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ABSTRACT
A methodology for obtaining molecular parameters of a modified statistical associating fluid theory for variable-range interactions of Mie
form (SAFT-VR Mie) equation of state (EoS) from ab initio calculations is proposed for non-associative species that can be modeled as single
spherical segments. The methodology provides a strategy to map interatomic or intermolecular potentials obtained from ab initio quantum-
chemistry calculations to the corresponding Mie potentials that can be used within the SAFT-VR Mie EoS. The inclusion of corrections for
quantum and many-body effects allows for an excellent, fully predictive description of the vapor–liquid envelope and other bulk thermo-
dynamic properties of noble gases; this description is of similar or superior quality to that obtained using SAFT-VR Mie with parameters
regressed in the traditional way using experimental thermodynamic-property data. The methodology is extended to an anisotropic species,
methane, where similar levels of accuracy are obtained. The efficacy of using less-accurate quantum-chemistry methods in this methodology
is explored, showing that these methods do not provide satisfactory results, although we note that the description is nevertheless substantially
better than those obtained using the conductor-like screening model for describing real solvents (COSMO-RS), the only other fully predictive
ab initio method currently available. Overall, the reliance on thermophysical data is completely dispensed with, providing the first extensible,
wholly predictive SAFT-type EoSs.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0087125

I. INTRODUCTION

Thermodynamic models play a key role in a variety of areas,
such as process modeling,1–3 chemical kinetics,4 and molecu-
lar design.5,6 Models based on an equation of state (EoS) have
historically provided a means to obtain estimates for a variety
of thermophysical properties and descriptions of phase equilibria,
informing process-modeling tools, such as gPROMS.3 In partic-
ular, the statistical associating fluid theory (SAFT) EoS7,8 and its
variants,9–13 which were developed based on interactions at the
molecular scale, have been shown to produce predictions that are
in excellent agreement with experimental thermodynamic-property

data of pure and mixture systems. This is particularly true for
the SAFT-VR Mie EoS developed by Lafitte et al. for the treat-
ment of systems with variable-range (VR) interactions of the Mie
(generalized Lennard-Jones) form.11 However, as is the case with
cubic engineering EoSs, such as the Soave–Redlich–Kwong14 and
Peng–Robinson15 equations, experimental data are required for the
determination of model parameters for the SAFT family of EoSs.
This limits the number of species that can be modeled and the
range of properties for which such models can be used predictively.
The interplay between the various scales is illustrated in Fig. 1,
where the arrows represent the exchange of information between the
various scales; the green arrow represents the need for regression of
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FIG. 1. Theories, modeling approaches, and typical methodologies at different
length and time scales, and the exchange of information between different scales.
Arrows indicate the direction of information flows between different scales. The
red arrows denote that the information from a smaller-scale model is passed to
a larger-scale one; the green arrow denotes that parameters in a smaller-scale
model are estimated based on data from a larger scale. The blue arrow denotes
our present work, wherein parameters are obtained for the modified SAFT-VR Mie
equation of state from quantum-scale calculations.

parameters for molecular-scale theories (such as SAFT) to experi-
mental data from the macroscale.

Even in cases where experimental data are available, parameter
estimation can also prove to be a difficult task with SAFT-type EoSs.
de Villiers et al.16 exemplified this for the CK-SAFT,17 PC-SAFT,10

and CPA18 EoSs; these authors showed how the choice of properties
used in the regression of the model parameters can have a large
influence on the resulting performance of these parameters when
used in the calculation of thermodynamic properties. In addition,
Dufal et al.13,19 showed that in the case of the SAFT-VR Mie EoS, for
the same set of data used to regress the model parameters, there is
a significant degree of degeneracy in the parameter space, making
it difficult to determine the optimal set of parameters for the
prediction of other thermophysical properties.

For species where experimental data are not available, a possi-
ble solution is the use of group-contribution (GC) methods that have
been developed for both individual properties20–25 and thermody-
namic EoSs (Ref. 12). In this approach, it is assumed that species can
be split into moieties, chemical functional groups, which carry infor-
mation on the properties of the species independently of adjacent
groups. These groups can then be assembled to predict properties
for other species. However, experimental data are still required to
regress group-specific parameters (as indicated by the green arrow
in Fig. 1). The availability of these group-specific parameters then
limits the number of species that can be modeled.

Alternatively, rather than using information from macroscopic
thermophysical properties, we can look downward to the smaller
modeling scales through the use of ab initio quantum-chemistry
(QC) methods (as indicated by the blue arrow in Fig. 1). Such a
method already exists in the form of the conductor-like screening
model for describing real solvents (COSMO-RS);26,27 however, this
approach is restricted, in comparison with thermodynamic EoSs, in
terms of the number of properties that can be described. As a result,

wholly predictive and easily extensible thermodynamic approaches
that would allow the description of a variety of properties are highly
sought-after.

There have been few efforts toward making fully predictive
SAFT-type EoSs using ab initio QC methods to obtain model param-
eters (i.e., with information from the atomistic scale). For exam-
ple, Sheldon et al.28 obtained the SAFT-VR EoS9 size parameters,
while Leonhard and co-workers29–32 obtained dipole, quadrupole,
and association-related parameters for the PC-SAFT EoS.10 How-
ever, in both cases, the remaining parameters were then obtained
from regression using experimental data. Kaminski and Leonhard33

recently developed a new method where, using descriptors obtained
from ab initio QC calculations, one can obtain the relevant param-
eters for both the PC-SAFT and SAFT-VR Mie EoS with polar
contributions; however, this method requires universal parameters,
which are determined by regression using experimental data. No
one has, as of yet, completely dispensed with the reliance on exper-
imental data; in other words, whereas some of the parameters are
obtained following the path represented by the blue arrow in Fig. 1,
the path represented by the green arrow is still needed.

There exist, however, successful methods to obtain para-
meters for other thermodynamic EoSs from ab initio QC calcula-
tions. An example of this is the work of Fermeglia and Pricl,34 where
all parameters were obtained a priori for the perturbed-hard-sphere-
chain theory;35 the shape-related parameters were obtained from
ab initio QC calculations, while the energetic parameters were
obtained from molecular-dynamics simulations using force-fields
for which the parameters were also developed from ab initio QC
calculations.

A related example of this is the work by Paricaud,36 where an
EoS was derived from a Barker–Henderson perturbation expansion
for a spherical segment with a Buckingham-type potential. In the
work of Paricaud, this potential was fitted to that obtained using
ab initio QC calculations for neon.36 This is, as far as we are aware,
the only example where potentials obtained from ab initio QC calcu-
lations have been used to obtain all parameters for a thermodynamic
EoS. However, as noted by Paricaud, the reason for the success-
ful description of the vapor–liquid equilibrium (VLE) properties of
neon is a cancellation of errors: the neglect of many-body and quan-
tum effects compensates for errors in the ab initio QC method used.
This limited the scope of the work of Paricaud to neon.

In the subsequent two decades, there have been advances in
all aspects that previously limited the work of Paricaud. One of
the most-notable has been the development of the SAFT-VR Mie
EoS,11 which, with its use of an underlying effective Mie potential,
should allow for a more-direct mapping between model parameters
and QC ab initio calculations. In addition, an approximation of the
three-body interactions has been developed such that it can be fac-
tored into additive pairwise potentials.37,38 High-accuracy ab initio
interatomic potentials for noble gases39–43 and intermolecular
potentials44–52 for common molecules have also been obtained. Most
recently, the SAFT-VR Mie EoS has been extended to include quan-
tum effects of molecular fluids by Aasen et al.53 With these advances
in hand, we can revisit the work of Paricaud,36 extending it within
the SAFT-VR Mie framework.

Ultimately, we aim to develop an extensible, wholly predictive
SAFT-VR Mie EoS. In our current work, we are most interested
in exploring the impact of the ab initio QC methods, basis sets,
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mapping strategies, and potential modifications to the SAFT-VR
Mie equation, whereby we limit the scope to the noble gases (helium
to xenon) and an molecular species, methane, which can be modeled
as non-associating, single segments in the SAFT-VR Mie framework.

The remainder of our paper is organized as follows: in Sec. II,
we first give an overview of the theoretical background of the work,
primarily ab initio QC methods for the determination of pair poten-
tials (Sec. II A), and the SAFT-VR Mie EoS, along with possible
modifications (Sec. II C). We then provide details on the mapping of
the ab initio QC potentials to the Mie potentials used in the SAFT-
VR Mie EoS (Sec. II D). Subsequently, in Sec. III, we present, analyze,
and discuss the potentials, as well as predictions of VLE properties
of noble gases (Sec. III A) and methane (Sec. III B), obtained using
SAFT-VR Mie with the parameters determined from ab initio QC
calculations. Finally, in Sec. IV, we summarize our results.

II. METHODOLOGY
A. Obtaining interatomic and intermolecular
potentials using ab initio quantum-chemistry
methods

In this section, we briefly describe how interatomic and inter-
molecular potentials are obtained with ab initio methods. Details can
be found, for example, in the textbook by Levine.54

Consider two identical species, A (which can be either an atom
or a molecule), where the relative positions of the nuclei within
the species are fixed at the equilibrium geometry. The species are
labeled A1 and A2, respectively. Their centers of mass are separated
by a distance r, and their orientations are characterized by Euler
angles ω1 = (ϑ1,φ1,ψ1) and ω2 = (ϑ2,φ2,ψ2), respectively. The pair
potential, ϕ̄ , between A1 and A2 is the difference between the total
energy of the dimer A1−A2, which is commonly referred to as a
“supermolecule,” and that of the constituent monomers,

ϕ̄(r,ω1,ω2) = EA1−A2(r,ω1,ω2) − EA1 − EA2, (1)

where EA1−A2, EA1, and EA2 are the total energies of the dimer and
two monomers, respectively. When A is an atom there is no orienta-
tional dependence, as a single nucleus is isotropic, and we adopt the
simpler notation ϕ̄ (r,ω1,ω2) = ϕ(r).

As both the supermolecule and the monomers can be described
as assemblies of electrons and fixed nuclei, the total energies are
approximated, under the Born–Oppenheimer approximation, as the
sum of the electrostatic repulsion of nuclei and the total energy of
the electrons. The latter can be estimated as the ground-state energy
of the electrons, E0, which is obtained by solving approximately the
many-electron time-independent Schrödinger equation (TISE),

ĤΨ0 = E0Ψ0, (2)

Ĥ = K̂ + V̂, (3)

where Ψ0 is the ground-state wavefunction for the electrons and Ĥ,
K̂, and V̂ are the Hamiltonian, kinetic, and potential energy opera-
tors for electrons, respectively. The latter is given by the electrostatic
interactions of electron–electron and electron–nucleus pairs. In gen-
eral, this can be solved using various methods that take a different
ansatz of the ground-state electronic wavefunction, which is approx-
imated using a collection of basis functions known as a basis set.

By using a combination of a method and a basis set, the electronic
ground-state energy can be calculated at different levels of accuracy.

The Hartree–Fock (HF) method is the basis for all of the
other wavefunction-based methods. Here, the ansatz of the elec-
tronic wavefunction, which is a Slater determinant of single-electron
wave functions for all electrons, provides a minimal description
of the correlations between electrons such that the Pauli exclu-
sion principle is satisfied. As the non-covalent interactions between
charge-neutral species (in particular, the van der Waals forces) are
due to the correlation of electrons,55 the HF method cannot pro-
vide satisfactory estimates of the interatomic potential of noble
gases or the intermolecular potential of methane. Starting from
the ansatz of the electronic wavefunction used in the HF method,
coupled-cluster methods provide a better description of electron
correlations,54 and when the method is performed at the iterative
single, double, and perturbative triple excitation levels, we obtain
the coupled-cluster singles and doubles augmented by a perturbative
triple [CCSD(T)] method, the current “gold standard” in describing
electron correlations.

However, calculations with the CCSD(T) method are com-
putationally expensive, scaling as 𝒪 (𝒩 7

), where 𝒩 characterizes
the size of the system.56 This is only practically affordable for a
small number of atoms. In recent years, some low-cost variants of
the CCSD(T) method have been developed. In one such variant,
the domain-based local pair natural orbital (DLPNO) approxima-
tion is used, which results in the DLPNO-based CCSD(T) method
[DLPNO-CCSD(T)].56 The computational cost of the DLPNO-
CCSD(T) method is significantly lower than that of the CCSD(T)
method, only scaling as 𝒪 (𝒩 ). Another post-HF method with an
even lower computational cost is the Hartree–Fock plus London dis-
persion (HFLD)57 method. Here, the DLPNO-CCSD(T) calculation
is carried out partially to extract the London-dispersion interac-
tion by using the local energy decomposition analysis;58 this is then
added to the energy that is evaluated at the HF level.

In our current work, we use Dunning’s augmented correlation-
consistent basis sets, aug-cc-pVNZ, where here the cardinal number
N represents sizes of basis sets. These basis sets are frequently used
in high-accuracy calculations for non-bonding interactions.54 Due
to restrictions on our computational resources, we limit the size of
our basis sets; we use basis sets with N = T(riple) for methane cal-
culations and N = 5 for noble gases.59–63 Hereafter, the basis sets are
abbreviated as NZ, and when combined with a method, this will be
abbreviated as method/NZ. As finite basis sets are used, the calcula-
tions are susceptible to the basis-set-superposition error; therefore,
to reduce this error, the full counterpoise correction64 is applied as
follows to obtain the pair potential [cf. Eq. (1)]:

ϕ̄ (r,ω1,ω2) = EA1−A2(r,ω1,ω2)

− EA1−(A2)(r,ω1,ω2) − E(A1)−A2(r,ω1,ω2), (4)

where the parentheses enclosing a subscripted species denote that
a ghost basis set of that species is used in the calculation; e.g., the
calculation of EA1−(A2)(r,ω1,ω2), the total energy of monomer A1, is
performed by using basis sets for both monomer A1 with orientation
specified by ω1 and the monomer A2 with orientation specified by
ω2, with a center-of-mass distance r between them.
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In our current work, we also use high-accuracy two-body
ab initio QC interatomic potentials of noble gases and intermolec-
ular potentials of methane in the form of fitted functions, which
were developed by Jäger et al.39–44 (henceforth, these potentials are
abbreviated as JHBV potentials). These high-accuracy ab initio QC
potentials were obtained by performing the coupled-cluster calcula-
tions with theories at the CCSD(T) level or higher. The calculations
were performed with basis sets of different sizes and the results were
then extrapolated to the complete-basis-set (CBS) limit. Relativistic
corrections were added in the calculations for noble gases, and the
impact of zero-point molecular vibrations on the potential was taken
into account for the methane potential. These potentials were used
to obtain several thermophysical properties where predictions agree
well with the experimental values (Refs. 39 and 44).

The aforementioned methods and basis sets are summarized in
Fig. 2, where their relation to the accuracy and computational cost
of the calculations are qualitatively illustrated.

Other than wavefunction-based methods, the recently devel-
oped semi-empirical dispersion-corrected density-functional theory
(DFT-D) methods are a popular alternative for obtaining non-
bonding interactions with moderate accuracy and cost.65 However,
including such methods is beyond the scope of our current work.

All CCSD(T), DLPNO-CCSD(T), and HFLD calculations in
our current work are performed within the package, ORCA66,67

(version 4.2.1). The potential energies of the species are calculated
with 50 center-of-mass distances between 0.9r0 and 2r0, where r0 is
2.6 Å for helium, 2.9 Å for neon, 3.5 Å for argon and krypton, and
3.3 Å for methane. The methane intermolecular potential is cal-
culated for 12 dimer conformers, which are the same as those
considered by Chao et al.68 The equilibrium geometry of methane
is retrieved from the Open Babel69 chemistry toolbox.

The ab initio calculations are performed with the following
settings: the convergence criteria for the self-consistent field (SCF)

FIG. 2. The relationship between quantum-chemistry methods and basis sets
and the resulting computational cost and accuracy. The blue and green cir-
cles in this figure indicate the quantum-chemistry methods and basis sets used
in our current work to obtain model parameters. The relative accuracy of the
method used by Hellmann and co-workers (JHBV) and other methods is also
illustrated qualitatively (red circle) as approaching the complete-basis-set limit and
full-electron-correlation description.

iterations is set as 1.0 × 10−9 a.u. for the HF stage calculations;
the resolution-of-identity approximation for both Coulomb inte-
grals and HF exchange integrals (RIJK)70 is performed to speed up
the SCF calculations; the auxiliary basis set for the RIJK approxi-
mation is generated automatically with the algorithm developed by
Stoychev et al.71 For HFLD and DLPNO-CCSD(T) calculations, the
truncation threshold preset TightPNO is used.72 In addition, PNO
occupation numbers are set as 1.0 × 10−8 and the cutoff threshold
for the estimated pair correlation energies is set as zero so that the
truncation of the DLPNO approximation is small.73

B. Averaging over orientations for anisotropic
potentials

Interactions between non-associative single-segment species
are modeled as isotropic Mie potentials within SAFT-VR Mie. For
an atom, this is of no concern, since the ab initio QC potential,
ϕ(r), is itself isotropic. However, for molecular species, we need
to map orientation-dependent, anisotropic ab initio QC potentials
to isotropic potentials. In our current study, an equally weighted
average is taken over the various orientations to obtain an isotropic
potential for methane from the anisotropic potential, ϕ̄, obtained
with ab initio QC calculations,

ϕ(r) = ∫
dω1 ∫ dω2 ϕ̄ (r,ω1,ω2)

∫ dω1 ∫ dω2
, (5)

where each ∫ dωi represents ∫
2π

0 dϑi∫
2π

0 dφi∫
2π

0 dψi sin(ϑi), integrat-
ing over all the possible orientations. The notation ϕ(r) thereby
represents the bare ab initio QC potential in the case of an atom
or the orientation-averaged ab initio QC potential in the case of
methane.

The integral in the numerator of Eq. (5) is numerically obtain-
able for the JHBV potential of methane, as a fitted analytical expres-
sion is available.44 The averages are performed at 100 equally spaced
values of r ∈ [3.15, 7.00 Å] by using an adaptive multidimensional
integration routine DCUHRE,74 with a relative error of 1 × 10−3.

However, for the methane potential obtained at discrete values
of r with DLPNO-CCSD(T)/TZ in our work, the numerical inte-
gration is not possible. Instead, we obtain intermolecular potentials
of 12 dimer conformers, which are the same as those considered
by Chao et al.,68 and perform an unweighted, discretized average
accounting for the degeneracy of each conformer in (ω1,ω2) space:

ϕ(r) = ∑igiϕ̄ (r,ω1i,ω2i)

∑igi
, (6)

where subscript i is the index of conformer i, and gi is the degeneracy
of conformer i. For conformers C, D, E, F, G, and H as labeled by
Chao et al.,68 gi = 4, and for conformers A, B, I, J, K, L, gi = 2.

By performing this unweighted average, it is assumed that all
dimer conformers are equally accessible. Given there is no known
anisotropic fluid phase of pure methane in which molecules exhibit
any preferred orientation, this should be appropriate for the range
of conditions considered. However, a more-careful treatment of this
averaging may be needed to account for the orientational correla-
tion between methane molecules in the liquid phase, which has been
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observed in molecular simulation.75 One possible way to account for
this is using a free-energy-average (FEA) treatment,76–79

ϕFEA
(r; T) = −kBT ln

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∫ dω1 ∫ dω2 exp(− ϕ̄ (r,ω1 ,ω2)

kBT )

∫ dω1 ∫ dω2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (7)

where T and kB are the temperature and the Boltzmann constant,
respectively. By using this FEA approach, the free energy of a pair
of molecules with an orientationally dependent potential at a fixed
interparticle (center-of-mass) separation will be the same as that of a
pair of particles interacting through the FEA potential; equivalently,
the second virial coefficient of both potentials will be the same. Such
a treatment could be important for molecules with strongly direc-
tional interactions, such as hydrogen bonding, in order to capture
preferential relative orientations of associated molecular pairs. Of
course, this averaging provides only the low-density limit of the
potential, which, in reality, would depend on the thermodynamic
state. Although implementing an FEA treatment is beyond the scope
of our current work, it is interesting to note that in the T →∞ limit,
taking the free-energy average is the same as taking the unweighted
orientational average.

C. Implementation of effective potentials
in the SAFT-VR Mie equation of state

As the isotropic potentials obtained from ab initio QC calcula-
tions do not have a simple analytical form, in order to implement
these within a thermodynamic EoS, we will need to map these
to potentials with simpler functional forms. A variety of effective
pair potentials have been proposed over the years (for example,
square-well, Sutherland, and Yukawa potentials); however, the one
of interest in our current study is the Mie potential,

ϕMie
(r) =

λr

λr − λa
(
λr

λa
)

λa
λr−λa

ε((
σ
r
)
λr

− (
σ
r
)
λa

), (8)

where ε, σ, λr, and λa are the potential depth, segment size, and
repulsive and attractive exponents, respectively. Setting the latter
two parameters to 12 and 6, respectively, recovers the more-familiar
Lennard-Jones potential. Unlike some of the aforementioned poten-
tials, the shape of the Mie potential, being closer to that observed
for ab initio QC potentials, should allow for a straight-forward map-
ping, making it easier to estimate the potential parameters. The Mie
potential can be implemented within the SAFT-VR Mie EoS devel-
oped by Lafitte et al.,11 which is then used to obtain macroscopic
properties. Here, the total Helmholtz free energy, A, of a given state
is given as a sum of four contributions,

A = Aideal + Amono. + Achain + Aassoc.. (9)

The subscripts each denote a particular contribution to the total
Helmholtz free energy: “ideal” denotes the contribution from
translation, rotational, and vibrational motion of an ideal gas;
“mono.” denotes the contribution of interacting Mie segments;
“chain” denotes the contribution from the formation of chains of
m Mie segments; and “assoc.” denotes the contribution due to
highly directional interactions between segments through associ-
ation sites. Within our current study, only species that can be

modeled as non-associating single-segments within the SAFT-VR
Mie framework are considered; thus, the last two terms in Eq. (9)
do not contribute.

Traditionally, parameters for a given species are obtained from
a regression procedure11,19 using experimental data (usually the sat-
uration pressure and saturated-liquid densities). As a result, the
Mie potentials characterized by these parameters are effective pair
potentials; the parameter values implicitly account for effects other
than two-body interactions (for example, quantum and many-body
effects). Unless these effects are insignificant for a given species,
the potentials obtained from ab initio QC calculations, if translated
directly to the Mie potentials used in SAFT-VR Mie, are unlikely
to yield accurate results. However, one can introduce corrections
to the Mie potential to account for these additional effects. One
such modification was introduced by Aasen et al;53 these authors
constructed an effective potential that approximately accounts for
quantum effects of species using a Feynman–Hibbs (FH) correction
(Ref. 80). (Note that these quantum effects differ from the quan-
tum effect of electrons, which is incorporated in the ab initio QC
calculations.) The effective (FH-corrected) potential is expressed as

ϕMie+FH
=
∞

∑
n=0

Dn

n!
(∇

2
)

nϕMie
(r), (10)

where∇2 is the Laplacian operator, and D is given by

D =
βh̵2

12Mr
, (11)

where β = 1/(kBT) and h and Mr are the reduced Planck constant
and the mass of the species, respectively. The algebraic expression
of the FH-corrected Mie potential can be found in Appendix A.
Aasen et al.53 presented a modified SAFT-VR Mie EoS, known as
the SAFT-VRQ Mie EoS, incorporating their effective potential with
the series in Eq. (10) truncated at n = 2; the required modifications
to the SAFT-VR Mie equation can be found within their original
work.53

The other significant effect that will be prevalent for many of
the species one might be interested to model using the SAFT-VR Mie
EoS is the many-body effect. One way to account for this is using an
Axilrod–Teller (AT) potential, (Ref. 81) which accounts for three-
body interactions:

ϕAT
ijk = ν(

1 + 3 cos γi cos γj cos γk

(rijrikrjk)
3 ), (12)

where rij is the center-of-mass distance between species i and j, γi,
γj, and γk are the interior angles of the triangle formed by the three
species i, j and k, respectively, and ν is referred to as the AT coef-
ficient; this denotes the magnitude of the three-body interactions.
They are available a priori for a range of species; in our work, these
were obtained either from ab initio calculations82,83 (in the case of
noble gases) or estimated from third virial coefficients84 (in the case
of methane). We note that the AT coefficient for methane and other
molecular species can also be obtained from ab initio calculations,
e.g., Hellmann obtained the AT coefficient for carbon dioxide in
this manner.85 However, as far as we are aware, there is no ab initio
AT coefficient currently available for methane. A frequently used86,87
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approximation of the AT potential eliminates the dependencies on
the angles and two of the three distances, giving37,38

ϕAT
(r) ≈ −

λνρ
εσ6 ϕ

Mie
(r), (13)

where ρ is the number density, and λ is taken to be 0.85.88 This
simple correction can be added to our original Mie potential to give

ϕMie+AT
(r) = (1 −

λνρ
εσ6 )ϕ

Mie
(r). (14)

This modification can be implemented within the existing SAFT-VR
Mie framework (such a variant of the SAFT-VR Mie EoS will carry
the suffix “+AT”) and can also be included in Eq. (10), giving us a
potential that accounts for both quantum and many-body effects. As
a result, within this modified potential, the parameters ε, σ, λr, and
λa need only account for two-body interactions. This should allow
for more-accurate predictions using the ab initio QC potentials.

All implementations of the SAFT-VR Mie EoS, including the
modifications outlined above, can be found in the open-source
software, Clapeyron.jl.89

D. Mapping quantum-chemistry potentials
to Mie potentials

In this section, we propose a methodology to translate the
potentials obtained from ab initio QC calculations to Mie poten-
tials (accounting only for two-body interactions). First, the potential
depth and segment size are taken to be identical in both the ab initio
QC and Mie potential,

ε = −min
r

ϕ(r), (15a)

ϕ(σ) = 0. (15b)

With a sufficiently small step size in r (in practice, we find Δr̃
= Δr/σ = 0.022 to be suitable) when performing the ab initio QC cal-
culations, the values of ε and σ can be determined to a sufficiently
high degree of accuracy (approximately three significant figures).
Once these parameters have been obtained, Eq. (8) can be reduced
to a form dependent only on the shape parameters, λr and λa,

ϕ̃Mie
(r̃) =

λr

λr − λa
(
λr

λa
)

λa
λr−λa
((

1
r̃
)
λr

− (
1
r̃
)
λa

), (16)

where the variables overlined by ∼ are in reduced units (ϕ̃ = ϕ/ε
and r̃ = r/σ). As the remaining parameters are related only to the
shape of the potential, one may be tempted to use a least-square
regression to the ab initio QC potential to fit these parameters. How-
ever, Paricaud36 showed that the objective function used to regress
the potential parameters can have a significant impact on the qual-
ity of subsequent predictions of macroscopic properties. Motivated
by our goal of employing the generated Mie potential within the
SAFT-VR Mie EoS, we consider two quantities that play a promi-
nent role in the theory: the Barker–Henderson hard-sphere diameter
(Refs. 90–92), d,

d[ϕ] = ∫
σ

0
(1 − exp(−βϕ(r))) dr, (17)

where in our current work β is set to ε−1, and the van der Waals
integral, ψ,

ψ[ϕ] = 4π∫
∞

σ
ϕ(r)r2 dr. (18)

Looking in detail at the two integrals in Eqs. (17) and (18), it
is noticeable that the integration in the former is over the repulsive
region only, while that in the latter is over the attractive region only.
Collectively, these two integrals effectively capture the important
information that the shape of the potential provides to the SAFT-VR
Mie EoS. Accordingly, we define the following system of equations,
which can be used to obtain λr and λa:

(d[ϕ] − d[ϕMie
(λr, λa)])/(λr − λa) = 0, (19a)

(ψ[ϕ] − ψ[ϕMie
(λr, λa)])/(λr − λa) = 0. (19b)

[The division by (λr − λa) in Eqs. (19) precludes the trivial solu-
tion λr = λa.] Although this procedure works well for the JHBV
potentials, it fails for potentials obtained from typical ab initio QC
calculations since these are obtained only at discrete values of r,
making evaluations of these integrals impractical, particularly when
using more-expensive methods. For such cases, we propose an alter-
native method to determine the values of λr and λa. It is reasonable
to assign a priori λa = 6 since this represents London dispersion12,93

and is valid for many simple molecules. For λr, we impose the con-
dition that the location of the minimum in the two potentials is the
same. This is determined by solving

F(λr) = r̃min − (
λr

6
)

1
λr−6

= 0, (20)

where r̃min is the location of the minimum in dimensionless units.
This is found to give good agreement with the shape of the ab initio
QC potential and has the additional benefit of avoiding cases where
λr = λa. We note also that when this approach is applied to JHBV
potentials, the resulting shape parameters are very similar to those
obtained using Eqs. (19). This is reassuring, given the importance of
correctly estimating the van der Waals integrated energy when pre-
dicting the phase envelope, as has been demonstrated by Ramrattan
et al.94

In our current work, Eqs. (19) and (20) are solved using the
root-finding algorithm provided in SciPy.95

III. RESULTS AND DISCUSSION
In this section, we examine the potentials obtained from

ab initio QC calculations, the Mie parameters obtained from these
potentials, and the performance of the SAFT-VR Mie EoS (and its
various modifications) in predicting VLE and single-phase prop-
erties when incorporating the corresponding Mie potentials. We
first focus on the case of noble gases before considering methane.
Throughout, we define the percentage absolute average deviation
(%AAD) between experimental (superscript “expt”) and calculated
(superscript “calc”) values of a property, Z, for Ndata points as

%AAD(Z) =
1

Ndata

Ndata

∑
i=1
∣
Zexp

i − Zcalc
i

Zexp
i

∣ × 100. (21)
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A. Noble gases
We first examine the potentials obtained for neon and argon;

analyses of the other noble gases yield similar conclusions and are
therefore excluded for brevity. Examining Fig. 3, one can see that
the potentials of Hellmann et al.41 and Jäger et al.40 have the greatest
estimates for the potential depths for the two species, respectively.
The potential that is obtained when using CCSD(T)/5Z, in com-
parison to DLPNO-CCSD(T)/5Z, is closer to what is obtained by
Jäger et al.,40 which is to be expected73 as the DLPNO-CCSD(T)
method is an approximation of the CCSD(T) method. On the other
hand, the potentials that are obtained with HFLD/5Z calculations
are the shallowest in comparison to those from other methods; this
is also to be expected as only the London-dispersion contribution
is extracted from the correlation energy that is calculated at the
DLPNO-CCSD(T) level, whereas the contribution to the repulsive
part of the potential is still at the HF level. Interestingly, the poten-
tial for neon that was regressed by Dufal92 using SAFT-VR Mie is
close to the neon potential obtained with HFLD/5Z, whereas the
analogous potential for argon is close to the argon potential obtained
with DLPNO-CCSD(T)/5Z. The two regressed potentials are effec-
tive pair potentials, obtained using macroscopic experimental data,
and, thus, account for a variety of effects (including many-body
and quantum effects); this does not imply that the latter methods
provide more accurate potentials than those obtained from other QC
methods. However, it does imply that one may not need to use the
most-expensive ab initio QC methods to obtain the “best” estimates
for the SAFT-VR Mie parameters; it may be that errors present in
cheaper methods cancel other errors arising from the neglect of
effects that would otherwise need to be taken into account. Note that
a similar argument can be made in the case of neon for the close
agreement between the potential obtained using CCSD(T)/5Z and
that obtained by regression by Aasen et al.53 using SAFT-VRQ Mie.

Another interesting observation to make in relation to Fig. 3(a)
is that the potential53 regressed using SAFT-VRQ Mie is deeper than
that92 regressed using SAFT-VR Mie. This may reflect the impact
of using the Feynman–Hibbs correction to the underlying Mie

potential because this effective pair potential used in SAFT-VRQ
Mie no longer needs to account for quantum effects. It is possi-
ble that the difference between this potential and the high-accuracy
potential obtained by Hellmann et al.41 is now solely due to
many-body effects.

To restrict the scope of this study, in the subsequent analysis
we will consider only the high-accuracy JHBV potentials39–43 and
the less-accurate, but computationally cheaper, potentials obtained
with DLPNO-CCSD(T)/5Z. The latter potentials are used primarily
because these have shown reasonable agreement with the regressed
potentials for both neon and argon. Moreover, the performance of
these potentials provides insight into the sensitivity of our method-
ology with respect to the accuracy of two-body potentials obtained
with ab initio methods.

The parameters of the Mie potential obtained from regression
using experimental data13,53 and those obtained via the mapping
procedure from the respective ab initio QC calculations (denoted
by suffix “-Mie”) are given in Table I. As the JHBV potentials are
available as continuous functions, the potential shape parameters
(λa and λr) are determined by solving Eq. (19); on the other hand,
as the potentials obtained using the DLPNO-CCSD(T)/5Z method
are given at discrete points, the shape parameters are determined by
solving Eq. (20).

For the segment size and potential depth, it seems that
the DLPNO-CCSD(T)/5Z approach gives values closest to those
obtained from regression, whereas the JHBV potentials result in
smaller segments with deeper potentials (as reflected in Fig. 3). This
agrees with the previous discussions on the differences between the
two-body ab initio QC potentials and the effective pair potentials.
Neon is a particularly interesting case as the parameters obtained
from ab initio QC methods are slightly closer to those parameters
taken from Ref. 53 than from Ref. 13; this is a reflection of what is
shown in Fig. 3(a).

The shape parameters are also of interest. In the case of
DLPNO-CCSD(T)/5Z, the shape parameters are within a similar
range as those obtained from regression. However, in the case of

FIG. 3. Interatomic potentials of neon (a) and argon (b) obtained using HFLD, DLPNO-CCSD(T) and CCSD(T) with the aug-cc-pV5Z basis set. The Mie potentials obtained
from regression by Dufal92 (with SAFT-VR Mie11) and Aasen et al.53 (with SAFT-VRQ Mie;53 the Feynman–Hibbs corrections are not included), both with λa = 6, are also
shown for comparison. The high-accuracy ab initio potentials obtained by Hellmann et al.41 and Jäger et al.40 are included in both figures (labeled JHBV).
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TABLE I. Model parameters (potential depth, ε; segment size, σ; and repulsive and attractive exponents, λr and λa) for various
noble gases obtained by regression (see Refs. 13, 92 and 53) using experimental data by mapping potentials determined
by Hellmann and co-workers39–43 (JHBV) and by mapping ab initio DLPNO-CCSD(T)/5Z (QC) calculations; these mapped
potentials are denoted by the suffix “-Mie.” AT coefficients, ν, are taken from the literature;82,83 the cell relating to the AT
coefficient is left blank when the AT correction is not employed.

Potential σ (Å) (ε/kB) (K) λr λa ν/(10−2εσ9
)

Helium

Aasen et al. 2.5490 10.952 13.000 6.0000
JHBV-Mie 2.6398 11.010 9.4962 7.7772 0.0000
DLPNO-CCSD(T)/5Z-Mie 2.6876 9.5468 10.656 6.0000 0.0000

Neon

Aasen et al. 2.7760 37.716 13.000 6.0000
Dufal et al. 2.8019 29.875 9.6977 6.0000
JHBV-Mie 2.7591 42.362 9.8159 7.6672 3.4056
DLPNO-CCSD(T)/5Z-Mie 2.8249 35.716 10.648 6.0000 3.2673

Argon

Dufal et al. 3.4038 117.84 12.085 6.0000
JHBV-Mie 3.3551 143.49 9.4294 8.0147 7.0497
DLPNO-CCSD(T)/5Z-Mie 3.4298 120.53 11.821 6.0000 6.8838

Krypton

Dufal et al. 3.6359 163.27 11.985 6.0000
JHBV-Mie 3.5800 201.08 9.8270 7.7630 8.5226
DLPNO-CCSD(T)/5Z-Mie 3.6572 168.06 12.572 6.0000 8.4156

Xenon

Dufal et al. 3.9612 229.47 12.275 6.0000
JHBV-Mie 3.9012 280.18 10.125 7.6600 9.5131

the JHBV potentials,39–43 the interactions are consistently softer than
those obtained from regression (reflected by the smaller λr para-
meters). This can be attributed to the fact that JHBV potentials are
bare pair potentials, whereas the potentials obtained from regression
are effective pair potentials where a variety of effects (most likely
many-body effects) have resulted in a harder potential.

As discussed previously, the form of Eq. (19) was chosen partly
to avoid the “null” root, λr = λa, which otherwise arises for some of
the noble gases in Table I, resulting in an undefined potential [due to
the prefactor in Eq. (8)]. However, one can derive the potential for
the limit λr → λa, representing the softest possible Mie potential for
a given value of λa,

lim
λr→λa

ϕMie
(r) = −eε

ln rλa

rλa
, (22)

where e is Euler’s number. This may indicate that a potential with
a softer core could be a more-convenient choice to represent the
underlying ab initio QC potentials, for example, the Buckingham
potential, as used by Paricaud.36

In Table II, we provide %AADs of single-phase and VLE
properties obtained using these model parameters within the various
approaches indicated in the table. Cells left empty denote that
calculations were not performed with the indicated EoS; these

relate to model parameters obtained by regression,13,53 for which
calculations are performed only with the EoS used in the regression.

Measured in terms of the %AAD of calculated properties from
experimental values (when the potential parameters are imple-
mented in the SAFT-VR Mie EoS), the performance observed when
using the parameters determined from ab initio QC calculations is
significantly less satisfactory than that obtained when using poten-
tials determined by regression. We can attribute the relatively poor
performance to two main factors. First, it is likely that quantum
effects are significant; we can quantify the significance of these effects
using the dimensionless de Boer parameter.97 This is the ratio of
typical de Broglie wavelength of a species in a condensed phase
(hence ε rather than kBT is used to characterize energy) to its char-
acteristic interaction length scale:Λ = h/(σ

√
Mrε). WhenΛ is small,

quantum effects are insignificant, but when Λ ≳ 1, they become
important; a larger value indicates a greater deviation from classical
fluid behavior. In the case of helium and neon, Λ = 2.64 and 0.59,97

respectively.
When one implements the parameters obtained from ab initio

QC calculations in the SAFT-VRQ Mie EoS, a global decrease in
%AADs is seen, although the magnitude of this is dependent on the
de Boer parameter of a given species. For example, we observe a
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TABLE II. Percentage average absolute deviations (%AAD) from pseudo-experimental data96 for selected noble gases, obtained using the SAFT-VR Mie,11 SAFT-VRQ Mie,53

or SAFT-VRQ Mie+AT EoSs, using the indicated model parameters; cells are left blank where the potential model is inappropriate for use with the EoS. Properties considered
are saturation pressure, psat; vapor and liquid saturation density, ρsat; critical temperature, Tc; vapor, liquid, and supercritical density, ρv/l/sc; isobaric heat capacity, cp; isochoric
heat capacity, cv ; and Joule–Thomson coefficient, μJT.

SAFT-VR Mie SAFT-VRQ Mie SAFT-VRQ Mie+AT

Potential psat ρsat Tc ρv/l/sc cp cv μJT psat ρsat Tc ρv/l/sc cp cv μJT psat ρsat Tc ρv/l/sc cp cv μJT

Helium

Aasen et al. 45.9 26.8 0.21 1.35 39.8 44.3 74.8
JHBV-Mie 100. 135. 146. 45.1 59.1 44.1 231. 33.1 40.6 15.0 4.00 36.2 38.9 67.7 33.1 40.6 15.0 4.00 36.2 38.9 67.7
DLPNO-CCSD(T)/
5Z-Mie 100. 126. 160. 78.2 50.6 38.4 296. 47.5 34.9 5.17 3.47 24.1 26.4 182. 47.5 34.9 5.17 3.47 24.1 26.4 182.

Neon

Aasen et al. 0.94 2.92 1.47 0.23 1.18 1.40 8.23
Dufal et al. 0.76 2.26 1.69 0.61 1.41 3.16 7.23
JHBV-Mie 38.3 29.8 9.44 3.62 5.89 4.37 20.6 13.5 12.1 4.82 1.35 1.80 1.22 13.3 2.48 3.69 1.86 0.44 0.86 1.16 4.78
DLPNO-CCSD(T)/
5Z-Mie 52.3 33.7 13.7 97.1 6.55 5.07 43.4 37.2 24.2 9.84 2.85 4.66 2.03 43.7 28.7 19.5 6.92 2.59 4.03 1.77 36.4

Argon

Dufal et al. 0.40 3.34 2.19 0.57 1.74 2.62 10.3
JHBV-Mie 27.8 23.0 8.29 2.84 3.83 3.44 25.3 25.1 21.3 7.86 2.60 3.17 2.88 23.9 1.64 3.50 1.73 0.43 1.10 2.27 6.97
DLPNO-CCSD(T)/
5Z-Mie 21.2 15.8 5.92 1.33 2.50 2.79 11.0 18.7 14.4 5.49 1.37 2.56 2.47 11.2 7.08 7.59 0.33 2.33 2.12 2.14 20.6

Krypton

Dufal et al. 0.41 3.40 2.35 0.59 1.79 3.77 12.5
JHBV-Mie 30.5 24.6 9.03 3.51 4.75 5.00 20.2 29.7 24.1 8.89 3.42 4.52 4.79 19.9 1.56 3.30 1.46 0.55 1.73 3.69 8.42
DLPNO-CCSD(T)/
5Z-Mie 4.06 5.56 2.45 1.02 1.99 3.84 11.1 3.09 5.05 2.32 1.08 1.84 3.72 11.0 34.4 30.2 4.57 5.31 4.68 3.47 135.

Xenon

Dufal et al. 0.32 3.24 2.55 0.73 2.20 3.44 14.9
JHBV-Mie 28.9 23.2 8.90 3.33 4.90 4.00 20.4 28.6 23.0 8.84 3.30 4.80 4.00 20.3 4.22 2.07 0.59 0.47 2.02 3.12 10.9

significant drop in %AADs in the case of helium, using either
ab initio QC method, to values of similar magnitude to those
obtained using parameters determined from regression53 (the
%AADs for helium are still large as the values of the proper-
ties considered are approaching zero). On the other hand, we
observe an almost insignificant decrease in %AADs in the case of
xenon, which, with Λ = 0.064,97 is to be expected. It is interest-
ing to see that the parameters obtained from DLPNO-CCSD(T)/5Z
appear, for the most part, to result in the most-accurate descrip-
tion for many of the species considered when implemented in the
SAFT-VRQ Mie EoS; this is particularly noticeable for krypton and
argon. Although these %AADs are still greater than those obtained
when using regressed parameters, it may be possible, with some
empirical corrections, to obtain similar %AADs using parameters
determined from the cheaper DLPNO-CCSD(T) method. Given that
the σ and ε parameters obtained from DLPNO-CCSD(T)/5Z are
already quite similar to those obtained from regression, we may need

to adjust only λr to obtain better performance. Although this would
not be fully ab initio, it would reduce the parameter space, which,
for the SAFT-VR Mie EoS, is well known to be strongly degenerate
(Refs. 13, 19, and 92).

The second factor we consider is the many-body effect. The sig-
nificance of this can be quantified using the AT coefficients; values
for the various noble gases are given in Table I. Indeed, the value
for xenon is almost thrice the value for neon, highlighting the rela-
tive significance of this effect. In the case of helium, no value for the
AT coefficient was found in the literature; however, considering the
trend in values across the noble gases, we can safely assume its value
would be negligible and set this to zero.

Using the implementation for the approximation of the AT
potential described in Sec. II C, we can see in Table II, for the para-
meters obtained from the JHBV potentials, that the %AADs are now
similar to or smaller than those obtained using regressed parameters
for all properties considered. The most-dramatic drop in %AADs
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is observed in the case of xenon, which is to be expected consider-
ing its large ν value. Neon is an interesting case as it exhibits both
significant quantum and many-body effects; thus, it is not until we
implement both the FH and AT corrections to the Mie potential
in the SAFT-VR Mie EoS that we observe %AADs similar to those
obtained using regressed parameters.

In the case of VLE properties, all of this is reflected visu-
ally in Fig. 4 where, for each of the noble gases, the saturation
curve [Fig. 4(a)] and the VLE envelope [Fig. 4(b)] are given. The
case of xenon is particularly surprising: it appears that the para-
meters obtained from the JHBV potential implemented in SAFT-
VRQ Mie+AT allow one to capture both the critical and subcritical
regions of the VLE envelope, which is typically difficult to achieve
using analytical (including SAFT-type) EoSs11 without using addi-
tional corrections, such as cross-over theory (Refs. 98 and 99).
Unfortunately, the parameters obtained from DLPNO-CCSD(T)/5Z
now give quantitatively less-accurate results. However, as mentioned
previously, it may be possible to apply empirical corrections
to achieve similar-quality descriptions as those obtained using
the parameters obtained from the JHBV potentials. Alternatively,
instead of taking a priori the AT parameter, ν, from the literature,
one could choose to treat it as an adjustable parameter. Although
this would render the procedure no longer fully ab initio, adjusting
a single parameter avoids many of the issues typically encountered
when simultaneously regressing all of the SAFT-VR Mie parameters
(Refs. 13, 19, and 92).

In the case of bulk properties, visual comparisons of the perfor-
mance of each of the various approaches are provided in Fig. 5, fea-
turing the trends for the density, isobaric and isochoric heat capacity,
and Joule–Thomson coefficient with respect to temperature at dif-
ferent pressures. The performance of these approaches in predicting
bulk properties of argon and krypton is similar to that observed
with xenon, and these fluids are therefore excluded for brevity.
In general, the predictions made using parameters obtained from
DLPNO-CCSD(T)/5Z are quite poor, as is to be expected. For the

species neon, xenon, argon, and krypton, most of the predictions
made with SAFT-VRQ Mie+AT are quite similar to those made
with the JHBV potentials and SAFT-VR (or SAFT-VRQ) Mie with
regressed potentials. The predicted densities obtained with these two
methods are practically indistinguishable; this is also the case for
the second-derivative properties considered, except near the criti-
cal point where predictions made using parameters obtained from
the JHBV potentials in SAFT-VRQ Mie+AT are in slightly better
agreement with the experimental data. However, as is to be expected
with SAFT-type equations,24,98 all models lead to predictions that
fail to capture the divergence in the isochoric heat capacity when
approaching the critical point. As has been discussed by Llovell
et al.,100 the divergence is due exclusively to critical fluctuations,
which are not accounted for in the equation of state. An imple-
mentation of cross-over theory (such as that introduced by Llovell
et al.100 or McCabe and Kiselev98) within the SAFT-VR framework
is likely to be required to capture this phenomenon. We also observe
more-significant differences between the predicted isochoric heat
capacities for neon with different equations of state when approach-
ing low temperatures and high pressures. It is at these conditions
that the FH and AT corrections have a larger impact; this perhaps
highlights the importance of both of these corrections in obtaining
accurate estimates of even second-derivative properties. Neverthe-
less, compared to the other properties considered, the nominal
difference between the models at these conditions is quite small.

However, the predictions of bulk properties of helium are
particularly interesting. At high temperature, the predictions are
qualitatively quite similar to those observed with the other noble
gases; all predictions made are close to the pseudo-experimental
data, but those predictions made using SAFT-VRQ Mie with
regressed parameters appear to be in better agreement. However,
at temperatures below 20 K, significant deviations from the data
are observed, as well as unphysical behavior. For the density, there
is an increase at low temperatures, which one would not expect
based on extrapolating from the pseudo-experimental data. “Loops”

FIG. 4. Evaluated saturation pressures (a) and VLE envelopes (b) for various noble gases using parameters taken from Refs. 13 and 53 (dashed curves), DLPNO-
CCSD(T)/5Z calculations (dotted curves), and JHBV potentials39–43 (continuous curves) implemented in variants of the SAFT-VR Mie EoS. Regressed parameters for helium
(orange) and neon (red) are taken from Ref. 53 and implemented in the SAFT-VRQ Mie EoS. Regressed parameters for argon (blue), krypton (green), and xenon (purple)
are taken from Ref. 13 and implemented in the SAFT-VR Mie EoS. Parameters obtained from DLPNO-CCSD(T)/5Z calculations and JHBV potentials are implemented in
the SAFT-VRQ+AT Mie EoS. Pseudo-experimental data from the NIST Chemistry Webbook96 are also included; empty circles denote saturation conditions and filled circles
denote critical points for the various species.
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FIG. 5. Predicted densities (a)–(c), isobaric heat capacities (d)–(f), isochoric heat capacities (g)–(i), and Joule–Thomson coefficients (j)–(l) for helium, neon, and xenon,
evaluated at different pressures (red, 5 MPa; green, 10 MPa; and blue, 50 MPa). Parameters are taken from Refs. 13 and 53 (dashed curves), DLPNO-CCSD(T)/5Z
calculations (dotted curves), and JHBV potentials39,41,43 (continuous curves) implemented in variants of the SAFT-VR Mie EoS. Regressed parameters for helium and neon
are taken from Ref. 53 and implemented in the SAFT-VRQ Mie EoS. Regressed parameters for argon are taken from Ref. 13 and implemented in the SAFT-VR Mie EoS.
Parameters obtained from DLPNO-CCSD(T)/5Z calculations and JHBV potentials are implemented in the SAFT-VRQ+AT Mie EoS. Symbols represent pseudo-experimental
data from the NIST Chemistry Webbook.96

are observed in the predicted heat capacities and Joule–Thomson
coefficients at these conditions and, although off the scale in these
figures, negative heat capacities are predicted using these models.
This behavior has not been observed when implementing these
parameters in SAFT-VR Mie, and given this is also observed for the
SAFT-VRQ Mie implementation of the parameters of Aasen et al.,53

this does not arise from the AT correction. As such, it is likely that
this behavior is an artifact arising from the FH correction within the
SAFT-VRQ Mie framework.

One potential explanation is the truncation of the FH series
at second order. To analyze the impact of this truncation, we
consider the FH corrected Lennard-Jones potential, at different
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FIG. 6. Feynman–Hibbs corrected Lennard-Jones potentials corresponding to
different numbers of terms in the series (represented by the curve styles) and
different temperatures (represented by the colors). The de Boer parameter
Λ = 2.64, which is the same as that of Helium.

temperatures and levels of truncation with the same de Boer para-
meter as that of helium (i.e., Λ = 2.64), in Fig. 6. At T = 4ε/kB, the
impact of the FH correction is quite pronounced, compared to the
high-temperature limit, which is the bare Mie potential without
the FH correction. However, there is only a very minor difference
between the second- and 50th-order truncation, highlighting that
the former is an appropriate approximation at this temperature. By
contrast, lowering the temperature by a factor of four (at T = ε/kB),
more-significant differences between the potentials corresponding

to the two truncations are observed, although both retain the general
Mie potential shape. Lowering the temperature by another factor of
four (which is now equivalent to T ≈ 2.5 K for helium), the shapes
of the potentials are now drastically different. The potential with the
second-order correction resembles a Sutherland potential, while that
with the 50th-order correction resembles a hard-sphere potential.

To better understand this behavior, we also consider the change
in value of both σ and ε for different levels of truncation [denoted by
the superscript (N)] relative to the unmodified potential (N = 0).
This is shown in Fig. 7. As both the molar mass of the species
and the temperature of the system have an impact on the FH cor-
rection, we define a generalized de Boer parameter to quantify the
degree of “quantumness”: ΛT = h/(σ

√
kBTMr), which is the ratio

of the thermal de Broglie wavelength of the species at temperature
T (rather than the characteristic thermal wavelength for condensed
phases that is used in defining Λ) and the typical interaction length
scale. We also provide dashed vertical lines in Fig. 7 for each noble
gas where we set T = ε/kB, which corresponds to the de Boer para-
meter of each species, as points of reference. For xenon, krypton, and
argon, it is apparent that the FH correction has little to no impact on
the potential, which reflects the small changes in %AADs observed
in Table II. Furthermore, in the case of neon, although the FH cor-
rection does have an impact on its potential, the effects of second-
and 50th-order approximations are practically indistinguishable,
highlighting that truncating the series of FH correction at second
order is an appropriate approximation to the untruncated correc-
tion, and helping to explain why unphysical behavior is not observed
in Figs. 5(b)–5(k). However, for helium, there are quite noticeable
differences between the different levels of truncation. More inter-
estingly, examining the potential-depth parameter in Fig. 7(a), a
reduction in T increases ΛT , and it is around the helium reference
point that we observe a familiar loop, which resembles that observed
in the predictions of the heat capacities and Joule–Thomson

FIG. 7. Potential depth (a) and segment size (b) for a Feynman–Hibbs corrected Lennard-Jones potential, relative to their values for the unmodified potentials, corresponding
to different numbers of terms in the Feynman–Hibbs series plotted against a temperature-dependent de Boer parameter. Colored dashed vertical lines, corresponding to
the value of the de Boer parameter for different noble gases, have been included as reference points.
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coefficients of helium, as shown in Figs. 5(d)–5(j). It may be possible
that these loops are related. However, we do note that this does
not imply that retaining more terms in the expansion within the
SAFT-VRQ Mie framework would improve these results (moreover,
it would also significantly increase the complexity of the equation
itself).

As pointed out by Aasen et al. in the development of the SAFT-
VRQ Mie EoS,53 the untruncated series of FH correction [Eq. (10)]
is an asymptotic series such that it diverges for every finite r (this
is demonstrated in Appendix A). Moreover, examining the impact
of the FH correction on the segment size in Fig. 7(b), the trunca-
tion at higher orders seem to imply that the segment size should
increase even more, which would imply a smaller density and fur-
ther deviations from experimental data in Fig. 5(a). However, the
decrease in potential depth would also result in a further decrease in
the hard-sphere diameter. This makes it very difficult to determine
what would be the actual impact of including more terms in the FH
series.

Apart from the possibility that the low-order truncation of
the FH correction results in the unphysical behavior in the predic-
tions, it might also be possible that implementing the semi-classical
FH correction in SAFT-VR Mie, an EoS for classical fluids, is not
valid for condensed helium. Helium has a de Boer parameter of
2.64; thus, it is expected to experience a strong quantum effect in
the condensed phase, where the validity of the FH correction may
need to be verified. One could examine this by performing molec-
ular simulations. This can be achieved by comparing experimental
data of bulk and second derivative properties of helium with the
corresponding results from classical Monte Carlo (MC) simulations
with FH-corrected two-body Mie potentials (so that the simulation
is effectively semi-classical) and “fully quantum” path-integral MC
(PIMC) simulations101,102 with the bare two-body Mie potential.
If unphysical behavior appears in the results of semi-classical MC
simulations, as observed in Figs. 5(a)–5(j), but the results of PIMC
simulations are well-behaved and close to the experimental values,
then it would suggest that a quantum statistical-mechanics treat-
ment is necessary for the thermodynamic modeling of condensed
helium. Interestingly, Aasen et al. carried out semi-classical MC sim-
ulations in their SAFT-VRQ Mie study for Lennard-Jones fluids
under similar thermodynamic states that are considered in our
current work, and they have shown that the simulation results agree
with both the bulk and VLE properties predicted using SAFT-VRQ
Mie with only the first-order FH correction.53 Although both types

TABLE III. Model parameters (cf. Table I for their definitions) for methane obtained
by regression (Dufal et al.13) using experimental data, by mapping potentials deter-
mined by Hellmann and co-workers,44 and by mapping ab initio DLPNO-CCSD(T)/TZ
(QC) calculations; these mapped potentials are denoted by the suffix “-Mie.” The AT
coefficient, ν, is taken from the literature;84 the cell relating to the AT coefficient is left
blank when the AT correction is not employed.

Potential σ (Å) (ε/kB) (K) λr λa ν/(10−2εσ9
)

Dufal et al. 3.7366 151.45 12.319 6.0000
JHBV-Mie 3.7592 170.13 14.440 6.0000 6.4336
DLPNO-CCSD(T)
/TZ-Mie 3.8495 140.91 12.826 6.0000 6.2736

of simulations for thermodynamic properties of helium have been
carried out by Sesé,101,102 these were performed for thermodynamic
states at much higher density than those considered in our current
work. Nevertheless, it is interesting that, among the MC simulations
performed by Sesé, the simulation with the correction truncated at
second order provided results that were closer to those of the PIMC
simulation than either the MC simulation with the untruncated FH
correction or that with the correction truncated at fourth order.
Clearly, further simulations at states closer to those considered in
our study would be desirable; however, such an endeavor is beyond
the scope of our current work.

In summary, in the case of the noble gases, we have shown that
the parameters obtained from high-accuracy potentials, with quan-
tum and many-body corrections, give predictions on par with or
superior to those obtained from regressed parameters.

B. Anisotropic species—Methane
The potentials of the noble gases could easily be translated

to the SAFT-VR Mie framework as these species are spherically
symmetrical. It is also possible to model polyatomic species as single-
segments within the SAFT-VR Mie framework. Such species are
also of great interest as the electrons are delocalized between atoms,
unlike the noble gases explored in Sec. III A. In this section, we
examine the specific case of methane.

Parameters for methane are given in Table III. We note that
as the conformer-averaged potential for the JHBV potential is
numerically evaluated at discrete center-of-mass distances rather
than expressed as a continuous function, the shape parameters are
obtained by solving Eq. (20). As is discernible from Fig. 8, the seg-
ment size obtained from regression13 is similar to that obtained from
the JHBV potential, although, unsurprisingly, the latter’s poten-
tial depth is noticeably deeper. All three potentials feature similar
levels of hardness (as shown by the magnitude of the values of λr).

FIG. 8. Intermolecular potentials for methane obtained by evaluating the ori-
entational average of the potentials calculated by Hellmann et al.44 (JHBV)
and obtained using DLPNO-CCSD(T) with the aug-cc-pVTZ basis sets. The
Mie potential with parameters taken from Ref. 13 with λa = 6 is included for
comparison.
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TABLE IV. Percentage average absolute deviations (%AADs) of VLE properties from pseudo-experimental data96 for methane obtained using SAFT-VR Mie,11 SAFT-VR
Mie+AT, or SAFT-VRQ Mie+AT EoSs using the indicated model parameters. Properties considered are saturation pressure, saturation density, and critical temperature (cf.
Table II for definitions of variables and entries). %AADs have also been provided for predictions made using COSMO-RS. Cells are left blank where the potential model is
inappropriate for use with the method.

SAFT-VR Mie SAFT-VR Mie+AT SAFT-VRQ Mie+AT COSMO-RS

Potential (level of theory for COSMO-RS) psat ρsat Tc psat ρsat Tc psat ρsat Tc psat Tc

Dufal et al. 0.65 2.90 2.69
JHBV-Mie 25.7 17.1 5.86 1.28 3.06 0.31 7.86 6.15 0.49
DLPNO-CCSD(T)/TZ-Mie 68.3 51.3 6.63 117.0 90.0 11.4 130.0 98.3 12.1
TZVPD-fine 99.4 9.49

Interestingly, the JHBV potential appears to be harder than the one
obtained from regression.

The %AAD from pseudo-experimental data96 obtained when
implementing each of the parameter sets in different variants of the
SAFT-VR Mie EoS are provided in Table IV. We have not included
bulk properties in the case of methane as, for the second deriva-
tive properties, we did not obtain the rotation- and vibration-related
parameters from ab initio calculations. In contrast to Table II, the
SAFT-VR Mie EoS with an AT correction is included instead of
the SAFT-VRQ Mie EoS as, in the case of methane, this provides
a better understanding of the overall performance. We also include
%AADs obtained with another wholly predictive thermodynamic
model, COSMO-RS,26,27 at the TZVPD-fine level.

In the case of the standard SAFT-VR Mie EoS, parameters
obtained from ab initio QC potentials result in %AADs which are
greater than those obtained from regressed parameters, although
it is interesting to note that the predictions of saturation pressure
and critical temperature are significantly better than those obtained
using COSMO-RS.26,27 However, once the AT correction is imple-
mented, there is a marked decrease in %AADs in the case of the
parameters obtained from the JHBV potential, where the values are
now similar or smaller than those obtained using regressed para-
meters. Thus, it is likely that the many-body effects in methane are
significant.

On the other hand, for the parameters obtained from DLPNO-
CCSD(T)/TZ calculations, the %AADs increase drastically. Indeed,
when examining Fig. 9 (wherein saturation pressures and VLE
envelopes are displayed), one can see that when implementing the
parameters obtained from this method in SAFT-VR Mie EoS with
the AT correction, the VLE saturation curve is significantly under-
estimated. This is likely due to the small size (N = 3) of the basis
set used to perform these calculations in contrast to the larger sets
(N = 5) used for the noble gases. Another reason may be the lim-
ited number of dimer conformers that are considered and averaged;
these discretely sampled orientations may not accurately represent
the complete dimer conformer space. In contrast, the predictions
made using parameters determined from the JHBV potential are
almost indistinguishable from those obtained with the parameters
from the work of Dufal et al. (Ref. 13); only as we approach the
critical point, do we see a noticeable difference, where it appears
that the parameters obtained from the JHBV potential provide
more-accurate predictions.

Unfortunately, when these parameters are then implemented
within the SAFT-VRQ Mie EoS with the AT correction, the %AADs
of the predictions worsen slightly, although the description is still
much better than that obtained using COSMO-RS. This may be
due to the underlying theory (accounting for many-body effects in
the AT potential) being inadequate for polyatomic species, such as

FIG. 9. Evaluated saturation pressures (a) and VLE envelopes (b) for methane using parameters taken from Ref. 13 (continuous curves), DLPNO-CCSD(T) with the aug-
cc-pVTZ basis sets (dotted curves), and potentials calculated by Hellmann et al.44 (dashed curves) implemented within variants of the SAFT-VR Mie EoS. The parameters
from the work of Dufal et al.13 are implemented in the SAFT-VR Mie EoS. Parameters obtained from DLPNO-CCSD(T) calculations and JHBV potentials are implemented
in the SAFT-VR Mie EoS with the AT correction. Predictions of the saturation curve from COSMO-RS (dotted-dashed curves) are indicated in (a). Pseudo-experimental data
from the NIST Chemistry Webbook96 are also included; empty circles denote the saturation conditions and filled circles denote the critical point of methane.
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methane, considering it was originally derived for a system of three
atoms. For the parameters obtained from DLPNO-CCSD(T)/TZ
calculations, the description worsens further when they are imple-
mented in the SAFT-VRQ Mie EoS with the AT correction.

Overall, we have shown that our methodology can be extended
to molecular species, such as methane, when a high-accuracy
ab initio QC potential is used to obtain the model parameters for
use in a modified SAFT-VR Mie EoS. However, there is a caveat on
the accuracy of QC potentials: since it is impractical, if not impossi-
ble, to obtain exact numerical solutions to the many-electron TISE,
the accuracy of potential calculations cannot be determined a priori.
The accuracy of JHBV potentials are evaluated a posteriori by
comparing predictions made with these potentials against experi-
mental data, such as rotational–vibrational spectroscopy and second
virial coefficients. Moreover, for a combination of a method and
a basis set, its accuracy for calculating two-body potentials is not
always consistent for different species. For example, the impact of
relativistic effects on ab initio QC calculations are more pronounced
in heavier elements so that using pseudopotential basis sets or
methods that incorporate relativistic effects are necessary to obtain
high-accuracy results.54 Therefore, in generalizing our approach to
species with no known experimental data that provide informa-
tion about the two-body potential of the species (e.g., second virial
coefficients), it is a challenge to specify which method, basis set, and
corrections are needed to obtain ab initio QC potentials with the
desired accuracy.

IV. CONCLUSION
We have developed a methodology to map ab initio QC poten-

tials to Mie potentials that can be used, for example, within a
modified SAFT-VR Mie EoS. We have also explored the effective-
ness of different QC methods in obtaining accurate estimates of the
potential parameters.

In the case of noble gases, the cheaper method, DLPNO-
CCSD(T), is found to give parameters which are very similar to
those obtained from regression using experimental data, whereas the
high-accuracy JHBV potentials led to deeper, softer potentials. Once
implemented within the SAFT-VR Mie equation, both methods gave
qualitatively accurate results. When using the high-accuracy JHBV
potentials, it was not until both quantum (using the FH correction)
and many-body (using the AT correction) effects were taken into
account that we observed quantitatively accurate results similar or
superior to those obtained from the regressed parameters. However,
it may be possible to obtain similar results using the computationally
cheaper DLPNO-CCSD(T) method with empirical corrections.

When modeling helium at low temperatures using the SAFT-
VRQ Mie EoS, unusual and unphysical behavior is observed in the
second-derivative properties. It is possible that this is linked to the
truncation of the FH correction to second order. Examining the
impact of this truncation at different temperatures on the corrected
potential highlighted that many terms are required to converge the
FH series. Further studies will be needed to fully appreciate the
impact of this truncation.

Extending the methodology to a molecular species, methane,
results in similar levels of accuracy as those obtained for the noble
gases and superior results to those obtained from a pre-existing

ab initio QC method, COSMO-RS. However, our analysis highlights
the need for high-accuracy ab initio QC calculations as param-
eters obtained from DLPNO-CCSD(T)/TZ calculations yielded
inadequate results.

Overall, with the increased in demand for models of species for
which available experimental data are limited, it is not so surprising
that predictive models, such as the group-contribution SAFT-γ
Mie12 and COSMO-RS, have simultaneously risen in popularity.
However, these models come at the cost of not being entirely predic-
tive or limited in their range of applicability. Suffering from neither
of these, the methodology proposed in this study provides one of the
first extensible, wholly predictive thermodynamic equations of state.

SUPPLEMENTARY MATERIAL

See the supplementary material for set-up details for the
quantum-chemistry calculations presented in this article.
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]}, (A1)

where Λ = h/(σ
√

Mrε) is the dimensionless de Boer parameter.
Each Laplacian operator ∇2 in Eq. (10) is expanded and simplified
to [d(r2d ⋅ /dr)/dr]/r2 as it acts on a spherically symmetric func-
tion. When λr and λa are non-integers, the factorials can be replaced
by the Gamma function, Γ(x) = ∫

∞

0 zx−1 exp(−z)dz, where x is a
real number. The function satisfies Γ(n) = (n − 1)! for integer n and
Γ(x + 1) = xΓ(x) and, thus, serves as a generalized factorial function
that is applicable for non-integer arguments.

To show the series is an asymptotic series for all finite r (i.e.,
when the parameters Λ, σ, ε, and β are non-vanishing, the sum-
mation of the infinite terms is divergent), we perform the ratio
test: denoting un as the nth term in the series, the ratio between
consecutive terms is Ln ≡ un+1/un. If L = limn→∞∣Ln∣ > 1, then the
series is divergent; if L < 1, then the series converges absolutely;
and if L = 1 or the limit fails to exist, then the ratio test is incon-
clusive. By replacing each factorial with the corresponding Gamma
function in Eq. (A1) and employing the reduced variable r̃ = r/σ,
the ratio Ln (for i ≠ 0) for the FH corrected Mie potential is
expressed as

Ln =
Λ2εβ

48π2(n + 1)r̃2

Γ(λr+2n+1)
Γ(λr−1) r̃−λr+λa −

Γ(λa+2n+1)
Γ(λa−1)

Γ(λr+2n−1)
Γ(λr−1) r̃−λr+λa −

Γ(λa+2n−1)
Γ(λa−1)

. (A2)

For convenience, we define the positive constants A ≡ Λ2εβ/[48π2
(n

+ 1)r̃2
], B ≡ r̃−λr+λa/Γ(λr − 1), and C ≡ 1/Γ(λr − 1). To consider the

behavior in the limit n→∞, we invoke the limit of the Gamma
functions in Ln that includes n in their arguments,

lim
x→∞

Γ(x + α)
Γ(x)xα

= 1, (A3)

thus, for large x, and x,α ∈ R:

Γ(x + α) ≈ Γ(x)xα. (A4)

The proof of this approximation can be found in Appendix B.
Therefore, for large n, we have

Ln ≈ A
BΓ(2n)(2n)λr+1

− CΓ(2n)(2n)λa+1

BΓ(2n)(2n)λr−1 − CΓ(2n)(2n)λa−1 (A5)

= A(2n)2. (A6)

For positive finite values of r̃, the value of A is also positive
finite; therefore, L = limn→∞∣Ln∣ > 1 as (2n)2 grows unbounded,
confirming the assertion.

APPENDIX B: THE PROOF OF EQ. (A4)

We start from Stirling’s approximation as N →∞: Γ(N + 1)!
≈
√

2πNN+1/2 exp(−N). Consider the ratio

lim
x→∞

Γ(x + α)
Γ(x)xα

= lim
x→∞

√
2π(x + α − 1)x+α−1/2e−(x+α−1)
√

2π(x − 1)x−1/2e−(x−1)xα
(B1)

= lim
x→∞

xx+α−1/2
[1 + (α − 1)/x]x+α−1/2e−α

xx−1/2(1 − 1/x)x−1/2xα
(B2)

= e−α lim
x→∞

[1 + (α − 1)/x]x

(1 − 1/x)x (B3)

= e−αeα−1e (B4)

= 1. (B6)

This completes the proof.
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