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ABSTRACT Motivated by large-scale but computationally constrained settings, e.g., the Internet of Things,
we present a novel data-driven distributed control algorithm that is synthesized directly from trajectory
data. Our method, data-driven Distributed and Localized Model Predictive Control (D3LMPC), builds upon
the data-driven System Level Synthesis (SLS) framework, which allows one to parameterize closed-loop
system responses directly from collected open-loop trajectories. The resulting model-predictive controller
can be implemented with distributed computation and only local information sharing. By imposing locality
constraints on the system response, we show that the amount of data needed for our synthesis problem
is independent of the size of the global system. Moreover, we show that our algorithm enjoys theoretical
guarantees for recursive feasibility and asymptotic stability. Finally, we also demonstrate the optimality and
scalability of our algorithm in a simulation experiment.

INDEX TERMS Data-driven optimization, decentralized/distributed control, large-scale systems, optimal
control.

I. INTRODUCTION
Contemporary large-scale distributed systems such as the In-
ternet of Things enjoy ubiquitous sensing and communica-
tion, but are resource constrained in terms of power con-
sumption, memory, and computation power. If such systems
are to move from passive data-collecting networks to active
distributed control systems, algorithmic approaches that ex-
ploit the aforementioned advantages subject to the underlying
resource constraints must be developed. Motivated by this
emerging paradigm, we seek to devise a distributed control
scheme that is (a) model-free, eliminating the need for expen-
sive system identification algorithms, and (b) scalable in im-
plementation and computation. Our hypothesis is that for such
systems, collecting local trajectory data from a small subset
of neighboring systems is a far more feasible approach than
deriving the intricate and detailed system models needed by
model-based control algorithms. In this paper, we show that

such a data-driven distributed approach can scalably provide
optimal performance and constraint satisfaction, along with
feasibility and stability guarantees.

Prior work: Data-driven solutions to the linear quadratic
regulator (LQR) optimal control problem have been studied
extensively in the literature, see for example [1] and refer-
ences therein. Most closely related to this paper are direct
methods that do not require a system identification step [2]–
[8]. Specifically, we highlight the results of [6], in which
behavioral systems theory is applied to parameterize achiev-
able system input/output behavior using past trajectories.1

This idea has then given rise to several different data-enabled

1For a more in-depth treatment of contemporary applications of behavioral
system theory to data-driven control, we refer interested readers to [9], [10]
and the references therein.
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Model Predictive Control (MPC) approaches [11]–[14]. How-
ever, these centralized approaches require gathering past tra-
jectories of the global system, which limits their scalability
and challenges their applicability to the distributed setting.
While recent work has applied data-driven approaches to the
distributed setting, making such approaches scalable remains
a challenge, as they still require collecting trajectories of the
global system. In [15] stabilizing distributed MPC controllers
are synthesized from past trajectories for linear systems with
unknown dynamics using only local communication. How-
ever, the amount of data that is required by the algorithm
scales proportionally with the size of the network. In [16], it
assumed that “auxiliary” links among subsystems exist, which
are then exploited to solve the LQR problem with unknown
dynamics and local communication; this assumption however
makes its extension to an online approach (e.g., MPC) com-
putionally unappealing. Moreover, while there exist works
that guarantee stability in centralized data-driven MPC set-
tings [9], it is unclear how such techniques can be adapted
to provide theoretical guarantees in the distributed setting. A
complementary line of work relies on data-driven approaches
to formulating terminal costs and constraints in order to pro-
vide theoretical guarantees (recursive feasibility and asymp-
totic stability) in distributed MPC approaches where provid-
ing guarantees with conventional techniques is in general a
hard problem and usually results in conservatism [17], [18].
However, in these cases knowledge of the system dynamics
is assumed. It remains as an open question how to develop a
scalable distributed MPC approach where the system model
is unknown and only local measurements are available for
each subsystem. It is important that such an approach enjoys
the same theoretical guarantees of recursive feasibility and
asymptotic stability as standard MPC approaches.

Contributions: We address this gap and present a data-
driven version of the model-based Distributed Localized MPC
(DLMPC) algorithm for linear time-invariant systems in a
noise-free setting. The contributions of this paper are two-
fold. First, we provide for the first time the necessary theo-
retical results that allow one to incorporate local communi-
cation constraints into the data-driven SLS framework. We
rely on recent results on data-driven System Level Synthe-
sis (SLS) [14], which show that optimization problems over
system-responses can be posed using only libraries of past
system trajectories without explicitly identifying a system
model. We extend these results to the localized and distributed
setting, where subsystems can only collect and communicate
information within a local neighborhood. We note that [14]
has been extended to the input-output parameterization (IOP)
in [19]. However, IOP does not allow for localized con-
straints and thus would require longer data trajectories when
applied to our problem. Second, we apply these results to
the DLMPC problem, where we show that the model-based
DLMPC problem can equivalently be posed using only local
libraries of past system trajectories without explicitly iden-
tifying a system model. We then exploit this structure, to-
gether with the the separability properties of the objective

function and constraints, and provide a distributed synthe-
sis algorithm based on the Alternating Direction Method of
the Multipliers (ADMM) [20] where only local information
sharing is required. Hence, in the resulting implementation,
each sub-controller solves a low-dimensional optimization
problem defined over a local neighborhood, requiring only
local data sharing and no system model. Moreover, the length
of the data trajectory needed scales with the size of local
neighborhoods rather than the size of the global system. We
note that this result holds not only for decoupled systems,
which can be seen as a special case of [21], but also for general
linear network systems. Since this problem is analogous to
the model-based DLMPC problem [22], [23], our approach
directly inherits its guarantees for convergence, recursive fea-
sibility and asymptotic stability [24]. Through numerical ex-
periments, we validate these results and confirm that the com-
plexity of the subproblems solved at each subsystem does not
scale with to the full size of the system.

Paper structure: In Section II we present the problem for-
mulation. In Section III, we introduce the necessary prelim-
inaries on the Data-Driven SLS framework. Section IV ex-
pands on these results and provides a Data-Driven formu-
lation of SLS that allows for locality constraints to be im-
posed such that only local information exchange is needed
between subsystems. In Section V we apply these results to
the Distributed and Localized MPC problem, and provide a
distributed algorithm via ADMM that allows the MPC prob-
lem to be solved with only local information. In Section VI,
we present a numerical experiment and we end in Section VII
with conclusions and future directions.

Notation: Lower-case and upper-case letters such as x and A
denote vectors and matrices respectively, although lower-case
letters might also be used for scalars or functions (the dis-
tinction will be apparent from the context). Bracketed indices
denote time-step of the real system, i.e., the system input is
u(t ) at time t , not to be confused with xt which denotes the
predicted state x at time t . Superscripted variables in curly
brackets, e.g. x{k}, correspond to the value of x at the kth

iteration of a given algorithm. Calligraphic letters such as S
denote sets, and lowercase script letters such as c denotes
subsets of Z+. Square bracket notation i.e., [x]i denotes the
components of x corresponding to subsystem i, and [x]S de-
notes the components of x corresponding to every subsystem
j ∈ S . Boldface lower and upper case letters such as x and
K denote finite horizon signals and block lower triangular
(causal) operators, respectively:

x =

⎡
⎢⎢⎢⎣

x0

x1
...

xT

⎤
⎥⎥⎥⎦ , K =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

K0[0]
K1[1] K1[0]

...
. . .

. . .
KT [T ] . . . KT [1] KT [0]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where each xi is a vector in R
n, and each Ki[ j] is the value of

matrix K at the jth time-step when computed at time i.
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II. PROBLEM FORMULATION
Consider a discrete-time linear time-invariant (LTI) system
with dynamics

x(t + 1) = Ax(t )+ Bu(t ) (1)

composed of N interconnected subsystems. Each subsystem i
has dynamics

[x(t + 1)]i =
∑
j∈Ni

[A]i j[x(t )] j + [B]ii[u(t )]i, (2)

where [x]i, [u]i are partitions of the global state x ∈ R
n and

control input u ∈ R
p respectively. Similarly, [A]i j and [B]i j

are compatible blocks of system matrices (A, B), and the set
Ni contains all subsystems j such that [A]i j �= 0.2

Our goal is to design a localized MPC controller for the
system when the system model (A, B) is unknown. In this
setup, each subsystem i has access to a collection of past local
state and input trajectories, and only local communication is
possible among subsystems. We model the interconnection
topology of the system as a time-invariant unweighted di-
rected graph G(V, E ) where each subsystem i is identified with
a vertex vi ∈ V . An edge ei j ∈ E exists whenever j ∈ Ni. A
system is d-localized if the sub-controllers are restricted to ex-
change their measurements and control inputs with neighbors
at most d hops away, as measured by the topology G(V, E ).

Definition 1: For a graph G(V, E ), the d-incoming set, d-
outgoing set and d-external set of subsystem i are respectively
defined as
� outi(d ) := {v j | dist(vi → v j ) ≤ d ∈ N},
� ini(d ) := {v j | dist(v j → vi ) ≤ d ∈ N},
� exti(d ) := {v j | dist(v j → vi ) > d ∈ N},
where dist(v j → vi ) is the distance between v j and vi i.e.,

number of edges in the shortest path connecting v j to vi.
Hence, we can enforce a d-local information exchange con-

straint on the distributed MPC problem – where the size of the
local neighborhood d is a design parameter – by imposing
that each sub-controller policy of subsystem i is computed
using only states and control actions collected from its d-hop
incoming neighbors. Mathematically, we restrict the control
action [ut ]i to be a function of the form

[ut ]i = γ i
t

(
[x0:t ] j∈ini (d ), [u0:t−1] j∈ini (d )

)
, (3)

for all t = 0, . . . , T and i = 1, . . . , N , where γ i
t is a measur-

able function of its arguments.
With this in mind, we formulate the data-driven localized

MPC problem. At each time-step τ , a constrained optimal
control problem with finite horizon T is solved, where the
current state is used as the initial condition.

min
xt ,ut ,γt

T−1∑
t=0

ft (xt , ut )+ fT (xT )

s.t. x0 = x(τ ), x(t + 1) = Ax(t )+ Bu(t ),

2As in [15], we assume block-diagonal B to simplify presentation. Our
results can be extended to B matrices satisfying locality as in Section III-B.

xT ∈ XT , xt ∈ Xt , ut ∈ Ut , t ∈ [0, T − 1],

[ut ]i = γ i
t

(
[x0:t ] j∈ini (d ), [u0:t−1] j∈ini (d )

) ∀i, (4)

where the matrices A and B are unknown, ft (·, ·) and fT (·)
are closed, proper, and convex cost functions, and Xt and Ut

are closed and convex sets containing the origin. Further, in
order to achieve local synthesis and implementation at each
subsystem, we work under suitable structural assumptions
between the cost function and state and input constraints.

Assumption 1: In formulation (4) the objective function ft
is such that ft (x, u) =∑

f i
t ([x]i, [u]i ), and the constraint sets

are such that x ∈ Xt = X 1
t × . . .× XN

t , where x ∈ Xt if and
only if [x]i ∈ X i

t for all i and t ∈ {0, . . ., T }, and idem for Ut .
In what follows we show problem (4) admits a distributed

solution and implementation requiring only local data and no
explicit estimate of the system model.

III. DATA-DRIVEN SYSTEM LEVEL SYNTHESIS
In this section, we introduce an abridged summary of some
of the preliminary work on SLS [25], [26] and its extension
to a data-driven formulation [14] based on the behavioral
framework of Willems [27]. In following sections, we build
on these concepts to provide the necessary results to provide
a tractable reformulation of problem (4).

A. SYSTEM LEVEL SYNTHESIS PARAMETRIZATION
The following is adapted from Section2 of [26]. Consider the
dynamics of the LTI system (1) evolving over a finite horizon
T and subject to an additive disturbance w(t ) at each time-step
t . We can compactly express the dynamics as

x = Z (Âx + B̂u)+ w, (5)

where x, u and w are the finite horizon signals correspond-
ing to state, control input, and disturbance respectively. By
convention, we define the disturbance to contain the initial
condition, i.e., w = [xT

0 wT
0 . . . wT

T−1]T.3 Here, Z is the
block-downshift matrix,4 Â := blkdiag(A, . . ., A), and B̂ :=
blkdiag(B, . . ., B, 0).

Let the control input of this system be a causal linear time-
varying state-feedback controller, i.e., u = Kx for controller
K block-lower triangular. Then the closed-loop response of
system (5) is given by:

x = (I − Z (Â+ B̂K))−1w =: �xw (6a)

u = K(I − Z (Â+ B̂K))−1w =: �uw. (6b)

The SLS approach relies on the so-called system responses
�x and �u to parametrize the set of achievable closed-loop
behaviors of the system by virtue of the following theorem:

Theorem 1: (Theorem 2.1 of [26]) For the system (1) evolv-
ing under the state-feedback policy u = Kx with K a block-
lower-triangular matrix, the following are true

3We introduce here the general SLS framework and specialize the notation
to the noiseless setting described in (1) later in this section.

4Identity matrices along its first block sub-diagonal and zeros elsewhere.
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1) The affine subspace

ZAB� := [
I − ZÂ − ZB̂

] [
�x

�u

]
= I (7)

with block-lower-triangular {�x,�u} parameterizes all
possible system responses (6).

2) For any block lower-triangular matrices {�x,�u} satis-
fying (7), the controller K = �u�

−1
x achieves the de-

sired response (6) from w �→ (x, u).
Theorem 1 allows one to reformulate an optimal control

problem over state and input variables (x, u) as an equivalent
one over system responses (�x,�u). Additional details are
provided in Section II of [26].

B. LOCALITY CONSTRAINTS IN SYSTEM LEVEL SYNTHESIS
The SLS framework allows one to take into account the struc-
ture of a LTI system (1) composed of subsystems (2) [25]. In
particular, the information constraints defined in (3) can be
enforced via locality constraints on the system responses (6).
To see this, note that according to Theorem 1, the controller
K = �u�

−1
x achieves the desired closed-loop behavior char-

acterized by �x and �u. Such a controller can be implemented
as:

u = �uŵ, x = (�x − I )ŵ, ŵ = x − x̂, (8)

where x̂ can be interpreted as a nominal state trajectory, and
ŵ = Zw is a delayed reconstruction of the disturbance. Given
this controller implementation, any structure imposed on the
maps (�x,�u) is directly translated to structure on controller
implementation (8). Hence, one can transparently impose in-
formation exchange constraints as sparsity structure on the
responses (�x,�u).

Definition 2: Let [�x]i j be the submatrix of �x describing
the map from disturbance [w] j to the state [x]i of subsystem i.
The map �x is d-localized if for every subsystem j, [�x]i j =
0 ∀ i �∈ out j (d ). The definition for d-localized �u is analogous
but with disturbance to control action [u]i.

By simply enforcing the system responses �x and �u to
have a d-localized and (d + 1)-localized sparsity pattern,5

only a local subset [ŵ]ini (d ) of ŵ is necessary for subsystem
i to construct for [x]i and [u]i. Therefore, the information
exchange needed between subsystems during the controller
synthesis is limited to d-hop neighbors, as defined by con-
straint (3). Moreover, this constraint can be imposed on the
system responses as an affine subspace.

Definition 3: The subspace Ld := {(�x,�u) : [�x]i j =
0 ∀i /∈ out j (d ), [�u]i j = 0 ∀i /∈ out j (d + 1)} enforces d-
locality constraints. A system (A, B) is d-localizable if the
intersection of Ld with the affine space of achievable system
responses (7) is non-empty.

As introduced in [22], when local model information i.e.
[A]i j, [B]i is available, locality constraints allow the MPC

5We impose �u to be (d + 1)-localized because the “boundary” controllers
at distance d + 1 must take action in order to localize the effects of a distur-
bance within the region of size d , (see [26] for more details).

subroutine (4) to be reformulated into a tractable problem that
admits a distributed solution. Because the setting considered
in this paper has no driving noise, only the first block columns
of �x and �u are necessary to characterize system behavior.
For this reason, in what follows we abuse notation and use
�x and �u to denote only the first block column of the origi-
nal block-lower triangular matrices. Therefore, (6) reduces to
x = �xx0 and u = �ux0.

Hence, in a model-based setting the MPC subroutine (4)
can be reformulated as

minimize
�

f (�x0)

s.t. x0 = x(t ), �x0 ∈ P, ZAB� = I, � ∈ Ld , (9)

where f is a convex function compatible with all the ft in
formulation (4), and P is defined so that �x0 ∈ P if and only
if x(t ) ∈ Xt and u(t ) ∈ Ut for all t = 0, . . . , T . For additional
details on this formulation readers are referred to [23] and
references therein.

Remark 1: Although Ld is always a convex subspace, not
all systems are d-localizable. For systems that are not d-
localizable, constraint � ∈ Ld would lead to an infeasible
subroutine (9). The locality diameter d can be viewed as a
design parameter (independent of T ) that is application depen-
dent and captures how “far” in the interconnection topology a
disturbance striking a subsystem is allowed to spread. For the
remainder of the paper, we assume that there exists a d � n
such that the system (A, B) to be controlled is d-localizable.
For more context on locality constraints, see [25], [28].

C. DATA-DRIVEN SYSTEM LEVEL SYNTHESIS
This subsection is adapted from Section II of [14].

Behavioral system theory [6], [9], [10], [29] offers a nat-
ural way of studying the behavior of a dynamical system
in terms of its input/output signals. In particular, Willem’s
Fundamental Lemma [27] offers a parametrization of state
and input trajectories based on past trajectories as long as the
data matrix satisfies a notion of persistence of excitation.

Definition 4: A finite-horizon signal x with horizon T is
persistently exciting (PE) of order L if the Hankel matrix

HL (x) :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

x(0) x(1) . . . x(T − L)
x(1) x(2) . . . x(T − L + 1)

...
...

. . .
...

x(L − 1) x(L) . . . x(T − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

has full rank.
Lemma 1: (Willem’s Fundamental Lemma [29]) Consider

the LTI system (1) with controllable (A, B) matrices, and
assume that there is no driving noise. Let {x̃, ũ} be the state
and input signals generated by the system over a horizon T .
If ũ is PE of order n+ L, then the signals x and u are valid
trajectories of length L of the system (1) if and only if[

x
u

]
= HL (x̃, ũ) g for some g ∈ R

T−L+1, (10)

where HL (x̃, ũ) := [ HL (x̃)ᵀ HL(ũ)ᵀ ]ᵀ.
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A natural connection can be established between the data-
driven parametrization (10) and the SLS parametrization (6).
In particular, the achievability constraint (7) can be replaced
by a data-driven representation by applying Willems’ Funda-
mental Lemma [29] to the columns of the system responses.
Given a system response, we denote the set of columns corre-
sponding to subsystem i as �i, i.e.,

� = [
�1 �2 . . . �N

]
.

The key insight is that, by definition of the system responses
(6), �i

x and �i
u are the impulse response of x and u to [x0]i,

which are themselves, valid system trajectories that can be
characterized using Willems’ Fundamental Lemma. This can
be seen from the following decomposition of the trajectories[

x
u

]
= �x0 =

N∑
i=1

�i[x0]i.

Lemma 2: (Lemma 1 of [14]) Given the assumptions of
Lemma 1, the set of feasible solutions to constraint (7) over
a time horizon t = 0, 1, ..., L − 1 can be equivalently charac-
terized as:

{� : ZAB� = I} = {HL(x̃, ũ)G : G s.t. H1(x̃)G = I}. (11)

The following Corollary follows naturally from Lemma 2,
and will be useful later to provide locality results in this data-
driven parametrization.

Corollary 1: The following is true:

{�i : ZAB�i = Ii} =
{HL (x̃, ũ)Gi : Gi s.t. H1(x̃)Gi = Ii},

where Ii is the i-th block column of the identity matrix.
Proof: This follows directly from Lemma 2 by noting that

the constraints can be separated column-wise. �
While this connection between SLS and the behavioral

formulation does not offer an immediate benefit, we will
build on it in the following sections to equip the data-driven
parametrization (11) with locality constraints so as to provide
a reformulation of the localized MPC subroutine (4).

IV. LOCALIZED DATA-DRIVEN SYSTEM LEVEL SYNTHESIS
In this section we present the results that allow us to recast
the constraints in (9) in a localized data-driven parametriza-
tion. We first extend Lemma 2 to provide a naive way to
parametrize localized system responses from global trajecto-
ries (Lemma 3). We then show a key property of localized
system responses in Lemma 4, which is essential in proving
Theorem 2: all localized system responses can be character-
ized using only locally collected trajectories satisfying PE
conditions scaling with the size d of the localized region,
rather than the global system size.

A. LOCALITY CONSTRAINTS IN DATA-DRIVEN SYSTEM
LEVEL SYNTHESIS
We start by rewriting the locality constraints using the data-
driven parameterization (11).

Lemma 3: Consider the LTI system (1) with controllable
(A, B) matrices, where each subsystem (2) is subject to lo-
cality constraints (3). Assume that there is no driving noise.
Given the state and input trajectories {x̃, ũ} generated by the
system over a horizon T with u PE of order at least n+ L, the
following parametrization over G characterizes all possible
d-localized system responses over a time span of L − 1:

HL (x̃, ũ)G, for all G s.t. H1(x̃)G = I,

HL([x̃]i )G j = 0 ∀ j /∈ ini(d ),

HL([ũ]i )Gk = 0 ∀k /∈ ini(d + 1), (12)

for all i = 1, . . . , N.

Proof: We aim to show that

{� : ZAB� = I,� ∈ Ld } = {HL(x̃, ũ)G : G s.t. (12)}.
(⊆) First, suppose that � ∈ Ld satisfies that ZAB� = I .

From Lemma 2, we immediately have that there exists a ma-
trix G s.t. � = HL (x̃, ũ)G. Thus, we need only verify that this
G satisfies the linear constraint in (12). This follows directly
from the assumption that � ∈ Ld , which states that

HL ([x̃]i )G j = [�x]i j = 0 ∀ j /∈ ini(d ),

HL ([ũ]i )Gk = [�u]ik = 0 ∀k /∈ ini(d + 1).

Hence, � ∈ RHS, proving this direction.
(⊇) Now suppose that there exists a G that satisfies the con-

straints on the RHS and let � = HL (x̃, ũ)G. Since H1(x̃)G =
I , from Lemma 2, we have that � is achievable. From the other
two constraints, we have that � ∈ Ld , proving this direction
and hence the lemma. �

It is important to note that even though Lemma 3 allows one
to capture the locality constraint (3) by simply translating the
locality constraints over � to constraints over G, it cannot be
implemented with only local information exchange. In order
to satisfy the constraints (12), each subsystem has to have
access to global state and input trajectories and construct a
global Hankel matrix. The PE condition of Lemma 1 implies
that the length of the trajectory that needs to be collected
grows with the dimension of the global system state. In what
follows we show how constraint (12) can further be relaxed to
only require local information without introducing any addi-
tional conservatism.

B. LOCALIZED DATA-DRIVEN SYSTEM LEVEL SYNTHESIS
In this subsection we show that constraint (12) can be enforced
(i) with local communication between neighbors i.e. no con-
straints are imposed outside each subsystem d-neighborhood,
and (ii) the amount of data needed i.e., trajectory length, only
scales with the size of the d-localized neighborhood, and not
the global system. We start with (i) in the following lemma.

Definition 5: Given a subsystem i satisfying the local dy-
namics (2), we define its augmented d-localized subsystem as
the system composed by the states [x]ini (d+1) and augmented
control actions [ū]i := ([u]ᵀini (d+2) [x]ᵀj )ᵀ, ∀ j s.t . dist( j →
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i) = d + 2. That is, the system given by

[x(t + 1)]ini (d+1) = [A]ini (d+1)[x(t )]ini (d+1)

+ [B̄]ini (d+1)[ū(t )]i, (13)

with B̄ := [ [B]ini (d+2) [A]i j ] ∀ j s.t. dist ( j → i) = d + 2.
Notice that by treating the state of the boundary subsys-

tems as additional control inputs, we can view the augmented
d-localized system as a standalone LTI system.

Lemma 4: For i = 1, . . . , N , let �i be an achievable system
response for the augmented d-localized subsystem (13) of
subsystem i. Further assume that each �i satisfies constraints
(14):

[�i
x] j = 0, ∀ j s.t. d + 1 ≤ dist( j → i) ≤ d + 2, (14a)

[�i
u] j = 0, ∀ j s.t. dist( j → i) = d + 2 (14b)

for all i. Then, the system response � defined by (15) is
achievable for system (1) and d-localized.

[�]i j :=
{

[�i] j, ∀ j ∈ ini(d + 1)
0, otherwise

(15)

for all i = 1, . . . , N is also achievable and d-localized.
Proof: First, from the fact that �i is achievable for all i =

1, . . . , N , we have that �x[0] = I by construction. Thus, to
show that � is achievable, it suffices to show that

�x[t + 1] = A�x[t]+ B�u[t], ∀ 0 ≤ t ≤ T − 1.

We show this block-column-wise: we show that the block
columns �i

x and �i
u associated with subsystem i satisfy

�i
x[t + 1] = A�i

x[t]+ B�i
u[t], ∀ 0 ≤ t ≤ T − 1. (16)

We note that the argument below for subsystem i applies iden-
tically to all subsystems. For the i-th subsystem, we further
partition the rows of its corresponding block-columns into
four subsets as follows:

�i
x =

[
[�i

x]ᵀini (d ) [�i
x]ᵀbi (d+1) [�i

x]ᵀbi (d+2) [�i
x]ᵀexti (d+2)

]ᵀ
,

where bi(k + 1) = ini(k + 1) \ ini(k) correspond to subsys-
tems that are k + 1 hops away from subsystem i. Identical
notation holds for the partition of �i

u.
Using this partition, we have the following for �i

x and �i
u[t]

given their definition in terms of �:

�i
x[t] =

⎡
⎢⎢⎣

[� i
x[t]]ini (d )

0
0
0

⎤
⎥⎥⎦ , �i

u[t] =

⎡
⎢⎢⎣

[� i
u[t]]ini (d )

[� i
u[t]]bi (d+1)

0
0

⎤
⎥⎥⎦ .

(17)
We also partition A and B accordingly, where

A =

⎡
⎢⎢⎢⎢⎣

Ain(d )
in(d ) Ain(d )

bi (d+1) 0 0

Abi (d+1)
in(d ) Abi (d+1)

bi (d+1) Abi (d+1)
bi (d+2) 0

0 Abi (d+2)
bi (d+1) Abi (d+2)

bi (d+2) Abi (d+2)
exti (d+2)

0 0 Aexti (d+2)
bi (d+2) Aexti (d+2)

exti (d+2)

⎤
⎥⎥⎥⎥⎦ ,

B =

⎡
⎢⎢⎢⎢⎣

Bin(d )
in(d ) 0 0 0

0 Bbi (d+1)
bi (d+1) 0 0

0 0 Bbi (d+2)
bi (d+2) 0

0 0 0 Bexti (d+2)
exti (d+2)

⎤
⎥⎥⎥⎥⎦ . (18)

Here, the superscript represents an index on the block row
and the subscript represents an index on the block column.
The sparsity pattern follows from the definition of augmented
d-localized subsystems and the subsystem dynamics (2).

We now show that (16) holds for each �i. First,

[�i
x[t + 1]]ini (d )

= [A�i
x[t]+ B�i

u[t]]ini (d )

= Aini (d )
ini (d )[�

i
x[t]]ini (d ) + Bini (d )

ini (d )[�
i
u[t]]ini (d )

+ Bini (d )
bi (d+1)[�

i
u[t]]bi (d+1)

= [� i
x[t + 1]]ini (d ),

where the second equality comes from the sparsity patterns
of A, B ( (18)), and �i ( (17)), and the third equality from
the achievability of �i. Similarly, to show that the boundary
subsystems satisfy the dynamics, we note that

[�i
x[t + 1]]bi (d+1)

= Abi (d+1)
ini (d ) [� (i)

x (t )]ini (d ) + Bbi (d+1)
bi (d+1)[�

(i)
u (t )]bi (d+1)

= [� (i)
x (t + 1)]bi (d+1)

= 0.

Lastly, from the sparsity pattern (17), (18)), we have that

[�(i)
x (t + 1)]exti (d ) = [A�i

x[t]+ B�i
u[t]]exti (d ) = 0,

concluding the proof for the achievability of �. We end by
noting that � is d-localized by construction. �

In light of this result, locality constraints as in Definition
2 i.e., [�x]i j = 0 ∀ i �∈ out j (d ), do not need to be imposed
on every subsystem i �∈ out j (d ). Instead, it suffices to impose
this constraint only on subsystems i at a distance d + 2 of
subsystem j. Intuitively, this can be seen as a constraint on the
propagation of a signal: if [w] j has no effect on subsystem i
at distance d + 1 because [�x]i j = 0, then the propagation of
that signal is stopped and localized within that neighborhood.
This idea allows to reformulate constraint (12) so that it can
be imposed with only local communications.

However, despite the fact that locality constraints can now
be achieved with local information exchanges, the amount of
data that needs to be collected scales with the global size of the
network n because we require that the control trajectory be at
least PE of order at least n+ L. In the following theorem, we
build upon the previous results and show how this requirement
can also be reduced to only depend on the size of a d-localized
neighborhood.

Theorem 2: Consider the LTI system (1) composed of sub-
systems (2), each with controllable ([A]ini (d+2), [B]ini (d+2))
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matrices for the augmented d-localized subsystem i. Assume
that there is no driving noise and that the local control tra-
jectory at the d-localized subsystem [ũ]ini (d+1) is PE of order
at least nini (d ) + L, where nini (d ) is the dimension of [x̃]ini (d ).
Then, � is an achievable d-localized system response for each
subsystem (2) if and only if it can be written as

[�i]ini (d ) = HL([x̃]ini (d+1), [ũ]ini (d+1))G
i, (19a)

[�i]exti (d+1) = 0, (19b)

where Gi satisfies

H1([x̃]ini (d+1))G
i = Ii, (20a)

HL ([x̃] j )Gi=0 ∀i, j s.t. d+1≤dist( j → i)≤d+2,

(20b)

HL ([ũ] j )Gi=0 ∀i, j s.t. dist( j → i)=d + 2. (20c)

Proof: (⇒) We first show that any d-localized system re-
sponse � can be parameterized by a set of matrices {Gi}Ni=1.
First, since � is d-localized, each d-localized subsystem im-
pulse response [�i]ini (d+1) is achievable on the augmented
d-localized subsystem i. Thus, it follows from Corollary 1 that
there exists Gi satisfying constraint (20a) such that

[�i]ini (d ) = HL ([x̃]ini (d ), [ũ]ini (d+1))G
i.

Since � is d-localized, we have that Gi satisfies both con-
straints (20b) and (20c), concluding this direction.
(⇐) Now we show that if each Gi satisfies the constraint (20)
for all i = 1, . . . , N , then the resulting � is achievable and
localized. Consider the augmented d-localized subsystem i
and define

�i = HL ([x̃]ini (d ), [ũ]ini (d+1))G
i.

From Corollary 1, we have that �i is an achievable impulse re-
sponse on the augmented d-localized subsystem i. Moreover,
by construction it satisfies the sparsity condition in Lemma 4.
Thus, constructing � using � as in (15) we conclude that �

is achievable and d-localized. �
Corollary 2: Consider a function g : �→ R such that

g(�) =
N∑

i=1

gi([�i]ini (d+1)).

Then, solving the optimization problem

min g(�) s.t . ZAB� = I, � ∈ Ld

is equivalent to solving

min
N∑

i=1

gi (HL
(
[x̃]ini (d ), [ũ]ini (d+1)

)
Gi)

s.t . Gi satisfies (20) for all i = 1 . . . , N,

and then constructing � as per (19).
This result provides a data-driven approach in which local-

ity constraints, as in (3), can be seamlessly considered and

imposed by means of an affine subspace where only local
information exchanges are necessary. Moreover, the amount
of data needed to parametrize the behavior of the system does
not scale with the size of the network but rather with d , the
size of the localized region, which is usually much smaller
than n. To the best of our knowledge, this is the first such
result. As we show next, this will prove key in extending
data-driven SLS to the distributed setting.

V. DISTRIBUTED AND LOCALIZED DATA-DRIVEN MPC
In this section we make use of the results on localized data-
driven SLS from previous sections and apply them to refor-
mulate the MPC subproblem (4). We provide a distributed
and localized algorithmic solution that does not scale with the
size of the network. Lastly, we comment on the theoretical
guarantees of this data-driven DLMPC (D3LMPC) approach
in terms of convergence, recursive feasibility and asymptotic
stability.

A. SYSTEM LEVEL SYNTHESIS BASED DATA-DRIVEN MPC
In light of Theorem 2, we can write the MPC subproblem
(4) in terms of the variable G and localized Hankel matrices
HL ([x̃]ini (d+2), [ũ]ini (d+2)). To do this, we proceed as in refor-
mulation (9) and rely on the equivalence between standard and
data-driven SLS parametrizations, i.e., � = HL (x̃, ũ)G⇔
ZAB� = I . We make use of Lemma 2 to recast the locality
constraints (3) into local affine constraints. Hence, we rewrite
problem (4) as

minimize
�,{Gi}Ni=1

f (�x0)

s.t.
x0 = x(t ), �xx0 ∈ X , �ux0 ∈ U ,

[�i]ini (d ) = HL ([x̃]ini (d ), [ũ]ini (d+1))Gi,

Gi satisfies (20) ∀i = 1, . . . , N.

(21)

By introducing duplicate decision variables � and G, and
rewriting the achievability and localization constraints in
terms of the variable G by means of (20), the problem now
enjoys a partially separable structure [22]. In what follows,
we make such structure explicit and take advantage of it to dis-
tribute the problem across different subsystems via ADMM.

B. A DISTRIBUTED SUBPROBLEM SOLUTION VIA ADMM
To rewrite (21) and take advantage of the separability features
in Assumption 1, we introduce the concept of row-wise sepa-
rability and column-wise separability:

Definition 6: Given the partition {r1, . . ., rk}, a func-
tional/set is row-wise separable if:
� For a functional, g(�) =∑k

i=1 gi(�(ri, :)) for some
functionals gi for i = 1, . . ., k.

� For a set, � ∈ P if and only if �(ri, :) ∈ Pi ∀i for some
sets Pi for i = 1, . . ., k, where P := ⊗N

i=0Pi.
An analogous definition exists for column-wise separable

functionals and sets, where the partition {c1, . . ., ck} entails
the columns of �, i.e., �(:, ci ).
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By Assumption 1 the objective function and the
safety/saturation constraints in (21) are row-separable in terms
of �. At the same time, the achievability and locality con-
straints (19), (20) are column-separable in terms of G. Hence,
the data-driven MPC subroutine becomes:

minimize
�,�,{Gi}Ni=1

N∑
i=1

f i([�]i[x0]ini (d ) )

s.t.

x0 = x(t ), Gi satisfies (20),
[�x]i[x0]ini (d ) ∈ X i, [�u]i[x0]ini (d ) ∈ U i,

[�i]ini (d ) = HL ([x̃]ini (d ), [ũ]ini (d+1))Gi

∀i = 1, . . . , N,

� = �.

(22)

Notice that the objective function and the constraints de-
compose across the d-localized neighborhoods of each sub-
system i. Given this structure, we can make use of ADMM
to decompose this problem into row-wise local subproblems
in terms of [�]i and column-wise local subproblems in terms
of Gi and �i, both of which can also be parallelized across
the subsystems. The ADMM subroutine iteratively updates
the variables as

[�]{k+1}
i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

argmin
[�]i

f i([�]i[x0]ini (d ) )

+ ρ
2

∥∥gi(�,�{k},�{k})
∥∥2

F
s.t . [�x]i[x0]ini (d ) ∈ X i,

[�u]i[x0]ini (d ) ∈ U i, x0 = x(t ).

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(23a)

[�i]{k+1}
ini (d )=

⎧⎪⎪⎨
⎪⎪⎩

argmin
[�i]ini (d ),Gi

‖gini (d )
(
[�i]{k+1}, [�i], [�i]{k}

) ‖2F
s.t . [�i]ini (d ) = [HL (x̃, ũ)]ini (d )Gi,

Gi satisfies (20).

⎫⎪⎪⎬
⎪⎪⎭

(23b)

[�]{k+1}
i = gi(�{k+1},�{k+1},�{k}) (23c)

where we define

g∗(�,�,�) := [�]∗ − [�]∗ + [�]∗

where ∗ denotes a (collection of) subsystem(s), and

[HL(x̃, ũ)]ini (d ) := HL ([x̃]ini (d ), [ũ]ini (d+1)).

We note that to solve this subroutine, and in particular
optimization (23b), each subsystem only needs to collect tra-
jectory of states and control actions of subsystems that are
at most d + 2 hops away. This subroutine thus constitutes
a distributed and localized solution. We also emphasize that
the trajectory length only needs to scale with the d-localized
system size instead of the global system size. The algorithm
is given in Algorithm 1.

C. THEORETICAL GUARANTEES
It is worth noting that this reformulation is equivalent to
the closed-loop DLMPC also introduced in [23], with the

Algorithm 1: Subsystem’s i Implementation of D3LMPC.
Input: tolerance parameters εp, εd > 0, Hankel
matrices [HL (x̃, ũ)]ini (d+1) constructed from
arbitrarily generated PE trajectories
x̃ini (d+1), ũini (d+1).

1: Measure local state [x0]i, k← 0.
2: Share measurement [x0]i with outi(d ) and receive

[x0] j from j ∈ ini(d ).
3: Solve optimization problem (23a).
4: Share [�]{k+1}

i with outi(d ). Receive the

corresponding [�]{k+1}
j from ini(d ) and construct

[�i]{k+1}
ini (d ) .

5: Perform update (23b).
6: Share [�i]{k+1}

ini (d ) with outi(d ). Receive the

corresponding [� j]{k+1}
ini (d ) from j ∈ ini(d ) and construct

[�]{k+1}
i .

7: Perform update (23c).
8: if ‖[�]{k+1}

i − [�]{k+1}
i ‖F ≤ εp

and ‖[[�]{k+1}
i − [�]{k}i ‖F ≤ εd :

Apply computed control action:
[u0]i = HL ([ũ]ini (d ) )Gi[x0]ini (d ), and return to step 1.

else:
Set k←+1 and return to step 3.

achievability constraint ZAB� = I replaced by the data-driven
parametrization in terms of G and the Hankel matrix HL .
For this reason, guarantees derived for the DLMPC formu-
lation [24] directly apply to problem (21) when the constraint
sets X and U are polytopes.

1) CONVERGENCE
Algorithm 1 relies on ADMM to separate both row, and
column-wise computations, in terms of � and G respectively.
Each of these is then distributed into the subsystems in the net-
work, and a communication protocol is established to ensure
the ADMM steps are properly followed. Hence, one can guar-
antee the convergence of the data-driven version of DLMPC
in the same way that convergence of model-based DLMPC
is shown: by leveraging the convergence result of ADMM in
[19]. For additional details see Lemma 2 in [24].

2) RECURSIVE FEASIBILITY
Recursive feasibility for formulation (9) is guaranteed by
means of a localized maximally invariant terminal set XT .
This set can be computed in a distributed manner and with
local information only as described in [24]. In particular, a
closed-loop map � for the unconstrained localized closed-
loop system has to be computed. In the model-based SLS
problem with quadratic cost, a solution exists for the infinite-
horizon case [30], which can be done in a distributed manner
and with local information only. When no model is available,
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the same problem can be solved using the localized data-
driven SLS approach introduced in Section IV with a finite-
horizon approximation, which also allows for a distributed
synthesis with only local data. The length of the time horizon
chosen to solve the localized data-driven SLS problem might
slightly impact the conservativeness of the terminal set, but
since the conservatism in the FIR approach decays exponen-
tially with the horizon length, this harm in performance is
not expected to be substantial. Once � for the unconstrained
localized closed-loop system has been computed, Algorithm
2 in [24] can be used to synthesize this terminal set in a dis-
tributed and localized manner. Therefore, a terminal set that
guarantees recursive feasibility for D3LMPC can be computed
in a distributed manner offline using only local information
and without the need for a system model.

3) ASYMPTOTIC STABILITY
Similar to recursive feasibility, asymptotic stability for the
D3LMPC problem (21) is directly inherited from the asymp-
totic stability guarantee for model-based DLMPC. In partic-
ular, adding a terminal cost based on the terminal set previ-
ously described is a sufficient condition to guarantee asymp-
totic stability of the DLMPC problem [24]. Moreover, such
cost can be incorporated in the D3LMPC formulation in the
same way as in the model-based DLMPC problem, and the
structure of the resulting problem is analogous. This terminal
cost introduces coupling among subsystems, but the coupling
can be dealt with by solving step 3 of Algorithm 1 via local
consensus. Notice that since this step is written in terms of �,
Algorithm 3 in [24] can be used to handle this coupling. For
additional details the reader is referred to [24].

VI. SIMULATION EXPERIMENTS
We demonstrate through experiments that the D3LMPC con-
troller using only local data performs as well as a model-based
DLMPC controller. We also show that for our algorithm, both
runtime and the dimension of the data needed scale well with
the size of the network. All the code needed to reproduce
the experiments can be found at https://github.com/unstable-
zeros/dl-mpc-sls.

A. SETUP
We evaluate the performance and scalability of our algorithm
on a system composed of a chain of subsystems, i.e., that
E = {(i, i + 1), (i + 1, i), i = 1, . . ., N − 1}. Each subsystem
i has a 2-dimensional state [θi, ωi]ᵀ, where θi and ωi are re-
spectively the phase angle deviation and frequency deviation
of the subsystem. We assume that each subsystem takes a
scalar control action ui. We consider the subsystem dynam-
ics as in [23], obtained from discrete-time linearized swing-
equations:[

θ (t + 1)
ω(t + 1)

]
i
=

∑
j∈ini (1)

[A]i j

[
θ (t )
ω(t )

]
i
+ [B]i[u]i, (24)

where

[A]ii =
[

1 
t
− ki

mi

t 1− di

mi

t

]
, [A]i j =

[
0 0

ki j
mi


t 0

]
,

and Bii = [0 1]� for all i. The parameters mi, di, ki j

are sampled uniformly at random from the intervals
[0, 2], [0.5, 1], [1, 1.5], respectively and ki :=∑

j∈ini (1) ki j .
Discretization time is set to be 
t = 0.2. The goal of the
controller is to minimize the LQR cost with Q = I , R = I .

To show the optimality of our approach in Section VI-B, we
consider a base system with 64 subsystems. To demonstrate
the scalability of our method, we consider systems of varying
sizes for our experiment in Section VI-C. Unless mentioned
otherwise, for all the experiments, we consider a locality re-
gion of size d = 2, use a planning horizon of T = 5 steps and
simulate the system forward for 30 steps.

B. OPTIMAL PERFORMANCE
We evaluate the performance of D3LMPC (Algorithm 1) on
the system described in Section VI-A. First, we show that
the trajectory given by the D3LMPC algorithm matches the
trajectory generated by a model-based DLMPC solved with
a centralized solver [31], [32]. Notice that the model-based
DLMPC solves the optimization problem (9) with perfect
knowledge of the system dynamics, while the D3LMPC algo-
rithm (Algorithm 1) only has access to local past trajectories.
Due to space constraints, we only show the state trajectory
of the first subsystem (Fig. 1). We observe that the trajectory
generated by our controller matches the trajectory of the op-
timal controller with the same locality region size. Further,
the optimal cost for both schemes is the same up to numerical
precision. This confirms that the D3LMPC algorithm (Algo-
rithm 1) can synthesize optimal controllers using only local
trajectory data and no knowledge of the system dynamics.

We further highlight the relevance of locality region size
on the optimality of the solution. The size of the locality
region d can be seen as a design parameter in Algorithm 1
that allows one to tradeoff between computation complexity
and performance of the controller. In Fig. 2, we show how
the optimal cost varies with the size of the locality region
on the same system. As the size of the locality region grows,
the optimal cost decreases. This matches the intuition that by
allowing each subsystem to influence more subsystems, and
as more information is made available to each subsystem, con-
trollers of better quality can be synthesized. We note that the
performance improvement by increasing the locality region
size is the most significant when the locality region is small. In
Fig. 3 we simultaneously show how much the trajectory length
needs to grow with the size of the locality region to satisfy
the persistence of excitation condition for applying Willem’s
Fundamental Lemma. We note that the growth in the neces-
sary trajectory length not only means longer trajectory needs
to be collected, but also means that the size of the optimization
problem grows, thus incurring higher computation complexity
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FIGURE 1. The trajectory generated by the model-based DLMPC algorithm (solid orange line) vs. the trajectory generated by D3LMPC (green circles). We
observe that the two coincide.

FIGURE 2. (Green) The cost achieved by the optimal controller versus the
size of the locality region for the system response. (Blue) The cost
achieved by a centralized MPC controller, i.e., that it has no locality
constraints. We observe that cost for the distributed controllers decreases
as the size of the locality region grows and approaches the cost of the
centralized controller.

for each optimization step. Hence, the choice of an optimal d
heavily depends on the specific application considered.

C. SCALABILITY
First, we show that the runtime of our method scales well with
the size of the global system. For this experiment only, we also
apply our algorithm to sparsely connect square grids where
the subsystems follow the same dynamics (24) as the chain
system. The grid topology is generated randomly, with each
subsystem having a p = 0.6 chance to be connected with each
of its neighboring subsystems6 We consider systems com-
posed of 9, 16, 36, 64, 81, 100, and 121 subsystems. For
each system size, we randomly generate 10 different systems
of each type and report their respective average computation
time per MPC step.7 The result is shown in Fig. 4. For the

6We also perform rejection sampling to ensure that the resulting topology
is strongly connected.

7Runtime is measured after one warmstart iteration. The optimization
problems were solved using the Gurobi [32] optimizer on a personal desktop
computer with an 8-core Intel i7 processor.

FIGURE 3. The growth of necessary length of collected trajectory versus
the size of the locality region of system response. The trajectory length
grows with the size of the locality region.

FIGURE 4. The average per-step per-subsystem runtime of the MPC
algorithm. The solid line shows the average runtime over 10 randomly
generated systems, and the circles represent the runtime for each of the
10 randomly generated instances for each system size.

chain systems, we note that the runtime only increased 2×
while the size of the system has increased more than 12×.
The runtime scales less well for the more densely-connected
grid topology. This of course would be true for any distributed
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FIGURE 5. Length of necessary trajectory length versus network size. Note
that this is plotted on a semilog axis. Our distributed approach requires
much shorter trajectory over a centralized data-driven approach.

MPC algorithm, data-driven or not, due to the denser inter-
connections between local subsystems. Nevertheless, in both
cases, we show that the growth of the runtime flattens as the
size of the network grows, suggesting that our method scales
well on sparsely connected systems. This trend has previously
been observed with ADMM schemes for MPC [33]. Next,
we show that the length of the trajectory that needs to be
collected for D3LMPC grows much more slowly than that
for a centralized data-driven method that does not exploit the
locality structure of the problem (equivalent to solving the
SLS problem with constraints (12) instead of (20)). The result
is shown in Fig. 5. We note that our method requires less
data (length of the trajectory) than a centralized data-driven
approach, with the saving bigger for larger systems.8

VII. CONCLUSION
In this paper we define and analyze a data-driven Distributed
and Localized Model Predictive Control (D3LMPC) scheme.
This approach can synthesize optimal localized control poli-
cies using only local communication and requires no knowl-
edge of the system model. We base our results on the data-
driven SLS approach [14], and extend this framework to allow
for locality constraints. We then use these results to provide
an alternative data-driven synthesis for the DLMPC algo-
rithm [22] by exploiting the separability of the problem via
ADMM. The resulting algorithm enjoys the same scalability
properties as model-based DLMPC [23] and only need trajec-
tory data that scales with the size of the d-localized neighbor-
hood. Moreover, recursive feasibility and stability guarantees
that exist for model-based DLMPC [24] directly apply to this
framework.

The work presented here is, to the best of our knowl-
edge, the first fully distributed and localized data-driven MPC
approach that achieves globally optimal performance with

8We report that mean data trajectory length over all subsystems. Thus,
the reported trajectory length for D3LMPC increases at first as the boundary
subsystems require less data.

local information collection and communication among sub-
systems, and that requires collecting trajectory data of length
independent of the global system size. In future work, we will
look to relax the assumptions made in this paper regarding
noiseless data/systems, and localizability. To do so, we will
integrate the results of this paper with robust SLS-based meth-
ods [23], [34], [35] and the centralized robust data-driven SLS
results of [14], which will allow for all of the same computa-
tional benefits to be enjoyed in the case where systems are
only approximately localizable and/or noisy. Another inter-
esting direction for future work is to apply recent extensions
of the Fundamental Lemma [21] to relax the controllability
condition and further reduce the length of the data trajectories
needed for the D3LMPC algorithm.

REFERENCES
[1] N. Matni, A. Proutiere, A. Rantzer, and S. Tu, “From self-tuning reg-

ulators to reinforcement learning and back again,” in Proc. IEEE 58th
Conf. Decis. Control, 2019, pp. 3724–3740.

[2] H. Hjalmarsson, M. Gevers, S. Gunnarsson, and O. Lequin, “Iterative
feedback tuning: Theory and applications,” IEEE Control Syst. Mag.,
vol. 18, no. 4, pp. 26–41, Aug. 1998.

[3] M. Fazel, R. Ge, S. Kakade, and M. Mesbahi, “Global convergence of
policy gradient methods for the linear quadratic regulator,” in Proc. Int.
Conf. Mach. Learn., 2018, pp. 1467–1476.

[4] H. Mohammadi, M. Soltanolkotabi, and M. R. Jovanović, “On the linear
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