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Abstract. There are essentially three kinds of approaches to Uncer-
tainty Quantification (UQ): (A) robust optimization (min and max),
(B) Bayesian (conditional average), (C) decision theory (minmax). Al-
though (A) is robust, it is unfavorable with respect to accuracy and
data assimilation. (B) requires a prior, it is generally non-robust (brit-
tle) with respect to the choice of that prior and posterior estimations can
be slow. Although (C) leads to the identification of an optimal prior, its
approximation suffers from the curse of dimensionality and the notion of
loss/risk used to identify the prior is one that is averaged with respect to
the distribution of the data. We introduce a 4th kind which is a hybrid
between (A), (B), (C), and hypothesis testing. It can be summarized as,
after observing a sample x, (1) defining a likelihood region through the
relative likelihood and (2) playing a minmax game in that region to de-
fine optimal estimators and their risk. The resulting method has several
desirable properties (a) an optimal prior is identified after measuring the
data, and the notion of loss/risk is a posterior one, (b) the determination
of the optimal estimate and its risk can be reduced to computing the
minimum enclosing ball of the image of the likelihood region under the
quantity of interest map (such computations are fast and do not suffer
from the curse of dimensionality). The method is characterized by a
parameter in r0, 1s acting as an assumed lower bound on the rarity of
the observed data (the relative likelihood). When that parameter is near
1, the method produces a posterior distribution concentrated around a
maximum likelihood estimate (MLE) with tight but low confidence UQ
estimates. When that parameter is near 0, the method produces a max-
imal risk posterior distribution with high confidence UQ estimates. In
addition to navigating the accuracy-uncertainty tradeoff, the proposed
method addresses the brittleness of Bayesian inference by navigating the
robustness-accuracy tradeoff associated with data assimilation.

1. Introduction

Let ϕ : Θ Ñ V be a quantity of interest, where V is a finite-dimensional
vector space and Θ is a compact set. Let X be a measurable space and
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write PpXq for the set of probability distributions on X. Consider a model
P : Θ Ñ PpXq representing the dependence of the distribution of a data
point x „ P p¨|θq on the value of the parameter θ P Θ. Throughout, we use
}¨} to denote the Euclidean norm. We are interested in solving the following
problem.

Problem 1. Let θ: be an unknown element of Θ. Given an observation x „
P p¨|θ:q of data, estimate ϕpθ:q and quantify the uncertainty (accuracy/risk)
of the estimate.

We will assume that P is a dominated model with positive densities,
that is, for each θ P Θ, P p¨|θq is defined by a (strictly) positive density
pp¨|θq : X Ñ Rą0 with respect to a measure ν P PpXq, such that, for each
measurable subset A of X,

P pA|θq “

ż

A
ppx1|θqdνpx1q, θ P Θ. (1.1)

1.1. The three main approaches to UQ. Problem 1 is a fundamental
Uncertainty Quantification (UQ) problem, and there are essentially three
main approaches for solving it. We now describe them when V is a Euclidean
space with the `2 loss function.

1.1.1. Worst-case. In a different setting, essentially where the set Θ con-
sists of probability measures, the OUQ framework [22] provides a worst-case
analysis for providing rigorous uncertainty bounds. In the setting of this pa-
per, in the absence of data (or ignoring the data x), the (vanilla) worst-case
(or robust optimization) answer is to estimate ϕpθ:q with the minimizer
d˚ P V of the worst-case error

Rpdq :“ max
θPΘ

“

}ϕpθq ´ d}2
‰

. (1.2)

In that approach, pd˚,Rpd˚qq are therefore identified as the center and
squared radius of the minimum enclosing ball of ϕpΘq.

1.1.2. Bayesian. The (vanilla) Bayesian (decision theory) approach (see
e.g. Berger [3, Sec. 4.4]) is to assume that θ is sampled from a prior distri-
bution π P PpΘq, and approximate ϕpθ:q with the minimizer dπpxq P V of
the Bayesian posterior risk

Rπpdq :“ Eθ„πx
“

}ϕpθq ´ d}2
‰

, d P V, (1.3)

associated with the decision d P V , where

πx :“
ppx|¨qπ

ş

Θ ppx|θqdπpθq
(1.4)

is the posterior measure determined by the likelihood ppx|¨q, the prior π and
the observation x. This minimizer is the posterior mean

dπpxq :“ Eθ„πxrϕpθqs (1.5)
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and the uncertainty is quantified by the posterior variance

Rπpdπpxqq :“ Eθ„πx
“

}ϕpθq ´ dπpxq}
2
‰

. (1.6)

1.1.3. Game/decision theoretic. The Wald’s game/decision theoretic
approach is to consider a two-player zero-sum game where player I selects
θ P Θ, and player II selects a decision function d : X Ñ V which estimates
the quantity of interest ϕpθq (given the data x P X), resulting in the loss

Lpθ, dq :“ Ex„P p¨|θq
“

}ϕpθq ´ dpxq}2
‰

, θ P Θ, d : X Ñ V, (1.7)

for player II. Such a game will normally not have a saddle point, so following
von Neumann’s approach [40], one randomizes both players’ plays to identify
a Nash equilibrium. To that end, first observe that, for the quadratic loss
considered here (for ease of presentation), only the choice of player I needs
to be randomized. So, let π P PpΘq be a probability measure randomizing
the play of player I, and consider the lift

Lpπ, dq :“ Eθ„πEx„P p¨|θq
“

}ϕpθq ´ dpxq}2
‰

, π P PpΘq, d : X Ñ V, (1.8)

of the game (1.7). A minmax optimal estimate of ϕpθ:q is then obtained by
identifying a Nash equilibrium (a saddle point) for (1.8), i.e. π˚ P PpΘq and
d˚ : X Ñ V satisfying

Lpπ, d˚q ď Lpπ˚, d˚q ď Lpπ˚, dq, π P PpΘq, d : X Ñ V. (1.9)

Consequently, an optimal strategy of player II is then the posterior mean
dπ˚pxq of the form (1.5) determined by a worst-case measure and optimal
randomized/mixed strategy for player I

π˚ :P arg max
πPPpΘq

Eθ„π,x„P p¨,θq
“

}ϕpθq ´ dπpxq}
2
‰

. (1.10)

To connect with the Bayesian framework we observe (by changing the order
of integration) that the Wald’s risk (1.8) can be written as the average

Lpπ, dq :“ Ex„Xπ
“

Rπpdpxqq
‰

(1.11)

of the Bayesian decision risk Rπpdpxqq (“(1.3) for d “ dpxq) determined by
the prior π and decision dpxq with respect to the X-marginal distribution

Xπ :“

ż

Θ
P p¨|θqdπpθq (1.12)

associated with the prior π and the model P . However, the prior used in
Bayesian decision theory is specified by the practitioner and in the Wald
framework is a worst-case prior (1.10).
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Figure 1. Curse of dimensionality in discretizing the prior.
The data is of the form x “ mpθq ` εN p0, 1q where m is
deterministic and εN p0, 1q is small noise. (a) For the con-
tinuous prior, the posterior concentrates around M :“ tθ P
Θ|mpθq “ xu. (b) For the discretized prior, the posterior
concentrates on the delta Dirac that is the closest to M.

1.2. Limitations of the three main approaches to UQ. All three ap-
proaches described in Section 1.1 have limitations in terms of accuracy, ro-
bustness, and computational complexity. Although the worst-case approach
is robust, it appears unfavorable in terms of accuracy and data assimilation.
The Bayesian approach, on the other hand, suffers from the computational
complexity of estimating the posterior distribution and from brittleness [21]
with respect to the choice of prior along with Stark’s admonition [36] “your
prior can bite you on the posterior.” Although Kempthorne [13] develops
a rigorous numerical procedure with convergence guarantees for solving the
equations of Wald’s statistical decision theory which appears amenable to
computational complexity analysis, it appears it suffers from the curse of
dimensionality (see Fig. 1). This can be understood from the fact that the
risk associated with the worst-case measure in the Wald framework is an
average over the observational variable x P X of the conditional risk, condi-
tioned on the observation x. Consequently, for a discrete approximation of a
worst-case measure, after an observation is made, there may be insufficient
mass near the places where the conditioning will provide a good estimate of
the appropriate conditional measure. Indeed, in the proposal [19] to develop
Wald’s statistical decision theory along the lines of Machine Learning, with
its dual focus on performance and computation, it was observed that
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“Although Wald’s theory of Optimal Statistical Decisions has
resulted in many important statistical discoveries, looking
through the three Lehmann symposia of Rojo and Pérez-
Abreu [30] in 2004, and Rojo [28, 29] in 2006 and 2009, it
is clear that the incorporation of the analysis of the compu-
tational algorithm, both in terms of its computational effi-
ciency and its statistical optimality, has not begun.”

Moreover, one might ask why, after seeing the data, one is choosing a worst-
case measure which optimizes the average (1.11) of the Bayesian risk (1.6),
instead of choosing it to optimize the value of the risk Rπpdπpxqq at the
value of the observation x.

1.3. UQ of the 4th kind. In this paper, we introduce a framework which
is a hybrid between Wald’s statistical decision theory [42], Bayesian decision
theory [3, Sec. 4.4], robust optimization and hypothesis testing. Here we
describe its components for simplicity when the loss function is the `2 loss.
Later in Section 6 we develop the framework for general loss functions.

1.3.1. Rarity assumption on the data. In [21, Pg. 576] it was demon-
strated that one could alleviate the brittleness of Bayesian inference (see
[20, 18]) by restricting to priors π for which the observed data x is not rare,
that is,

ppxq :“

ż

Θ
ppx|θqdπpθq ě α (1.13)

according to the density of the X-marginal determined by π and the model
P , for some α ą 0. In the proposed framework, we consider playing a game
after observing the data x whose loss function is defined by the Bayesian
decision risk Rπpdq (1.3), where player I selects a prior π subject to a rarity
assumption (π P Pxpαq) and player II selects a decision d P V . The rarity
assumption considered here is

Pxpαq :“
!

π P PpΘq : supportpπq Ă
 

θ P Θ : ppx|θq ě α
(

)

. (1.14)

Since ppx|θq ě α for all θ in the support of any π P Pxpαq it follows that such
a π satisfies (1.13) and therefore is sufficient to prevent Bayesian brittleness.

1.3.2. The relative likelihood for the rarity assumption. Observe
in (1.4) that the map from the prior π to posterior πx is scale-invariant
in the likelihood ppx|¨q and that the effects of scaling the likelihood in the
rarity assumption can be undone by modifying α. Consequently, we scale
the likelihood function

p̄px|θq :“
ppx|θq

supθPΘ ppx|θq
, θ P Θ, (1.15)

to its relative likelihood function

p̄px|¨q : Θ Ñ p0, 1s . (1.16)
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According to Sprott [35, Sec. 2.4], the relative likelihood measures the plau-
sibility of any parameter value θ relative to a maximum likely θ and sum-
marizes the information about θ contained in the sample x. See Rossi [31,
p. 267] for its large sample connection with the X 2

1 distribution and sev-
eral examples of the relationship between likelihood regions and confidence
intervals.

For x P X and α P r0, 1s, let

Θxpαq :“
 

θ P Θ : p̄px|θq ě α
(

(1.17)

denote the corresponding likelihood region and, updating (1.14), redefine the
rarity assumption by

Pxpαq :“ P
`

Θxpαq
˘

. (1.18)

That is, the rarity constraint Pxpαq constrains priors to have support on
the likelihood region Θxpαq. We will now define the confidence level of the
family Θxpαq, x P X.

1.3.3. Significance/confidence level. For a given α, let the significance
βα at the value α be the maximum (over θ P Θ) of the probability that a
data x1 „ P p¨|θq does not satisfy the rarity assumption p̄px1|θq ě α, i.e.,

βα :“ sup
θPΘ

P
´

 

x1 P X : θ R Θx1pαq
(

ˇ

ˇ

ˇ
θ
¯

“ sup
θPΘ

ż

1tp̄p¨|θqăαupx
1qppx1|θqdνpx1q , (1.19)

where, for fixed θ, 1tp̄p¨|θqăαu is the indicator function of the set tx1 P X :

p̄px1|θq ă αu. Observe that, in the setting of hypothesis testing, (1) βα can
be interpreted as the p-value associated with the hypothesis that the rarity
assumption is not satisfied (i.e. the hypothesis that θ does not belongs to
the set (1.17)), and (2) 1 ´ βα can be interpreted as the confidence level
associated with the rarity assumption (i.e. the smallest probability that θ
belongs to the set (1.17)). Therefore, to select α P r0, 1s, we set a significance
level β˚ (e.g. β˚ “ 0.05) and choose α to be the largest value such that the
significance at α satisfies βα ď β˚.

Remark 1.1. For models where the maximum of the likelihood function

Mpx1q :“ sup
θPΘ

ppx1|θq, x1 P X,

is expensive to compute but for which there exists an efficiently computable
upper approximation M 1px1q ěMpx1q, x1 P X available, the surrogate

p̄1px1|θq :“
ppx1|θq

M 1px1q
, x1 P X, (1.20)

to the relative likelihood may be used in place of (1.15). If we let β1α denote
the value determined in (1.19) using the surrogate (1.20) and Θ1xpαq denote
the corresponding likelihood region, then we have βα ď β1α and Θ1xpαq Ă
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Θxpαq, α P r0, 1s. Consequently, obtaining β1α ď β˚ for significance level β˚

implies that βα ď β˚.
As an example, for an N -dimensional Gaussian model with ppx1|θq “
1

pσ
?

2πqN
e´

1
2σ2 }x

1´θ}2 with Θ :“ r´τ, τ sN , the elementary upper bound

Mpx1q :“ sup
θPΘ

ppx|θq ď
1

pσ
?

2πqN

the surrogate relative likelihood defined in (1.20) becomes

p̄1px1|θq :“ e´
1

2σ2 }x
1´θ}2 .

1.3.4. Posterior game and risk. After observing x P X, we now consider
playing a game using the loss

Lpπ, dq :“ Eθ„πx
“

}ϕpθq ´ d}2
‰

, π P Pxpαq, d P V. (1.21)

Since the likelihood ppx|¨q is positive, it follows from

πx :“
p̄px|¨qπ

ş

Θ p̄px|θqdπpθq
(1.22)

that the map from priors to posteriors is bijective and supportpπxq “ supportpπq
so that we can completely remove the conditioning in the game defined by
(1.21) and instead play a game using the loss

Lpπ, dq :“ Eθ„π
“

}ϕpθq ´ d}2
‰

, π P Pxpαq, d P V. (1.23)

Recall that a pair pπα, dαq P Pxpαq ˆ V is a saddle point of the game (1.23)
if

Lpπ, dαq ď Lpπα, dαq ď Lpπα, dq, π P Pxpαq, d P V.
We then have the following theorem.

Theorem 1.2. Consider x P X, α P r0, 1s, and suppose that the relative
likelihood ppx|¨q and the quantity of interest ϕ : Θ Ñ V are continuous. The
loss function L for the game (6.3) has saddle points and a pair pπα, dαq P
Pxpαq ˆ V is a saddle point for L if and only if

dα :“ Eπαrϕs (1.24)

and

πα P arg max
πPPxpαq

Eπ
“

}ϕ´ Eπrϕs}2
‰

. (1.25)

Furthermore the associated risk (the value of the two person game (6.3))

Rpdαq :“ Lpπα, dαq “ Eπα
“

}ϕ´ Eπαrϕs}2
‰

(1.26)

is the same for all saddle points of L. Moreover, the second component
dα of the set of saddle points is unique and the set Oxpαq Ă Pxpαq of first
components of saddle points is convex, providing a convex ridge Oxpαqˆtd

αu

of saddle points.
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1.4. Duality with the minimum enclosing ball. Although the La-
grangian duality between the maximum variance problem and the mini-
mum enclosing ball problem on finite sets is known, see Yildirim [44], we
now analyze the infinite case. Utilizing the recent generalization of the one-
dimensional result of Popoviciu [25] regarding the relationship between vari-
ance maximization and the minimum enclosing ball by Lim and McCann [15,
Thm. 1], the following theorem demonstrates that essentially the maximum
variance problem (1.25) determining a worst-case measure is the Lagrangian
dual of the minimum enclosing ball problem on the image ϕpΘxpαqq. Let
ϕ˚ : P

`

Θxpαq
˘

Ñ PpϕpΘxpαqq denote the pushforward map (change of vari-

ables) defined by pϕ˚πqpAq :“ πpϕ´1pAqq for every Borel set A, mapping
probability measures on Θxpαq to probability measures on ϕ

`

Θxpαq
˘

.

Theorem 1.3. For x P X, α P r0, 1s, suppose the relative likelihood p̄px|¨q
and the quantity of interest ϕ : Θ Ñ V are continuous. Consider a saddle
point pπα, dαq of the game (6.3). The optimal decision dα and its associated
risk Rpdαq “(6.10) are equal to the center and squared radius, respectively,
of the minimum enclosing ball of ϕpΘxpαqq, i.e. the minimizer z˚ and the
value R2 of the minimum enclosing ball optimization problem

$

’

&

’

%

Minimize r2

Subject to r P R, z P ϕpΘxpαqq,

}x´ z}2 ď r2, x P ϕpΘxpαqq.

(1.27)

Moreover, the variance maximization problem on Pxpαq (1.25) pushes for-
ward to the variance maximization problem on the image of the likelihood
region PpϕpΘxpαqqq under ϕ giving the identity

Eπ
“

}ϕ´ Eπrϕs}2
‰

“ Eϕ˚π
“

}v ´ Eπ1rvs}2
‰

, π P Pxpαq,
and the latter is the Lagrangian dual to the minimum enclosing ball problem
(1.27) on the image ϕpΘxpαqq. Finally, let B, with center z˚, denote the
minimum enclosing ball of ϕpΘxpαqq. Then a measure πα P Pxpαq is optimal
for the variance maximization problem (1.25) if and only if

ϕ˚π
α
`

ϕpΘxpαqq X BB
˘

“ 1

and

z˚ “

ż

V
vdpϕ˚π

αqpvq,

that is, all the mass of ϕ˚π
α lives on the intersection ϕpΘxpαqq X BB of the

image ϕpΘxpαqq of the likelihood region and the boundary BB of its minimum
enclosing ball and the center of mass of the measure ϕ˚π

α is the center z˚

of B.

Remark 1.4. Note that once α, and therefore Θxpαq, is determined that
the computation of the risk and the minmax estimator is determined by the
minimum enclosing ball about ϕpΘxpαqq, which is also determined by the
worst-case optimization problem (1.2) for Θ :“ Θxpαq.
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Theorem 1.3 introduces the possibility of primal-dual algorithms. In par-
ticular, the availability of rigorous stopping criteria for the maximum vari-
ance problem (1.25). To that end, for a feasible measure π P Pxpαq, let
Varpπq :“ Eπ

“

}ϕ´ Eπrϕs}2
‰

denote its variance and denote by Var˚ :“
supπPPxpαqVarpπq “(1.26) the optimal variance. Let pr, zq be a feasible for

the minimum enclosing ball problem (1.27). Then the inequality Var˚ “
R2 ď r2 implies the rigorous bound

Var˚´Varpπq ď r2 ´Varpπq (1.28)

quantifying the suboptimality of the measure π in terms of known quantities
r and Varpπq.

1.5. Finite-dimensional reduction. Let ∆mpΘq denote the set of convex
sums of m Dirac measures located in Θ and, let Pm

x pαq Ă Pxpαq defined by

Pm
x pαq :“ ∆mpΘq X Pxpαq (1.29)

denote the finite-dimensional subset of the rarity assumption set Pxpαq con-
sisting of the convex combinations of m Dirac measures supported in Θxpαq.

Theorem 1.5. Let α P r0, 1s and x P X, and suppose that the likelihood
function ppx|¨q and quantity of interest ϕ : Θ Ñ V are continuous. Then
for any m ě dimpV q ` 1, the variance maximization problem (1.25) has the
finite-dimensional reduction

max
πPPxpαq

Eπ
“

}ϕ´ Eπrϕs}2
‰

“ max
πPPmx pαq

Eπ
“

}ϕ´ Eπrϕs}2
‰

. (1.30)

Therefore one can compute a saddle point pdα, παq of the game (6.3) as

πα “
m
ÿ

i“1

wiδθi and dα “
m
ÿ

i“1

wiϕpθiq (1.31)

where wi ě 0, θi P Θ, i “ 1, . . . ,m maximize

$

’

&

’

%

Maximize
řm
i“1wi

›

›ϕpθiq
›

›

2
´
›

›

řm
i“1wiϕpθiq

›

›

2

Subject to wi ě 0, θi P Θ, i “ 1, . . . ,m,
řm
i“1wi “ 1

p̄px|θiq ě α, i “ 1, . . . ,m .

(1.32)

As a consequence of Theorems 1.3 and 1.5, a measure with finite support
µ :“

ř

wiδzi on V is the pushforward under ϕ : Θ Ñ V of an optimal
measure πα for the maximum variance problem (1.25) if and only if, as
illustrated in Figure 2, it is supported on the intersection of ϕpΘxpαqq and
the boundary BB of the minimum enclosing ball of ϕpΘxpαqq and the center
z˚ of B is the center of mass z˚ “

ř

wizi of the measure µ.
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Figure 2. Three examples of the minimum enclosing ball
B about the image ϕpΘxpαqq (in green) with radius R and
center d “ z˚. The optimal discrete measures µ :“

ř

wiδzi
(zi “ ϕpθiq) on the range of ϕ for the maximum variance
problem are characterized by the fact that they are supported
on the intersection of ϕpΘxpαqq and BB and d “ z˚ “

ř

wizi
is the center of mass of the measure µ. The size of the solid
red balls indicate the size of the corresponding weights wi.

1.6. Relaxing MLE with an accuracy/robustness tradeoff. For fixed
x P X, assume that the model P is such that the maximum likelihood
estimate (MLE)

θ˚ :“ arg max
θPΘ

ppx|θq (1.33)

of θ: exists and is unique.
Observe that for α near one (1) the support of πα and dα concentrate

around the MLE θ˚ and ϕpθ˚q, (2) the risk Rpdαq “(6.10) concentrates
around zero, and (3) the confidence 1 ´ βα associated with the rarity as-
sumption θ: P Θxpαq is the smallest. In that limit, our estimator inherits
the accuracy and lack of robustness of the MLE approach to estimating the
quantity of interest.

Conversely for α near zero, since by (1.17) Θxpαq « Θ, (1) the support of
the pushforward of πα by ϕ concentrates on the boundary of ϕpΘq and dα

concentrate around the center of the minimum enclosing ball of ϕpΘq, (2)
the risk Rpdαq “(1.26) is the highest and concentrates around the worst-
case risk (1.2), and (3) the confidence 1 ´ βα associated with the rarity
assumption θ: P Θxpαq is the highest. In that limit, our estimator inherits
the robustness and lack of accuracy of the worst-case approach to estimating
the quantity of interest.

For α between 0 and 1, the proposed game-theoretic approach induces a
minmax optimal tradeoff between the accuracy of MLE and the robustness
of the worst case.
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2. Two simple examples

2.1. Gaussian Mean Estimation. Consider the problem of estimating
the mean θ: of a Gaussian distribution N pθ:, σ2q with known variance σ2 ą

0 from the observation of one sample x from that distribution and from
the information that θ: P r´τ, τ s for some given τ ą 0. Note that this
problem can be formulated in the setting of Problem 1 by letting (1) P p¨|θq
be the Gaussian distribution on X :“ R with mean θ and variance σ2, (2)
Θ :“ r´τ, τ s and V :“ R and (3) ϕ : Θ Ñ V be the identity map ϕpθq “ θ.
Following Remark 1.1, we utilize the surrogate relative likelihood

p̄1px|θq “ e´
1

2σ2 |x´θ|
2

, θ P Θ, (2.1)

to define the likelihood region Θxpαq :“ tθ P Θ : p̄1px|θq ě αu obtained by
the maximum likelihood upper bound supθPΘ ppx|θq ď

1
σ
?

2π
instead of the

true relative likelihood and, for simplicity, remove the prime and henceforth
indicate it as p̄. A simple calculation yields

Θxpαq “
”

max
`

´τ, x´
a

2σ2 lnp1{αq
˘

, min
`

τ, x`
a

2σ2 lnp1{αq
˘

ı

. (2.2)

Using Theorem 1.5 with m “ dimpV q ` 1 “ 2, for α P r0, 1s, one can
compute a saddle point pπα, dαq of the game (1.23) as

πα “ wδθ1 ` p1´ wqδθ2 and dα “ wθ1 ` p1´ wqθ2 (2.3)

where w, θ1, θ2 maximize the variance
$

’

&

’

%

Maximize wθ2
1 ` p1´ wqθ

2
2 ´ pwθ1 ` p1´ wqθ2q

2

over 0 ď w ď 1, θ1, θ2 P r´τ, τ s

subject to px´θiq
2

2σ2 ď ln 1
α , i “ 1, 2,

(2.4)

where the last two constraints are equivalent to the rarity assumption θi P
Θxpαq.

Hence for α near 0, Θxpαq “ Θ “ r´τ, τ s, and by Theorem 1.3, the
variance is maximized by placing each Dirac on each boundary point of
the region Θ, each receiving half of the total probability mass, that is by
θ1 “ ´τ , θ2 “ τ and w “ 1{2, in which case Varπα “ τ2 and dα “ 0. For
α “ 1, the rarity constraint implies θ1 “ θ2 “ x when x P r´τ, τ s, leading
to the MLE dα “ x with Varπα “ 0. Note that from (1.19) we have

βα “ sup
θPr´τ,τ s

Px1„N pθ,σ2q

“

p̄px1|θq ă α
‰

“ sup
θPr´τ,τ s

Px1„N pθ,σ2q

`

px1 ´ θq2{σ2 ą ´2 lnα
˘

“ 1´ F p´2 lnαq ,

where F is the cumulative distribution function of the chi-squared distri-
bution with one degree of freedom. We illustrate in Figure 3 the different
results of solving the optimization problem (2.4) in the case σ2 “ 1, x “ 1.5
and τ “ 3. We plot the α ´ β curve (top left), the likelihood of the model
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Figure 3. α´β relation, likelihood level sets, risk value and
decision for different choices of α (and consequently β) for the
normal mean estimation problem with τ “ 3 and observed
value x “ 1.5. Three different values in the α ´ β curve are
highlighted across the plots

in r´τ, τ s and the α´level sets (top right), and the evolutions of the risk
with β (bottom left), and the optimal decision with β (bottom right). Since,
by Theorem 1.3, the optimal decision is the midpoint of the interval with
extremes in either the α´level sets or ˘τ , we observe that for low β, our
optimal decision does not coincide with the MLE.

2.2. Coin toss.

2.2.1. n tosses of a single coin. In this example, we estimate the prob-
ability that a biased coin lands on heads from the observation of n indepen-
dent tosses of that coin. Specifically, we consider flipping a coin Y which
has an unknown probability θ: of coming heads pY “ 1q and probability
1 ´ θ: coming up tails pY “ 0q. Here Θ :“ r0, 1s, X “ t0, 1u, and the
model P : Θ Ñ Ppt0, 1uq is P pY “ 1|θq “ θ and P pY “ 0|θq “ 1 ´ θ.
We toss the coin n times generating a sequence of i.i.d. Bernoulli vari-
ables pY1, . . . , Ynq all with the same unknown parameter θ: P r0, 1s, and
let x :“ px1, . . . , xnq P t0, 1u

n denote the outcome of the experiment. Let
h “

řn
i“1 xi denote the number of heads observed and t “ n´h the number
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of tails. Then the model for the n-fold toss is

P px|θq “
n
ź

i“1

θxip1´ θq1´xi “ θhp1´ θqt (2.5)

and, given an observation x, the MLE is θ “ h
n so that the relative likelihood

(1.15) is

p̄px|θq “
θhp1´ θqt
`

h
n

˘h` t
n

˘t
. (2.6)

Although the fact that p̄px|0q “ p̄px|1q “ 0 violates our positivity assump-
tions on the model in our framework, in this case this technical restriction
can be removed, so we can still use this example as an illustration. We seek
to estimate θ, so let V “ R and let the quantity of interest ϕ : Θ Ñ V be
the identity function ϕpθq “ θ. In this case, given α P r0, 1s, the likelihood
region

Θxpαq “
!

θ P r0, 1s :
θhp1´ θqt
`

h
n

˘h` t
n

˘t
ě α

)

(2.7)

constrains the support of priors to points with relative likelihood larger than
α.

Using Theorem 1.5 with m “ dimpV q ` 1 “ 2, one can compute a saddle
point pπα, dαq of the game (1.23) as

πα “ wδθ1 ` p1´ wqδθ2 and dα “ wθ1 ` p1´ wqθ2 (2.8)

where w, θ1, θ2 maximize the variance

$

’

’

&

’

’

%

Maximize wθ2
1 ` p1´ wqθ

2
2 ´ pwθ1 ` p1´ wqθ2q

2

over 0 ď w ď 1, θ1, θ2 P r0, 1s

subject to
θhi p1´θiq

t

`

h
n

˘h`
t
n

˘t ě α, i “ 1, 2 .
(2.9)

Equation (1.19) allows us to compute β P r0, 1s as a function of α P

r0, 1s. The solution of the optimization problem can be found by finding
the minimum enclosing ball of the set Θxpαq, which in this 1-D case is also
subinterval of the interval r0, 1s. For n “ 5 tosses resulting in h “ 4 heads
and t “ 1 tails, Figure 4 plots (1) β, the relative likelihood, its level sets and
minimum enclosing balls as a function of α, and (2) The risk Rpdαq “(1.26)
and optimal decision dα as a function of β. Three different points in the
α´ β curve are highlighted.

2.2.2. n1 and n2 tosses of two coins. We now consider the same problem

with two independent coins with unknown probabilities θ:1, θ
:
2. After tossing

each coin i ni times, the observation x consists of hi heads and ti tails for
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Figure 4. α ´ β relation, likelihood level sets, risk value
and decision for different choices of α (and consequently β)
for the 1 coin problem after observing 4 heads and 1 tails.
Three different values in the α´β curve are highlighted across
the plots

each i, produce a 2D relative likelihood function on Θ “ r0, 1s2 given by

p̄px|θ1, θ2q “
θh1

1 p1´ θ1q
t1

`

h1
n1

˘h1
`

t1
n1

˘t1

θh2
2 p1´ θ2q

t2

`

h2
n2

˘h2
`

t2
n2

˘t2
. (2.10)

Figure 5 illustrates the level sets p̄px|θ1, θ2q ě α and their corresponding
bounding balls for h1 “ 1, t1 “ 3, h2 “ 5, t2 “ 1 and different values of
α P r0, 1s.
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Figure 5. 2D likelihood level sets and minimum enclosing
balls for different values of α, visualized as level sets of the
likelihood function (left) and projected onto a 2D plane
(right)

3. Computational framework

The introduction developed this framework in the context of a model P
with density p in terms of a single sample x. In Section 2.2, the single sample
case was extended to N i.i.d. samples by defining the multisample D :“
px1, . . . , xN q and defining the product model density ppD|θq :“ ΠN

i“1ppxi|θq.
Extensions incorporating correlations in the samples, such as Markov or
other stochastic processes can easily be developed. Here we continue this
development for the general model of the introduction for the `2 loss and
also develop more fully a Gaussian noise model. Later, in Sections 5 and 4
these models will be tested on estimating a quadratic function and a Lotka-
Volterra predator-prey model based on noisy observations. In Section 6
the framework will be generalized to more general loss functions and rarity
assumptions, which much of the current section generalizes to.

Let the possible states of nature be a compact subset Θ Ă Rk, the decision
space be V :“ Rn and the elements of the N -fold multisample

D :“ px1, . . . ,xN q

lie in X, that is, D lies in the multisample space XN . Let the n components
of the quantity of interest ϕ : Θ Ñ Rn be indicated by ϕt : Θ Ñ R, t “
1, . . . n. Here, using the i.i.d. product model P p¨|θq with density ppD|θq :“
ΠN
i“1ppxi|θq, the definition of βα in (1.19) becomes

βα :“ sup
θPΘ

P
´

 

D1 P XN : θ R ΘD1pαq
(

ˇ

ˇ

ˇ
θ
¯

“ sup
θPΘ

ż

1tp̄p¨|θqăαupD1qppD1|θqdνN pD1q , (3.1)
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where, for fixed θ, 1tp̄p¨|θqăαu is the indicator function of the set tD1 P XN :

p̄pD1|θq ă αu. We use boldface, such as xi or θ to emphasize the vector
nature of variables and functions in the computational framework.

In this notation, the finite dimensional reduction guaranteed by Theorem
1.5 in (1.31) and (1.32) of the optimization problem (1.25) defining a worst-
case measure of the form πα :“

řm
i“1wiδθi takes the form

maximize
tpwi,θiiqu

m
i“1

řn
t“1

´

řm
i“1 ϕ

2
t pθiqwi ´

řm
i,j“1wiϕt pθiqϕt pθjqwj

¯

s.t. θi P Θ, wi ě 0, i “ 1, . . . ,m
řm
i“1wi “ 1,

p̄ pD|θiq ě α, i “ 1, . . . ,m,

(3.2)

where the component of the objective function

var pϕtq :“
m
ÿ

i“1

ϕ2
t pθiqwi ´

m
ÿ

i,j“1

wiϕt pθiqϕt pθjqwj

is the variance of the random variable ϕt : Θ Ñ R under the measure
π :“

řm
i“1wiδθi .

3.1. Algorithm for solving the game. We are now prepared to develop
an algorithm for player II (the decision maker) to play the game (1.23), using
the saddle point Theorem 1.2 and the finite dimensional reduction Theorem
1.5 after selecting the rarity parameter α quantifying the rarity assumption
(1.17) in terms of the relative likelihood (1.15) or a surrogate as described
in Remark 1.1, to be the largest α such that the significance βα (3.1) at α
satisfies βα ď β˚, the significance level.

At a high level the algorithm for computing a worst-case measure, its
resulting risk (variance) and optimal estimator is as follows:

(1) Observe a multisample D
(2) Find the largest α such that βα defined in (3.1) satisfies βα ď β˚

(3) Solve (3.2) determining a worst-case measure πα :“
řm
i“1wiδθi .

(4) output the Risk as the value of (3.2)
(5) output optimal decision dα :“

řm
i“1wiϕpθiq

To solve (3.2) in Step 3 we apply the duality of the variance maximization
problem with the minimum enclosing ball problem, Theorem 1.3, to obtain
the following complete algorithm. It uses Algorithm 3 for computing the
minimum enclosing ball about the (generally) infinite set ϕpΘxpαqq, which
in turn uses a minimum enclosing ball algorithm Miniball applied to sets
of size at most dimpV q ` 2, see e.g. Welzl [43], Yildirim [44] and Gartner
[10]. Here we use that of Welzl [43]. See Section 7 for a discussion and a
proof in Theorem 7.1 of the convergence of Algorithm 3. Theorem 7.1 also
establishes a convergence proof when the distance maximization Step 8a in
Algorithm 1 is performed approximately. Note that the likelihood region
ΘDpαq is defined by

ΘDpαq :“
 

θ P Θ : ppD|θq ě αppD|θ˚q
(
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where

θ˚ P arg max
θ

p
`

D|θ
˘

is a MLE.

Algorithm 1 Miniball algorithm

(1) Inputs:
(a) Multisample D :“ px1, . . . ,xN q
(b) ε0

(c) Significance level β˚

(2) Find MLE θ˚ by θ˚ P arg max
θ

p
`

D|θ
˘

(3) Find the largest α such that βα defined in (3.1) satisfies βα ď β˚

(4) cÐ ϕ pθ˚q
(5) S Ð tϕ pθ˚qu
(6) ρ0 Ð 0
(7) eÐ 2ε0

(8) while e ě ε0

(a)
θ̄ P arg max

θ
}ϕ pθq ´ c}2

s.t. ppD|θq ě αppD|θ˚q
(b) if

›

›ϕ
`

θ̄
˘

´ c
›

› ě ρ0

(i) S Ð S Y
 

ϕ
`

θ̄
˘(

(c) c, ρÐMiniball pSq
(d) e “ |ρ´ ρ0|

(e) ρ0 Ð ρ
(f) if |S| ą n` 1

(i) find subset S1 Ă S of size n`1 such that Miniball pS1q “
Miniball pSq

(ii) S Ð S1

(9) Find twiu
n`1
i“1 from maximize

twiu
n`1
i“1

řn
t“1

´

řn`1
i“1 ϕ

2
t pθiqwi ´

řn`1
i,j“1wiϕt pθiqϕt pθjqwj

¯

3.1.1. Large sample simplifications. Here we demonstrate that when
the number of samples N is large, under classic regularity assumptions, the
significance βα is approximated by the value of a chi-squared distribution,
substantially simplifying the determination of α in Step 3 of Algorithm 1.

Let Θ Ď Rk and let data be generated by the model at the value θ P
Θ. Under standard regularity conditions, check Casella and Berger [7,
Sec. 10.6.2 & Thm. 10.1.12], the maximum likelihood estimator (MLE),

θ̂N , is asymptotically efficient for θ. That is as the sample size N Ñ8

?
Npθ̂N ´ θq

d
ÝÑ Np0, Ipθq´1q , (3.3)
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where Ipθq is the Fisher information matrix. Therefore, standard arguments,
see Casella and Berger [7, Thm. 10.3.1], for the asymptotic distribution of
the likelihood ratio test result in the following approximation of βα.

Theorem 3.1. Let Θ Ď Rk and assume that the model density p satisfies
the regularity conditions of Casella and Berger [7, Section. 10.6.2]. Then

βα Ñ 1´ χ2
k

`

2 ln
1

α

˘

(3.4)

as N Ñ8, where χ2
k is the chi-square distribution with k degrees of freedom.

Consequently, under these conditions Step 3 of Algorithm 1 can take the
simple form

(Step 3): Solve for α satisfying βα :“ 1´ χ2
k

`

2 ln 1
α

˘

“ β˚

3.2. Algorithm 1 for a Gaussian noise model. Consider a Gauss-
ian noise model where, X “ Rr and for θ P Θ, the components of the
multisample D :“ px1, . . . ,xN q P RrN are i.i.d. samples from the Gauss-
ian distribution N pm pθq , σ2Irq, with mean m pθq and covariance σ2Ir,
where m : Θ Ñ Rr is a measurement function, σ ą 0 and Ir is the r-
dimensional identity matrix. The measurement function m is a function
such that the its value mpθq can be computed when the model parameter θ
is known. Therefore the i.i.d. multisample D :“ px1, . . . ,xN q is drawn from
`

N pm pθq , σ2Irq
˘N

and so has the probability density

p pD|θq “ 1
`

σ
?

2π
˘rN

exp

˜

´
1

2σ2

N
ÿ

j“1

}xj ´m pθq}2

¸

(3.5)

with respect to the Lebesgue measure ν onX :“ RrN , and defining
`

σ
?

2π
˘rN

times the maximum likelihood

MpDq :“ exp

˜

´
1

2σ2
inf
θPΘ

´

N
ÿ

j“1

}xj ´m pθq}2
¯

¸

, (3.6)

the relative likelihood (1.15) is

p̄ pD|θq “
exp

´

´ 1
2σ2

řN
j“1 }xj ´m pθq}2

¯

MpDq
. (3.7)

Taking the logarithm of the constraint p̄ pD|θiq ě α defining the likelihood
region ΘDpαq, using (3.7) we obtain

ΘDpαq “
!

θ P Θ :
N
ÿ

j“1

›

›xj ´m pθq
›

›

2
ďMα

)

(3.8)

in terms of

Mα :“ inf
θPΘ

N
ÿ

j“1

›

›xj ´m pθq
›

›

2
` 2σ2 ln

1

α
. (3.9)
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Consequently, for the Gaussian case, the worst-case measure optimization
problem (3.2) becomes

maximize
tpwi,θiqu

m
i“1

řn
t“1

´

řm
i“1 ϕ

2
t pθiqwi ´

řm
i,j“1wiϕt pθiqϕt pθjqwj

¯

s.t. θi P Θ, wi ě 0, i “ 1, . . . ,m
řm
i“1wi “ 1,

řN
j“1 }xj ´m pθiq}

2
ďMα, i “ 1, . . . ,m.

(3.10)

Consequently, in the Gaussian noise case, Algorithm 1 appears with these
modifications:

(1) (Step 2): Find MLE θ˚ by θ˚ P arg min
θ

řN
j“1 }xj ´m pθq}2

(2) (Step 8a): Solve

θ̄ P arg max
θ

}ϕ pθq ´ c}2

s.t.
řN
j“1 }xj ´m pθq}2 ďMα.

(3.11)

3.2.1. Farthest point optimization in the Gaussian model. In Step
8a of Algorithm 1 we seek the farthest point θ̄ from a center c:

θ̄ P arg max
θ

}ϕ pθq ´ c}2

s.t.
řN
j“1 }xj ´m pθq}2 ďMα.

(3.12)

To solve this optimization, we use the merit function technique [17] as fol-
lows:

minimize
θ

´ }ϕ pθq ´ c}2 ` µmax

#

0,
N
ÿ

j“1

}xj ´m pθq}2 ´Mα

+

. (3.13)

In implementation, one should start with a small value of µ and increase it
to find the optimum [17]. The first term in (3.13) intends to increase the
distance from the center c and the second term keeps the solution feasible.
Any algorithm picked to solve (3.13) must be able to slide near the feasi-

bility region
řN
j“1 }xj ´m pθq}2 ď Mα to guarantee a better performance.

Suggestions of such algorithms are the gradient descent [14], if the gradients
are available, and differential evolution [37], if gradients are not available.

3.2.2. Surrogate relative likelihoods. Although the computation of the
maximum likelihood θ˚ in Step 2 of Algorithm 1 is only done once -for
the observed data D, the computation of βα in Step 3 requires it to be
computed for all data D1 generated by the statistical model. Simplification
of this computation can be obtained by large sample N approximations, see
Section 3.1.1, or the utilization of a surrogate relative likelihood as discussed
in Remark 1.1, which we now address.

Let the generic multisample be D1 :“ px11, . . . , x
1
N q in the computation of

βα in (3.1), and consider the upper bound on the maximum likelihood of
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the Gaussian noise model (3.5)

sup
θPΘ

p
`

D1|θ
˘

“
1

`

σ
?

2π
˘rN

sup
θPΘ

exp

˜

´
1

2σ2

N
ÿ

j“1

›

›x1j ´m pθq
›

›

2

¸

ď
1

`

σ
?

2π
˘rN

sup
mPRr

exp

˜

´
1

2σ2

N
ÿ

j“1

›

›x1j ´m
›

›

2

¸

“
1

`

σ
?

2π
˘rN

exp

˜

´
1

2σ2

N
ÿ

j“1

›

›x1j ´
1

N

N
ÿ

k“1

x1k
›

›

2

¸

,

so that the resulting surrogate relative likelihood (using the same symbol as
the relative likelihood) discussed in Remark 1.1 becomes

p̄
`

D1|θ
˘

“

exp
´

´ 1
2σ2

řN
j“1

›

›x1j ´m pθq
›

›

2
¯

exp
´

´ 1
2σ2

řN
j“1

›

›x1j ´
1
N

řN
k“1 x

1
k

›

›

2
¯ , (3.14)

and therefore the condition p̄ p¨|θq ă α in the computation of the surro-
gate significance β1α ě βα defined in (3.1) in terms of the surrogate relative
likelihood (3.14) in Step 3 appears as

N
ÿ

j“1

›

›x1j ´m pθq
›

›

2
´

N
ÿ

j“1

›

›x1j ´
1

N

N
ÿ

k“1

x1k
›

›

2
ą 2σ2 ln

1

α
. (3.15)

Rewriting in terms of the Np0, σ2Irq Gaussian random variables

εi :“ x1j ´mpθq, i “ 1, . . . , N

we obtain

N
ÿ

j“1

›

›x1j ´m pθq
›

›

2
´

N
ÿ

j“1

›

›x1j ´
1

N

N
ÿ

k“1

x1k
›

›

2
“

N
ÿ

j“1

›

›εj
›

›

2
´

N
ÿ

j“1

›

›εj ´
1

N

N
ÿ

k“1

εk
›

›

2

“ 2
N
ÿ

j“1

@

εj ,
1

N

N
ÿ

k“1

εky ´
›

›

1

N

N
ÿ

k“1

εk
›

›

2

“ p2N ´ 1q
›

›

›

1

N

N
ÿ

k“1

εk

›

›

›

2
,

that is

N
ÿ

j“1

›

›x1j ´m pθq
›

›

2
´

N
ÿ

j“1

›

›x1j ´
1

N

N
ÿ

k“1

x1k
›

›

2
“ p2N ´ 1q}v}2 (3.16)

where

v :“
1

N

N
ÿ

k“1

εk
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is Gaussian with mean zero and, since the εk are i.i.d, have covariance σ2Ir,

that is v P Np0, σ
2

N Irq. Since Schott [32, Thm. 9.9] implies that N
σ2 }v}

2 is

distributed as χ2
r , it follows from (3.15), (3.16) and the definition of the

surrogate significance β1α (3.1) that

β1α “ 1´ χ2
r

` 2N

2N ´ 1
ln

1

α

˘

ě βα. (3.17)

Consequently, removing the prime indicating the surrogate significance
β1α, denoting it as βα, the modifications (3.11) to Algorithm 1 are augmented
to:

(1) (Step 2): Find MLE θ˚ by θ˚ P arg min
θ

řN
j“1 }xj ´m pθq}2

(2) (Step 3): Solve for α satisfying βα :“ 1´ χ2
r

`

2N
2N´1 ln 1

α

˘

“ β˚

(3) (Step 8a): Solve

θ̄ P arg max
θ

}ϕ pθq ´ c}2

s.t.
řN
j“1 }xj ´m pθq}2 ďMα.

(3.18)

3.3. Stochastic processes. We now consider the case where Θ Ď Rk and
the data is the multisample D :“ px1, . . . , xN q with xi “ pyi, tiq P Y ˆ T
where yi corresponds to the observation of a stochastic process at time ti.
Letting θ parameterize the distribution of the stochastic process and assum-
ing the yi to be independent given θ and the ti, the model density takes
the form (A) ppD|θq :“ ΠN

i“1ppxi|θ, tiqqptiq if the ti are assumed to be i.i.d.
with distribution Q (and density q with respect to some given base mea-
sure on T ), (B) and p

`

px1, . . . , xN q
ˇ

ˇθ, pt1, . . . , tN q
˘

:“ ΠN
i“1ppxi|θ, tiq if the

ti are assumed to be arbitrary. Observe that the model densities for cases
(A) and (B) are proportional and, as a consequence, given the ti (arbi-
trary or sampled), they share the same likelihood region ΘDpαq “

 

θ P Θ :

ΠN
i“1ppyi|θ, tiq ě α supθ1 Π

N
i“1ppyi|θ

1, tiq
(

. Let QN :“
δt1`¨¨¨`δtN

N P PpT q be
the empirical probability distribution defined by pt1, . . . , tnq. And assume T
to be a compact subset of a finite dimensional Euclidean space. The follow-
ing theorem indicates the result of Theorem 3.1 remains valid in case (B) if
QN Ñ Q (e.g. when T “ r0, 1s and Q is the uniform distribution and the
ti “ i{N).

Theorem 3.2. Assume that the model density py, tq Ñ ppy|θ, tqqptq satisfies
the regularity conditions of Casella and Berger [7, Section. 10.6.2], and that
QN Ñ Q (in the sense of weak convergence) as N Ñ8. Then in both cases
(A) and (B) the limit βα Ñ 1´ χ2

k

`

2 ln 1
α

˘

holds true as N Ñ8.

4. Estimation of a Lotka-Volterra predator-prey model

Here we implement Algorithm 1 for the Gaussian noise model of Section
3.2, where the measurement function pθ1, θ2q ÞÑ mpθ1, θ2q is defined as the
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Figure 6. (Top image) Data D :“ xptq, t P T , generated,
according to the Gaussian noise model (4.3): solid red is
the prey component and solid blue the predator component
of the generated data xptq, the dotted red and dotted blue
are the prey-predator components of the Lotka-Volterra so-
lution mpt,θ˚q for t P T . (Bottom image) Uncertainty
in the population dynamics corresponding to the worst-case
measure: (1) red is prey and blue is predator, (2) solid line
is the Lotka-Volterra evolution mpt,θ˚q, t P T , fine dots
mpt,θ1q, t P T, and coarse dotsmpt,θ2q, where S :“ tθ1,θ2u

is the set of support points of the worst case (posterior) mea-
sure (located on the boundary of the minimum enclosing
ball).
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solution map of the Lotka-Volterra [16] predator-prey model

dx

dt
“ θ1x´ ηxy (4.1)

dy

dt
“ ξxy ´ θ2y, (4.2)

evaluated on the uniform time grid T :“ ttiu
200
i“1 such that t0 “ 0 and

t200 “ 20, with fixed and known parameters η, ξ and initial data x0, y0,
describing the evolution of a prey population with variable x and a predator
population with variable y. As such, denoting θ :“ pθ1, θ2q P Θ, we denote
the solution map

θ ÞÑmpt;θq, t P T,

by m : Θ Ñ pR2qT . For the probabilistic model, we let Θ :“ r´5, 5s2 and
assume the Gaussian model (3.7) with N “ 1, where the data D consists

of a single sample path D :“ txu :“
`

xptq
˘200

t“1
of the T -indexed stochastic

process

xptq “

„

xt
yt



“mpt;θq ` εt, εt „ N p0, σ2Iq, t P T, (4.3)

where I P R2ˆ2 is the identity matrix and σ “ 5. Note that in the notation
of (3.7) we have

}x´m pθq }2 “
ÿ

tPT

}xptq ´m pt;θq }2.

Let the decision space be V :“ R2 and let the quantity of interest ϕ :
Θ Ñ R2 be the identity. For the experiment, we generate one sample path

D :“ txu :“
`

xptq
˘200

t“1
according to (4.3) at the unknown values θ˚ :“

pθ˚1 , θ
˚
2 q “ p0.55, 0.8q, with x0 “ 30, y0 “ 10, η “ 0.025 and ξ “ 0.02 known.

We consider the evolution t ÞÑmpt;θ˚q, t P T, the true predator-prey values

and the sample path
`

xptq
˘200

t“1
as noisy observations of it. The resulting time

series D is shown in the top image of Figure 6.
For α P r0, 1s, by taking the logarithm of the defining relation (1.17) of

the likelihood region ΘDpαq, we obtain the representation (3.8),

ΘDpαq “
!

θ P Θ :
ÿ

tPT

›

›xptq ´m pt;θq
›

›

2
ďMα

)

in terms of

Mα :“ inf
θPΘ

ÿ

tPT

›

›xptq ´m pt;θq
›

›

2
` 2σ2 ln

1

α
,

for the likelihood region ΘDpαq in terms of the data D.
To determine α at significance level β˚ :“ .05, we approximate the sig-

nificance βα defined in (1.19) using the chi-squared approximation (3.17)
and then select α to be the value such that this approximation yields βα “
β˚ “ .05. The validity of this approximation for this example is additionally
demonstrated in the right image of Figure 8, which shows via Monte Carlo
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simulation that the 1 ´ βα versus α curve is well characterized by the χ2
2

distribution.
Having selected α, to implement Algorithm 1, we need to select an opti-

mizer for Step 8a. Instead of computing the Jacobian of the solution map
m, here we utilize the gradient-free method of SciPy’s version of Storn
and Price’s [37] Differential Evolution optimizer [39] at the default settings.
Given the data generating value θ˚ “ p0.55, 0.8q, the primary feasible region
Θ :“ r´5, 5s2 is sufficiently non-suggestive of the the data generating value
θ˚. Finally, since dimpV q “ 2, Algorithm 1 produces a set S of at most
three boundary points of ΘDpαq, the minimum enclosing ball B of ΘDpαq,
its center as the optimal estimate of θ˚ and the weights of the set S cor-
responding to a worst-case measure, optimal for the variance maximization
problem (1.25). The results are displayed in Figure 7.

Figure 7. Minimum enclosing ball for the Lotka-Volterra
Model: (left) the dashed line indicates the boundary of the
likelihood region ΘDpαq, the solid circle its minimum enclos-
ing ball, the red point the data generating value θ˚ and the
blue point the center of the minimum enclosing ball and the
optimal estimate of θ˚. The two yellow points comprise the
set S :“ tθ1,θ2u. (right) a projected view with the yellow
columns indicating the weights p.5, .5q of the set S in their
determination of a worst-case (posterior) measure.

To get a sense of the output uncertainty of mp¨q with these optimized
results, we plot the predator and prey population dynamics associated with
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Figure 8. Monte Carlo numerically confirms the result from
Theorem 3.1 in both the quadratic function estimation (left
image) and Lotka-Volterra (right image) examples.

each optimized boundary point of ΘDpαq in Figure 6. This figure shows that
with significance value βα “ 0.05, the optimized boundary points create
population dynamics in a tight band around the true population dynamics.

5. Estimation of a quadratic function

The measurement function m of Section 4, being defined as the solution
of the Lotka-Volterra predator-prey model as a function of its parameters
θ P Θ, does not appear simple to differentiate and therefore SciPy’s version
of Storn and Price’s [37] Differential Evolution optimizer [39] was used to
perform the farthest point optimization problem in Step 8a in Algorithm 1.
In this section, we test this framework on a problem which does not possess
this complication; estimating the parameters θ :“ pθ0, θ1, θ2q of a quadratic
function

mpt;θq :“ θ0 ` θ1t` θ2t
2

on a uniform grid T of the interval p0, 5q consisting of 100 points, using
noisy observational data. In this case, we can use automatic differentiation
in the merit function technique of Section 3.2.1 to perform the farthest
point optimization problem in Step 8a using gradient descent methods via
automatic differentiating modules available in packages like autograd, or
computing the gradient and applying a gradient descent method.

We proceed as in Section 4 with Θ :“ r´30, 30s3 and assume that, given

θ P Θ, a single sample path D :“ txu :“
`

xptq
˘100

t“1
is generated on the grid
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Figure 9. Quadratic model results: (left-top) βα vs α,
(right-top) risk vs βα, (left-bottom) the supporting surfaces
with the decision points at the center of each surface and
(right-bottom) maximum-likelihood solution and supporting
points of the minimum enclosing ball for βα “ β˚ “ .05

T to the stochastic process

xptq “mpt;θq ` εt, εt „ N p0, σ2q, t P T, (5.1)

with σ2 :“ 10. Consequently X :“ R100. We let the decision space be
V “ R3 and the quantity of interest ϕ : Θ Ñ R3 be the identity function.

For the experiment, we generate a single (N :“ 1) full sample path

D :“ txu :“
`

xptq
˘100

t“1
according to (5.1) at the unknown values θ˚ :“

pθ˚1 , θ
˚
2 , θ

˚
3 q “ p1, .5, 1q. As discussed in Section 3.2.1, we tune µ in the

merit function (3.13), and set gradient descent with adaptive moment es-
timation optimizer [24] with parameters (e.g. learning rate = 0.001, max
epochs=50,000) to achieve full convergence. We observe the convergence
plots for the increment of θs from the ball center as diagnostic.

Figure 9 shows the β vs α relationship defined by the surrogate signifi-
cance (3.17) derived from the surrogate likelihood method with N :“ 1 and



UQ OF THE 4TH KIND 27

r :“ 100, the risk as function of α, and the likelihood regions, their min-
imum enclosing balls and the optimal decisions (centers of the balls), for
α P r0, 1s. As can be seen the optimal decisions, being the centers of the
minimum enclosing balls, do not move and only the size of the minimum
enclosing balls change, resulting in various risk values associated with the
same optimal estimates.

Finally, Figure 9 shows the results for the maximum likelihood solu-
tion and the two supporting points of the minimum enclosing balls for
the case that βα “ β˚ “ 0.05. From this experiment, we obtained the
optimal decision d˚ “ p0.24, 1.22, 0.89q along with the two support points
S “

 

p´2.27, 3.52, 0.48q, p2.75,´1.10, 1.31q
(

of the minimum enclosing ball.
For the sake of comparison, we also performed the same experimentation
with SciPy’s version of Storn and Price’s [37] Differential Evolution opti-
mizer [39] at the default settings, to perform the farthest point optimization
problem in Step 8a in Algorithm 1, using the merit function (3.13) of Section
3.2.1, and obtained similar results.

6. General loss functions and rarity assumptions

Here we generalize the framework introduced in Section 1 to allow more
general loss functions than the `2 loss, in for example Equations (1.2), (1.3),
and (1.7), and more general rarity assumptions than (1.18).

The discussions of worst-case, robust Bayes, and Wald’s statistical deci-
sion theory generalize in a straightforward manner, so we focus on general-
izing the current UQ of the 4th kind. Let ` : V ˆV Ñ R` be a loss function.
In addition to the pointwise rarity assumption (1.18), consider an integral
rarity assumption PΨ

x pαq Ă PpΘq determined by a real-valued function Ψ,
defined by

PΨ
x pαq :“

!

π P PpΘq :

ż

Θ
Ψ
`

p̄px|θq
˘

dπpθq ě α
)

(6.1)

generalizing (1.13), Note that for Ψ the identity function Pxpαq Ă PΨ
x pαq

and by comparison with (1.13) it follows from the following remark that
such integral rarity assumptions can also alleviate the brittleness of Bayesian
inference.

Remark 6.1. Jensen’s inequality implies that

Ψ
´

ż

Θ
p̄px|θqdπpθq

¯

ď

ż

Θ
Ψ
`

p̄px|θqq
˘

dπpθq

when the function Ψ is convex, and

Ψ
´

ż

Θ
p̄px|θqdπpθq

¯

ě

ż

Θ
Ψ
`

p̄px|θqq
˘

dπpθq
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when the function Ψ is concave, such as when Ψ is a logarithm. Conse-
quently, when Ψ is concave and strictly increasing the assumption

ż

Θ
Ψ
`

p̄px|θq
˘

dπpθq ě α

implies that the denominator in the conditional measure (1.22) satisfies
ż

Θ
p̄px|θqdπpθq ě Ψ´1pαq .

Consequently, such constraints, by keeping the denominator in the condi-
tional measure bound away from zero stabilize the numerical computation
of the conditional measure in the numerical computation of a worst-case
measure.

The following applies equally as well for the pointwise rarity assumption
(1.18) and the integral rarity assumption (6.1). For simplicity of exposition,
we restrict to the pointwise rarity assumption. Generalizing (1.21), consider
playing a game using the loss

Lpπ, dq :“ Eθ„πx
“

`pϕpθq, dq
‰

, π P Pxpαq, d P V . (6.2)

For the pointwise rarity assumption, the same logic following (1.21) implies
that this game is equivalent to the generalization (1.23) to a game using the
loss

Lpπ, dq :“ Eθ„π
“

`pϕpθq, dq
‰

, π P Pxpαq, d P V . (6.3)

For the integral rarity assumption, we maintain the form (6.2). βα is defined
before as in (1.19) and the selection of α P r0, 1s is as before.

Under the mild conditions of Theorem 8.1, we can show that, for each
α P r0, 1s, a maxmin optimal solution πα of maxπPPxpαqmindPV Lpπ, dq can
be computed. Moreover, by Theorem 8.1, it also follows that the saddle
function L in (6.3) satisfies the conditions of Sion’s minmax theorem [34],
resulting in a minmax result for the game (6.3);

min
dPV

max
πPPxpαq

Lpπ, dq “ max
πPPxpαq

min
dPV

Lpπ, dq . (6.4)

Consequently if, for each π P Pxpαq, we select

dπ P arg min
dPV

Lpπ, dq, (6.5)

then a worst-case measure for the game (6.3), solving the maxmin problem
on the right-hand side of (6.4), satisfies

πα P arg max
πPPxpαq

Lpπ, dπq . (6.6)

Moreover let dα P arg mindPV maxπPPxpαq Lpπ, dq denote any solution to the
minmax problem on the left-hand side of (6.4). Then it is well known that
the minmax equality (6.4) implies that the pair pπα, dαq is a saddle point of
L in that

Lpπ, dαq ď Lpπα, dαq ď Lpπα, dq, π P Pxpαq, d P V . (6.7)
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Since the solution to

dπα :“ arg min
dPV

Lpπα, dq (6.8)

is uniquely defined under the conditions of Theorem 6.2 (identical to those
of Theorem 8.1), it follows from the right-hand side of the saddle equation
(1.3.4) that dπα “ dα and pπα, dπαq is a saddle point of L, that is we have

Lpπ, dπαq ď Lpπα, dπαq ď Lpπα, dq, π P Pxpαq, d P V . (6.9)

Moreover, its associated risk is the value

Rpdπαq :“ Lpπα, dπαq (6.10)

in (6.9) of the two person game defined in (6.3), which is the same for all
saddle points of L.

6.1. Finite-dimensional reduction. Let ∆mpΘq denote the set of convex
sums of m Dirac measures located in Θ and, let Pm

x pαq Ă Pxpαq defined by

Pm
x pαq :“

!

π P ∆mpΘq X Pxpαq
)

, (6.11)

denote the finite-dimensional subset of the rarity assumption set consist-
ing of the convex combinations of m Dirac measures in Pxpαq. Then the
following reduction Theorem 6.2 asserts that

max
πPPxpαq

min
dPV

Lpπ, dq “ max
πPPmx pαq

min
dPV

Lpπ, dq, (6.12)

for any m ě dimpV q`2. We note that the improvement to m ě dimpV q`1
when the loss is the `2 loss follows from the Lagrangian duality, Theorem
1.3, of the maximization problem (6.12) with the minimum enclosing ball
and Caratheodory’s theorem.

In the following theorem, applicable to both pointwise and integral rarity
assumptions, we provide sufficient conditions that the computation of a
worst-case measure in the optimization problem (6.6) can be reduced to a
finite-dimensional one.

Theorem 6.2. Let Θ be compact, X be a measurable space, P be a positive
dominated model such that, for each x, its likelihood function is continuous,
and let ϕ : Θ Ñ R be continuous. Let V be a finite-dimensional Euclidean
space and let ` : V ˆ V Ñ R` be continuously differentiable, strictly convex
and coercive in its second variable and vanishing along the diagonal. Let
∆mpΘq denote the set of convex sums of m Dirac measures located in Θ
and, for Ψ : p0, 1s Ñ R upper semicontinuous and x P X, consider both the
pointwise rarity assumption subset Pm

x pαq Ă Pxpαq defined by

Pm
x pαq :“

!

π P ∆mpΘq X Pxpαq
)

, (6.13)

and the integral rarity assumption subset PΨ,m
x pαq Ă PΨ

x pαq, defined by

PΨ,m
x pαq :“

!

π P ∆mpΘq :

ż

Θ
Ψ
`

ppx|θq
˘

dπpθq ě α
)

, (6.14)
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where ppx|¨q : Θ Ñ p0, 1s is the relative likelihood. Then we have

max
πPPxpαq

min
dPV

Lpπ, dq “ max
πPPmx pαq

min
dPV

Lpπ, dq, (6.15)

for any m ě dimpV q ` 2, and

max
πPPΨ

x pαq
min
dPV

Lpπ, dq “ max
πPPΨ,m

x pαq
min
dPV

Lpπ, dq, (6.16)

for any m ě dimpV q ` 3, unless Ψ is the identity function, when m ě

dimpV q ` 2.

Remark 6.3. Theorem 6.2 easily generalizes to vector integral functions Ψ
of more general form than (6.14), where the number of Diracs required is
then m ě dimpV q ` dimpΨq ` 1 and m ě dimpV q ` dimpΨq ` 2 for the
pointwise and integral cases, respectively.

Shapiro and Kleywegt [33, Thm.2.1] implies one can generalize Theorem
6.2 to the more general class of loss functions ` which are coercive and convex
in the second argument, but requiring more, 3

`

dimpV q`1q
˘

, Dirac measures
in the integral case. See [33, Prop. 3.1].

The following theorem generalizes the duality Theorem 1.3 to more gen-
eral convex loss functions.

Theorem 6.4. Let ϕ : Θxpαq Ñ V be continuous and suppose that the
loss function satisfies function `pv1, v2q “ W pv1 ´ v2q, where W : V Ñ R`
is non-negative, convex and coercive. For x P X and α P r0, 1s, suppose
that Θxpαq is compact. Then ϕ

`

Θxpαq
˘

Ă V is compact. Let λ ě 0 be the
smallest value such that there exists a z P V with

ϕpΘxpαqq ` z ĂW´1pr0, λsq.

Then λ is the value of the maxmin problem defined by the game (6.3)

λ “ max
πPPxpαq

min
dPV

Eθ„π
“

`pϕpθq, dq
‰

, (6.17)

and π˚ is maxmin optimal for it if and only if there exists

d˚ P argmindPV Eθ„π˚
“

`pϕpθq, dq
‰

with
supportpϕ˚π

˚q ĂW´1pλq ´ d˚.

Remark 6.5. Pass [23] generalizes these results to the case where the deci-
sion space V is a not-necessarily affine metric space and the `2 distance is
replaced by the metric.

7. Minimum enclosing ball algorithm

Let K Ă Rn be a compact subset and let B Ą K, with center z and
radius R, be the smallest closed ball containing K. Together Theorem 1.3
and Theorem 6.2 demonstrate that the minimum enclosing ball exists and is
unique. The problem of computing the minimum enclosing ball has received
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a considerable amount of attention, beginning with Sylvester [38] in 1857.
Probably the most cited method is that of Welzl [43], which, by [43, Thm. 2],
achieves the solution in expected Oppn ` 1qpn ` 1q!|K|q time, where |K| is
the cardinality of the set K. Yildirim [44] provides two algorithms which

converge to an ε-approximate minimum enclosing ball in Op |K|nε q computa-
tions and provides a historical review of the literature along with extensive
references.

Although Yildirim does address the infinite K situation, we provide a
new algorithm, Algorithm 3, based on that of Bădoiu, Har-Peled and Indyk
[6, p. 251], to approximately compute the minimum enclosing ball B con-
taining a (possibly infinite) compact set K in Rn, using the approximate
computation of maximal distances from the set K to fixed points in Rn. To
that end, let MINIBALL denote an existing algorithm for computing the
minimum enclosing ball for sets of size ď n`2. As we will demonstrate, the
FOR loop in Algorithm 3 always gets broken at Step 10 for some x since, by
Caratheodory’s theorem, see e.g. Rockafellar [26, 9], a minimum enclosing
ball in n dimensions is always determined by n` 1 points.

For δ ě 0, and a function f : X Ñ R, let arg maxδ f denote a δ-
approximate maximizer in the following sense; x˚ P arg maxδ f if

fpx˚q ě
1

1` δ
sup
xPX

fpxq.

For, ε ą 0, the ε-enlargement Bp1`εqpx, rq of a closed ball Bpx, rq with
center x and radius r is the closed ball Bpx, p1 ` εqrq. In the following
algorithm, δ is a parameter quantifying the degree of optimality of distance
maximizations and ε is a parameter specifying the accuracy required of the
produced estimate to the minimum enclosing ball. The following theorem
demonstrates that Algorithm 3 produces an approximation with guaranteed
accuracy to the minimum enclosing ball in a quantified finite number of
steps.

Theorem 7.1. For a compact subset K Ă Rn, let R denote the radius of
the minimum enclosing ball of K. Then, for ε P r0, 1q, δ ě 0, Algorithm 3
converges to a ball B˚ satisfying

B˚ Ą K

and

R
`

B˚
˘

ď p1` εqp1` δqR

in at most 16
ε2
p1` 2δq steps of the REPEAT loop. Moreover, the size of the

working set Ak is bounded by

|Ak| ď min
´

2`
16

ε2
p1` 2δq, n` 2

¯

for all k.
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Algorithm 3 Miniball Algorithm

1: Inputs: ε P r0, 1q, δ ě 0 , K and MINIBALL for sets of size ď n` 2
2: pxα, xβq Ð arg maxδx,x1PK }x´ x

1}

3: A0 Ð txα, xβu
4: 0 Ð k (iteration counter)
5: repeat
6: Bk Ð MINIBALLpAkq
7: while |Ak| ą n` 1 do
8: for x P Ak do
9: Bx

k Ð MINIBALLpAkztxuq
10: if Bx

k “ Bk then Ak Ð Akztxu and break loop
11: end for
12: end while
13: zk Ð CenterpBkq
14: xk`1 Ð arg maxδxPK }x´ zk}
15: Ak`1 Ð Ak Y txk`1u

16: k Ð k ` 1
17: until xk P B

p1`εq
k´1

18: return B
p1`εqp1`δq
k´1 , Ak´1

8. Supporting theorems and proofs

8.1. Minmax theorem.

Theorem 8.1. Consider the saddle function (6.3) for the pointwise and
(6.2) for the integral rarity assumptions, respectively. Given the assumptions
of Theorem 6.2 we have

min
dPV

max
πPPxpαq

Lpπ, dq “ max
πPPxpαq

min
dPV

Lpπ, dq .

and

min
dPV

max
πPPΨ

x pαq
Lpπ, dq “ max

πPPΨ
x pαq

min
dPV

Lpπ, dq .

for the pointwise and integral rarity assumptions, respectively.

Proof. We prove the result for the integral rarity assumption case only, the
pointwise case being much simpler. The assumptions imply Ψpppx|¨qq is
upper semicontinuous, implying that PΨ

x pαq Ă PpΘq is closed, see e.g. [1,
Thm. 15.5]. Since PpΘq is a compact subset of the space of signed measures
in the weak topology, see e.g. Aliprantis and Border[1, Thm. 15.22], it follows
that PΨ

x pαq Ă PpΘq is compact. Consequently, to apply Sion’s minmax
theorem [34] it is sufficient to establish that the map Lp¨, dq : PpΘq Ñ R
is upper semicontinuous and quasiconcave for each d P V and the map
Lpπ, ¨q : V Ñ R is lower semicontinuous and quasiconvex for each π P PpΘq.
To that end, observe that since φ is continuous and Θ compact, the function
`pφp¨q, dq is bounded and continuous for each d P V . Fixing d, observe the
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positivity of the likelihood function implies that the set
 

π P PpΘq : Eθ„πx r`pφpθq, dqs ě r
(

“
 

π P PpΘq : Eθ„πrppx|¨q`pφpθq, dqs ě rEθ„πrppx|¨qs
(

is closed by the continuity of `pφp¨q, dq and ppx|¨q, see e.g. [1, Thm. 15.5].
Moreover, one can show that the reverse inequality also produces a closed set.
Moreover, since it is a linear condition it is convex and therefore the function
Lp¨, dq : PpΘq Ñ R is upper and lower semicontinuous and quasiconcave for
each d P V . Moreover, fixing π P PpΘq, since the function ` is continuous
and Θ is compact and φ is continuous, it follows that the function Lpπ, ¨q :
V Ñ R is continuous and convex and therefore lower semicontinuous and
quasiconvex. Consequently, Sion [34, Cor. 3.3] implies that

inf
dPV

sup
πPPΨ

x pαq

Lpπ, dq “ sup
πPPΨ

x pαq

inf
dPV

Lpπ, dq

Since, for fixed d, inner optimization supπPPΨ
x pαq

Lpπ, dq is over of an upper
semicontinuous function over a compact set, it achieves its supremum. Since
have established in the proof of Theorem 6.2 that the inner optimization
infdPv Lpπ, dq achieves its infimum, we can write

inf
dPV

max
πPPΨ

x pαq
Lpπ, dq “ sup

πPPΨ
x pαq

min
dPV

Lpπ, dq

Since the inner minimum mindPv Lpπ, dq is the minimum of a family upper
semicontinuous functions, it produces an upper semicontinuous function,
see e.g. [1, Lem. 2.41], since the maximization of the outer loop is over the
compact set PΨ

x pαq, we conclude that the supremum on the righthand side
is attained. Moreover, since the inner maximum maxπPPΨ

x pαq
Lpπ, dq is the

maximum over a family of continuous functions, therefore lower semicontin-
uous functions, it follows that it produces a lower semicontinuous function.
Restricting to the compact subset V ˚ from the proof of Theorem 6.2 we
conclude the outer infimum is attained, thus establishing the assertion. �

8.2. Proof of Theorem 1.2. Since the `2 loss pv1, v2q ÞÑ }v1 ´ v2}
2

is strictly convex and coercive in its second argument and vanishes on
the diagonal, the assumptions imply that the saddle function Lpπ, dq :“
Eθ„π

“

}ϕpθq ´ d}2
‰

, π P Pxpαq, d P V, (1.23) satisfies the conditions of The-
orem 6.2, so that it follows from Theorem 8.1 that L satisfies the minmax
equality, in particular establishes the existence of a worst-case measure

π˚ P arg max
πPPxpαq

inf
dPV

Lpπ, dq (8.1)

and a worst-case decision

d˚ P arg min
dPV

sup
πPPxpαq

Lpπ, dq. (8.2)

In addition to establishing the existence of saddle points, where a pair
`

π˚, d˚
˘

P Pxpαq ˆ V is a saddle point of L if we have

Lpπ, d˚q ď Lpπ˚, d˚q ď Lpπ˚, dq, π P Pxpαq, d P V, (8.3)
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observe that Bertsekas et al. [4, Prop. 2.6.1] asserts that a pair pπ˚, d˚q P
PxpαqˆV is a saddle point if and only if they are a worst-case measure and
worst-case decision, respectively, as defined in (8.1) and (8.2).

Now let pπ˚, d˚q be a saddle point. As demonstrated in the proof of
Theorem 6.2, since the function d ÞÑ }ϕpθq ´ d}2 is strictly convex for all θ,
it follows that its expectation d ÞÑ Lpπ, dq :“ Eθ„π

“

}ϕpθq ´ d}2
‰

is strictly
convex. Moreover a minimizer

d˚˚ P arg min
dPV

Lpπ˚, dq

exists and by strict convexity it is necessarily unique, see e.g. [27]. Conse-
quently, by the right-hand side of the definition (8.3) of a saddle point it
follows that d˚˚ “ d˚. Since π˚ satisfying (8.1) is equivalent to it satisfying
(1.24) and d˚ satisfying the right-hand side of the definition (8.3) of a saddle
point is equivalent to it satisfying (1.25), the assertion regarding the form
(1.24) and (1.25) for saddle points is proved.

Let pπ1, d1q and pπ2, d2q be two saddle points. Then by the saddle relation
(8.3) we have

Lpπ2, d2q ď Lpπ2, d1q ď Lpπ1, d1q ď Lpπ1, d2q ď Lpπ2, d2q

establishing equality of the value of the risk (1.26) for all saddle points.
Finally, since d ÞÑ Lpπ, dq is strictly convex it follows that its maximum

d ÞÑ supπPPxpαq Lpπ, dq is strictly convex demonstrating the uniqueness of

solutions to (8.2). Moreover, since Pxpαq is convex, the mapping π ÞÑ

Lpπ, dq :“ Eθ„π
“

}ϕpθq ´ d}2
‰

is affine and therefore concave for all d P V ,
and therefore its minimum π ÞÑ infdPV Lpπ, dq is also concave. Consequently,
the set of all worst-case measures, that is, maximizers of (8.1), is convex,
establishing the final assertion.

8.3. Proof of Theorem 1.3. Since the relative likelihood is continuous,
the likelihood region Θxpαq is closed and therefore compact, and since ϕ is
continuous, it follows that ϕ

`

Θxpαq
˘

is compact and therefore measurable.
According to Bonnans and Shapiro [5, Sec. 5.4.1], because the constraint
function pr, z, xq ÞÑ }x´ z}2 ´ r2 is continuous, the Lagrangian of the mini-
mum enclosing ball problem (1.27) is

Lpr, z;µq :“ r2`

ż

ϕpΘxpαqq

`

}x´ z}2 ´ r2
˘

dµpxq, r P R, z P V, µ PM
`

ϕpΘxpαqq
˘

.

(8.4)
Define

Ψpµq :“ inf
rPR,zPV

Lpr, z;µq

and observe that

inf
rPR

Lpr, z;µq “

#

ş

ϕpΘxpαqq
}x´ z}2dµpxq,

ş

dµ “ 1

´8,
ş

dµ ‰ 1
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so that

Ψpµq :“ inf
rPR,zPV

Lpr, z;µq “

#

ş

ϕpΘxpαqq

›

›x´ Eµrxs
›

›

2
dµpxq,

ş

dµ “ 1

´8,
ş

dµ ‰ 1

and therefore the dual problem to the minimum enclosing ball problem (1.27)
is

max
µPMpϕpΘxpαqqq

Ψpµq “ max
µPPpϕpΘxpαqqq

Eµ
“

}x´ Eµrxs}2
‰

,

establishing the Lagrangian duality assertion.
Moreover, since Θxpαq is compact it is Polish, that is Hausdorff and

completely metrizable, and since ϕ : Θxpαq Ñ ϕ
`

Θxpαq
˘

is continuous [1,

Thm. 15.14] asserts that ϕ˚ : P
`

Θxpαq
˘

Ñ PpϕpΘxpαqqq is surjective. The
change of variables formula [1, Thm. 13.46] establishes that the objective
function of (1.25) satisfies

Eπ
“

}ϕ´ Eπrϕs}2
‰

“ Eϕ˚π
“

}v ´ Eϕ˚πrvs}2
‰

,

so that the surjectivity of ϕ˚ implies that the value of (1.25) is equal to

max
νPPpϕpΘxpαqqq

Eν
“

}v ´ Eνrvs}2
‰

. (8.5)

The primary assertions then follow from Lim and McCann’s [15, Thm. 1]
generalization of the one-dimensional result of Popoviciu [25] regarding the
relationship between variance maximization and the minimum enclosing ball
of the domain ϕpΘxpαqq Ă V .

8.4. Proof of Theorem 1.5. The proof of Theorem 6.2 using rarity as-
sumptions of the current form (1.18) does not require that the likelihood
function ppx1, ¨q be continuous for all x1 P X but only at x. It asserts the
finite-dimensional reduction (1.30) for m ě dimpV q ` 2 Dirac measures.
On the other hand, the duality Theorem 1.3 implies that the optimality of
such a measure π :“

řm
i“1wiδθi is equivalent to the images of these Diracs

δϕpθiq, i “ 1, . . . ,m lying on the intersection ϕpΘxpαqq X BB of the image
of the likelihood region and the boundary of its minimum enclosing ball B
and that the weights of these Diracs determine that the center of mass of
this image measure ϕ˚π is the center dα of the ball B, expressed as the
right-hand side of (1.31). Consequently, the center dα is in the convex hull
of the m points ϕpθiq, i “ 1, . . . ,m and by Caratheodory’s theorem, see
e.g. Rockafellar [26], dα is in the convex hull of dimpV q ` 1 of these points.
Let S Ă t1, . . . ,mu correspond to such a subset. Then by the if and only if
characterization of duality Theorem 1.3 it follows that the subset ϕpθiq, i P S
of dimpV q ` 1 image points, using the weights w1i, i P S defining this con-
vex combination to be the center dα corresponds to an optimal measure
π1 :“

ř

iPS w
1
iδθi , thus establishing the assertion.
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8.5. Proof of Theorem 3.1. The following are standard results in the
statistics literature, see Casella and Berger [7]. The idea is to write the
Taylor expansion of the log-likelihood around the MLE, then to consider
properties of the MLE, and finally apply the law of large numbers and
Slutsky’s theorem.

For simplicity, first let θ P Θ Ď R. Since the second term on the right-
hand side in the Taylor expansion

N
ÿ

i“1

ln ppxi|θq “
N
ÿ

i“1

ln ppxi|θ̂N q `
N
ÿ

i“1

B

Bθ
ln ppxi|θqθ“θ̂N pθ ´ θ̂N q

`
1

2

N
ÿ

i“1

B2

Bθ2
ln ppxi|θqθ“θ̂N pθ ´ θ̂N q

2 ` opp1q

of the log-likelihood around the MLE, θ̂N , vanishes by the first order condi-
tion of the MLE, we obtain

N
ÿ

i“1

ln ppxi|θq ´
N
ÿ

i“1

ln ppxi|θ̂N q “
1

2

N
ÿ

i“1

B2

Bθ2
ln ppxi|θqθ“θ̂N pθ ´ θ̂N q

2 ` opp1q,

which we write as

´2
N
ÿ

i“1

ln
` ppxi|θq

ppxi|θ̂N q

˘

“ ´
1

N

N
ÿ

i“1

B2

Bθ2
ln ppxi|θqθ“θ̂N p

?
Npθ ´ θ̂N qq

2 ` opp1q.

By the law of large numbers and the consistency of the MLE we have

´
1

N

N
ÿ

i“1

B2

Bθ2
ln ppxi|θqθ“θ̂N

P
ÝÑ ´EX„P p¨|θq

B2

Bθ2
ln ppX|θq “ Ipθq, (8.6)

where Ipθq :“ ´EX„P p¨|θq
B2

Bθ2 ln ppX|θq is the Fisher information and
P
ÝÑ

represents convergence in probability. By the asymptotic efficiency of the
MLE (under our regularity assumptions), the variance V0pθq of the MLE θ̂N
is the inverse of the Fisher information. That is

Ipθq “ pV0pθqq
´1 .

Moreover, under the regularity conditions of Casella and Berger [7, Sec-
tion. 10.6.2], we have

?
Npθ̂N ´ θq
a

V0pθq

d
ÝÑ Np0, 1q,

where
d
ÝÑ represents convergence in distribution, and therefore Slutsky’s

theorem implies

´2 ln p̄pD|θq “ ´2
N
ÿ

i“1

ln

ˆ

ppxi|θq

ppxi|θ̂N q

˙

d
ÝÑ χ2

1 .
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In the more general case Θ Ă Rk, under the regularity conditions of
Casella and Berger [7, Section. 10.6.2], we have

?
Npθ̂N ´ θq

d
ÝÑ Np0, Ipθq´1q , (8.7)

where Ipθq is the Fisher information matrix, and the same argument goes
through obtaining

´2 ln p̄pD|θq a
“ Npθ ´ θ̂N qIpθq

´1pθ ´ θ̂N q
d
ÝÑ χ2

k,

where
a
“ represents asymptotic equality. Therefore, for large sample sizes,

one may use the following approximation

´2 ln p̄pD|θq « χ2
k .

Finally, the condition p̄pD|θq ă α in the computation of βα is the same as

´2 ln p̄pD|θq ą 2 lnp
1

α
q ,

so that consequently, for large sample sizes, βα may be approximated by

βα « 1´ χ2
k

`

2 lnp
1

α
q
˘

.

8.6. Proof of Theorem 3.2. For case (A) the proof is an application
of Theorem 3.1. Case (B) follows from a direct adaptation of the proof
of Theorem 3.1. The first main step (in this adaptation) is to use the
convergence of QN and the Independence of the yi given the ti to replace
(8.6) by

´
1

N

N
ÿ

i“1

B2

Bθ2
ln ppyi|θ, tiqθ“θ̂N

P
ÝÑ ´Et„Q,y„P p¨|θ,tq

B2

Bθ2
ln ppy|θ, tq . (8.8)

The second main step is to derive the asymptotic consistency and normality
(8.7) of the MLE in case (B). This can be done by adapting the proofs of
[8, Lec. 5].

8.7. Proof of Theorem 6.2. We prove the theorem for the integral rarity
case only, the pointwise rarity case being much simpler. First note that
Theorem 8.1 asserts that the saddle function L satisfies a minmax equality,
in particular, that the inner loop mindPV Lpπ, dq of the primary assertion
(6.16) indeed has a solution. To analyze such a solution, recall, by (6.2),
that Lpπ, dq is the expectation

Lpπ, dq :“ Eθ„πxr`pφpθq, dqs . (8.9)

It is easy to show that the expectation of a family of strictly convex functions
is strictly convex, so that it follows, for fixed π, that Lpπ, dq is strictly convex.
Since φ is continuous and Θ is compact, it follows that the image φpΘq Ă V
is compact and since ` is coercive in its second variable, continuous in its
first and φpΘq is compact, it follows that ` is uniformly coercive in θ, that is,
for every y P R`, there exists an R P R` such that |d| ě R ùñ `pφpθq, dq ě
y, θ P Θ. It follows that Lpπ, dq ě y, |d| ě R, π P PpΘq. Since y is arbitrary
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and L is convex, it follows that L achieves its minimum and since it is strictly
convex this minimum is achieved at a unique point dπ, see e.g. [27]. Since `
is continuous in its first variable, φ is continuous and Θ compact, it follows
that `pφpθq, 0q is uniformly bounded in θ and therefore implies a uniform
bound on Lpπ, 0q, π P PpΘq. Consequently, the coerciveness of L implies
that we can uniformly bound the unique optima dπ, π P PpΘq.

Let V ˚ Ą φpΘq be a closed cube in V containing an open neighborhood
of the image φpΘq and this feasible set of optima just discussed. Since φ is
continuous, Θ is compact, and ` is continuously differentiable, it follows that
∇d`pφpθq, dq is uniformly bounded in both θ and d P V ˚. Consequently, the
Leibniz theorem for differentiation under the integral sign, see e.g. Aliprantis
and Burkinshaw [2, Thm. 24.5], implies, for fixed π, that

∇dLpπ, dq :“ Eθ„πx
“

∇d`pφpθq, dq
‰

, d P V ˚ . (8.10)

Consequently, the relation 0 “ ∇dLpπ, dπq at the unique minimum dπ of
mindPV Lpπ, dq implies that

Eθ„πx
“

∇d`pφpθq, dπq
‰

“ 0, π P PpΘq . (8.11)

The formula (1.22) for the conditional measure and the positivity of its
denominator imply that we can write (8.11) as

1
ş

Θ ppx|¨qdπ
Eθ„π

“

ppx|θq∇d`pφpθq, dπq
‰

“ 0 (8.12)

which is equivalent to

Eθ„π
“

ppx|θq∇d`pφpθq, dπq
‰

“ 0 (8.13)

Consequently, adding the constraint (8.13), equivalent to the minimiza-
tion problem, the maxmin problem on the left-hand side of (6.16) can be
written

$

’

&

’

%

Maximize Lpπ, dq
Subject to π P PΨ

x pαq, d P V
˚

Eθ„π
“

ppx|θq∇d`pφpθq, dq
‰

“ 0

(8.14)

which again using the conditional formula (1.22) and the definition of Lpπ, dq
can be written

$

’

&

’

%

Maximize 1
ş

Θ ppx|θqdπpθq
Eθ„π

“

ppx|θq`pφpθq, dq
‰

Subject to π P PΨ
x pαq, d P V

˚

Eθ„π
“

ppx|θq∇d`pφpθq, dq
‰

“ 0

(8.15)

which, introducing a new variable, can be written
$

’

&

’

%

Maximize 1
εEθ„π

“

ppx|θq`pφpθq, dq
‰

Subject to π P PΨ
x pαq, d P V

˚, ε ą 0

Eθ„π
“

ppx|θq∇d`pφpθq, dq
‰

“ 0, ε “ Eθ„πrppx|θqs .
(8.16)
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Now fix ε ą 0 and d P V ˚ and consider the inner maximization loop

$

’

&

’

%

Maximize 1
εEθ„π

“

ppx|θq`pφpθq, dq
‰

Subject to π P PΨ
x pαq,

Eθ„π
“

ppx|θq∇d`pφpθq, dq
‰

“ 0, ε “ Eθ„πrppx|θqs .
(8.17)

Since this is linear optimization of the integration of a non-negative, and thus
integrable function, with possible integral value `8 for all π, over the full
simplex of probability measures subject to dimpV q ` 1 linear equality con-
straints defined by integration against measurable functions, plus one linear
inequality constraint defined by integration against a measurable function,
[22, Thm. 4.1], which uses von Weizsacker and Winkler [41, Cor. 3], see
also Karr [12] which is applicable under more assumptions on the model P,
implies this optimization problem can be reduced to optimization over the
convex combination of dimpV q ` 3 Dirac measures supported on Θ. Since
the full problem is the supremum of such problems, using the compactness

of the space PΨ,m
x pαq in the weak topology, the primary assertion follows.

When Ψ is the identity function one of the constraints disappears, and the
assertion in that case follows.

8.8. Proof of Theorem 6.4. The proof follows from the invariance of the
variance under ϕ˚ and the equality of their maximum variance problems
established in the proof of Theorem 1.3 and Lim and McCann’s [15, Thm. 2]
generalization of their `2 result [15, Thm. 1].

8.9. Proof of Theorem 7.1. First consider the ε ą 0 case. Our proof will
use results from Bădoiu, Har-Peled and Indyk [6]. Consider the REPEAT
loop. As previously mentioned, the FOR loop always gets broken at Step 10
for some x since, by Theorem 1.3, the center of the ball must lie in the convex
hull of the n` 2 points, but by Caratheodory’s theorem this center also lies
in the convex hull of n`1 of those points, and Theorem 1.3 then asserts that
this ball is also the minimum enclosing ball of those n ` 1 points. Clearly,
the breaking of the step implies that the elimination of the point does not
change the current ball. Consequently, the only change in the current ball
is through the discovery in Step 14 of a distant point and its addition to
the working set Ak followed by the calculation in Step 6 of a new minimum
ball containing this enlarged working set. Let BpAkq denote the minimum
enclosing ball of Ak, RpAkq denote its radius and, overloading notation, let
us denote RpAkq :“ RpBkq. Then when a new point is added to Ak to
obtain Ak`1, it follows from Ak Ă Ak`1 that BpAk`1q Ą Ak`1 Ą Ak and
therefore RpAk`1q ě RpAkq. Likewise Ak Ă K implies that RpAkq ď R, the
radius of the minimum enclosing ball B of K. Consequently the sequence
RpAkq ď R of the radii of the balls is monotonically increasing and bounded
by R. Moreover, [6, Clm. 2.4], using [6, Lem. 2.2] from Goel et al. [11],
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implies that, until the stopping criterion in Step 17 is satisfied, we have

RpAk`1q ě
`

1`
ε2

16

˘

RpAkq, (8.18)

and when the stopping criterion is satisfied it follows from Step 14 that the
output in Step 18 satisfies

B
p1`εqp1`δq
k´1 Ą K. (8.19)

Observe that we have R ď ∆ where ∆ :“ diampKq and the initialization
implies that RpA0q ě

1
2p1`δq∆. Consequently (8.18) implies that the radius

RpAkq increases by at least ε2

32pp1`δq∆ at each step. Since the sequence is

bounded by R ď ∆ it follows that at most 16
ε2
p1` 2δq of the REPEAT loop

can be taken before terminating at Step 17. Upon termination the returned

ball B˚ :“ B
p1`εqp1`δq
k´1 in Step 18, by (8.19), satisfies

B˚ Ą K,

and since

RpB
p1`εqp1`δq
k´1 q “ p1` εqp1` δqRpBk´1q ď p1` εqp1` δqR

we obtain

R
`

B˚
˘

ď p1` εqp1` δqR,

establishing the primary assertion. Since each step in the REPEAT loop
adds at most one new point to the working set Ak, it follows that the working
set size is bounded by 2 plus the number of steps in the REPEAT loop, that
is 2` 16

ε2
p1`2δq. Since the WHILE loop keeps the bound ď n`2, the proof

is finished.
Now consider the ε “ 0 case. First let δ “ 0. By compactness of the set

K, there exists a sub-sequence pAt1q, indexed by T1 Ď N, of pAtq such that
CpAt1q Ñ C1, in our notation whenever the algorithm stops or we reach to a
fixed point the sequence repeats the last set of points. For every t1 P T1, let
yt1 be the point selected as a furthest point from BpAt1q in the algorithm to
form At1`1. Again by compactness of the set K, there exists a sub-sequence
pyt2q, indexed by T2 Ď T1 Ď N, of pyt1q such that yt2 Ñ y˚. By another
application of compactness of K, there exists a sub-sequence pAt3q, indexed
by T3 Ď T2 Ď T1 Ď N, of pAt2q such that CpAt3 Y ty

t3uq Ñ C2. Since
CpAt3q Ñ C1 and RpAt3q Ò R0 ď RpKq as t3 P T3 Ñ 8, it follows that
BpAt3q Ñ BpC1, R0q.

To complete the proof it is sufficient to show that K Ď BpC1, R0q, since
then R0 ď RpKq implies that BpC1, R0q “ BpKq. To that end, we demon-
strate that

d :“ max
xPK

distpx,BpC1, R0qq “ 0.

Since distpq is a continuous function in both of its arguments, BpAt3q Ñ

BpC1, R0q as t3 P T3 Ñ8, yt
k
3 P argmaxxPK distpx,BpAtk3

qq for every tk3 P T3
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and yt
k
3 Ñ y˚, it follows that

distpy˚, BpC1, R0qq “ d . (8.20)

By the choice of T3, yt3 Ñ y˚, BpAt3q Ñ BpC1, R0q, and BpAt3 Y ty
t3uq Ñ

BpC2, R0q. Therefore, for ε1 ą 0, there exists a large number Nε1 P N, such
that for all t3 P T3 with t3 ě Nε1 , we have

At3 Ď BpC1, R0 ` ε1q and At3 Y ty
t3u Y y˚ Ď BpC2, R0 ` ε1q. (8.21)

Consequently (8.20), (8.21) and the triangle inequality imply

distpC1, C2q ě distpy˚, C1q ´ distpy
˚, C2q ě pd`R0q ´ pR0 ` ε1q “ d´ ε1

and

At3 Ď BpC1, R0 ` ε1q XBpC2, R0 ` ε1q, t3 P T3, t3 ě Nε1 .

Let C̄ “ C1`C2
2 and consider the hyperplane orthogonal to the vec-

tor C1 ´ C2 passing through C̄. By Pythagoras’ Theorem, BpC1, R0 `

ε1q X BpC2, R0 ` ε1q Ď BpC̄,
b

pR0 ` ε1q2 ´ p
d´ε1

2 q2q and therefore, At3 Ď

BpC̄,
b

pR0 ` ε1q2 ´ p
d´ε1

2 q2q, which implies thatRpAt3q ď
b

pR0 ` ε1q2 ´ p
d´ε1

2 q2

for all t3 P T3 with t3 ě Nε1 . By sending ε1 to zero, we obtain that

RpAt3q ď
b

pR0q
2 ´ pd2q

2 as t3 P T3 Ñ 8, but RpAt3q Ò R0 implies d “ 0,

which completes the proof.
For the general case δ ě 0, we can use the same technique. Let K 1 “

pytqtPN be a sequence of points selected as the furthest point in Step 14
(with the relative error size of δ) in one complete execution of the algorithm.
Using the result and the language of the case δ “ 0 applied to the set K 1, we
obtain that BpK 1q “ BpC1, R0q, where C1 and R0 are the center and radius
returned by the algorithm as tÑ8, with the convention that whenever the
algorithm stops we repeat the last set of points up to infinity.

Note that maxxPK distpC1, xq ď p1` δqR0, since otherwise the algorithm
would have not converged to C1, and therefore K Ď BpC1, p1` δqR0q which
implies that RpKq ď p1 ` δqR0. Moreover, by K 1 Ď K we have R0 “

RpK 1q ď RpKq and therefore R0 ď RpKq ď p1 ` δqR0, completing the
proof.
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