired result in (IV.3).

We now compute the k = 1 density two-point function directly using the free fermion

representation of the theory:

〈ρI(x)ρK(x′)〉k=1 = 〈: ψ†IψI(x)ψ†KψK(x′) :〉. (IV.7)

The colons denote normal ordering, which in practice here means that we compute the

connected part of this fermion four-point function. Going to the “tilded basis” (II.8), we

encounter

〈ρI(x)ρK(x′)〉k=1 = − 1

4π2

(
M(x)M †(x′)

)
IK
×
(
M(x′)M †(x)

)
KI

1

(x− x′)2
, (IV.8)

where we used the “tilded basis” fermion two-point functions,

〈ψ̃I(x)ψ̃†K(x′)〉 =
i

2π

δIK
x− x′

. (IV.9)

We will not need to determine the explicit form of the expansion coefficients {ca} or {βab }
that occur above. Instead we evaluate the product of matrix elements by diagonalizing the

matrix A1, which occurs in M(x) (see (II.9) and (II.15)):

A1 = UΛU † ≡
(
u1 u2 . . . uN

)
λ1 0 0..

0 λ2 0..

0 0 λ3..

..

(u1 u2 . . . uN)† , (IV.10)

where

ul =

√
2

N


sin
(

2πl×1
N
− π

4

)
sin
(

2πl×2
N
− π

4

)
...

sin
(

2πl×N
N
− π

4

)

 , λl = 2 cos
(2πl

N

)
, l = 1, 2, . . . , N, (IV.11)

and substitute into (IV.8). The product of matrix elements takes a functional form that

allows us to evaluate |I −K| for noninteger values. We plot the density two-point functions

when N = 40 in Figs. 2 and 3. This value of N appears to be sufficiently large to accurately

capture the N → ∞ limit. The oscillations in these curves are due to the Fermi surface.

We comment that jth-neighbor hopping may be included similarly, since the various Aj and

Bj′ matrices (appearing in (II.15) and (II.16)) matrices commute with one another.
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FIG. 2: Density two-point functions, normalized by k, as a function of |I − J | at fixed

|x− x′| (top) and |x− x′| at fixed |I −K| (bottom).

FIG. 3: Comparison of the density two-point functions at k = 1 and k = 3 as a function of

|I − J | at fixed |x− x′|.

B. The Current Correlation Function

The U(1) current density along the x direction is equal to the (charge) density ρI(x).

Its two-point function therefore coincides with the ρI(x) two-point function studied in the

previous section. In this section, we therefore focus on the two-point correlation function of

the U(1) current along the y direction.

13



It is simplest to define the U(1) current by way of the free fermion representation of the

k = 1 WZW theory. To this end, we use the Peierls substitution to introduce a gauge field

Ay polarized along the y direction into the hopping term H1 in (II.2):

H1[A
y] =

h

2

∫
dx
∑
I,J

δJ,I+1ψ
†
Ie
iAy

IJ (x)ψJ + h.c. (IV.12)

To linear approximation in Ay, the corresponding current (density) along the y direction is

JyI (x) ≡
( δH1

δAyI,I+1

+
δH1

δAyI−1,I

)∣∣∣
Ay=0

= h
∑
K,L

ψ†KP
I
KLψL, (IV.13)

where the matrix,

P I
KL =

1

2i

(
δK,I−1δL,I − δK,IδL,I−1 + δK,IδL,I+1 − δK,I+1δL,I

)
. (IV.14)

P I coincides with a linear combination of the U(N) generators Y (I,I+1) and Y (I−1,I) defined

below (II.16). For general k ≥ 1, we therefore take the U(1) current densities along the y

direction to be

JyI (x) =
ik

2π
Tr
(
P I
(
∂xg(x)

)
g−1(x)

)
. (IV.15)

Having defined the y current JyI (x), we set Ay = 0 in the remainder.

We are interested in computing the two-point correlation function,

〈JyI (x)JyK(x′)〉k. (IV.16)

As before, the k > 1 correlation functions are proportional to the k = 1 result:

〈JyI (x)JyK(x′)〉k = k〈JyI (x)JyK(x′)〉k=1. (IV.17)

〈JyI (x)JyK(x′)〉k=1 can be computed using the free fermion representation of the k = 1 theory.

Mirroring the computation in the previous section, we find

〈JyI (x)JyK(x′)〉k=1 = − h2

4π2
Tr
(
M †(x)P IM(x) M †(x′)PKM(x′)

)
× 1

(x− x′)2
. (IV.18)

Comparisons of this U(1) y-current two-point function—evaluated using the same method

as in the previous section—and the density two-point function are shown in Fig. 4 when

N = 40.
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FIG. 4: Comparison of the U(1) density and y current two-point functions, normalized by

k, as a function of |I − J | at fixed |x− x′| (top) and |x− x′| at fixed |I −K| (bottom).

V. DISCUSSION

In this paper, we proposed Wess-Zumino-Witten (WZW) theories with U(N) symmetry

at level k ≥ 1 in two spacetime dimensions to be spinless (non-)Fermi liquid metals in two

spatial dimensions. The extra spatial dimension emerges from the U(N) flavor symmetry

of the WZW model. The parameter N → ∞ counts the number of points on the Fermi

surface. The k = 1 theory is equivalent to Balents and Fisher’s free 2d chiral metal. The

k > 1 theories are interacting generalizations, in which the symmetries of the k = 1 theory

are maintained. This construction provides a simple illustration of the ersatz Fermi liquid

proposal of Else, Thorgren, and Senthil [41], specifically, that there are non-Fermi liquids

that maintain the same symmetry as the Fermi liquid. Here, it is the U(N) symmetry and

translation invariance (along the x direction) of the free 2d chiral metal that are preserved at

nonzero interaction k > 1. (The U(N) symmetry includes translation along the y direction.)

We computed the two-point function of the U(1) number density and current operators for

general k ≥ 1. The level k results in an overall multiplicative rescaling of the amplitude of

decay of these local correlation functions [78].

There are a number of directions of future research.
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• The most straightforward generalization is to non-chiral metals with an open Fermi

surface, which would arise from arrays of non-chiral Luttinger liquids. It would be interesting

to consider the Lifshitz transition to a closed Fermi surface and/or potential instabilities of

the non-chiral theories. Another possibility is to gauge some of the U(N) symmetry. This

symmetry is anomalous in the chiral metals considered here; the non-chiral generalizations

admit anomaly-free subgroups (see, e.g., [79]).

• The nonlocal SU(N) symmetry can be maintained in the presence of nonuniform hop-

ping and/or random scalar potential quenched disorder [80]. (This fact is essential to the

theory of neutral modes in quantum Hall edge-state theories [69, 81, 82].) This may be use-

ful for the study of k > 1 models when translation invariance is broken. The k = 1 theory

avoids localization because of its nonzero chirality [63, 65].

• WZW theories admit free field representations [83]. This representation corresponds

to free fermions when k = 1. The free field formulation may allow for the study of analogs

of the “single-particle” two-point function. The decay of these correlation functions should

exhibit exponents that depend on k, in contrast to the U(1) density and current two-point

functions we considered.

• It is important to find a microscopic realization for how k may be varied, say, from k = 1

to k = 2. We reviewed one construction in §III, which relied on nonlocal interactions from

the point of view of the underlying fermions. Whether this deformation can be achieved via

coupling to a local field is an open question.
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