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ABSTRACT
In some semi-detached binary systems, the donor star may transfer mass to the com-
panion at a very high rate. We propose that, at sufficiently high mass transfer rates
such that the accretion disk around the companion becomes geometrically thick (or
advection-dominated) near the disk outer radius, a large fraction of the transferred
mass will be lost through the outer Lagrangian (L2) point. A physical model is con-
structed where the L2 mass loss fraction is given by the requirement that the remaining
material in the disk has Bernoulli number equal to the L2 potential energy. Our model
predicts significant L2 mass loss at mass transfer rates exceeding a few×10−4 M� yr−1

— an equatorial circum-binary outflow (CBO) is formed in these systems. Implications
for the orbital evolution and the observational appearance are discussed. In particular,
(1) rapid angular momentum loss from the system tends to shrink the orbital sepa-
ration and hence may increase the formation rate of mergers and gravitational-wave
sources; (2) photons from the hot disk wind are reprocessed by the CBO into longer
wavelength emission in the infrared bands, consistent with Spitzer observations of
some ultra-luminous X-ray sources.

Key words: binary evolution ; gravitational waves ; supernovae ; compact objects ;
neutron star mergers

1 INTRODUCTION

Binary mass transfer is one of the key aspects of stellar
evolution and has been extensively studied in the past few
decades (Paczyński 1971). Observational constraints of the
physics involved in the process come from the large number
of systems that are undergoing or about to undergo mass
transfer, as well as many other objects that experienced
mass transfer in the past. Perhaps the least well-understood
cases are the short-lived systems where the donor transfers
mass to the companion at very high rates & 10−4 M� yr−1

and large uncertainties exist in predicting the fate of these
systems (Podsiadlowski et al. 1992; Langer 2012; Ivanova
et al. 2013; Postnov & Yungelson 2014).

Some physical examples potentially reaching such high
mass transfer rates are: (1) the Galactic micro-quasar SS433
(Fabrika 2004) and some extragalactic ultra-luminous X-
ray sources (ULXes, Kaaret et al. 2017); (2) binaries where
the donor transfers mass to the companion on the Kevin-
Helmholtz timescale of its envelope, such as massive (&
10M�) Hertzsprung-gap stars undergoing envelope expan-
sion in a binary with period . 103 day (van den Heuvel
et al. 2017; Marchant et al. 2021; Klencki et al. 2021), and

? wenbinlu@astro.princeton.edu

short-period (. 2 day) helium star-neutron star (NS) bina-
ries prior to the formation of merging double NSs (Tauris
et al. 2015); (3) binaries undergoing unstable overflow just
before the common envelope (CE) phase or stellar merger
(Paczyński & Sienkiewicz 1972; Hjellming & Webbink 1987;
Soberman et al. 1997; Ge et al. 2010; Pavlovskii et al. 2017;
Metzger et al. 2021), (4) pre-supernova binaries where one
of the stars may rapidly expand in the final stages of nuclear
burning weeks to decades before the explosion (Quataert &
Shiode 2012; Mcley & Soker 2014; Fuller 2017; Wu & Fuller
2021). Gravitational wave sources detected in the past few
years provide new constraints on the mass transfer physics
by sampling the end products of some of these systems (e.g.,
Abbott et al. 2020, 2021).

The goal of this paper to study the hydrodynamics of
the transferred mass by modeling the super-Eddington ac-
cretion disk around the companion as well as the interaction
between the material driven away from the disk and the bi-
nary Roche potential.

We propose that at mass-transfer rates exceeding a crit-
ical value (to be calculated in this work) such that the ac-
cretion onto the companion is in the advection-dominated
regime (Narayan & Yi 1994, 1995) near the disk outer radius,
an order unity fraction of the transferred mass may be lost
from the system through the outer Lagrangian (L2) point.
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2 Lu, Fuller, Quataert & Bonnerot

This is because the advection-dominated (and radiatively
inefficient) accretion flow in the outer disk is energetically
capable of driving material to L2 equipotential surface and
beyond. We construct a physical model for the accretion disk
and calculate the fraction of the transferred mass that is lost
through the L2 point.

Binary mass transfer at such a high rate has been previ-
ously considered by King & Begelman (1999) and Begelman
et al. (2006), who propose that the majority of the trans-
ferred mass will be blown away to infinity in the form of
a fast, super-Eddington wind. However, since lifting mate-
rial to the L2 potential is much less energetically demanding
than to infinity, it is likely that the system takes the more
energetically efficient solution, which is described in this pa-
per. Evidence for such a solution has been seen in numerical
simulations by Bisikalo et al. (1998); Sytov et al. (2007);
MacLeod et al. (2018a,b) for systems right before the on-
set of the CE phase, although these works did not treat the
viscous accretion onto the companion. Another prescription
used in binary population synthesis calculations is that when
the mass-transfer rate exceeds a critical value, the system
undergoes CE evolution (Ivanova et al. 2003). Our model
allows explicit calculation of the binary orbital evolution
taking into account the angular momentum carried away
by L2 mass loss, which does not necessarily lead to CE —
only the cases with extremely rapid orbital shrinkage on a
dynamical time may undergo CE evolution.

Observationally, the binary system SS433 in our Galaxy,
with a mass-transfer rate of the order 10−4 M� yr−1 (Fab-
rika 2004), indeed appears to be undergoing L2 mass loss.
Studies of the optical emission line profiles and spatially re-
solved radio/infrared images show the existence of equato-
rial, circumbinary outflowing material (e.g., Filippenko et al.
1988; Paragi et al. 1999; Blundell et al. 2001, 2008; Waisberg
et al. 2019). Many nearby (. 10 Mpc) ULXes have optical
and infrared (IR) counterparts (Tao et al. 2011; Gladstone
et al. 2013; Heida et al. 2014), and the spectral energy distri-
butions (SEDs) of some of these sources show IR excess far
above the power-law extrapolation from the optical bands
(Heida et al. 2014; López et al. 2017; Lau et al. 2017, 2019).
These authors have suggested that the IR excess might be
due to a red supergiant star (or supergiant Be star) donor
or circum-stellar dust. In our model, a system undergoing
L2 mass loss will form an equatorially concentrated circum-
binary outflow (CBO), and we show that the observed IR
excess is consistent with reprocessing of the disk wind emis-
sion by the CBO.

This paper is organized as follows. We present the model
for the accretion disk at different mass-transfer rates and bi-
nary separations, and then determine the fate of the trans-
ferred mass in §2. Then in §3, the effect of L2 mass loss on
the binary orbital evolution is discussed. In §4, we calculate
the radiative appearance of a system undergoing L2 mass
loss, focusing on the reprocessing of the disk wind emission
by the circum-binary material. We discuss the limitations of
our model in §5. A summary of our results is provided in §6.

2 FATE OF THE OVERFLOWING MASS

In this section, we first review the standard Roche-lobe ge-
ometry and define the parameters of the problem in §2.1.

Then, we present the model for the accretion disk around
the accretor including possible L2 mass loss. Two different
regimes of mass-transfer rates are discussed in §2.2 (high
|Ṁ1|) and §2.3 (low |Ṁ1|).

2.1 Standard Roche-lobe Geometry

Let us consider a primary star (M1, the mass donor) of given
density profile and a point-mass companion (M2) in a cir-
cular orbit. The separation between the centers of the two
stars is a. We define the mass ratio as

q =
M2

M1
, µ =

q

1 + q
. (1)

Under the assumption that both stars are in synchronous
rotation at the Keplerian angular frequency and that nearly
all the mass of the primary is concentrated near its center,
the Roche potential Φ(r) is given by

−aΦ(r)

G(M1 +M2)
=

1− µ
|r| +

µ

|r− x̂| +
(x− µ)2 + y2

2
, (2)

where we have placed the origin of the Cartesian coordinate
system at the center of the primary star, with x̂ pointing
towards the secondary and ẑ towards the direction of the
angular momentum vector, and the coordinates have been
normalized by the orbital separation a. The position of the
secondary is r2 = x̂ and the center of mass of the binary
system is located at rCM = µx̂. The positions of stationary
points are the simultaneous solutions of ∂xΦ = ∂yΦ = 0.
The three Lagrangian points along the x̂ axis are obtained
by solving the two equations above while setting y = z = 0,
and this gives

(1− µ)
x

|x|3 + µ
x− 1

|x− 1|3 − x+ µ = 0. (3)

The three solutions are denoted as xL1, xL2, xL3, and the
corresponding dimensionless potentials are denoted as ΦL1,
ΦL2, ΦL3. We adopt the following quadratic polynomial fits
to the numerical solutions

xL1 ≈ −0.0355(log q)2 − 0.251 log q + 0.500,

xL2 ≈ 0.0756(log q)2 + 0.424 log q + 1.699,
(4)

which apply for 0.01 < q < 1 with fractional errors . 0.3%
and are slightly more accurate than linear fits (e.g., Plavec
& Kratochvil 1964; Frank et al. 2002). By symmetry, the
Lagrangian positions for q > 1 are 1 − xL1(1/q) and 1 −
xL2(1/q).

The radius Rv of a volume-equivalent sphere for each
equipotential surface (denoted by its dimensionless poten-
tial Φp) around the primary star can be obtained in the
following way. The potential gradient on the equipotential
surface far from the L1 nozzle is dominated by the gravity
of the primary, dΦp/dRv ≈ (1 + q)−1R−2

v , and this can be
combined with the boundary condition Rv(ΦL1) = Rv,L1 to
obtain

Rv(Φp) ≈
1

R−1
v,L1 − (1 + q)(Φp − ΦL1)

, (5)

where the volume-equivalent radius of the Roche lobe is
given by (Eggleton 1983)

Rv,L1 ≈
0.49

0.6 + q2/3 ln(1 + q−1/3)
. (6)
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L2 mass loss 3

Figure 1. A schematic picture of the model. Two equipoten-
tial surfaces with potential energies ΦL1 (dotted curve) and ΦL2

(dashed-dotted curve) are shown in the corotating frame of the
binary system. The primary star (left) fills up its Roche lobe and
is transferring mass towards the secondary (right) through the
L1 nozzle. When the mass transfer rate exceeds a critical value of
the order 10−4 M� yr−1, a significant fraction of the transferred
mass is lost through the L2 nozzle likely in the form of a super-
sonic stream. The stream expands in width as it propagates to
large distances from the binary system and forms an axisymmet-
ric equatorially concentrated circum-binary outflow (CBO).

A schematic picture of the model is shown in Fig. 1 for
the case of q < 1 (the donor being more massive). When the
primary star overfills its Roche lobe, mass starts to overflow
towards the secondary at a rate |Ṁ1| in the form of a super-
sonic stream. We only consider the cases where the mass
ratio is not extreme (q not much less or much greater than
one), so Rv(ΦL2) is larger than Rv(ΦL1) by 10’s of percent.
This means that, if the primary manages to expand beyond
the ΦL2 surface, the Roche lobe (or the ΦL1 surface) will
be deeply inside the star where the density and pressure are
very high, so the mass transfer rate towards the secondary
is much larger than that directly escaping from the L2 point
(Pavlovskii et al. 2017; Marchant et al. 2021). Thus, in the
following, we focus on the mass flow towards the secondary
through the L1 nozzle (in between equipotential surfaces of
ΦL1 and ΦL2), and our goal is to study the condition under
which a significant fraction of the transferred mass through
the L1 nozzle will be lost beyond the L2 point.

In the case of q > 1 (the accretor being more massive1),
the L2 point is on the donor side and the L3 point is on
the accretor side. In this work, we assume that the material
can still be driven away from the accretion disk to reach
the L2 point, but it must return to the donor side and fill
the space in between the L1 and L2 equipotential surface.
A potential concern is the counter-streaming motion above
the donor’s surface where the flow is subjected to the Kevin-
Helmhotz instability. Alternatively, the disk material with
excessive energy (above ΦL3) may leave the system from the
nearby L3 nozzle. This alternative scenario of L3 mass loss

1 Note that, in the case of q > 1, we still denote the donor as the
“primary star” with mass M1 and the accretor as the “secondary
star” with mass M2.

will likely occur for the nearly equal-mass case with q ≈ 1
and q > 1 (see Fig. 2 of Sytov et al. 2007). Nevertheless, even
in the case of L3 mass loss, the model presented in this paper
should give qualitatively similar results, since the difference
ΦL3 −ΦL2 is much smaller than the potential energy at the
accretion disk radius |Φ(Rd)| (defined in eq. 9). For instance,
when q = 2, we have ΦL3 − ΦL2 ≈ 0.11 whereas |Φ(Rd)|≈
2.48, both in units of G(M1 +M2)/a.

We do not consider the regime where the accretor is
much more massive than the donor (q � 1), because in this
limit, the L2 equipotential surface only has a very small lobe
on the donor side, which means that the accretion disk and
its outflow are nearly unaffected by the donor’s gravity. It is
possible that the majority of the mass driven away from the
outer disk will form a quasi-spherical structure (similar to
that found by Bobrick et al. 2017) instead of an equatorially
concentrated CBO. Our model should be applicable for mass
ratios from q � 1 up to q ∼ a few.

2.2 L2 Mass Loss from the Outer Accretion Disk

The super-sonic stream leaving the L1 nozzle has specific
angular momentum with respect to the secondary ` ≈
(1 − xL1)2a2Ω (where Ω =

√
G(M1 +M2)/a3), which is

an approximation obtained under the assumption that the
inertial-frame acceleration of the fluid elements in the stream
is dominated by the secondary’s gravity. This angular mo-
mentum corresponds to a Keplerian circularization radius
(Warner 1995)

Rc = `2/GM2 ≈ (1− xL1)4a/µ. (7)

If the radius of the secondary is greater than Rc, then the
transferred mass will mostly land on the accretor’s surface.
However, this only happens in the situation where the sec-
ondary is also close to filling up its own Roche lobe (e.g.,
for mass transfer between two main-sequence stars or two
white dwarfs of comparable masses).

In this paper, we restrict our analysis to the case where
the secondary is smaller than the circularization radius,
R2 < Rc and an accretion disk will form. The outer edge of
the disk viscously spreads to a slightly larger radius Rd,max

where it is tidally truncated. The tidal truncation radius
Rd,max is comparable to (about 80%) the volume-equivalent
radius of the Roche lobe of the secondary (see Paczynski
1977; Hirose & Osaki 1990, for considerations based on or-
bit crossing), but the majority of the disk mass is at smaller
radii closer to Rc. In the following, we consider a simplified
“one-zone” model for the outer accretion disk at radius

Rd ' Rc. (8)

The potential energy at radius Rd from the accretor can be
obtained from eq. (2), and when high-order terms O(R2

d/a
2)

are ignored, the result can be simplified into

Φ(Rd) ≈ −G(M1 +M2)

a

[
1− µ+

µa

Rd
+

1

2
(1− µ)2

]
= −GM2

Rd

[
1 +

(1− µ)(3− µ)

2µ

Rd

a

]
.

(9)

The goal of this subsection is to understand the thermody-
namic state and the fate of the disk material near Rd. In
particular, we show that when the mass-transfer rate is suf-
ficiently high such that GM2|Ṁ1|/Rd is comparable to the
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4 Lu, Fuller, Quataert & Bonnerot

Eddington luminosity of the secondary, a large fraction of
the transferred mass will be lost through the L2 nozzle.

Since Rd is about 1/3 of the volume-equivalent radius
of the secondary’s Roche lobe (Warner 1995), the gravity
on the disk gas is dominated by the secondary. The verti-
cal pressure scale height H is given by the balance between
pressure gradient and gravity in the direction perpendicular
to the disk mid-plane,

H = cs/ΩK, cs =
√
P/ρ, ΩK =

√
GM2/R3

d, (10)

where ΩK is the Keplerian frequency, ρ is the density, cs
is the isothermal sound speed, and the total pressure P in-
cludes the contributions from gas Pg = ρkBT/µgmp (kB,mp

being the Boltzmann constant and proton mass) and radia-
tion pressure Prad = arT

4/3 (ar being the radiation density
constant). The gas pressure contains the mean molecular
weight µg which depends on the composition and ioniza-
tion of the gas: µg is 1.3/2.4 ' 0.54 for fully ionized solar
abundance gas (with He-to-H number ratio of 0.1), 4/3 (or
2) for fully (or singly) ionized helium, and & 2 for heavier
composition. In this work, we take µg = 0.54 as a fiducial
value. The gas-radiation mixture is assumed to be in local
thermodynamic equilibrium at the same temperature T , as
a result of efficient coupling by absorption/emission as well
as Compton scattering.

The dynamical evolution of the disk is driven by viscos-
ity (Shakura & Sunyaev 1973),

νvis = αcsH = αH2ΩK, (11)

and the corresponding viscous time is

tvis = R2
d/νvis = [α(H/Rd)2ΩK]−1, (12)

where we take a fiducial value of α = 0.1 in this paper. In
a quasi-steady state, the dynamical evolution of the disk is
controlled by continuous mass supply from the L1 nozzle,
viscous accretion towards the secondary star, and possible
mass loss from the L2 nozzle. It may be tempting to include
another mass loss term due to fast wind that directly es-
cape the system (e.g., Piran 1977; King & Begelman 1999),
which requires acceleration of gas near Rd to above local
escape speed. This is much more energetically demanding
than lifting the material to the L2 potential, so we assume
that the gas takes the more energetically efficiently path.

Note that viscous accretion drives a fraction of gas to
much smaller radii R � Rd, where the Keplerian rotation
velocity is much higher than the corotation speed at the L2
point, so the majority of the inner disk outflow launched
from R � Rd is not strongly affected by the binary orbit
and should escape the system as fast wind (Blandford &
Begelman 1999). However, there could still be a small frac-
tion of the outflow launched from the inner disk (R � Rd)
that is captured by the binary orbit and contributes to L2
mass loss. This will be discussed later in the next subsection.
For the moment, we focus on the gas near radius Rd.

We assume that a fraction fL2 of the mass inflow rate
|Ṁ1| is channeled through the L2 nozzle, and the accretion
rate is given by

(1− fL2)|Ṁ1|'
Md

tvis
, Md ' 2πρR2

dH, (13)

where Md is the disk mass and the parameter fL2 will be

determined later in a self-consistent way. Let us define a
dimensionless scale height

θ ≡ H/Rd, (14)

and hence the disk density is given by

ρ =
(1− fL2)|Ṁ1|

2παΩKR3
d

1

θ3
. (15)

Then, equations (10–13) can be combined to give a relation
between θ, the disk temperature T , and the L2 mass loss
fraction fL2,

c1T
4

1− fL2
θ3 − θ2 + c2T = 0, (16)

where

c1 =
2πarαRd

3ΩK|Ṁ1|
, c2 =

kBRd

GM2µgmp
. (17)

On the other hand, the disk temperature is determined
by energy conservation

Q+
vis +Q+

sh = Q−rad +Q−adv +Q−L2, (18)

where the heating (Q+) and cooling (Q−) rates are defined
below. We assume the disk to be rotating at the Keplerian
frequency ΩK. The deviation from Keplerian rotation due to
radial pressure gradient is small, O(H2/R2

d), and does not
qualitatively affect our results. The viscous heating rate per
unit mass is

Q+
vis

Md
' 9

4
νvisΩ

2
K =

9

4

GM2/Rd

tvis
. (19)

The incoming stream strikes the disk near the outer edge
and eventually circularizes to near-Keplerian motion close
to Rd, and this generates a total shock heating rate of

Q+
sh ' |Ṁ1|

(
ΦL1 − Φ(Rd)− GM2

2Rd

)
, (20)

where we have included the kinetic energy GM2/2Rd but ig-
nored the (subdominant) thermal energy of the circularized
gas. The radiative cooling rate is given by

Q−rad ' 2πR2
d
Uradc

τ/2
, τ = ρκH, (21)

where Urad = arT
4 is the radiation energy density, c is the

speed of light, τ is the optical depth in the vertical direc-
tion, and κ is the Rosseland-mean opacity. We have taken
the vertical diffusive radiative flux to be Uradc/(τ/2), where
the factor of 1/2 in the denominator is based on the con-
sideration that most photons are generated at some height
(∼ H/2) away from the disk mid-plane where the optical
depth is reduced compared to that of the entire disk. Note
that we are interested in the regime where the disk is highly
optically thick τ � 1 and we have checked that all our so-
lutions satisfy this condition.

As for the opacity κ(ρ, T ), we smoothly blend the high-
temperature (T & 104 K) tables from OPAL (Iglesias &
Rogers 1996) and low-temperature (103 . T . 104 K) ta-
bles by Ferguson et al. (2005), which includes effects of
molecules and dust grains. These tables are conveniently
collected by the MESA code (Paxton et al. 2019) in the
/mesa/kap/ directory. Our fiducial gas composition is H-
rich with mass fractions X = 0.7 (H), Y = 0.28 (He),

© 0000 RAS, MNRAS 000, 000–000



L2 mass loss 5

Z = 0.02 (metals, with solar abundance), for which the
names of the opacity tables are: “gn93_z0.02_x0.7.data”
and “lowT_fa05_gn93_z0.02_x0.7.data”. In the Appendix,
we also show the results for H-poor gas composition with
(X = 0, Z = 0.02) and for a low-metallicity case (X =
0.7, Z = 0.001). A key difference between using realistic
opacity tables and analytic Kramer’s opacity is that the
opacity is strongly enhanced near T ∼ 2 × 105 K due to
bound-bound transitions of Fe (Badnell et al. 2005), and
the iron opacity bump increases the L2 mass loss fraction.

The cooling rate per unit mass due to heat advection
by the radial inflow is given by

Q−adv

Md
= vrT

ds

dR
' 3

2

U

P

GM2/Rd

tvis
θ2, (22)

where s is the specific entropy and vr ' −3νvis/(2Rd) is the
radial velocity driven by viscous angular momentum trans-
fer. To obtain the second expression in equation (22), we
have made use of Tds = dh− dP/ρ, dh/dR ' h/Rd for the
specific enthalpy h = (U + P )/ρ and total energy density
U ' 3ρkBT/2µgmp + arT

4, and dP/dR ' P/Rd. Deter-
mining the precise radial gradients requires at least one-
dimensional modeling for the entire disk (e.g., Blandford &
Begelman 1999, 2004), and our qualitative results are only
weakly affected by these numerical factors of order unity.
Note that Q−adv ∝ (H/Rd)2 means that advective cooling is
only important for a geometrically thick disk.

Finally, we argue that mass loss from the L2 nozzle
will occur at sufficiently high mass transfer rates. This is
because, in the absence of L2 mass loss (setting fL2 = 0
in equations 13 and 18), if the disk is in the advection-
dominated state (Q−adv � Q−rad), the system necessarily
leads to a positive Bernoulli number, as showed by Narayan
& Yi (1994, 1995) and Blandford & Begelman (1999). The
physical consequence is that a significant fraction of the
transferred mass must be driven away from the system. The
most energetically efficient way of achieving this is to push
some gas slightly over the L2 nozzle, and it will subsequently
be accelerated by the torque from the binary and fly to very
large distances (Shu et al. 1979). Thus, we take the cooling
rate due to L2 mass loss to be

Q−L2 ' fL2|Ṁ1|
(

ΦL2 − Φ(Rd)− GM2

2Rd

)
. (23)

More realistically, when reaching the L2 point, the escaping
gas may have specific energy higher than ΦL2, and the resid-
ual kinetic energy and enthalpy will affect their kinematics
at larger radii R � a (Pejcha et al. 2016b). However, de-
termining the residual energy of the escaping gas at the L2
point is beyond the scope of the current work as it will re-
quire radiation magneto-hydrodynamic (MHD) simulations.

With the above heating and cooling rates, the energy
conservation equation (18) can be written in the following
dimensionless form

9

4
− 3U

2P
θ2 +

ΦL1 − fL2ΦL2

(1− fL2)GM2/Rd

=
Φ(Rd)

GM2/Rd
+

1

2
+

c3T
4

(1− fL2)2κ
θ2,

(24)

where

c3 =
8π2arαcR

2
d

|Ṁ1|2ΩK

. (25)

This equation has many interesting features. When fL2 = 0
and ignoring the shock heating terms, we have recovered the
thermodynamic equilibrium of a simple viscously accreting
disk (e.g., Yuan & Narayan 2014). At very high accretion
rates, the diffusion time becomes longer than the viscous
time such that the disk is very thick θ ∼ 1 (shock heating
also slightly increases the thickness). When L2 mass loss is
significant (fL2 ∼ 1), it efficiently cools the disk to a thinner
one. Note that in the extreme limit 1 − fL2 � 1, the disk
might become optically thin, and then the radiative diffusion
term on the right hand side needs to be multiplied by a factor
of (1 + 1/τ)−1, which gets rid of the diverging behavior of
(1− fL2)−2. We have checked that our solutions have τ � 1
throughout the parameter space, so this correction factor is
not needed.

Now we have two equations (16) and (24) for three un-
knowns: θ, T , and fL2. To close the system of equations, we
must introduce a model for fL2, the fraction of the trans-
ferred mass that is lost through the L2 nozzle. We take the
minimum fL2 such that the remaining gas in the disk is
not able to reach the L2 potential surface. This solution is
a stable equilibrium for the following reason. A larger fL2

than the minimum value will cool the disk even more such
that there will be a gap between the energy of the mass lost
through L2 nozzle and the remaining disk material. This is
clearly not the most energetically efficient solution and is
disfavored by our physical intuition. On the other hand, a
smaller fL2 than the minimum means that the remaining
disk material still has excessive energy to climb up the po-
tential to the L2 point (provided that radiative cooling can
be ignored), which will lead to more mass loss through L2.

In realistic systems, there will likely be a transient phase
where fL2 can be either higher or lower than the minimum
value, and subsequently the system will evolve towards the
equilibrium when causal contact between the edge of the
disk and the L2 point is established. The equilibrium fL2 is
calculated as follows.

In the adiabatic limit, the Bernoulli number of the disk
material at radius Rd is given by

Be(Rd) =
GM2/Rd

2
+ Φ(Rd) + h, (26)

where the specific enthalpy is given by

h =
U + P

ρ
=

5kBT

2µgmp
+

4arT
4

3ρ
. (27)

The Bernoulli number describes the total (kinetic plus po-
tential) energy content of the gas and stays constant along
a given stream line in a non-viscous and non-turbulent sys-
tem. It is likely that the shear motion for the gas flows at
radii larger than Rd do not have enough time to develop
strong (MHD) turbulence to affect the bulk motion. Thus,
the disk gas with Be(Rd) & ΦL2 will be able to reach the L2
potential and hence escape to much larger radii, if we ignore
the radiative cooling along the way.

To capture the detailed dynamics of the gas escaping
from the disk to the L2 nozzle and beyond, one has to carry
out radiation-MHD simulations in three dimensions. This
is left to be explored by future works. For an analytical
estimate, we adopt the following prescription{

fL2 = 0, if Be(fL2 = 0) < ΦL2.

Be(fL2) = ΦL2, else,
(28)
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6 Lu, Fuller, Quataert & Bonnerot

Figure 2. The outer disk solutions for a wide range of mass transfer rates |Ṁ1| and semimajor axes a. The dark blue contours show the
disk temperature T , and the color-shading and black contours show the L2 mass loss fraction from the outer disk fouter

L2 (in linear scale).
The left panel is for secondary mass M2 = 10M� (massive star or BH), and the right panel is for M2 = 1.4M� (NS). For both panels,
we have fixed the mass ratio q = M2/M1 = 0.5 and viscosity parameter α = 0.1. The gas composition is H-rich at solar metallicity
(X = 0.7, Z = 0.02). The cyan dashed and dotted lines in each panel indicate where (Qadv + QL2)/Qrad = 0.1 and 1, respectively
(the latter roughly corresponds to where GM2|Ṁ1|/Rd ' LEdd,2). When the local viscous heating rate near Rd is comparable to the
Eddington luminosity of the secondary, the disk becomes geometrically thick, and hence cooling due to the advective (Qadv, eq. 22)
and L2-loss (QL2, eq. 23) terms become important. We find that when the mass transfer rate is of the order 10−4M� yr−1 or higher, a
significant fraction of the transferred mass is lost through the L2 nozzle.

which limits the Bernoulli number to be less than ΦL2 (see
Margalit & Metzger 2016, for a similar treatment but in
a different context). The maximum disk thickness θmax is
given by Be(fL2) = ΦL2, i.e.,

4c1T
4

1− fL2
θ3

max +
5

2
c2T =

ΦL2 − Φ(Rd)

GM2/Rd
− 1

2
, (29)

where c1 and c2 have been defined by equation (17). The
above equation can be combined with equation (16) to yield

θ2
max =

3c2T

8
+

1

4

ΦL2 − Φ(Rd)

GM2/Rd
− 1

8
. (30)

If the solution under no L2 mass loss, θ(fL2 = 0), exceeds
this maximum thickness θmax, then we require some finite
0 < fL2 < 1 so as to maintain θ(fL2) = θmax.

The above model allows us to solve for the L2 mass
loss fraction fL2 as a function of the mass-transfer rate Ṁ1

and semimajor axis a. In the following, we denote the L2
mass loss fraction from the outer disk near Rd as fouter

L2 , so
as to differentiate it from the potential L2 mass loss from
the inner disk (see §2.3). The results from our model for
the accretion disk near radius Rd are shown in Fig. 2, for
two different secondary massesM2 = 10M� (massive star or
BH) and 1.4M� (NS). We find that when the mass-transfer
rate exceeds a few times 10−4M� yr−1 such that the local
viscous heating rate near Rd becomes comparable to the
Eddington luminosity of the secondary LEdd,2 = 4πGM2c/κ
(where κ is the gas opacity at Rd), an order-unity fraction
of the transferred mass is directly lost from the outer disk
through the L2 nozzle.

2.3 L2 Mass Loss from the Inner Accretion Disk

In this section, we consider lower mass-transfer rates at
which the outer disk is not capable of driving L2 mass loss
since the gas is radiatively efficient.

At lower mass-transfer rates for which fouter
L2 ≈ 0, the

inner disk can still launch an outflow near the “spherization
radius” Rsph � Rd where GM2|Ṁ1|/Rsph is close to the
Eddington luminosity of the secondary LEdd,2 and hence the
disk becomes advection-dominated and geometrically thick
(Shakura & Sunyaev 1973; Begelman 1978), provided that
the secondary object is sufficiently small R2 < Rsph. The
spherization radius is given by

Rsph = min

[
Rd,

(1− fouter
L2 )|Ṁ1|κ
4πc

]
. (31)

At small radii Rsph � Rd from the secondary, most of the
disk material cannot find a (fine-tuned) stream line that
directly connects to the L2 nozzle, so the natural way of
removing the excessive energy from the system is to launch
a wind with asymptotic speed of the order

√
GM2/Rsph

(Blandford & Begelman 1999). Therefore, the energy dis-
tribution of the gas near Rsph is in between −GM2/2Rsph

(most bound) and +GM2/2Rsph (most unbound). Most of
the unbound gas is not affected by the binary orbit and
quickly escape the system as a fast wind. However, a small
fraction of the gas with energy of the order |ΦL2| can be
captured by the binary potential and then flow out of the
system through the L2 nozzle.

Based on the above argument, we propose the L2 mass
loss fraction from the inner disk to be

f inner
L2 ' (1− fouter

L2 )
|ΦL2|

GM2/Rsph
, (32)

which is based on the assumption that the energy distribu-
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L2 mass loss 7

tion near Rsph is flat between ±GM2/2Rsph. Since |ΦL2|∼
0.1GM2/Rd, we see that f inner

L2 is of the order 0.1Rsph/Rd

based on our prescription in eq. (32).
Note that here LEdd,2 is based on the gas opacity near

Rsph, which is generally different from that near Rd. The
gas temperature and density near Rsph can be estimated by
(for disk thickness θ ' 1)

arT
4 +

3ρkBT

2µgmp
' GM2ρ

Rsph
, ρ ' (1− fouter

L2 )|Ṁ1|
2παΩK(Rsph)R3

sph

, (33)

We note that, for outflows to be launched from the in-
ner disk, the secondary object must be sufficiently small
R2 < Rsph, and otherwise f inner

L2 = 0 (and in this case
the secondary gains mass at a rate (1 − fouter

L2 )|Ṁ1| until
it reaches near the break-up rotation rate).

Finally, we combined the L2 mass loss from the outer
and inner disk to obtain the total L2 mass loss fraction

fL2 = fouter
L2 + f inner

L2 . (34)

This is shown in Fig. 3, for two different secondary masses
M2 = 10M� and 1.4M�, under the assumption that the
secondary is a compact object with R2 � Rsph (a BH or
NS).

We find that the contribution to L2 mass loss from
the inner disk is small: f inner

L2 is at most a few percent in
the parameter space where fouter

L2 is negligible. The overall
trend is that, at a fixed binary separation, the total L2 mass
loss fraction increases linearly (since Rsph ∝ |Ṁ1|) with the
mass-transfer rate until the viscous heating rate in the outer
disk becomes comparable to LEdd,2, and beyond this mass-
transfer rate nearly all the transferred mass is lost through
the L2 nozzle. The orbital evolution of the system is only
strongly affected by the angular momentum loss associated
with L2 mass loss when fL2 becomes close to order unity (at
which point fL2 ≈ fouter

L2 ), so it is appropriate to ignore the
effects of a small f inner

L2 on the orbital evolution.

3 BINARY ORBITAL EVOLUTION AND
ACCRETION ONTO THE SECONDARY

In this section, we consider the effects of L2 mass loss as
well as accretion onto the secondary on the binary orbital
evolution.

In the center of mass frame, the specific angular mo-
mentum of the gas corotating at the L2 point is given by

`L2 = Ωa2(xL2 − µ)2. (35)

In the following, we assume that the asymptotic angular
momentum of the gas escaping from the L2 nozzle is gb`L2,
where gb is a factor of order unity describing the angular
momentum gain due to the torque from binary. Hydrody-
namic simulations by Pejcha et al. (2016b, their Fig. 10)
showed that the angular momentum gain is rather modest
gb ∈ (1, 1.3). If the gas flowing out from the L2 point stays
bound to the binary and forms an “excretion” disk, then the
long-term viscous evolution of the disk may further extract
angular momentum from the binary and hence may lead to
a higher effective gb that is not captured by the simulations
by Pejcha et al. (2016b). On the other hand, at extremely
high mass-transfer rates such that fL2 ∼ 1, the L2 mass loss
may not achieve corotation with the orbit at the L2 point

Figure 3. The total L2 mass loss fraction (eq. 34) from the bi-
nary system for different mass transfer rates |Ṁ1| and semimajor
axes a, including contributions from the inner (f inner

L2 ) and outer
(fouter

L2 ) disk. Here we assume that the accretor is a compact ob-
ject. The color-shading and black contours show log10fL2, and the
dark blue contours show the gas temperature in the outer disk
near Rd. The upper panel is for secondary mass M2 = 10M�
(BH), and the lower panel is for M2 = 1.4M� (NS). For both
panels, we have fixed the mass ratio q = M2/M1 = 0.5 and vis-
cosity parameter α = 0.1. The gas composition is H-rich at solar
metallicity (X = 0.7, Z = 0.02). The cyan dashes and dotted
lines in each panel indicate where (Qadv +QL2)/Qrad = 0.1 and
1, respectively.

(see MacLeod et al. 2018b), so we may expect gb < 1 in
such cases. Detailed numerical simulations are required to
carefully determine gb.

When a fraction fL2 ≈ fouter
L2 (ignoring f inner

L2 ) of the
transferred mass Ṁ1 is lost through the L2 nozzle, the an-
gular momentum loss rate from the binary is given by

J̇L2 = −fL2|Ṁ1|gb`L2, (36)

As we show later (eq. 45), in the limit fL2 ≈ 1, the or-
bital separation shrinks as long as gb exceeds a critical
value gb,c = 0.5µ(1 + µ)/(xL2 − µ)2, which is in the range
0.1 . gb,c . 0.4 for 0.3 < q < 3. Thus, the general effect of
J̇L2 is to push the two stars closer to each other.
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8 Lu, Fuller, Quataert & Bonnerot

Figure 4. The specific angular momenta `1 (donor’s orbital
motion, red long-dash-dotted line), `2 (accretor’s orbital mo-
tion, blue dashed line), `L2 (L2 point at corotation, greed solid
line), `2 + `K(Rd) (accretor’s orbital motion plus disk Keplerian
rotation at the circularization radius Rd, orange dotted line),
`2 + `K(10−2Rd) (accretor’s orbital motion plus disk Keplerian
rotation at a distance 10−2Rd from the accretor, orange short-
dash-dotted line), all in units of the specific orbital angular mo-
mentum per reduced-mass

√
G(M1 +M2)a = Ωa2. This shows

that L2 mass loss generally carries much more angular momentum
per unit mass away from the binary system than other channels
such as fast stellar wind (red/blue lines) or disk wind (orange
lines).

When there is a large dynamical range between the sur-
face or innermost stable circular orbit (ISCO) of the sec-
ondary, R2, and the spherization radius Rsph, then the ac-
cretion disk is expected to take a self-similar or power-law
(Blandford & Begelman 1999) radial profile of mass accre-
tion rate in the radius range R2 < R < Rsph,

Ṁacc(R) ' (R/Rsph)p(1− fL2)|Ṁ1|, (37)

where the power-law index p is in general between 0 (no
wind) and 1 (the maximum allowed by energy conservation).
Numerical simulations of hot accretion flows typically finds
p ∈ (0.3, 0.8), but this is still rather uncertain (see Yuan &
Narayan 2014, and references therein). The basic result is
that, if the size of the secondary is small R2 � Rsph (e.g.,
in the case of a compact object), then only a very small
fraction of the transferred mass is actually accreted onto
the secondary, i.e.

Ṁ2 ≡ Ṁacc(R2) = min [(R2/Rsph)p, 1] (1− fL2)|Ṁ1|. (38)

We assume that the wind directly escapes from the system in
a quasi-spherical manner due to its fast speed (ignoring the
small fraction that is re-captured by the binary’s potential).
The angular momentum carried away by the wind has two
components due to the Keplerian rotation at the disk surface
and orbital motion of the secondary. The specific angular
momentum of the wind, averaged over the total wind mass
loss rate of (1 − fL2)|Ṁ1|−Ṁ2, is given by an integral over
the Keplerian angular momentum profile `K(R) =

√
GM2R

Figure 5. The ratio between the dimensionless orbital shrinking
rate and the mass loss rate, ξ = (ȧ/a)/(|Ṁ1|/M1), as a function
of binary mass ratio q and the total L2 mass loss fraction fL2,
according to eq. (45). The binary orbit shrinks (or expands) when
ξ < 0 (or ξ > 0). It is assumed that the L2 mass loss carries the
corotational angular momentum at the L2 point (taking gb = 1 in
eq. 36), and the disk-rotational component of the wind angular
momentum is ignored (taking Rsph/a ≈ 0). The secondary is
taken to be a compact object with negligible accretion rate (Ṁ2 =

0). We see that for q . 1/3 (the donor is much more massive), the
orbit rapidly shrinks on a timescale that is many times shorter
than the mass loss timescale M1/|Ṁ1| of the primary. For q & 1

(the donor is less massive), the orbit may shrink as a result of
significant L2 mass loss, as opposed to the usual expectation of
orbital expansion under fL2 = 0.

over the entire disk,

`w =

∫ Rsph

R2
dR (dṀacc/dR)

√
GM2R

(1− fL2)|Ṁ1|−Ṁ2

+ `2

=
2p

2p+ 1

1− (R2/Rsph)p+1/2

1− (R2/Rsph)p

√
GM2Rsph + `2,

(39)

where the accretion rate profile Ṁacc(R) is given by eq. (37)
and

`2 = Ωa2(1− µ)2 = (1 + q)−2
√
G(M1 +M2)a, (40)

is the specific angular momentum of the secondary. The ac-
cretion onto the secondary also gives an angular momentum
loss rate of Ṁ2

√
GM2R2, which is usually negligible unless

the accretion rate is low or the secondary radius is large
such that R2 ∼ Rsph. The “isotropic re-emission” prescrip-
tion often adopted in binary evolution studies (Paxton et al.
2015) corresponds to an assumption of `w ≈ `2, which is only
applicable if

√
q(1 + q)3Rsph/a � 1. We caution that this

assumption is violated if Rsph is a sizable fraction of Rd

(which is achieved at high mass-transfer rates) and q & 2.
Various specific angular momenta are shown in Fig. 4.

In the following, we ignore the small angular momentum
contributions by the spins of the two stars. The total angular
momentum loss rate of the binary system is

J̇ = J̇L2 + J̇w, (41)
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where

J̇w = −
[
(1− fL2)|Ṁ1|−Ṁ2

]
`w. (42)

Since the total mass loss rate is Ṁ = Ṁ1 +Ṁ2, we make use
of the expression for total angular momentum of a Keplerian
circular orbit J = Ωa2M1M2/M (M being the total mass),
and obtain the orbital shrinking (or expanding) rate

ȧ

a
= 2

J̇

J
− 2

Ṁ1

M1
− 2

Ṁ2

M2
+
Ṁ

M
. (43)

In the limit where the secondary is a compact object,
(R2/Rsph)p � 1, Ṁ2 � |Ṁ1|, and Ṁ ≈ Ṁ1, we obtain

(44)

J̇

J
≈ Ṁ1

µM1

{
gbfL2(xL2 − µ)2 +

(1− fL2)

[
(1− µ)2 +

2p

2p+ 1

√
µRsph

a

]}
,

and hence

(45)

ȧM1

aṀ1

≈ −(1 + µ) +
2

µ

{
gbfL2(xL2 − µ)2 +

(1− fL2)

[
(1− µ)2 +

2p

2p+ 1

√
µRsph

a

]}
.

In Fig. 5, we show the ratio between the dimensionless or-
bital shrinking rate ȧ/a and the mass loss rate Ṁ1/M1 as
a function of mass ratio q and fL2, for gb = 1 (the L2
mass loss carrying the corotational angular momentum of
the L2 point). Here we ignore the disk-rotational angular
momentum component of the wind by imposing Rsph/a = 0.
The qualitative effects of fL2 are unaffected by the choice of
Rsph/a.

We find that, if q . 1/3 and fL2 ' 1, the orbit rapidly
shrinks on a timescale that is a few to 10 percent of the
mass loss timescale of the primary, M1/|Ṁ1|. Moreover, at
sufficiently high mass transfer rates such that fL2 & 0.5,
the orbit always shrinks for practically all mass ratios. Note
that, under the (in our opinion questionable) assumptions
of fL2 = 0 and Rsph/a = 0, our eqs. (44) and (45) reduces
to the conventional picture where the orbit starts to expand
when q > 0.781 (Postnov & Yungelson 2014). Faster orbital
shrinking due to L2 mass loss (fL2 6= 0) has implications on
the formation of compact binary gravitational wave sources,
which will be discussed in a companion paper.

4 IR EXCESS FROM CIRCUM-BINARY
OUTFLOW

In this section, we discuss the radiative appearance of the L2
mass loss, which is assumed to be in the form of a circum-
binary outflow2 (CBO). The physical picture is that the in-
ner disk drives a quasi-spherical fast wind and the UV radia-
tion escaping from the wind photosphere will be reprocessed

2 For a wide range of mass ratios 0.06 . q (or q−1) . 0.8, cold
gas streaming out from the L2 nozzle will gain energy from the bi-
nary’s tidal torque and become unbound (Shu et al. 1979; Pejcha
et al. 2016b).

into IR emission by the CBO. A schematic picture is shown
in Fig. 6.

Let us consider the case that a fraction fL2 ≈ fouter
L2 of

the mass transfer-rate |Ṁ1| is channeled into the CBO and
the rest (1 − fL2) is driven away as a quasi-spherical wind.
The scattering photosphere of the wind is located at radius

Rs =
(1− fL2)|Ṁ1|κs

4πvw

= 0.4 AU
κs

0.34 cm2 g−1

(1− fL2)|Ṁ1|
10−3 M� yr−1

0.01c

vw
,

(46)

where we have taken a scattering opacity κs ≡ 0.34 cm2 g−1

for H-rich composition and the wind velocity vw is set by
the spherization radius (where most of the disk outflow orig-
inates, Begelman et al. 2006)

vw ∼

√
GM2

Rsph
=

√
LEdd,2

(1− fL2)|Ṁ1|
. (47)

For high mass accretion rates (1−fL2)|Ṁ1|∼ 10−3 M� yr−1,
the wind velocity is ∼ 10−2 c and the wind photospheric ra-
dius can be comparable to or larger than the orbital sepa-
ration (which makes it difficult to observe the mass donor).

The luminosity and spectrum of the radiation escaping
from the wind depends on the nature of the accretor as well
as the viewing angle. In the case of a compact-object ac-
cretor (BH or NS), the bolometric luminosity of the entire
system is dominated by the innermost regions of the accre-
tion disk. Only a small fraction of the mass-transfer rate
reaches near the ISCO (eq. 37), so photons decouple from
the gas within ten times the ISCO radii even though the
wind velocity is close to the speed of light (Jiang et al. 2014,
2019). From viewing angles not far from the rotational axis
of the disk, the system is expected to appear as a bright ULX
source with X-ray luminosity LX > 1039 erg s−1 (Kaaret
et al. 2017). However, due to geometric beaming (Narayan
et al. 2017), the X-ray photons from the fastest wind do not
reach the CBO which is located near the equatorial plane.

Instead, the irradiation of the CBO is dominated by
the photons that are reprocessed by the wind launched
from near the spherization radius Rsph and then escape
at the scattering photosphere given by eq. (46). Hereafter,
we denote the luminosity and color temperature of the ra-
diation escaping from the scattering photosphere of the
wind as Ls and Ts. We expect Ls to be comparable to
(or perhaps slightly higher than) the Eddington luminosity
Ls ∼ LEdd,2 ∼ 1038(M2/M�) erg s−1, whereas the tempera-
ture Ts is set by the radius of the last-absorption Rth, where
the effective/thermalization optical depth is unity (Rybicki
& Lightman 1986, their eq. 1.120)

τeff =
√

3κa(κa + κs)ρwRth ' 1, (48)

where κa is the absorption opacity for photons near the peak
of the local spectral energy distribution (SED) and κs is
the scattering opacity. The opacity depends on the wind
density ρw = (1 − fL2)|Ṁ1|/(4πR2vw) as well as the local
intensity/spectrum of the radiation field. In the limit κa �
κs, the Rosseland-mean optical depth (∼ scattering optical
depth) at Rth is τ(Rth) ' Rs/Rth '

√
κs/3κa, and the

luminosity of the escaping photons is given by

Ls ' 4πR2
th
arT

4
s c

τ
' 4

(
3κa

κs

)3/2

(4πR2
sσSBT

4
s ), (49)
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10 Lu, Fuller, Quataert & Bonnerot

Figure 6. Schematic picture of a binary system undergoing mass transfer at a high rate |Ṁ1|& 10−4M� yr−1 such that a significant
fraction of the transferred mass is lost through the L2 point — forming a circum-binary outflow (CBO). Immediately after flowing out
from the L2 nozzle, the gas is in the form of a spiral-shaped supersonic cold stream. At large distances (5–10 times the semi-major axis)
from the binary, the gas undergoes internal shocks and forms an axisymmetric geometrically thin outflow. The inner accretion disk near
the accretor launches a fast wind whose scattering photosphere is indicated by a thick orange curve. The UV/optical (and a small flux
of X-ray) photons from the hot photosphere irradiate the CBO, which reprocesses the incident radiation into longer wavelength photons
in the infrared (IR) bands. This model explains the IR excess observed in some ULXes (e.g., Lau et al. 2019).

where σSB = arc/4 is the Stefan-Boltzmann constant. There-
fore, we obtain a rough estimate of the color temperature of
the radiation escaping from the wind

Ts ' 2.5× 104 K

(
Ls

1039 erg s−1

) 1
4
(

κa

0.01 cm2 g−1

)− 3
8

(
κs

0.34 cm2 g−1

)− 1
8
(

(1− fL2)|Ṁ1|
10−3 M� yr−1

)− 1
2 ( vw

0.01c

) 1
2
.

(50)

It is beyond the scope of this paper to solve the full
frequency-dependent radiative transport problem through-
out the wind (see Shen et al. 2015, for general consid-
erations). Our preliminary calculations based on Cloudy3

showed that, for the fiducial parameters above, the (bound-
free) absorption opacity near photon energy 3kBTs ∼
10 eV (Ts/3 × 104 K) is of the order 10−2 cm2 g−1 at Rth

(where the scattering optical depth is ∼3). Since the wind
velocity scales as vw ∝ [(1 − fL2)|Ṁ1|]−1/2 (eq. 47) and
the absorption opacity κa generally decreases with accretion
rate, we see that the photospheric temperature is a decreas-
ing function of the mass accretion rate — bright emission in
the optical band is only possible at high accretion rates.

Observationally, a large fraction of ULXes have opti-
cal counterparts (e.g., Tao et al. 2011; Gladstone et al.
2013; Vinokurov et al. 2018) and the brightest ones have
spectral luminosity of νLν ∼ 1038 erg s−1 in the B-band
(e.g., Holmberg II X-1, Holmberg IX X-1, M101 ULX-1).
These sources with brightest optical luminosities are consis-
tent with the emission from the aforementioned wind with
Ls ∼ 1039 erg s−1 and Ts ' 3 × 104 K. Follow-up observa-
tions of some of these sources show that the flux density at
longer wavelengths (near- and mid-IR) is much higher than
the simple power-law extrapolation from the optical bands
(Heida et al. 2014; López et al. 2017; Lau et al. 2017, 2019).
In the following, we show that the IR excess is consistent
with the reprocessed emission from the CBO.

Let us consider the CBO to be a geometrically thin but

3 Version 17.01 of the code last described by Ferland et al. (2017).

optically thick sheet near the orbital plane of the binary
and that the CBO extends from an inner radius Rmin to
outer radius Rmax. The L2 mass loss flows out in the form
of a supersonic thin spiral-shaped stream, which then un-
dergoes internal shocks and forms an axisymmetric outflow
at a distance 5–10 times the binary separation (Pejcha et al.
2016a,b). Thus, the inner radius of the reprocessing sheet is
at

Rmin ∼ 10a. (51)

In the test particle limit (as considered by Shu et al. 1979),
the motion of a fluid element initially corotating at the L2
point is controlled by the binary’s tidal torque, and it can
acquire positive energy with asymptotic speed 0 < veq .
(1/3)

√
GM/a (M being the total mass) provided that the

mass ratio is q . 0.8 or q & 1.3. The importance of pressure
effects have been studied by Pejcha et al. (2016b); Hubová &
Pejcha (2019), who found that if the gas leaving the L2 point
has significant thermal energy and is radiatively inefficient,
then the radial pressure gradient can accelerate the gas to
a higher asymptotic speed than in the test particle limit.
Having these uncertainties in mind, we take

veq '
1

3

√
GM

a
' 46 km s−1

(
M

10M�

) 1
2
(

a

100R�

)− 1
2

.

(52)
The vertical extent of the CBO also depends on the thermal
energy at the L2 point. In the following, we adopt a fiducial
value for the height-to-radius ratio, fΩ ≡ H/R = 0.1fΩ,−1.
Therefore, the density profile of the CBO is given by

ρeq(R) =
fL2|Ṁ1|

4πfΩR2veq
. (53)

The outer radius Rmax is bounded by the age of the CBO
ejection veqtage ∼ 1017 cm (veq/50 km s−1)(tage/103 yr). An-
other important constraint is the radial optical depth for
incident photons τeq(R) = ρeqκPR, where κP is the Planck-
mean opacity of the photo-ionized region of the CBO (our
fiducial value below is estimated by Cloudy simulations). If
τeq < 1, the CBO is no longer an efficient reprocessor, and
hence the maximum radial extent is set by τeq(Rmax) = 1,
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i.e.

Rmax =
fL2|Ṁ1|κ
4πfΩveq

' 1× 1016 cm
κP

1 cm2 g−1

fL2|Ṁ1|
10−3 M� yr−1

50 km s−1

veq

0.1

fΩ
.

(54)

At radii Rmin < R � Rmax, only a thin surface layer
of the CBO is directly irradiated by the source photons
(Chiang & Goldreich 1997), whereas at much larger radii
R � Rmax, the entire CBO is photo-ionized by the UV
photons from the disk wind. The photo-ionized regions will
have temperature T ∼ 104 K (as given by the balance
between photo-electric heating and cooling due to colli-
sional excitation, Draine 2011) and isothermal sound speed
cs '

√
1.5kBT/mp ' 10(T/104 K) km s−1, so the gas under-

goes vertical expansion to reach a height-to-radius ratio of
cs/veq ∼ 0.2. The vertical expansion reduces the density as
compared to that in eq. (53) and hence Rmax should be self-
consistently reduced. More physically, the low density gas at
a few scale-heights away from the mid-plane will be heated
to higher temperatures close to Ts and expand faster in the
vertical direction. Some of the vertically extended gas may
also interact with the fast disk wind (via a turbulent shear-
ing layer), which may cause the entire CBO to evaporate. In
the following, we only consider the region R� Rmax, where
the bulk of the CBO can be considered as a dynamically
cold gas sheet.

The flux received by the reprocessing sheet at radius
R ∈ (Rmin, Rmax) is given by the following integral

F (R) = IsR
2
s

∫ θs

0

sin θdθ

∫ π
2

−π
2

dφ
(R cos θ −Rs)Rs sin θ cosφ

(R2 +R2
s − 2RRs cos θ)2

= Is

(
Rs

R

)3 ∫ θs

0

dθ
2(cos θ −Rs/R) sin2 θ

[1− 2(Rs/R) cos θ +R2
s/R2]2

,

(55)

where θ and φ are the polar and azimuthal angles in a spher-
ical coordinate system with the origin at the center of the
photosphere, polar axis pointing in the direction of a surface
element on the reprocessing sheet, and the sheet lying in the
φ = ±π/2 plane. We have also defined θs = acos(Rs/R) as
the maximum polar angle contributing to the incoming flux
and Is =

∫
dνIs,ν as the frequency-integrated intensity at

the wind photosphere. The angular dependence of the in-
tensity is taken to be isotropic at the photosphere, whereas
in reality this is affected by limb darkening (which would
change the results at an order-unity level).

For simplicity, let us assume that the photospheric emis-
sion has a blackbody spectrum at temperature Ts, meaning
that

Is,ν = DsBν(Ts), πIs = DsσSBT
4
s , (56)

where Bν(T ) = 2hν3c−2(ehν/kBT −1)−1 (h being the Planck
constant) is the Planck function and we have defined a di-
lution factor Ds based on eq. (49),

Ds ≡
Ls

4πR2
sσSBT 4

s

= 4

(
3κa

κs

)3/2

< 1. (57)

At radii R � Rmax, only a thin surface layer with
∆H/H � 1 is photo-ionized and the gas density in the
surface layer is much less than that at the equatorial plane.

Figure 7. Spectra from a spherical photosphere and an optically
thick, geometrically thin circum-binary sheet in the equatorial
plane, for two cases of different outer radii Rmax/Rs = 300 (black)
and 30 (red). For both cases, the inner radius of the equatorial
sheet is Rmin/Rs = 4 and the scattering photospheric radius is
Rs = 0.5 AU. The emission emerging from the photosphere has
luminosity Ls = 1039 erg s−1 and is assumed to be a blackbody at
temperature Ts = 3× 104 K (orange dash-dotted line). The equa-
torial sheet has two emission components — reflected component
from the photo-ionized hot surface (dashed line) and reprocessed
component from the deep interior (dotted line) — and their rela-
tive contribution is given by the albedo $ = 0.4. The observer’s
viewing angle wrt. to the rotation axis is Θobs = π/6. For com-
parison, we show the spectral energy distribution of Holmberg II
X-1 (a bright ULX, see text for references) where the IR excess
is consistent with reprocessing by circum-binary material.

Depending on the detailed vertical density profile (which de-
termines the ratio between absorption and scattering opac-
ity at different heights), this surface layer has an albedo
0 < $ < 1, where the upper (or lower) limit corresponds
to a scattering (or absorption) dominated surface layer. The
net result is that a fraction 1−$ of the flux is absorbed by
the CBO, and we assume this amount of energy is re-emitted
as a blackbody at the local effective temperature given by

σSBT
4
eff(R) = (1−$)F (R), (58)

whereas the rest of the incident flux $F (R) is reflected away
from the CBO. Physically, the albedo $ is expected to be a
(mildly) decreasing function of radius, because the fractional
height ∆H/H of the photo-ionized layer increases with ra-
dius and this leads to a decrease in the ionization parameter
(which is defined as the ratio between the incident photon
number density and the gas number density). Modeling the
radial profile of the albedo is beyond the scope of this work,
and we simply assume a constant $ throughout the entire
range of radii.

In the limit R � Rs, we have F ∝ R−3 and the effec-
tive temperature of the re-emission scales as Teff ∝ R−3/4.
Since Teff is proportional to the peak emission frequency
from each annulus, this generates a power-law spectrum
Lν ∝ dL/dTeff ∝ d(R2F )/dTeff ∝ ν1/3, which is much
shallower than the Rayleigh-Jeans slope. This power-law
truncates at radius Rmax (the shape of the spectrum at
ν � νmin depends on the emission from the photo-ionized
gas at R & Rmax), which means the spectrum below νmin '
(Rmax/Rs)

−3/4kBTs/h will be Rayleigh-Jeans-like (however,
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free-free emission from the photo-ionized gas will dominate
at ν ≪ νmin, which we do not consider here). Note that,
if the equatorial outflow has a flared structure (i.e. height-
to-radius ratio increasing with radius) or the albedo $ de-
creases with radius, then the re-emission at longer wave-
lengths is enhanced compared to our calculation (Chiang &
Goldreich 1997).

For a line-of-sight inclination angle of Θobs wrt. the ro-
tational axis of the system, the isotropic equivalent specific
luminosity at frequency ν is given by

Lν = 4π2R2
s Is,ν+

4π cos Θobs

∫ Req

Rmin

[
Bν(Teff) +

$F (R)

σSBT 4
s

Bν(Ts)

]
2πRdR,

(59)

where the first term is the contribution from the wind pho-
tosphere itself, and the second term has a cold thermal (Teff)
component from deeper layers close to the mid-plane and a
hot reflected component (Ts) from the photo-ionized surface
layer. Then equations (55) and (59) can be re-written in the
following dimensionless forms

F̃ (x) ≡ F (R)

πIs
=

2

π

∫ 1

x−1

dµ̃
(xµ̃− 1)

√
1− µ̃2

(x2 + 1− 2xµ̃)2
, (60)

and

L̃ν ≡
Lν

4π2R2
s Is,ν

= 1 + 2 cos Θobs×∫ xmax

xmin

xdx

[
D−1

s
ehν/kBTs − 1

ehν/kBTeff − 1
+$DsF̃ (x)

]
,

(61)

where x = R/Rs, xmin = Rmin/Rs, xmax = Rmax/Rs, and
Teff(x)/Ts = [(1−$)DsF̃ (x)]1/4.

The spectra of the reprocessing system are shown in
Fig. 7 for two cases of different outer radii Rmax/Rs = 300
and 30. We adopt the following parameters: wind luminosity
Ls = 1039 erg s−1, source temperature Ts = 3×104 K, photo-
spheric radius Rs = 0.5 AU, inner CBO radius Rmin = 4Rs,
albedo of the photo-ionized layer $ = 0.4, and observer’s
viewing angle Θobs = π/6. These parameters are motivated
by the consideration of a binary system with mass-transfer
rate of the order 10−3 M� yr−1. We find that the IR lumi-
nosity from such a system is LIR ∼ 5×1037 erg s−1. For lower
|Ṁ1|, the source temperature Ts will be higher and the pho-
tospheric radius smaller, so the reprocessed IR luminosity
will be lower. We note that the IR luminosity due to re-
processing is likely brighter than that generated by internal
shocks within the CBO (Pejcha et al. 2016b)

Lsh ∼ 0.03fL2
GM |Ṁ1|

a

' 3× 1035 erg s−1 fL2|Ṁ1|
10−3 M� yr−1

M

10M�

100R�
a

.

(62)

Our model prediction is compared to the SED of a
luminous ULX (with apparent X-ray luminosity LX ∼
1040 erg s−1) in the nearby dwarf star-forming galaxy Holm-
berg II: Holmberg II X-1 (e.g., Kaaret et al. 2004; Goad
et al. 2006; Berghea et al. 2010; Tao et al. 2012; Walton
et al. 2015). This ULX has bright optical (U,B, I bands),
near-IR (Keck H and Ks bands) and mid-IR (warm Spitzer
IRAC 3.5 and 4.5µm bands) counterparts (Tao et al. 2011;
Heida et al. 2014; Lau et al. 2017, 2019). The median is used

if the flux at a given band has significant time variability.
The IR flux greatly exceeds the extrapolation from the op-
tical bands and has been interpreted as the emission from
circum-stellar dust or a supergiant Be star by Lau et al.
(2017, 2019). Here, our model provides a physical explana-
tion of the bright IR emission being due to reprocessing by
a CBO from L2 mass loss. We do not provide a statistical
fit to the SED of Holmberg II X-1, because the photometry
in the near-IR (or mid-IR) were carried out by instruments
with angular resolution of about 1′′ (or a few ′′), and the
contribution from diffuse emission and noise in the adopted
aperture (of physical radii of 10–30 pc at the source distance)
may be significant.

We also note that the brightest Galactic micro-quasar
SS433 is undergoing mass transfer at a rate that is esti-
mated to be of the order 10−4 M� yr−1 (based on the mass
outflow rate) and its binary separation is a ' 60R�[(M1 +
M2)/20M�]1/2 for an orbital period of 13.1 d (Fabrika 2004).
There is strong evidence for the existence of CBO in this
system4 (as initially suggested by Filippenko et al. 1988).
However, since SS433 is close to the Galactic plane with
high (and uncertain) dust extinction AV ∼ 8 mag (Wag-
ner 1986), we do not attempt to model the SED of this
source in this work. Another possible example of CBO is
the famous SN1987A equatorial ring (ER), which is located
at a distance R ≈ 0.6 ly and has a radial expansion speed
of v ' 10 km s−1 (see McCray & Fransson 2016, for a re-
view). From its fractional radial thickness ∆R/R ∼ 0.1,
we can infer the duration of the ejection of the ER to be
tER . 2000 yr, since ∆R = max[v tER, (∆v/v)R], where ∆v
is the spread in radial velocity. The mass of the flash-ionized
ER gas by the supernova light is estimated by be about
0.06M� (Lundqvist & Fransson 1996; Mattila et al. 2010),
so we obtain a conservative lower limit for the mass loss rate
to the ER, ṀER > 3× 10−5 M� yr−1.

Our model can also be applied to systems shortly be-
fore one of the stars undergoes SN explosion. If a pre-SN
system has strong L2 mass loss, reprocessing of the UV and
soft X-ray emission from the disk wind by the equatorial
outflow should generate bright near-IR excess at the level
of ∼ 10% of the accretor’s Eddington luminosity. This pro-
vides a possible explanation of the photometric detections
of “cool” progenitor systems of some SNe (Smartt 2015), as
the equatorial outflow has a much larger surface area than
that of the pre-explosion star. For instance, the Type Ib SN
2019yvr had archival multi-band pre-explosion images at its
position showing bright emission with νLν ' 7×1037 erg s−1

at wavelength λ = 0.8µm (Kilpatrick et al. 2021; Sun et al.
2021), which is consistent with reprocessing by a CBO but

4 The evidence includes: (1) the stationary Hα lines (and other
recombination lines) have two narrow components that are blue-
shifted and red-shifted with half-separation of about 200 km s−1

independent of the orbital revolution whereas the inner regions of
the accretion disk undergoes eclipsing in each orbit — these two
narrow components must come from circum-binary gas (Blundell
et al. 2008); (2) the spatially resolved images of radio (free-free)
emission shows outflowing gas in the equatorial plane roughly per-
pendicular to the jets (Paragi et al. 1999; Blundell et al. 2001); (3)
near-IR interferometric observations shows that the low-velocity
core of the stationary Brγ line is emitted by gas moving perpen-
dicular to the jet directions (Waisberg et al. 2019).
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difficult to explain by a single, hydrogen-poor star model.
Moreover, SN 2019yvr transitioned into a Type IIn at late
time with narrow Hα emission line, X-ray and radio emission
from shock interaction with circum-stellar material, further
supporting our picture.

5 DISCUSSION

In this section, we discuss the limitations of our model,
which may be improved in future works.

(1) The boundary between fL2 � 1 and fL2 ∼ 1 in the
|Ṁ1|-a plane (Fig. 2) is affected by many factors that are
explicitly contained in our model description. In the Ap-
pendix, we show how the results depend on the gas compo-
sition, which affects the Rosseland-mean opacity and hence
the radiative cooling rate Qrad. Generally, at lower opacities
(e.g., for a hydrogen poor composition), higher mass-transfer
rates are needed to trigger L2 mass loss. The results also de-
pend on the dimensionless viscosity parameter α (fixed at
fiducial value of 0.1) and mass ratio q = M2/M1 (fixed at
fiducial value of 0.5). We do not explore the entire multi-
dimensional parameter space here in this paper. Instead, we
provide a Github link5 to our source code, which can be
used to calculate the L2 mass loss fraction for any set of
parameters.

(2) The outer disk near radius Rd is described by a
one-zone model based on global mass/energy conservation.
Such a one-zone model is only a crude approximation of
the full 3D structure of the accretion flow, and the quan-
titative results can only be trusted to within a factor of a
few. More realistically, since the gas at different radii ex-
perience different heating and cooling rates, the Bernoulli
number is a function of radius and this radial dependence
determines which part of the disk is susceptible to wind or
L2 mass loss. Moreover, if we consider the gas profile in the
vertical direction, in the radii where radiative cooling is in-
efficient, the gas at higher latitudes tends to have a higher
Bernoulli number and hence will be easier to escape the disk
(Stone et al. 1999). Furthermore, a fraction of the circular-
ized gas is located near the tidal truncation radius (which is
slightly smaller than the volume-equivalent Roche-lobe ra-
dius of the secondary, Rv,2) and their orbits are significantly
non-circular — the assumption of Keplerian rotation breaks
down. These multi-dimensional effects are better captured
in (more expensive) numerical simulations (e.g., MacLeod
et al. 2018b), which will be explored in the future.

(3) Our radiative cooling term Qrad (eq. 21) considers
photon diffusion in a uniform gas, whereas more realistically,
the gas density profile is likely highly inhomogeneous such
that photons will try to escape through the lower density
regions along the paths of least resistance (Blaes et al. 2011;
Jiang et al. 2014). If radiative cooling is more efficient than
in our model, then the gas Bernoulli number is reduced and
hence a higher mass-transfer rate is needed to trigger L2
mass loss.

(4) We focus on the case of stable mass transfer — the
donor loses its envelope on a timescale much longer than

5 This link will be available after the publication of this work.

the dynamical time ∼ Ω−1 (Ω being the binary orbital fre-
quency). In the case of dynamically unstable mass trans-
fer (e.g., right before a merger event), the assumption of
corotation breaks down and our model provides a poor de-
scription for the hydrodynamics of the system. At extremely
high mass-transfer rate |Ṁ1|& 10−2 M� yr−1, a fraction of
the shock-heated gas with the highest Bernoulli number will
likely be lost on a dynamical time — this fraction of gas is
unable to form an accretion disk and hence does not con-
tribute to viscous heating. It is also likely that some of the
high-Bernoulli-number gas will be lost through the L3 noz-
zle. We speculate that the mass loss from the system is still
concentrated near the equatorial plane, but the height-to-
radius ratio of the CBO will likely increase with the mass-
transfer rate.

(5) We have restricted our analysis to the case where
the accretor’s radius is less than the circularization radius
of the incoming stream from the L1 nozzle (R2 < Rd). In
many binary systems (e.g., double main-sequence or dou-
ble white-dwarf), the two stars have similar radii such that
R2 > Rd, and hence the stream directly hits the surface
of the accretor. At low mass-transfer rates, the mass trans-
fer will be conservative such that Ṁ2 = −Ṁ1 (up to the
point where the accretor is spun to near the critical rota-
tion rate). However, for a high mass-transfer rate such that
GM2Ṁ1/R2 > LEdd,2, the shocked gas is unable to radia-
tively cool (Q−rad � Q+

sh). The strong radiation pressure will
potentially push a fraction of the incoming gas (as well as
some material originally from the accretor) away from the
system through the L2 nozzle, and the rest of the gas will
settle down on the surface of the accretor. Thus, we still
expect the formation of an equatorially concentrated CBO.
The consequence of the rapid angular momentum loss asso-
ciated with the L2 outflow is that the system is more likely
to undergo a violent merger than in the case of conservative
mass transfer. The merger ejecta will interact with the CBO
and generate a bright transient in the optical band (Metzger
& Pejcha 2017).

(6) We do not specify the physical origin of the high
mass-transfer rates considered in this work. Due to their
short lifetime (. 103–104 yr) and the requirement of mas-
sive binary initial conditions, these systems are very rare
in the Universe, with cosmic number density of the or-
der 108 Gpc−3 or less. Despite their rarity, such systems
may produce some of the most interesting sources in high-
energy astrophysics: compact object mergers, stellar merg-
ers, micro-quasars/ULXes, and interaction-powered SNe.
Future binary population modeling is needed to identify
possible evolutionary pathways that lead to the high mass-
transfer rates.

6 SUMMARY

This paper considers the hydrodynamics of semi-detached
binary systems where the donor transfers mass to the com-
panion via Roche-lobe overflow. We construct a physical
model for the accretion disk around the companion. It is
proposed that, at sufficiently high mass transfer rates such
that the accretion flow becomes geometrically thick (or
advection-dominated) near the outer disk radius, a large
fraction of the transferred mass will be lost through the L2
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point. This is based on the physical intuition that losing
mass from the L2 point is energetically favorable over lifting
material to infinity by a fast wind.

Our model predicts the fraction of the transferred mass
that is directly lost through the L2 nozzle from the outer disk
fouter

L2 , which becomes of the order unity when |Ṁ1|& few×
10−4 M� yr−1. Our model is tentatively supported by the
(although inviscid) hydrodynamic numerical simulations by
MacLeod et al. (2018a,b), where the authors studied binary
systems undergoing unstable mass transfer (at a rate of the
order 10−2 M� yr−1 or higher) and clearly identified mass
loss through the L2 point (as well as the L3 point). Future
MHD simulations taking into account viscous accretion are
needed to further test our model.

At lower mass-transfer rates |Ṁ1|. 10−4 M� yr−1 when
direct L2 mass loss from the outer disk is negligible (fouter

L2 ≈
0), the inner disk can launch a strong outflow near the spher-
ization radius Rsph where the accretion luminosity becomes
near the Eddington limit of the accretor, provided that the
size of the accretor is small (e.g., in the case of a compact
object). In this case, the majority of the disk wind directly
leaves the system at a typical speed vw ∼

√
GM2/Rsph,

whereas a small fraction of (or the slowest part of) the wind
can still be captured by the equipotential surfaces passing
near the L2 point. We estimate the L2 mass loss fraction
from the inner disk to be f inner

L2 ∼ |ΦL2|/(GM2/Rsph) and
we find it to be small: f inner

L2 is at most a few percent at low
mass-transfer rates |Ṁ1|. 10−4 M� yr−1.

Material leaving the binary system via the L2 point
forms a circum-binary outflow (CBO), although it is also
possible to produce an excretion disk for a narrow range of
binary mass ratio 0.8 . q . 1.3 (Shu et al. 1979). Due to the
large lever-arm of the L2 point, a large L2 mass loss frac-
tion may cause rapid angular momentum loss, which tends
to shrink the orbital separation, leading to shorter orbital
periods or potentially unstable mass transfer. The effects
on binary evolution and merger rates of gravitational wave
sources will be explored in a companion paper using MESA

(Paxton et al. 2019) simulations.
A key signature of a system undergoing L2 mass loss

is that the UV/optical emission from the hot accretion disk
wind will be reprocessed by the CBO into the IR bands. This
produces an IR luminosity that can reach ∼ 10% of the Ed-
dington luminosity of the accretor. Thus, we encourage tak-
ing high-resolution images of nearby ULXes by James Webb
Space Telescope to identify possible IR counterparts and
measure their IR fluxes. Another implication of our model
is that, if a binary had L2 mass loss before the SN explo-
sion of one of the stars, then the pre-SN system (if detected
in archival images) should have an IR excess due to repro-
cessing by the CBO — this provides a possible explanation
of the “cool progenitor” of Type Ib SN 2019yvr (Kilpatrick
et al. 2021).

DATA AVAILABILITY

The data underlying this article will be shared on reasonable
request to the corresponding author.
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APPENDIX A: EFFECTS OF OPACITY

In this Appendix, we show the dependence of our results
on the Rosseland-mean opacity, which affects the cooling of
the disk gas by radiative diffusion in the vertical direction.
We consider a H-poor solar-metallicity (X = 0, Z = 0.02)
gas composition, as well as a H-rich low-metallicity (X =
0.7, Z = 0.001) case. The main differences from our fidu-
cial case (X = 0.7, Z = 0.02): the H-poor case has a lower
scattering opacity and the low-metallicity case has a weaker
iron opacity bump, and the consequence is that L2 mass loss
occurs at a higher mass-transfer rate (for a fixed binary sep-
aration and component masses). The opacity tables κ(ρ, T )
for all three cases are shown in Fig. A1. We use the bound-
ary values at the same temperature when (ρ, T ) is beyond
the boundaries of the given table (this only occurs for wide
binary separation a & 103R� and low mass-transfer rate
|Ṁ1|. 10−5 M� yr−1, and our main results are unaffected).

Then, we show the results of the L2 mass loss fraction
from the outer disk fouter

L2 (|Ṁ1|, a) as a function of mass-
transfer rate and binary separation in Fig. A2 (for H-poor
solar metallicity) and in Fig. A3 (for H-rich low metallicity).
In each of the figures, we compare the result with that from
in our fiducial case of H-rich solar metallicity composition.
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Figure A1. Rosseland-mean opacity tables corresponding to
three different gas compositions: H-rich solar metallicity (X =

0.7, Z = 0.02, upper), H-rich low metallicity (X = 0.7, Z = 0.001,
middle), and H-poor solar metallicity (X = 0, Z = 0.02, bottom
panel). Compared to the standard “H-rich Z�” case, the low-
metallicity case lacks the iron opacity bump near T ∼ 2× 105 K,
and the H-poor case has lower electron scattering opacity and
lacks the hydrogen opacity bump near T ∼ 1× 104 K.
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Figure A2. The color-shading and solid contour lines show the L2 mass loss fraction from the outer disk fouter
L2 (in linear scale) for

H-poor solar-metallicity gas composition (X = 0, Z = 0.02). The left panel is for secondary mass M2 = 10M� (massive star or BH),
and the right panel is for M2 = 1.4M� (NS). For both panels, we have fixed the mass ratio q = M2/M1 = 0.5 and viscosity parameter
α = 0.1, and we use µg = 4/3 (mean molecular weight for fully ionized helium, see text below eq. 10). Compared to the fiducial case of
H-rich solar-metallicity gas (shown by the dashed contours), we find that the main effect of lower hydrogen mass fraction is to reduce
the scattering opacity as well as the hydrogen opacity bump near T ∼ 1× 104 K; this increases the Eddington luminosity of the accretor,
so higher mass-transfer rates are needed to trigger L2 mass loss. The effect of the reduced hydrogen opacity bump is only seen on the
right panel (M2 = 1.4M�) for wide binary separations a ∼ 103R�.

Figure A3. The color-shading and solid contour lines show the L2 mass loss fraction from the outer disk fouter
L2 (in linear scale) for

H-rich low-metallicity gas composition (X = 0.7, Z = 0.001). The left panel is for secondary mass M2 = 10M� (massive star or BH),
and the right panel is for M2 = 1.4M� (NS). For both panels, we have fixed the mass ratio q = M2/M1 = 0.5 and viscosity parameter
α = 0.1. Compared to the fiducial case of H-rich solar-metallicity gas (shown by the dashed contours), we find that the main effect of
lower metallicity is to reduce the iron opacity bump near T ∼ 2 × 105 K; this increases the Eddington luminosity of the accretor, so
higher mass-transfer rates are needed to trigger L2 mass loss.
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