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MODE COLLAPSE EXAMPLE OF QUGAN

We provide a concrete example of mode collapse in the
original QuGAN architecture [1, 2]. Consider a true data
state σ and a generator initialized in state ρ, where each
state is defined by

σ =
1 + cos(π/6)σx + sin(π/6)σy

2
, (1)

ρ =
1 + cos(π/6)σx − sin(π/6)σy

2
. (2)

Maximizing the loss function (Eq. 3 of the main text)
with a Helstrom measurement by decomposing σ − ρ =
σy

2 , the discriminator will take T = P+(σ − ρ) = 1+σy

2 .
Optimizing over the space of density matrices, the gen-
erator will rotate ρ to be parallel to T , also giving ρ′ =
1+σy

2 . In the next iteration, the discriminator attempts
to perform a new Helstrom measurement to distinguish
σ from ρ′, but this results in T ′ = P+(σ−ρ′) = ρ. As the
generator realigns to match the new measurement oper-
ator, we find that ρ′′ = ρ. It is now straightforward to
see that if the QuGAN is trained to fully solve the min-
imax optimization problem each iteration, it will never
converge; instead, it will always oscillate between states
ρ and ρ′, neither of which are the Nash equilibrium of
the minimax game (Fig. 1) for the QuGAN performance
under such mode-collapse.

More generally, we can consider the oscillation be-
tween a finite set of states. Let the function Tσ(ρ) =
P+(σ − ρ) denote the optimal Helstrom measurement
P+ =

∑
i |φ

+
i 〉〈φ

+
i | obtained from the positive part of

the spectral decomposition of σ − ρ. If T
(k)
σ is the k-

fold composition of T with itself, then the existence of
some k > 1 such that T (k) = ρ is sufficient to ensure
oscillation between k states. For a system of n qubits,
we may achieve this by preparing the target and initial
state separated by an angle of π/3 on the generalized
Bloch sphere.

TRAINING EQ-GAN

While the original QuGAN architecture is shown to
oscillate indefinitely for a concrete example constructed
above, we provide numerical experiments here to demon-
strate the successful convergence of the proposed EQ-
GAN architecture.
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FIG. 1: Performance of QuGAN [1, 2] learning the state de-
fined in Eq. (1) with initialization given by Eq. 2. Mode
collapse manifests as an oscillation in the generator and dis-
criminator loss without converging to a global optimum. The
implementation is based on the original architecture in Pen-
nylane [3].

In Fig. 2, we illustrate a subtlety in the oscillatory anal-
ysis presented in the main text. Within the GAN formal-
ism, the generator and discriminator iteratively optimize
a given loss function. When the optimization is allowed
to converge to an extremum of the loss function in the
QuGAN architecture specifically, the result is determined
by a Helstrom measurement. It is for this case that in-
definite oscillation is shown; in the case of learning the
state σ constructed in the main text, oscillation between
states ρ and ρ′ result in a constant state overlap of 3/4.

However, the iterative optimization procedure to move
towards the optimal Helstrom measurement may be only
partly completed, i.e. the generator and discriminator
are not allowed to extremize the loss function. With such
a selection of hyperparameters, we observe that oscilla-
tion between states continues (Fig. 2), leading to unstable
training for the QuGAN architecture. In comparison, the
same hyperparameters perform well for the EQ-GAN ar-
chitecture, which steadily approaches the true data state.
Unstable training is difficult to overcome even in classical
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FIG. 2: Numerical verification of theoretical results of
QuGAN [1, 2] and EQ-GAN learning the state given by Eq. 1,
showing example training curves. Full training denotes train-
ing the generator for 50 epochs then the discriminator for 50
epochs each iteration; partial training denotes only 1 epoch
per iteration. The QuGAN remains more unstable than EQ-
GAN during training with either training configuration.

GAN architectures [4], and thus advances in understand-
ing how to prevent such non-convergence are consequen-
tial for both quantum and classical machine learning.

To help ensure stable training of the EQ-GAN archi-
tecture, we introduce a training procedure that capital-
izes on the fact that the discriminator must converge to
a swap test at the optimal Nash equilibrium. Rather
than training both the generator and discriminator from
the beginning, we pre-train the EQ-GAN in a supervised
setting. In the first phase, the discriminator is frozen
with the parameters of a perfect swap test, although the
unitary Ũ(θoptd ) may be an imperfect swap test; the gen-
erator is trained until the loss converges. In the second
phase of training, the discriminator is allowed to vary ad-
versarially against the generator, seeking the parameters
θ∗d. In the context of gate errors, this second phase may
yield a unitary closer to a true swap test. The example
shown in Fig. 3 of the main text on a physical quan-
tum devices is simulated in Fig. 3 here, showing the two
phases of training and the benefit of an adversarial swap
test in the presence of noise.

EQ-GAN DISCRIMINATOR ARCHITECTURE

We implement an ancilla-free swap test to perform
state discrimination (Fig. 4). To evaluate the swap
test on a Sycamore quantum device, we decompose each
CNOT gate into (I⊗H)CZ(I⊗H) operations to use the
native CZ gate. As discussed in the main text, the CZ
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discriminator

Perfect SWAP

FIG. 3: Example comparison of EQ-GAN and a perfect swap
test for a simulated noise model. Normally distributed noise
on single-qubit rotations are applied with a systematic bias
away from zero, causing the swap test to force convergence to
the incorrect state.

gate has unstable errors that can be effectively modeled
with Z rotations by an unknown angle on either qubit.
The EQ-GAN formalism can overcome the single-qubit
phase error by applying RZ(θ) gates directly after each
CZ operation. During adversarial training, the free an-
gles θ are optimized with gradient descent to mitigate the
two-qubit gate error. Due to the convergence properties
provided by the generative adversarial framework, the
discriminator provably converges to the best state dis-
criminator possible. This motivates early stopping (as
shown in Fig. 3 of the main text) when the discrimina-
tor loss indicates that the best state discriminator has
been achieved.

FIG. 4: Ancilla-free swap test between two 3-qubit states. By
rewriting the controlled-swap operation as CNOT and Toffoli
gates and replacing computational basis operations with clas-
sical post processing, the swap test can be performed with an
ancillary classical bit. In general, for n-qubit states, the dis-
criminator and the EQ-GAN architecture require O(n) gates.
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FIG. 5: QRAM ansatzes for n = 4 qubits in planar connectivity with (a) exponential peaks (3 two-qubit gates), (b) Gaussian
distribution (21 two-qubit gates), and (c) exact superposition (57 two-qubit gates). We adopt ansatz (a) because circuit depth
scales polynomially for a QRAM with n qubits, while (b) and (c) scale exponentially with n.

EQ-GAN SIMULATIONS

We describe the simulated results for EQ-GAN models
up to 18 qubits. The EQ-GAN model learns to generate
n-qubit data states of the form (|0 . . . 0〉 + |1 . . . 1〉)/

√
2

using a 2n-qubit circuit. The preparation of the data
state is defined to be noiseless, while the generator and
discriminator are subject to Z phase errors on each CZ
gate. Explicitly, each CZ gate is followed by single-qubit
Z rotations with normally distributed parameters given
by experimental calibration data of the uncharacterized
time-dependent drift [5]. The generator is of the same
form as the data state, with parameters fixed to exactly
replicate the data state in the absence of noise. Each
CZ gate is followed by Z gates that, when optimized to
the correct set of parameters, may exactly counteract the
uncharacterized CZ noise. Similarly, the discriminator is
a swap test with free Z rotation gates that, given appro-
priately optimized parameters, allow the discriminator to
fully counteract the uncharacterized CZ noise.

The EQ-GAN is trained to learn 6-qubit through 9-
qubit data states. We compute the percent reduction in
error achieved by the EQ-GAN for 6-qubit and 7-qubit
states (12-qubit and 14-qubit models). Summary statis-
tics for larger models are not reported due to the compu-
tational cost of simulating the training of large circuits.
Examples of training curves on the true fidelity of the
generator with the data state are shown in Fig. 4 of the
main text. Error bars in the main text are computed
by the interquartile range of state fidelity as a function
of training iteration. The solid curves for 12-qubit and
14-qubit models correspond to examples that match the
average performance, measured by the average EQ-GAN
fidelity minus the average initial fidelity (iteration 0). In
the main text, we show training curves for initial states
below average fidelity to demonstrate EQ-GAN conver-
gence on harder (i.e. noisier) examples. Averaging over

all training examples (regardless of initial fidelity), the
fractional reduction of error after EQ-GAN training —
i.e., (EQ-GAN fidelity − initial fidelity)/(1 − initial fi-
delity) — is found to be 34%± 2% (12-qubit model, 408
instances) and 33%±3% (14-qubit model, 229 instances),
reporting standard error up to 2σ.

QNN ARCHITECTURE

We seek to demonstrate an empirical difference in per-
formance between training a quantum neural network
(QNN) with individual examples of a classical dataset
and with a superposition of data as obtained from a pre-
trained EQ-GAN. To use the native CZ two-qubit gate,
we implement a rank-4 entangling gate G given by

G(θ) =


1 0 0 0
0 e−iθ 0 0
0 0 e−iθ 0
0 0 0 1

 , (3)

which is decomposed as shown in Fig. 6.
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FIG. 6: Decomposition of the two-qubit entangling gate G(θ)
used in the QNN ansatz (Eq. 3).

Due to the planar connectivity of a Sycamore quantum
device, we implement the QNN shown in Fig. 7 with
a four-qubit data state. Classification between Class 0
(centered peak) and Class 1 (left peak) is performed by
training the QNN with different data initialization cir-
cuits corresponding to the variational QRAM prepara-
tion circuits for either class. The variational QRAM is
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trained via an EQ-GAN model with a peak ansatz for
either Class 0 or Class 1 as the generator, and a param-
eterized swap test following the experimental results of
the main text as the discriminator. The Class 0 genera-
tor ansatz shown in Fig. 5a is reproduced in Fig. 7 over
the data qubits to demonstrate learning Class 0, while
the Class 1 ansatz is of the same structure but has only
two CZ gates and leaves the first data qubit in the |0〉
state.
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FIG. 7: Quantum neural network architecture (left) and its
corresponding layout on the Sycamore device (right) when
learning examples from the QRAM superposition of Class 0.
A four-qubit data state is constructed with the circuits shown
in Fig. 5a and placed in the |data〉 state on the blue qubits.
A readout qubit (orange) performs parameterized two-qubit
interactions shown in Fig. 6.

The QNN is trained by receiving a superposition over
an entire class each iteration. As discussed in the main
text, the superposition methodology does not use an ex-
act superposition of the training dataset. Instead, it
uses a shallow approximation obtained by pre-training
an EQ-GAN. We prepare a symmetric concatenation of
exponential functions to approximate a peak with mini-
mal circuit depth. In comparison, preparing a Gaussian
distribution over n qubits requires (n−1)-controlled rota-
tions, which must be decomposed into 2n−1 CZ gates to
use the native gate basis (see Fig. 10 of [7]); additional
swap operations are required to prepare the state on a
planar architecture. Given the empirical dataset, we may
also prepare an exact superposition of the data following
a state preparation procedure such as that proposed in
Ref. [8]. However, this also requires n-controlled rota-
tions, leading to an exponential dependence in the num-
ber of qubits. All three versions of the QRAM are shown
in Fig. 5 and the Wasserstein distance of the shallow
ansatz (Fig. 5a) to the true underlying data distribution
is compared to the distance between the exact sampled
data and the true underlying distribution in Table I.

ADVERSARIAL LEARNING WITHOUT ERRORS

While the main text discusses the benefit of adversarial
learning in the noisy case, i.e. the automatic suppression
of device errors, we provide additional motivation here
for using adversarial learning in the noiseless case. In
particular, we construct an example for which a perfect

Dataset Class 0 distance Class 1 distance

Exact superposition 0.011 0.006

Variational QRAM 0.010 0.006

TABLE I: Wasserstein distance (earth mover’s distance) be-
tween a dataset presented to the QNN (either exact super-
position of the training set, or an approximation variational
QRAM representation) and the true underlying data Gaus-
sian distribution.

swap test fails and adversarial learning successfully gen-
erates the true data state (Fig. 8).
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FIG. 8: Demonstration of a vanishing gradient for a per-
fect swap test and convergence for the EQ-GAN. While the
swap test cannot be trained by gradient descent, the EQ-GAN
achieves a state overlap of 0.97.
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FIG. 9: Generator and data circuit with a vanishing gradi-
ent given data defined by X and Z rotations of π/2 and a
generator initialized with zero angles.

Given the generator ansatz shown in Fig. 9, define
the data state to have powers θ1 = θ2 = 1/2 for
corresponding rotations Rx(2πθ1), Rz(2πθ2). The gen-
erator then optimizes angles φ1, φ2 towards achieving
full state overlap, ideally identifying φ1 = θ1 φ2 =
θ2. In general, the gradient of the state overlap is
π
4

√
2− 2 cos(2πφ1) cos(2πφ2). By initializing the gen-

erator with φ1 = φ2 = 0, the gradient and all higher
derivatives of the overlap vanish. Since a noiseless su-
pervised learning approach with a perfect swap test can
only evaluate the gradient of a state overlap measure-
ment, gradient descent will fail to converge to the correct
values.

On the other hand, by allowing the discriminator to
change, the issue of a vanishing gradient is circumvented
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and the generator learns the data state (Fig. 8). For sim-
plicity, we use the same discriminator architecture as that
used for suppressing errors. Parameters are optimized
with vanilla stochastic gradient descent. The EQ-GAN
learning rate schedule is manually tuned, and we verify
that no selection of learning rate allows the perfect swap
test9 to converge.

HYBRID EQ-GAN FOR MIXED STATES

(a) EQ-GAN for pure state (b) EQ-GAN for mixed state

FIG. 10: Diagram for EQ-GAN architecture based on quan-
tum swap tests. (a) EQ-GAN for learning how to generate
pure-state quantum data. (b) EQ-GAN for learning how to
generate mixed-state quantum data. The true input data is
represented by σ, and the fake input data ρ is prepared by a
unitary circuit Uθg . The discriminator QNN realizes a uni-
tary transformation represented by U~θa jointly on the true
data, fake data and the ancillary qubit. Measurement on the
ancillary qubit is used for the cost function similarly to the
EQ-GAN defined in the main text.

While classical GANs use a random latent vector to
generate fake data, the quantum GAN proposed here and
in the existing literature does not require any such ran-
dom input. This comes with a price, especially when
our goal is to learn quantum data in a mixed state. As
shown in Fig. 10, a factor of two overhead in the number
of qubits are needed for mixed-state learning based on
Choi’s theorem.

A closer look at the mathematical nature of a mixed
state points us to a more efficient representation through
a hybrid classical-quantum network. A mixed state rep-

resented in the most generic form ρ =
∑2n

i=1 Pi|ψi〉〈ψi| is
specified by a classical probability distribution {Pi} over
2n discrete variables corresponding to the set of quantum
states {|ψi〉} that diagonalize the density matrix. Nat-
urally, one can efficiently represent the classical part of
this representation, {Pi}, with a classical neural network,
while a quantum circuit prepares the state |ψi〉 given pa-
rameter set θgi . In this way, we will be able to output a

probabilistic mixture of the quantum state by sampling
from {Pi} and then prepare the associated state. This ob-
viates the possible double exponential overhead in learn-
ing the full quantum channel that transform a fixed initial
state to the desired mixed state, as illustrated in Fig. 10.
There’s additional difficulty introduced in discriminating
between different mixed states, is that the original swap
test circuit between the true and generated quantum data
will no longer suffice to provide the state overlap between
the two mixed-state inputs. Instead, two additional cir-
cuits shown in the bottom parts of Fig. 10 is needed:
swap test circuit acting on two copies of generated data
and true data. After simple linear algebra, the actual
state overlap between the two mixed state σ and ρ will
equal linear combination of the probabilities three swap
test output zeros: Dmixed = Pσ,σ(0) +Pρ,ρ(0)− 2Pσ,ρ(0).

QUANTUM GATE CONVENTIONS

In this section, we define the quantum gates used in
our work and the general literature. The single qubit
gates are defined in the basis order {|0〉, |1〉} as

H =
1√
2

(
1 1

1 −1

)
, (4)

Z =

(
1 0

0 −1

)
, (5)

X =

(
0 1

1 0

)
. (6)

Each single qubit gate defined above, e.g. X, can be used
to define a parameterized gate Xθ through matrix expo-
nentiation, i.e.

Xθ = exp
(
−iπ

2
θX
)
. (7)

Finally, the two-qubit controlled Z gate, or CZ gate, is
a unitary transformation defined in the basis given by
{|00〉, |01〉, |10〉, |11〉} as follows:

CZ =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 . (8)

∗ These two authors contributed equally to this work.
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