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Synthesis of many-body quantum systems in the laboratory can help provide further insight into
the emergent behavior of quantum materials. Such materials—formed from coherently interacting
quantum particles such as nuclear spins, electrons, or photons—may enable, for instance, new and
better means for converting energy or transporting signals. They are, however, generally intractable
to simulate using classical computers for systems of more than tens of particles. While the majority
of engineerable many-body systems, or quantum simulators, consist of particles on a lattice with local
interactions amongst the constituent particles, quantum systems featuring long-range interactions
are particularly challenging to model and interesting to study due to the rapid spatio-temporal
growth of entanglement and quantum correlations in such systems. Here we present a scalable
quantum simulator architecture based on superconducting transmon qubits on a lattice, with qubit-
qubit interactions mediated by the exchange of photons via a metamaterial waveguide quantum bus.
The metamaterial waveguide enables extensible scaling of the system and multiplexed qubit read-out,
while simultaneously protecting the qubits from decoherence due to the radiative environment. As an
initial demonstration of this platform, we realize a 10-qubit simulator of the one-dimensional Bose-
Hubbard model, with in situ tunability of both the hopping range and the on-site interaction. We
characterize the Hamiltonian of the system using a measurement-efficient protocol based on quantum
many-body chaos, uncovering the remnant phase of Bloch waves of the metamaterial bus in the long-
range hopping terms. We further study the many-body quench dynamics of the system, revealing
through global bit-string statistics the predicted crossover from integrability to ergodicity as the
hopping range is extended beyond nearest-neighbor. Looking forward, the metamaterial quantum
bus may be extended to a two-dimensional lattice of qubits, and used to generate other spin-like
lattice interactions or tailored lattice connectivity, greatly expanding the accessible Hamiltonians for
analog quantum simulation and the flexibility in implementing gate-based quantum computations
using superconducting quantum circuits.

Realizing a scalable architecture for quantum compu-
tation and simulation has been a central goal in the field
of quantum information science, with numerous physical
platforms under active investigation [1–6]. While archi-
tectures with only nearest-neighbor (NN) coupling be-
tween quantum particles are prevalent, engineered quan-
tum systems with long-range connectivity offer a richer
set of applications and physical phenomena [7–11]. For
digital quantum computation, coupling beyond the NN
level enables non-local gate operations, which can re-
duce the overhead of quantum algorithms involving long-
range gates and lift the restrictions on code rate and dis-
tance of local-interaction-based quantum error-correcting
codes [12, 13]. In the case of analog quantum simulation,
quantum many-body systems with long-range connectiv-
ity provide insights into intriguing topics such as quan-
tum information scrambling [14] and non-local spreading
of entanglement beyond the description of a light-cone
[15, 16]. In particular, the inclusion of long-range interac-
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tion can greatly alter the behavior of otherwise integrable
many-body models, resulting in quantum chaotic dynam-
ics that explore a larger part of Hilbert space and exhibit
increased simulation complexity compared to their inte-
grable counterpart. Furthermore, control over the con-
nectivity range grants access to different physical regimes
and the crossovers between them, e.g., emergence and
frustration of magnetism [17], transitions across bound-
aries between many-body phases [18, 19], and a family of
hydrodynamic universality classes [20].

It is often challenging to scale up a quantum system
while maintaining (or increasing) the degree of connec-
tivity and control. An example is the all-to-all coupling
between superconducting qubits mediated by a common
cavity bus [11, 21], where experiments employing up
to 20 qubits have been demonstrated [22]. Increasing
the number of qubits in this case, however, leads to a
dilemma between parasitic coupling arising from dense
placement of qubits and the breakdown of the single-
mode picture of cavity quantum electrodynamics (QED)
[23] when increasing the cavity size [24]. An alternative
approach is to construct the bus from an intrinsically ex-
tensible one-dimensional (1D) structure such as a waveg-

ar
X

iv
:2

20
6.

12
80

3v
1 

 [
qu

an
t-

ph
] 

 2
6 

Ju
n 

20
22

mailto:opainter@caltech.edu
http://copilot.caltech.edu


2

uide [25]. Notably, engineered waveguides with pho-
tonic bandgaps [26] have been conceived in order to pro-
tect quantum emitters from radiation into the waveguide
without need for fine-tuned strategies [27, 28]. In this
scenario, the emitters are surrounded by localized fields,
forming emitter-photon bound states [29], through which
they couple to one another with a tunable spatial extent
[30, 31]. To realize a scalable architecture with long-range
connectivity, especially for quantum many-body simula-
tion in novel regimes [26, 32], this idea has been inves-
tigated in atomic systems interfaced with nanophotonic
waveguides [33] and in superconducting circuits [34–36].
However, the long-standing goal of realizing a large-scale
quantum simulator based on this concept with a high
level of control and connectivity is still unfulfilled.

In this work, we demonstrate a many-body quantum
simulator with tunable long-range connectivity and full
single-site control, constructed from ten superconduct-
ing qubits coupled to a common metamaterial waveg-
uide. The metamaterial waveguide acts both as a bus
for mediating long-range interactions between qubits,
and as a hardware-efficient Purcell filter enabling mul-
tiplexed readout through its passband at a high fidelity.
When qubits are tuned inside a bandgap of the meta-
material, our system realizes an extended version of the
Bose-Hubbard model with tunable hopping range and
on-site interaction. We characterize these parameters us-
ing both conventional single- and two-qubit experiments
as well as an in situ Hamiltonian learning protocol [37]
based on quantum many-body chaos. Specifically, we
show that the many-body characterization reveals in-
formation on the hopping phases of the extended Bose-
Hubbard Hamiltonian. Finally, we investigate a crossover
from integrable to ergodic many-body dynamics versus
the hopping range, and characterize the crossover us-
ing two-point correlators and statistical fluctuations in
global bit-string measurement outcomes. The various
level of integrability demonstrated in our work paves the
way to exploring quantum chaotic dynamics and ther-
malization, including the studies of many-body dephas-
ing [38, 39] and pre-thermal states [40, 41] in weakly in-
tegrable regimes, and universal randomness of projected
state ensembles [42, 43].

Metamaterial-based quantum simulator

The generic model of the metamaterial waveguide used
in this work consists of a 1D array of coupled cavities
with NN coupling t [44–46], illustrated in Fig. 1a. The
corresponding dispersion relation (see Fig. 1b) is given
by ωk = ωc + 2t cos (kd), exhibiting a passband cen-
tered around the cavity frequency ωc with a bandwidth
of 4t, where k is the wavevector and d is the lattice con-
stant of the array. The bandgap at frequencies below
ωe,− = ωc − 2t (above ωe,+ = ωc + 2t) is denoted as
the lower (upper) bandgap, abbreviated as LBG (UBG).
Inside the bandgaps, the off-resonant coupling between
a bare quantum emitter and the waveguide modes gives
rise to an emitter-photon bound state [29] whose pho-

tonic tail is localized around the emitter. The local-
ization follows a spatial profile (∓1)∆xe−|∆x|/ξ in the
LBG/UBG [46], where ∆x is the displacement in the
number of unit cells from the emitter and ξ is the local-
ization length controlled by the detuning ∆ between the
band-edge frequency and the transition frequency of the
bound state. The overlap of two bound states results in
photon-mediated coupling with a range covering multiple
unit cells, i.e., long-range coupling, exhibiting a greater
strength and a more extended range ξ at a smaller de-
tuning |∆|, as displayed in Fig. 1c.

Here, we use an array of capacitively coupled lumped-
element microwave resonators to construct a metamate-
rial waveguide with 42 unit cells (see Fig. 1d and e).
The theoretical modeling of this circuit realization of
the metamaterial waveguide is discussed in Sec. I of the
Supplementary Information. The metamaterial waveg-
uide is additionally equipped with engineered tapering
sections at its ends, which are designed to reduce the
impedance mismatch to external 50-Ω input-output ports
at the passband frequencies [47]. Each of the middle ten
metamaterial resonators (unit cells labeled by i = 1–10)
couples to a transmon qubit [48] serving as the quantum
emitter. Individual addressing of each qubit is achieved
by excitation (XY control) from a charge drive line and
frequency tuning (Z control) from a flux-bias line. Dis-
persive readout [49] of qubits is enabled by capacitively
coupling each qubit Qi to a compact readout resonator
Ri which is then coupled to the metamaterial resonator
of the same unit cell. The entire metamaterial and trans-
mon qubit system (the device) is fabricated using evap-
orated thin-film aluminum on a high-resistivity silicon
substrate, with procedures detailed in Refs. [47, 50].

The transmission spectrum through the metamaterial
waveguide, displayed in Fig. 2a, shows a passband rang-
ing from ωe,−/2π ≈ 5.01 GHz to ωe,+/2π ≈ 7.08 GHz
with ripples smaller than 8 dB near the center. The ex-
tinction ratio between the passband and the bandgaps
is greater than 65 dB with sharp transitions occurring
within 100 MHz about the band-edges. In the middle
of the passband, resonances associated with readout res-
onators are observed between 5.574 GHz and 6.328 GHz,
with an average spacing of 83.8 MHz. The average de-
cay rate of ten readout resonators is κRi/2π = 11.8 MHz,
enabling rapid readout while maintaining a low level of
readout crosstalk. Further device details and details of
the experimental setup used to measure and test the de-
vice are summarized in Sec. II of the Supplementary In-
formation.

High-fidelity readout through the metamaterial

Besides providing a frequency band for readout, the
metamaterial also acts as a hardware-efficient Purcell fil-
ter. The dispersion of the metamaterial and the large
number of unit cells in this realization effectively prevent
qubits at bandgap frequencies from accessing the exter-
nal ports, as evidenced by the large extinction ratio and
sharp transition at the band-edges. Here, both the direct
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FIG. 1. Metamaterial-based quantum simulator. a, Schematic showing a 1D array of coupled cavities with nearest-
neighbor coupling t. Each cavity is occupied by a quantum emitter (orange ball) with coupling g to the cavity. b, Dispersion
relation of the coupled cavity array in panel a with a passband between ωe,± centered at ωc (bandwidth of 4t). The LBG
(UBG) below (above) the passband is shaded in green (purple). c, Top (Bottom): Cartoon of two emitter-photon bound states
at small (large) detuning |∆|, indicated by dark (light) orange arrows in panel b, exhibiting an extended (restricted) spatial
range and large (small) photonic component in the bound states. d, Electrical circuit realization of panel a with capacitively
coupled LC resonators and transmon qubits corresponding to the cavity array and the quantum emitters, respectively. The
coupling capacitors are color coded in accordance with panel a. e, Optical micrograph (false colored) of the fabricated quantum
simulator with 42 metamaterial resonators (lattice constant d = 292µm) colored blue connected to input-output ports (red)
via tapering sections (purple), magnified in the left inset. Ten qubits (Qi, colored orange), controlled by individual charge drive
lines (pink) and flux bias lines (dark blue), and their readout resonators (Ri, colored green) couple to the ten inner unit cells
of the metamaterial waveguide with a zoomed-in view in the middle inset. Detailed view of the coupling region is shown in the
right inset. Two auxiliary qubits (yellow) are not used in this experiment.

decay of qubits into the metamaterial and the Purcell de-
cay via readout resonators are strongly suppressed. To
show this, we compare the performance of our metama-
terial Purcell filter with traditional circuit QED settings
[51, 52] where readout resonators are coupled to exter-
nal ports directly or via a single-pole Purcell filter. In
Fig. 2b, the Purcell-limited qubit lifetime is shown to be
below 1µs in the case of direct coupling and approxi-
mately 10µs in the case of a single-pole Purcell filter [53]
with Q = 15, suggesting that such strategies for mitigat-
ing qubit decay are incompatible with the desired rapid
qubit readout. However, with the metamaterial waveg-
uide acting as a Purcell filter, the expected decay rate of a
qubit into the external ports is suppressed by more than
five orders of magnitude, lifting the Purcell limitation
on qubit lifetime. The measured lifetime T1 of qubits in
our device lies in the range of 10.3–47.2µs (3.6–9.8µs) at
4.5 GHz (7.45 GHz) in the LBG (UBG), which surpasses

the Purcell limit of the aforementioned traditional set-
tings but remains far below the ideal prediction due to
other material-related decay channels. For additional dis-
cussions on the performance of the metamaterial Purcell
filter, see Sec. III of the Supplementary Information.

To achieve the highest quantum efficiency of readout in
our setup, we utilize both the reflected and transmitted
fields from readout resonators for qubit state discrimi-
nation. The pair of reflected and transmitted fields are
passed through separate near-quantum-limited amplifica-
tion chains [54], followed by independent downconversion
and digitization at room temperature. The digitized pair
of signals are then demodulated and combined with a lin-
ear map to extract the maximum amount of information.
By employing a 140-ns-long readout pulse with a 100-ns
extended window for integration with an optimal weight
[55, 56], we achieve single-qubit readout fidelity F1Q,i

averaged over all qubits Qi exceeding 98 %, comparable
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FIG. 2. Metamaterial waveguide as a Purcell fil-
ter. a, Transmission spectrum through the metamaterial
waveguide (red curve) with black arrows indicating ten reso-
nances of readout resonators Ri. b, Qubit lifetime T1 plot-
ted against frequency. Calculated Purcell-limited lifetime is
shown (with readout resonator frequency ωR5/2π = 6.01 GHz,
decay rate κR5/2π = 9.85 MHz, and qubit-resonator coupling
of 250 MHz) when the readout resonator couples to an ex-
ternal port directly (dotted curve), via a single-pole Purcell
filter with Q = 15 (dashed curve), and via the metamaterial
Purcell filter in this device (solid curve). The measured T1 of
ten qubits are shown in colored circles. In both panels, LBG
and UBG are shaded green and purple, respectively.

to the state-of-the-art performance in superconducting
quantum devices [57, 58]. For multiplexed readout of all
ten qubits in our device, the average fidelity for discrimi-
nating 210 basis states is measured to be F10Q = 76.26 %
when using simultaneous 400-ns-long readout pulses on
all readout resonators. This corresponds to a fidelity of
about (F10Q)1/10 = 97.33 % on each qubit, mainly lim-
ited by errors associated with preparation of 10-qubit
standard-basis states. For additional details of readout
methods and characterization, refer to Sec. IV of the Sup-
plementary Information.

Hamiltonian learning

As previously mentioned, a transmon qubit coupled to
the metamaterial waveguide with transition frequency ly-
ing in either the upper or lower bandgap will form qubit-
photon bound state. The qubit-photon bound state in-
herits the level structure of an anharmonic oscillator from
the transmon qubit [48], and can be viewed as a bosonic
site for microwave photons [59–61] with local site energy
ε = ω01, the transition frequency from ground state |0〉
to first excited state |1〉. Here, the anharmonicity of a
qubit-photon bound state translates into on-site inter-
action U = ω12 − ω01, the difference between the energy
ω01 to have the first excitation and the energy ω12 to add
a second excitation on the same site (the two-excitation

state is denoted as |2〉). In addition, the overlap between
a pair of qubit-photon bound states Qi and Qj gives rise
to long-range hopping Ji,j , implementing an extended
version of the 1D Bose-Hubbard model described by the
Hamiltonian

Ĥ/~ =
∑
i,j

Ji,j b̂
†
i b̂j +

∑
i

Ui
2
n̂i(n̂i − 1) +

∑
i

εin̂i, (1)

where b̂†i (b̂i) is the creation (annihilation) operator on

site Qi and n̂i ≡ b̂†i b̂i is the number operator.
We measure the on-site interaction Ui (Fig. 3a) by per-

forming spectroscopy of ω12 after initializing Qi in its first
excited state |1〉. From within either bandgap, |Ui| de-
creases as ω01 approaches the closest band-edge due to
dressing from the passband modes of the metamaterial
waveguide [34], i.e., the Lamb shift. In the UBG, a wide
tuning range of |Ui| is achievable from the strong hy-
bridization between the |1〉-|2〉 transition and the band-
edge modes at (ω01 − ωe,+)/2π < 300 MHz. The mag-
nitude of hopping |Ji,j | is measured from vacuum Rabi
oscillations between sites Qi and Qj by initializing one
site with a π-pulse and tuning ω01 of both sites on reso-
nance for a duration τ with fast flux pulses. As shown in
Fig. 3b, for a fixed distance |i − j|, |Ji,j | increases with
a decreasing |∆|, resulting from larger photonic compo-
nents of the bound states. Compared to the LBG, the
UBG exhibits larger |Ji,j | at the same |∆|, owing to a
stronger coupling g of the bare qubits to the metama-
terial at higher frequencies and the breakdown of the
tight-binding cavity array model in the circuit realiza-
tion of the metamaterial in Fig. 1d (see Sec. I of the
Supplementary Information). At a specific ω01, |Ji,j | de-
creases exponentially as a function of distance |i− j|, as
shown in Fig. 3c, resembling the profile of the photonic
tail in a qubit-photon bound state. From fitting the ex-
ponential decay curve, we extract the localization length
ξ which ranges from 1.4 to 4.2 at the smallest band-edge
detunings. For smaller detunings, the eigenstate of the
two interacting bound states merges into the passband
and becomes radiative to the waveguide.

Beyond the above single- and two-qubit measurements,
we perform in situ many-body characterization of Hamil-
tonian parameters [37, 42, 43] which are otherwise hard
to access. For example, the sign of the hopping term Ji,j
inherits the spatial profile of the photonic component of
the bound states. In the case of the bound states in the
UBG, the sign of the hopping terms are all uniform (pos-
itive), whereas for bound states in the LBG the hopping
terms alternate sign as the distance between lattice sites
increases by one (see Fig. 3d). This is because the pho-
tonic component of the bound state behaves as a defect
mode inside the bandgap, exhibiting a spatial profile re-
sembling the wavevector at the nearest band-edge, k = 0
at the upper band-edge and k = π/d at the lower bend-
edge. Although insignificant in measurements involving
only two sites, the sign of hopping has a profound im-
pact on the many-body dynamics of the system. Here,
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FIG. 3. Hamiltonian learning. a, Magnitude of on-site interaction Ui plotted as a function of frequency ω01 with measured
values indicated with colored circles. b, Hopping amplitude |Ji,j | between sites Qi and Qj versus frequency. Experimental
data are shown as markers with errorbars indicating a standard deviation. Colors represent the separation |i − j| between
sites. Four gray-scale arrows specify frequencies in Fig. 4. c, Localization length ξ extracted by fitting the exponential decay
of measured hopping rate (results of polynomial fitting of datapoints in panel b) as a function of distance |i − j| (insets) at
a few different frequencies. The darkness of a marker matches a fitting curve in the inset at the same frequency. In panels
a-c, theory curves (solid) are obtained from numerical calculations using an identical circuit model and LBG/UBG is shaded
in green/purple. d, Left (Right): cartoon illustrating hopping from a site inside the LBG (UBG) with positive/negative sign
represented in red/blue and the amplitude represented by opacity. The signs of hopping are alternating (all positive) in the
LBG (UBG), denoted as +−+− (++++). e, Pulse sequence for many-body evolution where ten sites Q1–Q10 are initialized at
their idle frequencies by using π-pulses on the local drive lines (X gate) to prepare an initial bit-string zinit = m1m2 · · · m10,
where mi ∈ {0, 1}. Then the ten sites are tuned to resonance for evolution time τ during the interaction stage, followed by
a site-resolved single-shot readout at their idle frequencies to obtain a final bit-string z = n1 n2 · · · n10 where ni ∈ {0, 1}. f,
Many-body fidelity estimator Fd at ω01/2π = 4.72 GHz versus evolution time τ assuming Ji,j ’s from two-qubit measurement
indicated by the dashed line in panel b with alternating signs +−+− (orange) and all positive signs ++++ (green), and
from the numerical optimization discussed in the main text (blue). The shading on each curve corresponds to the standard
deviation of the mean Fd for 40 randomly chosen zinit’s in the five-excitation sector. Inset: Fd at τ = 0.6µs as a function of J7,8
with optimized parameters on the remaining Ji,j ’s, where the brown (black) dashed line indicates J7,8 extracted from panel b
(from the numerical optimization). g, Comparison of |Ji,j | from two-qubit measurements (colored circles) and from numerical
optimization (blue triangles with errorbars for a standard deviation), corresponding to the orange curve and the blue curve in
panel f, respectively. The navy stars represent the maximum Fd at τ = 0.6µs in panel f and the optimized J7,8 in the insets
of panels f and g.

we utilize a many-body fidelity estimator Fd proposed
in Ref. [37] to reveal this information. This fidelity esti-
mator, which closely tracks the true many-body fidelity,
is obtained by ergodic quench evolution of simple initial
states (see Sec. VI of the Supplementary Information).

We follow the sequence described in Fig. 3e, which con-
sists of preparing a set of five randomly chosen sites in
their first excited state, using flux pulses to align ω01

of all ten sites for time τ , and performing site-resolved
single-shot measurement to obtain a ten-bit string z =

n1 n2 · · · n10. The many-body fidelity estimator Fd is
then calculated by comparing bit-string statistics of re-
peated measurements with numerical simulation of the
evolution assuming a set of Hamiltonian parameters in
Eq. (1). The maximum Fd is achieved at the parameter
values closest to the Hamiltonian realized in the exper-
iment. Our fast repetition rate enables us to perform
a large number of measurements (1.6× 105 in total), re-
ducing statistical error and increasing sensitivity to small
Hamiltonian parameter variations (see Sec. V of the Sup-
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plementary Information for details of qubit control, pulse
sequence, and repetition rate). Figure 3f compares Fd at
ω01/2π = 4.72 GHz using three different parameter sets
for Ji,j : a set with amplitudes from two-qubit exper-
iments in Fig. 3b assuming alternating signs (Fig. 3d,
left), another set with the same amplitudes assuming all
positive signs (Fig. 3d, right), and the other set of param-
eter values optimized over real-valued hopping terms to
maximize Fd assuming independent Ji,i+1’s and uniform
Ji,j at each distance |i − j| > 1. The alternating sign
of Ji,j is favored by higher fidelity compared to that of
all positive signs, and is further evidenced by the alter-
nating signs of the optimized set, providing a complete
Hamiltonian profile. The many-body fidelity estimator
Fd exhibits a further improvement by using the opti-
mized amplitudes over the original ones (both displayed
in Fig. 3g), where the small difference in the two sets
suggests consistency between parameters extracted from
these two independent characterization methods. For de-
tails of Fd calculation and parameter optimization, refer
to Sec. VI of the Supplementary Information.

Ergodic many-body dynamics with long-range
hopping
Having demonstrated the tunability of Hamiltonian pa-
rameters, we now utilize the platform to study the ef-
fect of long-range hopping on the many-body dynam-
ics. Specifically, the ergodicity of the 1D Bose-Hubbard
model in the hardcore limit (|U/J | � 1) depends on the
range of hopping, exhibiting integrable behavior with NN
hopping, and chaotic behavior with long-range hopping.
We study this crossover with various hopping ranges and
investigate the ergodic dynamics on multiple levels, us-

ing both conventional one- and two-site correlators, and
the global, many-body bit-string statistics, which identi-
fies the universal signatures of ergodicity and subsequent
deviations due to decoherence at long evolution times.

The crossover between integrable and ergodic dynam-
ics can be qualitatively visualized by a two-particle quan-
tum walk with initial excitations on sites Q5 and Q6 using
the sequence shown in Fig. 3e. We show in Fig. 4a the
measured quantum walk as a function of normalized evo-
lution time Ji,i+1τ at a few different ω01’s indicated by
arrows in Fig. 3b (corresponding numerical simulation is
provided in Sec. VII of the Supplementary Information),
where Ji,i+1 is the average NN hopping rate. The ex-
citation wave packets smear over the system when ω01

is close to the band-edge frequency. More quantitatively,
this trend can be probed by computing the probability pz
of measuring a certain bit-string z in the two-excitation
sector at evolution time τ . For a generic ergodic Hamilto-
nian, the second moment µ2 ≡

∑
z p

2
z [62], which reflects

the probability fluctuations, converges to µe
2 = 2/(D+1)

after initial evolution [37] due to the chaotic nature of
its quantum dynamics (D = 45 is the dimension of the
two-excitation Hilbert space). No such convergence is ex-
pected in an integrable Hamiltonian due to revivals as-
sociated with ballistic propagation of wave packets [63].
As an example, we show the results from the spin-1/2
XY model [64] obtained from modifying the Hamilto-
nian in Eq. (1) by keeping only NN hopping terms in
the hardcore limit in Fig. 4b. When ω01 is closer to the
band-edge, the measured second moment deviates from
the simulated integrable result and converges to µe

2 at an
earlier normalized evolution time Ji,i+1τ consistent with
the breaking of integrability due to the extended hopping
range.

To further highlight the effect of long-range hopping,
we compare the many-body dynamics of the experi-
mentally measured system (Experiment) at ω01/2π =
4.72 GHz, to both a theoretical calculation using the op-
timal learned Hamiltonian parameters with long-range
hopping (Theory) and a theoretical calculation using a
model based on the integrable Hamiltonian mentioned
above (Integrable theory). We show in Fig. 5a the time
evolution of the second moment µ2 averaged over 20 ran-
domly chosen two-excitation initial states for all three
cases. Decoherence is not included in either of the theory
calculations. At a short time (τ = 16 ns), the excitations
remain in their initial sites for each of the cases. This is
visualized for a quantum walk with initial excitations on
sites Q5 and Q6 in Fig. 5c (evolution of population 〈n̂i〉)
and in the bottom panels of Fig. 5d and e (two-site cor-
relator 〈n̂in̂j〉). The histogram P (pz) of experimentally
measured bit-string probabilities {pz} at this early evolu-
tion stage (Fig. 5b, left) shows a distribution with a tail
of large pz values. This is associated with an insufficient
scrambling of the initially localized quantum information.
At an intermediate time (τ = 360 ns), the excitations are
shown to aggregate on a few sites in the case of the inte-
grable theory (Fig. 5e, middle), whereas the excitations
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FIG. 5. Ergodic many-body dynamics with long-range hopping at 4.72 GHz. a, Second moment µ2 as a function
of evolution time τ in our system from the experiment (orange) and the theory with the optimized parameter set in Fig. 3g
(blue), compared to theoretical predictions of the integrable model (green). The shading on each curve corresponds to a
standard deviation of the mean second moment for 20 randomly chosen initial bit-strings zinit in the two-particle sector, and
the red dashed line represents the ergodic value µe

2. b, Density histogram P (pz) of the distribution of experimental bit-string
probabilities {pz} with the 20 initializations zinit’s at evolution times τ = 16 ns, 360 ns, and 5.4µs from left to right (indicated
by the dotted lines in panel a). The solid lines show the PT distribution and the dashed line in the right plot shows the value
pz = 1/D of classical uniform distribution. c, Evolution of the population 〈n̂i〉 on sites Q1–Q10 as a function of time τ with
zinit = 0000110000 in the cases of experiment, theory, and integrable theory from left to right. The white dashed lines at the
bottom (in the middle) indicates τ = 16 ns (360 ns). d–e, Two-site correlator 〈n̂in̂j〉 with zinit = 0000110000 at evolution times
τ = 16 ns, 360 ns, and 5.4µs from bottom to top in the cases of experiment (left column of panel d), theory (right column of
panel d), and integrable theory (panel e).

have spread over the entire 1D lattice in the experiment
and in the learned Hamiltonian model with long-range
hopping (middle panels of Fig. 5d). This spreading is not
uniform, though, and forms a “speckle” pattern with site-
to-site fluctuation associated with quantum interference
[65]. This can be quantitatively analyzed through the his-
togram P (pz) of bit-string probabilities {pz}. The mea-
sured bit-string probabilities for the experimental system
at intermediate times (Fig. 5b, middle) follow the Porter-
Thomas (PT) distribution [62, 66], a strong signature
of a quantum system uniformly exploring all states of
its Hilbert space [67], and deeply connected to quantum
chaos, computational complexity, and many-body bench-
mark protocols [37, 42, 43, 62]. The second moment µ2

of the PT distribution is equal to µe
2, to which the exper-

imentally measured system data and the learned Hamil-
tonian model with the long-range hopping converge at
intermediate times as shown in Fig. 5a. After a long
evolution time (τ = 5.4µs), differences between the ex-
perimental system and the theoretical model with long-
range hopping begin to show up in the two-site correlator
(top panels of Fig. 5d). At these long times we see that
the histogram of measured {pz} for the experimental sys-

tem (Fig. 5b, right) deviates from the PT distribution,
approaching a classical uniform distribution associated
with the completely decohered, maximally mixed state.
This is also reflected in Fig. 5a, where for long times the
measured value of µ2 for the experimental system eventu-
ally begins to decrease below the ergodic value of µe

2 [65].
Additional numerical simulations of µ2 and P (pz) for er-
godic and integrable systems can be found in Sec. VIII
of the Supplementary Information.

Conclusion and outlook

In conclusion, we demonstrate a many-body quantum
simulator based on a one-dimensional lattice of trans-
mon qubits connected together using a superconducting
metamaterial waveguide. The metamaterial, acting as
an efficient Purcell filter with a sharp response, exhibits
bandgaps to protect qubit-photon bound states from de-
cay while simultaneously allowing for high-fidelity multi-
plexed readout through its passband. Furthermore, the
metamaterial plays the role of a scalable photonic bus
to mediate tunable long-range coupling between qubit-
photon bound states. Our system of interacting bound
states realizes a Bose-Hubbard model with long-range
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hopping, characterized using conventional single- and
two-qubit measurements as well as a novel many-body
Hamiltonian learning protocol. Lastly, we study many-
body quench dynamics to reveal the ergodic nature of
the extended Bose-Hubbard model, distinct from its NN-
coupled counterpart.

We envisage numerous research and application direc-
tions for this type of engineerable quantum many-body-
system architecture. First, as a quantum simulator, the
widely tunable range of parameters of this system en-
ables the study of the extended Bose-Hubbard model
in regimes such as the Mott insulator phase (|U/J | �
1) and near quantum criticality (|U/J | ≈ 1) at the
Kosterlitz-Thouless (KT) phase transition [68]. In ad-
dition, the distinct hopping signs associated with the up-
per and lower bandgap of the metamaterial quantum bus
provide a playground to investigate the effects of frus-
tration on quantum many-body phases, such as changes
in the critical value of |U/J | at the KT transition [69].
Moreover, we can engineer various coupling profiles with
long-range interaction between qubits, including chiral
coupling through engineered waveguide dispersion [32],
and couplings with a tailorable power-law decay profile
[26] or with geometric phases [70] realized by side-band
driving. In addition to mediating coherent coupling, the
metamaterial acts as a dissipative bath in the passband
regime, giving rise to correlated decay [36], which can be
used for reservoir engineering and dissipative stabiliza-
tion of many-body states [71]. Going beyond 1D chains of
qubits, superconducting quantum processors fabricated
with flip-chip technology [72, 73] will enable the coupling
of qubits to two-dimensional metamaterials, creating op-
portunities for quantum simulation on novel lattices, such
as those with flat bands [70, 74] or topological properties

[75]. Finally, besides quantum simulation, the demon-
strated architecture in this work can also be used for
quantum computation with non-local gates. Specifically,
incorporating tunable couplers [76–78] between qubits
and the metamaterial waveguide in this architecture will
enable high-fidelity long-range gates, paving the way for
the study of error-correcting codes with higher connec-
tivity [13].
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A. Potočnik, A. Wallraff, and C. Eichler, Phys. Rev.
Applied 10, 034040 (2018).
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Supplementary Information

I. THEORETICAL MODELING OF THE
QUANTUM SIMULATOR

In this section, we describe the theoretical modeling of
the metamaterial-based quantum simulator used in the
main text.

A. Analytical modeling

In the analytical modeling, we discuss the Hamilto-
nian description of our quantum simulator by mapping
its basic circuit model onto a tight-binding array of cou-
pled cavities with locally coupled qubits under various
approximations. We derive the effective Hamiltonian in
the qubit subspace, resulting in an analytical form of
the metamaterial-mediated coupling between qubits de-
scribed in the main text.

1. Approximate canonical quantization of the metamaterial
waveguide

The metamaterial waveguide consists of an array of
inductor-capacitor (LC) resonators with inductance L0

and capacitance C0 coupled with capacitance Ct illus-
tratezd in Fig. S1. We denote the flux variable of each

node of the metamaterial as Φn(t) ≡
∫ t
−∞ dt′ Vn(t′). The

Lagrangian in position space reads

L =

N∑
n=0

[
Ct
2

(
Φ̇n+1 − Φ̇n

)2

+
C0

2

(
Φ̇n

)2

− Φ2
n

2L0

]
(S1)

where Φn=0 = Φn=N+1 ≡ 0. The canonical quantization
of the metamaterial waveguide can be performed approx-
imately in position space. The node charge variable Qn
conjugate to the node flux variable Φn is evaluated as

Qn =
∂L
∂Φ̇n

= Cw0Φ̇n − Ct
(

Φ̇n+1 + Φ̇n−1

)
, (S2)

where Cw0 = C0 + 2Ct is the effective self-capacitance
of LC resonators forming the metamaterial waveguide.
Using a vector notation Φ ≡ (Φ1,Φ2, · · · ,ΦN )>, Q ≡
(Q1, Q2, · · · , QN )>, the linear relation between node
charges and voltages can be written in a compact form
Q = CΦ̇, with the capacitance matrix C given by

C = Cw0I − CtJ1. (S3)

Here, I is an N × N identity matrix and Jk is a ma-
trix with components [Jk]n,n′ = δn,k+n′ + δn+k,n′ , i.e.,
unity on the kth off-diagonal. Also, the Lagrangian in
Eq. (S1) can be rewritten as L = 1

2Φ̇>CΦ̇ − 1
2L0

Φ>Φ
using the vector notation. The Legendre transformation

H =
∑
nQnΦ̇n − L [79] gives the Hamiltonian of the

metamaterial waveguide

H =
1

2
Q>C−1Q +

1

2L0
Φ>Φ. (S4)

The first-order approximation to the inverse of capaci-
tance matrix is given by

C−1 = [Cw0(I − rJ1)]
−1

= C−1
w0 (I + rJ1 + r2J2

1 + · · · )

≈ 1

Cw0
I +

Ct
C2
w0

J1 +O(r2), (S5)

where r = Ct/Cw0 < 1 is the ratio of the coupling ca-
pacitance to the self capacitance, which is assumed to be
small. Using this, the Hamiltonian of the metamaterial
waveguide is evaluated as

H ≈
N∑
n=1

(
Q2
n

2Cw0
+

Φ2
n

2L0
+

Ct
C2
w0

QnQn+1

)
(S6)

up to first order in r, where QN+1 ≡ 0. Note that higher-
order approximations to the inverse of capacitance ma-
trix can be calculated using the matrix relations

J2
1 ≈ 2I +J2, J

3
1 ≈ 3J1 +J3, J

4
1 ≈ 6I + 4J2 +J4, · · · ,

under which the Hamiltonian exhibits long-range cou-
pling beyond nearest neighbors. Here, the magnitude of
charge-charge coupling between a pair of resonators at
sites (i, j) scales as ∼ r|i−j|, exponentially decaying with
the distance |i− j| between resonators.

· · ·
Ct

Vn

L0 C0

Cg

Vqn

Cq

EJ,n

Ct

Vn+1

L0 C0

Cg

Vqn+1

Cq

EJ,n+1

Ct

· · ·

FIG. S1. Basic circuit model of the metamaterial-
based quantum simulator. The metamaterial waveguide
is described by an array of LC resonators with inductance
L0 and capacitance C0 capacitively coupled to nearest neigh-
bors with a capacitance Ct (colored blue). Superconducting
transmon qubits, each represented as a parallel circuit of a
Josephson junction and a capacitor, are coupled to each meta-
material resonator site with a capacitance Cg (colored green).
The Josephson energy and the capacitance of the qubit at the
nth site is given by EJ,n and Cq, respectively.

We promote the flux and charge variables to quan-
tum operators by imposing the canonical commutation
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relation [Φ̂n, Q̂n′ ] = i~δn,n′ . The annihilation (creation)
operator ân (â†n), defined with

Φ̂n =

√
~Zw

2

(
ân + â†n

)
, Q̂n =

1

i

√
~

2Zw

(
ân − â†n

)
(S7)

where Zw0 =
√
L0/Cw0, satisfies the commutation rela-

tion [ân, â
†
n′ ] = δn,n′ . Substituting Eq. (S7) into Eq. (S6),

we obtain an approximate second-quantized Hamiltonian
of the metamaterial under the rotating-wave approxi-
mation (RWA), corresponding to the Hamiltonian of an
array of nearest-neighbor-coupled cavities [44–46] illus-
trated in Fig. 1a of the main text. The Hamiltonian is
written as

Ĥ = ~
N∑
n=1

[
ωcâ
†
nân + t

(
â†nân+1 + â†n+1ân

)]
, (S8)

where the cavity frequency ωc and the coupling t between
neighboring cavities are given by

ωc =
1√

L0(C0 + 2Ct)
, t =

Ct
2(C0 + 2Ct)

ωc. (S9)

2. Coupling of superconducting qubits to the metamaterial
waveguide

We assume coupling a transmon qubit (in the
schematic form of a Josephson junction with energy EJ
and parallel capacitance Cq) to each metamaterial res-
onator site via a capacitance Cg as illustrated in Fig. S1.
Following the procedures similar to the above, the full
Hamiltonian of the qubit-metamaterial system can be
obtained up to first order in the coupling capacitances
Cg and Ct, written as

Ĥ ≈
∑
n

(
Q̂2
n

2CwΣ
+

Φ̂2
n

2L0
+

Ct
C2
wΣ

Q̂nQ̂n+1

+
Q̂2
qn

2CqΣ
− EJ,n cos

2πΦ̂qn
Φ0

+
Cg

CwΣCqΣ
Q̂nQ̂qn

)
.

(S10)

Here, Φ̂n (Q̂n) and Φ̂qn (Q̂qn) are the node flux (charge)
operators of the metamaterial resonator and the qubit
at the nth unit cell, respectively, and Φ0 = h/2e is a
magnetic flux quantum. The self-capacitance of metama-
terial resonators and qubits are renormalized to CwΣ =
Cw0 +Cg and CqΣ = Cq+Cg, respectively, redefining the
parameters of the cavity array in Eq. (S9) into

ωc =
1√

L0(C0 + Cg + 2Ct)
, t =

Ct
2(C0 + Cg + 2Ct)

ωc.

(S9′)

Introducing annihilation and creation operators following
a procedure similar to that of Eq. (S7) and restricting

subspace of qubits to their lowest two energy levels, we
obtain the Hamiltonian of the metamaterial-qubit system
in a second-quantized form

Ĥ = ~
∑
n

[
ωcâ
†
nân + t

(
â†nân+1 + â†n+1ân

)
+
ωqn
2
σ̂zn + gn

(
â†nσ̂

−
n + ânσ̂

+
n

) ]
, (S11)

where

gn =
Cg

2
√
CwΣCqΣ

√
ωcωqn (S12)

is the coupling between a qubit and a metamaterial res-
onator at the nth unit cell. Here, σ̂αn (α ∈ {±, x, y, z})
denotes the Pauli operator of qubit at the nth unit cell.
We can use annihilation operators âk = 1√

N

∑
n e
−ikndân

in the momentum space (satisfying commutation relation

[âk, â
†
k′ ] = δk,k′) to rewrite the Hamiltonian of the meta-

material waveguide in terms of normal modes, where d
is the lattice constant. In this case, the Hamiltonian is
given by

Ĥ/~ =
∑
k

ωkâ
†
kâk +

∑
n

ωqn
2
σ̂zn

+
∑
n,k

(
gk,nâ

†
kσ̂
−
n + g∗k,nâkσ̂

+
n

)
. (S13)

Here, ωk = ωc + 2t cos (kd) is the dispersion relation
of the metamaterial waveguide (plotted in Fig. 1b of
the main text) up to first order in Ct/CwΣ and gk,n ≡
gne
−iknd/

√
N is the coupling of qubit at site n to a meta-

material mode with wavevector k.

3. Effective Hamiltonian in the dispersive limit

The effective Hamiltonian Ĥeff of the system can be
calculated by performing the Schrieffer-Wolff transforma-
tion

Û = exp

∑
k,n

g∗k,nâkσ̂
+
n − gk,nâ†kσ̂−n
∆n,k


on the original Hamiltonian in Eq. (S13), where ∆n,k =
ωqn−ωk is the detuning of qubit n from the metamaterial
mode at wavevector k. The result of this transformation
is given by

Ĥeff/~ =
∑
k

ωkâ
†
kâk +

∑
n

ωqn
2
σ̂zn

+
∑
n,n′

Jn,n′ σ̂+
n σ̂
−
n′ +

∑
k,k′,n

Kk,k′,nσ̂
z
nâ
†
kâk′ ,

(S14)

where Kk,k′,n denotes coupling between a pair of meta-
material modes (k, k′) dependent on the state of qubit n,
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giving rise to qubit-state-dependent shift of the metama-
terial given by

Kk,k′,n =
gk,ng

∗
k′,n

2

(
1

∆n,k
+

1

∆n,k′

)
, (S15)

and the exchange interaction Jn,n′ between a qubit pair
(n, n′) is written as

Jn,n′ =
∑
k

gk,n′g∗k,n
2

(
1

∆n,k
+

1

∆n′,k

)
. (S16)

We focus on this exchange interaction, the interaction
between qubits mediated by the virtual photons of the
metamaterial, by evaluating the sum

Jn,n′ =
∑
k

gngn′

N

eik(n−n′)d

2

×
[

1

∆n − 2t cos (kd)
+

1

∆n′ − 2t cos (kd)

]
(S17)

where ∆n ≡ ωqn −ωc is the detuning of qubit n from the
bare cavity frequency ωc. In the discrete model consisting
of finite number of unit cells N , the wavevectors of the
metamaterial mode are equally spaced by ∆k = 2π/Nd.
In the continuum limit, the summation on the right-hand
side of Eq. (S17) is cast into the following

gngn′

2

d

2π

∫ π/d

−π/d
dk

[
eik(n−n′)d

∆n − 2t cos (kd)
+

eik(n−n′)d

∆n′ − 2t cos (kd)

]

= −gngn′

4π

1

2t
[I (n− n′, an) + I (n− n′, an′)]

where an = −∆n/2J and I is the integral function de-
fined and evaluated as

I(n, a) ≡
∫ π

−π
dk

eikn

a+ cos k

=

{
2π√
a2−1

(−1)|n|e−|n|/λ, if a > 1

− 2π√
a2−1

e−|n|/λ, if a < −1
. (S18)

Here, λ = 1/arccosh(|a|) = 1/ ln
(
|a|+

√
a2 − 1

)
. In

the following, we describe the behavior of metamaterial-
mediated coupling Jn,n′ between qubits in the bandgap
regime.

(a) Lower bandgap. When qubits are tuned to the lower
bandgap, i.e., ∆n = ωqn − ωc < −2t and an > 1, the
exchange interaction Jn,n′ between qubits mediated
by virtual photons of the metamaterial waveguide is
calculated as

Jn,n′ = −(−1)|n−n
′| gngn′

2

×
(
e−|n−n

′|/λn√
∆2
n − 4t2

+
e−|n−n

′|/λn′√
∆2
n′ − 4t2

)
, (S19)

where λn is the localization length given by

1

λn
= arccosh

( |∆n|
2J

)
. (S20)

Note that the diagonal components Jn,n =

−g2
n/
√

∆2
n − 4t2 corresponds to the Lamb shift and

takes negative values inside the lower bandgap as the
metamaterial modes are located at frequencies higher
than that of the qubit. Considering the off-diagonal
components, if qubits at sites n and n′ are resonant
with one another (∆n = ∆n′), the coupling Jn,n′ falls
off exponentially with distance |n − n′| at a length
scale λn determined by the detuning ∆n of qubits and
the tunneling rate t. In addition, the coupling Jn,n′

alternates sign with a factor (−1)|n−n
′| due to the

fact that localized modes inside the lower bandgap
has quasi-wavevector k with real part π/d. This is
because the lowest frequency of the band takes place
at k = π/d according to the dispersion relation, and
any localized modes inside the lower bandgap must
have a real part of the wavevector that is an analytic
continuation of the lowest-frequency point.

(b) Upper bandgap. When qubits are tuned to the upper
bandgap, ∆n = ωqn − ωc > 2t and an < −1, the
exchange interaction Jn,n′ is evaluated as

Jn,n′ =
gngn′

2

(
e−|n−n

′|/λn√
∆2
n − 4t2

+
e−|n−n

′|/λn′√
∆2
n′ − 4t2

)
, (S21)

with the localization length λn having a form iden-
tical to Eq. (S20). The diagonal components Jn,n =

g2
n/
√

∆2
n − 4t2 (i.e., the Lamb shift) takes positive

values inside the upper bandgap since metamaterial
modes are located at frequencies lower than that of
the qubit. Similar to the case of lower bandgap, the
coupling Jn,n′ between qubits at sites n and n′ in-
side the upper bandgap falls off exponentially with
distance |n − n′| at a length scale λn. However,
the alternating sign factor is not present in the up-
per bandgap case due to the fact that the quasi-
wavevector inside the upper bandgap has real part
of zero. Therefore, the coupling Jn,n′ mediated by
the metamaterial waveguide is always positive inside
the upper bandgap.

B. Numerical modeling

While the analytical modeling discussed in Sec. I A is
useful for understanding the basic processes in our quan-
tum simulator, the presence of long-range coupling be-
tween metamaterial resonators (due to large coupling ca-
pacitance values) and parasitic coupling mechanisms in
the realized device complicate the picture, causing our
experimental data to deviate significantly from the sim-
plest analytical theory. To resolve this, we come up with
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FIG. S2. General circuit model of the metamaterial-based quantum simulator for numerical modeling. L0 (C0) is
the self-inductance (self-capacitance) of metamaterial resonators and EJ,n (Cq) is the Josephson energy (capacitance) of qubit
coupled to the nth unit cell. The capacitance between metamaterial resonators (qubits) separated by a distance x = 1, 2, · · · is
denoted as Ct,x (Cqq,x), colored blue (red). The mutual inductance between inductors of metamaterial resonators at a distance
x = 1, 2, · · · , colored magenta, is denoted as Mx. The distributed coupling of a qubit to the metamaterial is specified by
capacitance Cg,x between a qubit to a metamaterial resonator at a distance x = 0, 1, 2, · · · , colored green. Opaque elements in
the figure represent parasitic capacitive and mutual inductive contributions, processes of which are shown only up to second
order.

a theory for numerical modeling that allows us to find
realistic parameters of the device.

1. Derivation of Hamiltonian

We assume a general circuit model illustrated in
Fig. S2, extended from the one used in the analytical
modeling in Fig. S1 which consists of an array of LC res-
onators with inductance L0 and capacitance C0 forming
the metamaterial waveguide and qubits with Josephson

energy EJ,n and capacitance Cq. Here, the capacitance
Ct,1 ≡ Ct between nearest-neighbor metamaterial res-
onators and capacitance Cg,0 ≡ Cg between a qubit and
a metamaterial resonator at each unit cell give rise to
the desired couplings in the system. In addition, this
model includes parasitic capacitance Ct,x (x = 2, 3, · · · )
and mutual inductance Mx (x = 1, 2, · · · ) between meta-
material resonators not limited to nearest neighbors,
parasitic long-range capacitance between qubits Cqq,x
(x = 1, 2, · · · ), and distributed capacitive coupling be-
tween qubits and metamaterial resonators represented by
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capacitance Cg,x (x = 1, 2, · · · ).
The capacitive part LC of the Lagrangian contains

terms that are quadratic in time-derivatives of the node

flux variables Φn(t) ≡
∫ t
−∞ dt′ Vn(t′) and Φqn(t) ≡∫ t

−∞ dt′ Vqn(t′), written as

LC =
∑
n

[
C0

2
Φ̇2
n +

∑
x>0

Ct,x
2

(Φ̇n+x − Φ̇n)2

+
Cq
2

Φ̇2
qn +

∑
x>0

Cqq,x
2

(Φ̇qn+x − Φ̇qn)2

+
∑
x

Cg,|x|
2

(Φ̇qn − Φ̇n+x)2

]
. (S22)

The node charge variables Qn = ∂LC/∂Φ̇n and Qqn =

∂LC/∂Φ̇qn canonically conjugate to the flux variables are
evaluated as

Qn =

C0 +
∑
x 6=0

Ct,|x| +
∑
x

Cg,|x|

 Φ̇n

−
∑
x 6=0

Ct,|x|Φ̇n+x −
∑
x

Cg,|x|Φ̇qn+x , (S23a)

Qqn =

Cq +
∑
x 6=0

Cqq,|x| +
∑
x

Cg,|x|

 Φ̇qn

−
∑
x 6=0

Cqq,|x|Φ̇qn+x
−
∑
x

Cg,|x|Φ̇n+x. (S23b)

Equations (S23a)-(S23b) can be rewritten in a compact
form by introducing a vector of node charge variables
Q = (Q1, Q2, · · · , Qq1 , Qq2 , · · · )> and a vector of node
flux variables Φ = (Φ1,Φ2, · · · ,Φq1 ,Φq2 , · · · )>, giving

Q = CΦ̇ where

C =



CwΣ −Ct,1 −Ct,2 · · · −Cg,0 −Cg,1 · · ·
−Ct,1 CwΣ −Ct,1 · · · −Cg,1 −Cg,0 · · ·
−Ct,2 −Ct,1 CwΣ · · · −Cg,2 −Cg,1 · · ·

...
...

...
. . .

...
...

. . .

−Cg,0 −Cg,1 −Cg,2 · · · CqΣ −Cqq,1 · · ·
−Cg,1 −Cg,0 −Cg,1 · · · −Cqq,1 CqΣ · · ·

...
...

...
. . .

...
...

. . .


.

(S24)
Here, the effective self-capacitance CwΣ (CqΣ) of a meta-
material resonator (qubit) is given by

CwΣ = C0 +
∑
x 6=0

Ct,|x| +
∑
x

Cg,|x|, (S25a)

CqΣ = Cq +
∑
x6=0

Cqq,|x| +
∑
x

Cg,|x|. (S25b)

Note that the capacitance matrix C is symmetric, satis-
fying C> = C.

The inductive part LL of the Lagrangian reads

LL =
∑
n

(
−1

2
L0I

2
n −

∑
x>0

MxInIn+x

)

= −1

2

∑
n

In

L0In +
∑
x6=0

M|x|In+|x|

 , (S26)

where In is the current flowing through the inductor of
the nth metamaterial resonator. The node flux Φn and
current In satisfies the relation

Φn = L0In +
∑
x 6=0

M|x|In+x, (S27)

which can be compactly written in terms of a vec-
tor of node flux variables of metamaterial resonators
Φw ≡ (Φ1,Φ2, · · · )> and that of current variables Iw ≡
(I1, I2, · · · )> as Φw = LwIw, where

Lw =


L0 M1 M2 M3 · · ·
M1 L0 M1 M2 · · ·
M2 M1 L0 M1 · · ·
M3 M2 M1 L0 · · ·

...
...

...
...

. . .

 (S28)

is a symmetric matrix, i.e., L>w = Lw. This allows us to
rewrite Eq. (S26) as

LL = −1

2
I>wΦw = −1

2
Φ>wL

−1
w Φw. (S29)

The last part of the Lagrangian LJ comes from the
Josephson junctions forming qubits

LJ =
∑
n

EJ,n cos
2πΦqn

Φ0
. (S30)

The Lagrangian of the system is given by sum of the
three contributions mentioned above, i.e., L = LC+LL+
LJ . The Hamiltonian can be obtained by the Legendre
transformation

H =
∑
n

(
QnΦ̇n +QqnΦ̇qn

)
=

1

2
Q>C−1Q +

1

2
Φ>wL

−1
w Φw −

∑
n

EJ,n cos
2πΦqn

Φ0
.

(S31)

Finally, we expand the cosine potential of the Josephson
junctions according to

cos
2πΦqn

Φ0
≈ 1− 1

2

(
2πΦqn

Φ0

)2

+
1

24

(
2πΦqn

Φ0

)4

, (S32)

which gives the final form of the Hamiltonian

H =
1

2
Q>C−1Q +

1

2
Φ>wL

−1
w Φw

+
∑
n

EJ,n
2

(
2πΦqn

Φ0

)2

−
∑
n

EJ,n
24

(
2πΦqn

Φ0

)4

.

(S33)
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2. Second quantization

We promote the node flux and charge variables to
quantum operators by imposing canonical commutation
relation [Φ̂n, Q̂n′ ] = [Φ̂qn , Q̂q′n ] = i~δn,n′ . We also de-
compose the inverse capacitance and inductance matrices
into their diagonal (D) and off-diagonal (O) parts, i.e.,
C−1 = (C−1)D + (C−1)O and L−1

w = (L−1
w )D + (L−1

w )O.
Then the Hamiltonian in Eq. (S33) can be rearranged

into Ĥ = Ĥ0 + V̂ , where

Ĥ0 =
∑
n

[
(C−1)n,n

2
Q̂2
n +

(L−1
w )n,n
2

Φ̂2
n

+
(C−1)qn,qn

2
Q̂2
qn +

EJ,n
2

(
2πΦ̂qn

Φ0

)2

− EJ,n
24

(
2πΦ̂qn

Φ0

)4 ]
(S34a)

contains components associated with the diagonal part
of the inverse matrices and the cross coupling terms are
described by

V̂ =
1

2
Q̂>(C−1)OQ̂ +

1

2
Φ̂>w(L−1

w )OΦ̂w. (S34b)

The second quantization can be performed by writing
the canonical flux and charge operators in terms of anni-
hilation and creation operators by noting the form of Ĥ0

in Eq. (S34a):

Φ̂n =

√
~Zn

2

(
ân + â†n

)
, (S35a)

Q̂n =
1

i

√
~

2Zn

(
ân − â†n

)
, (S35b)

Φ̂qn =

√
~Zqn

2

(
âqn + â†qn

)
, (S35c)

Q̂qn =
1

i

√
~

2Zqn

(
âqn − â†qn

)
, (S35d)

where the effective impedance of the metamaterial res-
onator (qubit) at the nth unit cell is given by

Zn =

√
(C−1)n,n

(L−1
w )n,n

, Zqn =

√
(C−1)qn,qn

(2π/Φ0)
2
EJ,n

. (S36)

Using the above expressions, Eq. (S34a) can be rewritten
under the RWA as

Ĥ0/~ =
∑
n

[
ωnâ

†
nân + ωqn â

†
qn âqn +

Uqn
2

(â†qn)2(âqn)2

]
,

(S37)

where the bare resonator frequency ωn, the transition
frequency ωqn and the anharmonicity Uqn of the bare

qubit at the nth unit cell are given by

ωn =

√
(C−1)n,n(L−1

w )n,n (S38a)

ωqn =

√
8EJ,nEC,n − EC,n

~
(S38b)

Uqn = −EC,n. (S38c)

Here, EC,n = e2(C−1)qn,qn/2 is the charging energy of
the qubit at the nth unit cell where e is the electron
charge. The coupling terms in Eq. (S34b) can also be
written in the form of

V̂ /~ =
∑
n,n′

[
tn,n′

(
â†nân′ + â†n′ ân

)
+ gn,qn′

(
â†nâqn′ + â†qn′ ân

)
+ J ′qn,qn′

(
â†qn âqn′ + â†qn′ âqn

)]
. (S39)

where tn,n′ is the coupling between metamaterial res-
onators, gn,qn′ is the coupling between a qubit and a
metamaterial resonator, and J ′qn,qn′ is the parasitic di-
rect coupling between qubits, given by

tn,n′ =
1

2

[
(C−1)n,n′√
ZnZn′

+ (L−1
w )n,n′

√
ZnZn′

]
, (S40a)

gn,qn′ =
(C−1)n,qn′

2
√
ZnZqn′

, (S40b)

J ′qn,qn′ =
(C−1)qn,qn′

2
√
ZqnZqn′

. (S40c)

3. Fitting based on the numerical model

With a set of electrical circuit parameters, we can per-
form numerical diagonalization of the exact Hamiltonian
in Eqs. (S37) and (S39), enabling us to calculate various
properties of our simulator and fit the experimental data.
Assuming a qubit couples to the middle unit cell of a 50-
resonator metamaterial waveguide with an open bound-
ary condition, we numerically diagonalize the Hamilto-
nian in the single- and two-excitation manifold to obtain
the eigenfrequency ω01 (ω02) of the first (second) excited
state |1〉 (|2〉) relative to the ground state |0〉 as a func-
tion of EJ . The on-site interaction can be calculated by
U = ω02 − 2ω01, which is shown in Fig. 3a of the main
text. The effective coupling Ji,j between two transmon
sites Qi and Qj is obtained by diagonalizing the Hamil-
tonian of two qubits coupled to two unit cells separated
by a distance |i − j| near the center of the 50-resonator
metamaterial. The two single-excitation eigenstates in
the bandgaps correspond to the even and odd superposi-
tion of the two bound states with the eigenenergy differ-
ence (sum) of 2Ji,j (2ω01). This allows us to numerically
calculate Ji,j as a function of ω01 shown in Fig. 3b of
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FIG. S3. Comparison of numerical modeling with the experimental data. Magnitude of on-site interaction Ui (panels
a and d), amplitude of hopping Ji,j (panels b and e), and localization length ξ (panels c and f) as a function of frequency
with the solid curves in each panel showing the fitting based on numerical modeling. The fitting curves in panels a–c are
obtained from numerical optimization assuming the approximate tight-binding Hamiltonian in Eq. (S11) and the panels d–f
assuming the nearest-neighbor-coupled circuit model with the form of Hamiltonian in Eqs. (S37) and (S39). The dotted curves
are obtained from fitting assuming the capacitive and inductive coupling beyond nearest neighbor elements, the full model of
which shown in Fig. S2. The experimental data (colored or grayscale markers) and the fit curves of the full model are identical
to the ones in Fig. 3 of the main text.

the main text. Fitting the exponential decay of Ji,j as a
function of distance |i− j| at a fixed frequency ω01 gives
the localization length ξ plotted in Fig. 3c of the main
text. The solid curves in Fig. 3a–c are calculated from an
identical set of circuit parameters, with L0 = 2.04 nH ex-
tracted from electromagnetic simulation (Sonnet® [80]),
CqΣ = 92.7 fF calculated from the average charging en-

ergy of EC/h = e2/(2hCqΣ) = 220 MHz measured at the
lower sweet spot (see Table. S1), and free parameters ob-
tained from numerical fitting of the experimental data
(Nelder-Mead optimization) given by C0 = 242.19 fF,
Ct,1 = 60.17 fF, Ct,2 = 0.542 fF, M1 = −18.1 pH, M2 =
13.5 pH, M3 = −1.09 pH, M4 = 0.438 pH, Cg,0 = 9.19 fF,
Cg,1 = 0.368 fF, and Cqq,1 = 10.1 aF. The long-range cou-
pling capacitance assumes the form C ∝ 1/r3 where r is
the distance between two planar electrodes [81], giving

Ct,|x| = Ct,2(2/|x|)3 (|x| ≥ 2)

and the form of Cqq,|x|, Cg,|x| (|x| > 1) following the phys-
ical distance on the device. In addition, the long-range
mutual inductance between metamaterial resonators as-
sumes M|x| ∝ (−1)x ln (1 + 1/|x|) for |x| ≥ 4, adapted
from the form of mutual inductance between two parallel

wires [82].

The exact Hamiltonian in Eqs. (S37) and (S39) taking
into account both the long-range capacitance and mu-
tual inductance was necessary to sufficiently explain the
data in Fig. 3a–c in both the LBG and the UBG. For ex-
ample, assuming an approximate form of Hamiltonian in
Eq. (S11) with only nearest-neighbor coupling, we were
not able to reproduce the wide tuning range of Ui and
large |Ji,j | in the UBG (Fig. S3a–c). This indicates that
the asymmetry between LBG and UBG partly originates
from beyond-nearest-neighbor coupling in the Hamilto-
nian. Additionally, the capacitance ratio from the fitted
parameters above is Ct,1/(C0 + 2Ct,1 + Cg,0) = 0.162,
which suggests the invalidity of the small-coupling ap-
proximation in Eq. (S5) in the derivation of this analyti-
cally solvable model. Another numerical fitting using an
exact Hamiltonian in Eqs. (S37) and (S39) with zero ca-
pacitive and inductive coupling beyond nearest-neighbor,
corresponding to the circuit diagram in Fig. S1 with in-
ductive coupling between adjacent resonators, also fails
to fit the experimental data with a good agreement. Al-
though this model captures the behavior of |Ui|, Ji,j , and
ξ inside the UBG, as shown in Fig. S3d–f, the long-range
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part in Ji,j inside the LBG is underestimated, resulting
in a smaller ξ than the experimental results. Only when
the full circuit model in Fig. S2 is assumed can we re-
cover the trend in the LBG, implying the importance of
long-range capacitive and inductive coupling especially
when the hopping strength |Ji,j | is small.

II. DEVICE CHARACTERIZATION AND
EXPERIMENTAL SETUP

In this section, we summarize the details of the device
and the experimental setup used in our work.

A. Device details

1. Qubit

The ten transmon qubits in the device are designed
to be nominally identical, with asymmetric Josephson
junctions on superconducting quantum interference de-
vice (SQUID) loop to reduce sensitivity to flux noise
while maintaining a tuning range wide enough to cover
both the lower bandgap (LBG) and the upper bandgap
(UBG). Each qubit is individually addressed by a charge
drive line (XY control) with a designed capacitance of
Cd = 80 aF and a flux bias line (Z control) with a mu-
tual inductance of MΦ ≈ 1 Φ0/mA ≈ 2 pH to the qubit’s
SQUID loop. The staggered qubit placement with re-
spect to the metamaterial, i.e., Qi and Qi+1 located on
the opposite sides of the metamaterial waveguide, is em-
ployed in order to minimize parasitic near-field coupling
between the qubits. We perform basic characterization of
each qubit in its entire tuning range inside the bandgaps
by sweeping over DC current sent along its flux bias line
while parking the remaining qubits inside the opposite
bandgap. We measure the lifetime T1, Ramsey coher-
ence time T ∗2 , Hahn echo coherence time T2E , and an-
harmonicity U as a function of qubit frequency, which
are summarized in Table S1 at a few different frequen-
cies.

2. Readout resonator

The compact readout resonators in our device consists
of a meander inductor of 1µm pitch and a planar capac-
itor and are designed to have frequencies near the center
of the passband, enabling dispersive readout when the
qubits are tuned inside the bandgaps. The resonant fre-
quencies of readout resonators, controlled by the length
of the meander inductor, are designed to have larger sep-
aration for physically adjacent readout resonators in or-
der to avoid deleterious effects from parasitic near-field
coupling. The readout resonator frequency ωr measured
from waveguide transmission spectroscopy and the de-
cay rate κr extracted from ring-down measurement are

shown in Table S1. The variations in the decay rates
originate from the dispersion of the metamaterial waveg-
uide. To achieve a high-fidelity readout, we design the
coupling between a qubit and its readout resonator to
be gqr/2π = 250 MHz, giving the dispersive shift of
χ/2π ≈ 6 MHz when the qubit is parked at 4.5 GHz or
7.5 GHz.

3. Metamaterial waveguide

As mentioned in the main text, the metamaterial
waveguide consists of an array of nominally identical 42
compact resonators each formed by a meander inductor
of 2µm pitch and a planar capacitor. Each resonator of
the ten inner unit cells of the metamaterial waveguide
(labeled by i = 1–10) is capacitively coupled to a qubit
Qi and simultaneously to its readout resonator Ri. On
each metamaterial resonator without a qubit, we keep the
capacitors of a qubit and a readout resonator to maintain
the total capacitance of the metamaterial resonator and
minimize the discrepancy in resonator frequencies. The
two metamaterial resonators close to the auxiliary qubits
(colored yellow in Fig. 1e of the main text) have capaci-
tors which are redesigned to compensate for the absence
of qubit and readout resonator capacitors. The metama-
terial waveguide is connected to external input-output
ports via tapering sections.

4. Tapering section

The tapering section in our device is a network of
inductors and capacitors designed to reduce impedance
mismatch between the metamaterial waveguide and the
external 50-Ω input-output ports at the passband fre-
quencies [36, 47]. This significantly decreases the level
of ripples in the transmission spectrum near the center
of the passband (shown in Fig. 2a of the main text), en-
abling the use of metamaterial waveguide as a resource-
efficient feedline for qubit readout. We utilize a design
illustrated in Fig. S4 where four LC resonators with an
identical inductance L0 are capacitively coupled to each
other with gradually changing capacitance values given
by CT,t1 = 222.8 fF, CT1 = 51.0 fF, CT,t2 = 77.3 fF,
CT2 = 210.7 fF, CT,t3 = 53.8 fF, CT3 = 298.1 fF, CT,t4 =
65.3 fF, and CT4 = 293.1 fF. An optical micrograph of
the tapering section realized in our device is shown in
the left inset of Fig. 1e of the main text. Note that our
tapering design becomes less efficient at frequencies close
to the band-edges, creating a dense spectrum of high-Q
modes.
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Parameters Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Avg. Stdev.

Lower sweet spot frequency ω01,min/2π (GHz) 3.738 3.520 3.601 3.513 3.743 3.467 3.671 3.532 3.557 3.396 3.574 0.108

Upper sweet spot frequency ω01,max/2π (GHz) 7.636 7.506 7.650 7.577 7.575 7.494 7.584 7.573 7.578 7.483 7.566 0.053

Lifetime T1 (µs)

at ω01,min

7.56 75.4 – 73.0 5.13 74.2 22.4 54.3 24.9 39.1 41.8 26.9

Ramsey T ∗2 (µs) 4.69 10.4 – 0.81 1.48 13.6 6.97 16.7 4.80 16.2 8.4 5.7

Hahn echo T2E (µs) 10.8 70.1 – 51.7 7.34 82.5 24.8 52.4 20.4 32.2 39.1 24.9

Anharmonicity U/2π (MHz) −211 −222 – −223 −239 −220 −207 −221 −215 −224 −220 9

Lifetime T1 (µs)

at ω01/2π ≈
4.72 GHz

4.89 31.0 22.6 25.0 14.5 33.8 11.3 32.7 12.1 28.0 21.6 9.7

Ramsey T ∗2 (µs) 1.08 1.05 1.07 1.03 1.18 1.37 1.25 1.20 1.26 1.14 1.16 0.10

Hahn echo T2E (µs) 4.67 5.87 6.84 6.20 5.64 6.83 4.83 5.35 5.48 4.73 5.64 0.76

Anharmonicity U/2π (MHz) −195 −203 −205 −194 −202 −199 −195 −203 −205 −198 −200 4

Lifetime T1 (µs)

at ω01/2π ≈
7.35 GHz

3.37 2.47 2.22 3.18 3.39 5.95 6.45 4.83 4.74 3.74 4.03 1.34

Ramsey T ∗2 (µs) 1.49 1.30 1.19 1.31 1.80 2.87 2.63 2.67 2.93 2.06 2.02 0.66

Hahn echo T2E (µs) 3.18 1.89 1.31 1.73 3.28 4.53 6.26 4.83 5.56 3.28 3.59 1.59

Anharmonicity U/2π (MHz) −134 −126 −112 −131 −132 −125 −129 −118 −123 −134 −126 7

Lifetime T1 (µs)

at ω01,max

4.58 8.52 2.60 14.2 7.65 10.1 9.64 10.4 4.37 8.49 8.1 3.3

Ramsey T ∗2 (µs) 5.53 5.78 3.02 12.0 7.34 5.67 9.54 10.6 6.09 10.5 7.6 2.7

Hahn echo T2E (µs) 7.12 5.67 3.18 16.7 9.29 11.5 13.6 10.9 7.28 12.5 9.8 3.9

Anharmonicity U/2π (MHz) −181 −162 −177 −177 −170 −161 −176 −165 −168 −166 −170 7

Readout resonator frequency ωr/2π (GHz) 5.833 6.084 6.328 5.574 6.008 5.907 5.622 6.236 6.169 5.741 5.950 0.245

Readout resonator decay rate κr/2π (MHz) 11.47 8.38 16.95 14.08 9.85 8.09 10.46 10.57 21.95 6.16 11.80 4.46

TABLE S1. Basic characterization of qubits and readout resonators. Various parameters of the qubits and the readout
resonators used in this work are summarized. The last two columns of the table show the average and the standard deviation
of each parameter over all qubits or readout resonators.
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FIG. S4. Circuit model of the tapering section. Schematic diagram of the tapering section consisting of four LC resonators
coupled to an external input-output port on the left indicated with a transmission line symbol and the regular metamaterial
waveguide section on the right.

B. Experimental setup

1. Room-temperature electronics

The electronic setup at the room temperature for syn-
thesis of qubit control signals and processing of qubit
readout signals is illustrated in Fig. S5. Static compo-
nent of qubit frequency control (slow Z) signal is gen-
erated by a stable DC voltage source (QDevil, QDAC)
passed through a 10 kΩ resistor. Dynamic qubit fre-
quency control (fast Z) is achieved by employing ar-

bitrary waveforms generated from a digital-to-analog
converter (DAC) channel with an analog bandwidth of
400 MHz at 1 ns temporal resolution, sent through a
10 dB attenuator before entering the dilution refrigera-
tor. For microwave synthesis of drive signals on each
qubit (XY), we prepare a pair of intermediate frequency
(IF) signals from DAC channels passed through a low-
pass filter with 400 MHz cutoff. The pair of IF signals
are attenuated and multiplied to a local oscillator (LO)
signal generated by a microwave signal generator (Ro-
hde & Schwarz, SMB100A) by using a IQ mixer (Marki
Microwave, MMIQ-0218L) for upconversion, enabling
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FIG. S5. Schematic of the room-temperature elec-
tronic setup outside the dilution refrigerator. The
diagram for synthesis of signals for qubit frequency control
signals (slow and fast Z control, panel a), qubit drive signals
(XY control, panel b), and readout input signals (panel c) are
shown, together with the analog downconversion and filtering
procedure for readout output signals (panel d). The manu-
facturers and model numbers of the parts and the instruments
used in the diagram are enumerated in Sec. II B 1.

synthesis of signals in approximately 800 MHz-wide fre-
quency band about the LO frequency. This is followed
by attenuation and filtering with a low-pass filter with
10 GHz cutoff (Mini-Circuits, ZXLF-K14+) and a high-
pass filter with 2.9 GHz cutoff (Mini-Circuits, VXHF-
292M+) and a subsequent low-noise amplification (Mini-
Circuits, ZX60-83-LN-S+). Note that we distribute the
LO signal generated from a single, common microwave
signal generator to multiple IQ mixers used for synthesis
of qubit drive signals by using a suitable combination
of power splitters and amplifiers. Together with syn-
chronized DAC channels used on all qubits, this ensures
that the phase relation between qubit XY drive signals
sent to different qubits is deterministic and constant over
the repetition of experiments. The readout input sig-
nals are synthesized in a way similar to the XY signals
by IQ mixing with a separate LO dedicated for read-
out. Each qubit XY and readout input signals are op-
tionally directed to a spectrum analyzer by digitally con-
trolled microwave switches, enabling calibration of each
IQ mixers to suppress their spurious LO and image leak-

age tones. The readout output signals from the refrigera-
tor are passed through a room-temperature dual-junction
circulator (Fairview Microwave, FMCR1019) and a yt-
trium iron garnet (YIG)-tuned band-reject filter (Mi-
cro Lambda Wireless, MLBFR-0212) to suppress leakage
tones at the JTWPA pump frequency. This signal is then
amplified with a high-gain low-noise amplifier (L3Harris
Narda-MITEQ, LNA-40-04000800-07-10P), a tunable at-
tenuator (Vaunix, Lab Brick LDA-133), and a low-pass
filter with 7.5 GHz cutoff (Marki Microwave, FLP-0750).
Then, the signals are downconverted to IF band by us-
ing IQ mixers pumped by the same readout LO used for
upconversion of readout input signals and suitably fil-
tered (Mini-Circuits, VLFX-400+ and VLFX-500+) and
amplified (Mini-Circuits, ZFL-500LN+) before digitiza-
tion at analog-to-digital converter (ADC) channels. The
DAC and ADC channels used in this work are analog out-
put and analog input channels, respectively, of Quantum
Machines OPX+. All the microwave instruments used in
our work are referenced to an external 10 MHz reference
from a Rubidium frequency standard (Stanford Research
Systems, FS725).

2. Cryogenic setup

The experimental setup inside the cryogen-free dilu-
tion refrigerator (Bluefors, BF-LD250) used in our work
is illustrated in Fig. S6. The refrigerator consists of
multiple temperature stages named 50 K flange, 4 K
flange, still flange, cold plate (CP), and mixing cham-
ber (MXC) flange with typical temperatures of 50 K,
3.6 K, 0.7 K, 60 mK, and under 7 mK, respectively, during
normal operations. The frequency of each qubit is con-
trolled statically by a DC bias (slow Z) passing through
a resistor-capacitor-resistor (RCR) low-pass filter (Aivon
Ltd., Therma-uD25-G) with 64 kHz cutoff thermalized to
the 4 K plate and dynamically by RF pulses (fast Z) pass-
ing through a series of XMA cryogenic attenuators (2082-
6418-��-CRYO) with stainless steel enclosure whose at-
tenuation values are given by 1 dB, 30 dB, 0 dB and 0 dB
at 50 K, 4 K, Still and CP stages, respectively. This is fol-
lowed by reflective low-pass filtering with a 400 MHz filter
(Mini-Circuits, VLFX-400+) and a 12 GHz “clean-up”
filter (K&L Microwave, 6L250-12000/T26000-OP/O) at
the mixing chamber plate. The DC bias and the RF
pulses for Z control are then combined with a DC-coupled
bias tee obtained by shorting the capacitor of a Mini-
Circuits ZFBT-4R2GW+ bias tee, followed by infrared
filtering with an Eccosorb filter at the mixing chamber
before connecting to the flux bias line on the device. The
microwave signals for XY drive of each qubit is atten-
uated by 1 dB, 20 dB, and 1 dB at the 50 K, 4 K, and
Still stages, respectively, using the XMA cryogenic at-
tenuators. Also, 10 dB and 30 dB cryogenic attenuators
made with oxygen-free high-conductivity (OFHC) copper
enclosure (Quantum Microwave, QMC-CRYOATT-��)
are placed at the CP and MXC stages, respectively, in or-
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FIG. S6. Schematic of the experimental setup inside
the dilution refrigerator. The cryogenic setup consists of
slow and fast Z lines for qubit frequency control, XY lines
for qubit drive, and RO input/output lines for qubit readout.
The meaning of symbols used in the diagram is enumerated
at the bottom. Attenuation values of cryogenic attenuators,
cutoff frequencies of low-pass filters, and bandwidths of circu-
lators and amplifiers are shown next to the components. The
input pump line for JTWPA’s are not shown in the diagram
for brevity. The manufacturers and model numbers of the
parts used in the diagram are enumerated in Sec. II B 2.

der to achieve good thermalization at temperatures below
100 mK (similar to the attenuators in Ref. [83]). This is
followed by infrared filtering by a 12 GHz K&L low-pass
filter and an Eccosorb filter before entering the device.
A pair of readout input lines go through the same atten-
uation and filtering as the XY drive lines and connect
to wideband dual-junction circulators (Low-Noise Fac-
tory, LNF-CICIC4 12A). Each circulator connects to an
input-output port of the metamaterial waveguide via a
2×2 RF switch (Radiall, R577432000), playing the role of
both sending waveguide input signal into the device and
directing waveguide output signal to amplification chains
of readout output lines. The output signal is ampli-
fied by a Josephson traveling-wave parametric amplifier

Yq(ω)

Zext(ω)
Crw

Lr

Cqr

Cr EJ Cq

Cg

“q”

FIG. S7. General circuit model for dispersive qubit
readout. A qubit (Josephson energy EJ and capacitance
Cq) couples to an external port with impedance Zext(ω) via a
readout resonator (inductance Lr and capacitance Cr). The
circuit elements in the shaded region is taken into account
when calculating the admittance Yq(ω) seen from the qubit
node “q”.

(JTWPA) from MIT Lincoln Laboratory sandwiched by
two sets of dual-junction circulators at the mixing cham-
ber and then a high-electron-mobility transistor (HEMT)
amplifier (Low-Noise Factory, LNF-LNC4 8C and LNF-
LNC0.3 14A for amplification in the 4–8 GHz and 0.3–
14 GHz bands, respectively) at the 4K flange before fur-
ther amplification at room temperature. The two exter-
nal ports (1 and 2) of the metamaterial waveguide con-
nect to two individual sets of input-output line and am-
plification chain. With four 2 × 2 RF switches in total,
we can configure the setup to measure both transmis-
sion (S21 and S12) and reflection (S11 and S22) from both
waveguide ports with an option to bypass JTWPA in
transmission measurements. Also, with individual ampli-
fication chains, the transmitted and the reflected signals
can be measured simultaneously (e.g., S21 and S11). We
place inner/outer DC blocks (Inmet, 8039 or Centric RF,
CD9519) along all the cryogenic coaxial lines before con-
nection to room-temperature electronics to break ground
loops, except for the qubit Z control lines where a full
bandwidth from DC to 400 MHz is necessary in order to
minimize pulse distortion.

III. DISCUSSIONS ON THE METAMATERIAL
PURCELL FILTER

A general scheme for qubit readout in circuit QED
involves a qubit coupled to a readout resonator which
could be accessed from an external port, an example
electrical circuit of which is illustrated in Fig. S7. In
the dispersive regime where the qubit-resonator coupling
gqr is small compared to the magnitude of their detun-
ing ∆qr ≡ ω01 − ωr, the frequency of the readout res-
onator depends on the state of the qubit, enabling quan-
tum non-demolition readout [49, 84]. However, this cou-
pling simultaneously introduces an unwanted qubit decay
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channel into the external port via the readout resonator,
known as the Purcell decay, which could be mitigated by
engineering a Purcell filter [53, 85, 86] that suppresses
the density of states at the qubit frequency. The rate of
Purcell decay when the readout resonator is coupled to
an external port with impedance Zext(ω) is given by [87]

ΓPurcell
1 =

g2
qr

∆2
qr

Re[Zext(ω01)]

Re[Zext(ωr)]
κr, (S41)

where κr is the decay rate of the readout resonator.
In the case of a metamaterial waveguide, the external
impedance Zext(ω) is highly frequency-dependent with
an impedance close to Z0 = 50 Ω inside the passband
after tapering and in principle a purely imaginary Bloch
impedance inside the bandgaps [88]. As a result, the Pur-
cell decay rate ΓPurcell

1 in Eq. (S41) is strongly suppressed
by the ratio of the real part of the external impedance at
the qubit transition frequency ω01 to that at the readout
resonator frequency ωr.

In our circuit construction, the real part Re[Zext(ω01)]
of external impedance at the qubit transition frequency
is not zero due to finite number of unit cells. Taking into
account the direct coupling capacitance Cg between the
qubit and the metamaterial waveguide (see Fig. S7), we
calculate the qubit decay rate into the external port by
using the relation [85, 86]

ΓPurcell
1 =

Re[Yq(ω01)]

CqΣ
, (S42)

where Yq(ω) is the admittance seen from the qubit node
“q” illustrated in Fig. S7. To numerically evaluate the
expression, we use the readout resonator R5 as an exam-
ple with parameters Cr = 130.5 fF and Lr = 4.518 nH,
together with metamaterial parameters from the numer-
ical fit results discussed in Sec. I B 3 and the designed
coupling capacitance values Cqr = 10.3 fF, Crw = 6.8 fF.
Note that the admittance Yq(ω) also depends on the
details of the tapering section, design parameters of
which are enumerated in Sec. II A 4. With the set of
circuit parameters listed above, we utilize AWR Mi-
crowave Office® to calculate the Purcell-limited lifetime
TPurcell

1 = 1/ΓPurcell
1 based on Eq. (S42), indicated by the

black curve in Fig. 2b of the main text.
For comparison, we also consider two conventional

qubit readout scenarios in circuit QED where the readout
resonator is coupled to an external port directly or via
a single-pole Purcell filter (Cg = 0 is assumed in these
cases). First, in the case of direct coupling, the exter-
nal impedance is simply given by Zext(ω) = Z0 = 50 Ω
with no frequency dependence and hence Eq. (S41) re-
covers the basic form of the Purcell decay [84] at a rate
of ΓPurcell

1,direct = (gqr/∆qr)
2κr, which is utilized to obtain

the dotted curve in Fig. 2b of the main text assuming
the capacitance values listed above. It is shown that the
Purcell decay in this simplest case will limit the lifetimes
of qubits to below 1µs. In the second case of a single-
pole Purcell filter [53, 89] consisting of a resonator with

decay rate κr at frequency ωr, it can be shown that the
external impedance is given by the form [88]

Zext(ω) =
Z0

1 + 2j(ω − ωf )/κf
. (S43)

Substituting Eq. (S43) into Eq. (S41) gives the Purcell
decay rate of

ΓPurcell
1,single-pole =

g2
qr

∆2
qr

1

1 + (2∆qf/κf )2
κ̃r, (S44)

where ∆qf = ω01 − ωf is the detuning of the qubit from
the filter resonator and κ̃r = κr{1 + [2(ωr − ωf )/κf ]2}
is the decay rate of the readout resonator modified by
the presence of the filter resonator. In this case, we
need to choose a bandwidth of the filter wide enough
to accommodate ten readout resonators, playing a role
similar to our metamaterial waveguide. As an example,
we assume a filter quality factor of Qf = ωf/κf = 15
(half the value used in Ref. [53]), corresponding to a
full-width half-maximum linewidth of κf/2π ≈ 400 MHz,
with the Purcell filter resonant to the readout resonator
at ωR5

/2π = 6.01 GHz. The expected Purcell-limited
lifetime using this set of parameters for the single-pole
Purcell filter, indicated by the dashed curve in Fig. 2b
of the main text, is comparable to or slightly below the
measured lifetimes of qubits. With this assumed value of
bandwidth, however, the frequency separation between
readout resonators and their linewidths must be reduced
to enable comparable multiplexed readout performance
on all qubits, requiring a longer readout time. Further
increase in the filter bandwidth to enhance resonator de-
cay rate κr, for faster readout, in this case will lead to an
even lower Purcell-limited lifetime than what is shown in
Fig. 2b.

IV. QUBIT READOUT METHODS AND
CHARACTERIZATION

In this section, we provide details of the qubit read-
out procedures used in this work and additional readout
characterization results.

A. Qubit state discrimination

As discussed in the main text, we utilize both the re-
flected and the transmitted fields from readout resonators
to perform qubit state discrimination in order to achieve
the best quantum efficiency available in our setup. In
the simplest case of a readout resonator symmetrically
coupled to a readout feedline [90], qubit state informa-
tion from the readout resonator is equally divided into
the forward (transmitted) and the backward (reflected)
directions. Therefore, collection of both the reflected and
the transmitted fields is expected to give readout signal-
to-noise ratio (SNR) about 3 dB larger than what could
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be obtained by using only one of the two fields. In our
device, however, we observe frequency-dependent asym-
metric coupling of readout resonators to the two exter-
nal input-output ports associated with the dispersion of
the metamaterial waveguide. Here, the transfer functions
from a qubit to the external ports becomes asymmet-
ric away from the eigenfrequencies of the metamaterial.
While the tapering sections help mitigate this effect by
reducing the sharpness of the transmission response, the
ratio of forward and backward decay rates of readout
resonators is expected to be as large as ten at certain fre-
quencies under numerical modeling. For these reasons, it
is essential to collect the readout signals from both input-
output ports of the device for qubit state discrimination,
which gives a smooth experimental workflow with the
highest readout SNR without concerns about this unde-
sired asymmetry.

In order to achieve the highest readout SNR from the
addition of the two readout fields, we pass the two fields
through independent analog signal processing branches
consisting of near-quantum-limited amplification, filter-
ing, and downconversion, which gives a pair of complex-
valued IF signals sp(t) = ap(t)e

iωIFt from the ports p =
1, 2. Here, ap(t) denotes the complex-valued baseband
waveform and ωIF is the IF frequency of the readout.
The pair of IF signals are independently digitized into
discrete-time waveforms sp(tm) (m = 0, 1, · · · ,M − 1),
which undergo digital demodulation

xp =

M−1∑
m=0

w∗p(tm)sp(tm)e−iωIFtm =

M−1∑
m=0

w∗p(tm)ap(tm)

(S45)

weighted by complex-valued integration weights wp(tm).
Here, the integration weights wp(tm) can be chosen to be
either a constant, e.g., wp(tm) = 1, or samples optimized
for maximum separability of qubit-state-dependent read-
out signals [55, 56]. The demodulated complex scalar
variables xp are then summed with weights vp accord-
ing to x =

∑
p v
∗
pxp, followed by thresholding to dis-

criminate the state of a qubit, which is based on a pre-
calibrated distribution of x obtained with initialization
of the qubit in its standard basis states. The optimal
values of the weights vp maximizing the separability in
x can be obtained from the distribution of demodulated
scalars xp of each port by performing linear discrimi-
nant analysis (LDA) [91, 92]. Our method is superior to
the approach used in Ref. [93] where the placement of
a power combiner before the first amplification stage led
to reduction in SNR by at least 3 dB, counteracting the
3 dB gain expected from the addition. Also, our method
of applying digital signal processing to combine the two
signals takes into account the phase and gain imbalance
of the independent branches, allowing for noise-matched
and phase-coherent addition of the readout signals, with
the effective SNR being the sum of SNR available from
each branch.

Utilizing a FPGA-based control architecture (Quan-

tum Machines OPX+) to synthesize and analyze readout
signals, we carry out the digital signal processing proce-
dures mentioned above in real time, including weighted
demodulation of digitized IF waveforms, weighted sum
of demodulated quadrature variables, and thresholding.
This allows us to perform low-latency (< 1µs) feedback
control over qubits conditioned on measurement out-
comes, a demonstration of which in the form of active
qubit reset is described in Sec. V C.

B. Readout control parameter tune-up

An important prerequisite to high-fidelity single-shot
readout of a qubit is to find a set of parameters that de-
termine pulses sent to a readout resonator. In a regular
setting [51], a frequency between the readout resonator

frequencies ω
|0〉
r = ωr + χ and ω

|1〉
r = ωr − χ under qubit

preparation in states |0〉 and |1〉, respectively, is chosen
to maximize the |0〉-|1〉 signal separation at a fixed read-
out power. This is followed by a readout power sweep
at this frequency to find an optimal power that maxi-
mizes the readout fidelity while being unaffected by par-
asitic state transitions associated with the measurement
[94, 95]. In our experiment, however, the dispersion of
the metamaterial waveguide affects the validity of this
method in two ways. First, the colorful transmission re-
sponse of the metamaterial waveguide on the order of a
few dB prohibits us from making a frequency sweep with
a fixed power arriving at the resonator, making it chal-
lenging to find the optimal readout frequency. Also, as
noted in Sec. IV A, the dispersion of the metamaterial
waveguide causes the decay rate of readout resonator to
be highly frequency-dependent in cases with a large dis-
persive shift χ. In this case, the intra-resonator photon
occupation nr ∝ 1/[∆2

r+(κr/2)2] during the readout [96]
becomes highly asymmetric between the qubit states |0〉
and |1〉, making the behavior associated with readout-
induced state transition hard to predict.

Due to the challenges mentioned above, we devise a
more general readout tune-up procedure based on a fast
real-time sweep over both frequency and power of the
readout. Given a readout pulse envelope, we sweep over
frequency and power of readout to find a combination
that maximizes the readout fidelity without parasitic
qubit state transitions. This is achieved by repeating
the qubit readout under initialization of qubit in each
standard basis state {|0〉, |1〉} for nrep times. From the
resulting distribution of demodulated quadrature vari-
ables xp in Eq. (S45), we perform LDA [92] to extract
the assignment fidelity and outlier counting for estimat-
ing the probability of parasitic state transitions, similar
to the method discussed in Ref. [97], at each combination
of readout frequency and power. Specifically, we choose
the first nrep/2 samples in the dataset to train the LDA
discriminator and the remainder are used to determine
the readout fidelity with out-of-sample validation at a
low statistical error [98]. For outlier counting, we draw
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a 3σ-radius circle with respect to the center of distribu-
tion calculated from the LDA and compute the portion
of datapoints lying outside the regions enclosed by the
circles. We choose a frequency and power combination
that realizes the maximum readout fidelity, simultane-
ously having an outlier probability below a certain user-
defined threshold.

This sweep is first coarsely performed with a small
number of repetitions nrep ∼ 102, where reset is per-
formed by waiting about 400µs for the qubit to relax
between pulse sequences. The next round of the sweep is
performed with a larger number of repetition nrep ∼ 104

at a much higher repetition rate to reduce statistical fluc-
tuations, efficiently implemented by employing active re-
set (see Sec. V C) based on the single-shot readout cal-
ibrated from the first round of the sweep. Optionally,
an additional round of a finer version of the sweep is
performed to find a condition that achieves the highest
readout fidelity. The total time spent on this tune-up
procedure is about 2–4 minutes, limited by communi-
cation latency associated with data retrieval from the
stream processor of OPX+.

For multiplexed readout, we follow a similar tune-up
procedure involving simultaneous real-time sweep over
the frequency and power sent into all ten readout res-
onators, whose sweep ranges are centered at the optimal
condition determined from the single-qubit readout cali-
bration described above. Such multiplexed readout cal-
ibration helps avoid spurious processes associated with
parasitic near-field coupling between readout resonators
and qubits as well as mitigate the decrease in readout fi-
delity due to the non-linearity of the measurement chain.

C. Readout characterization

Here, we summarize the characterization results of
single-shot readout achieved in our system.

1. Rapid single-qubit readout

We quantify the performance of single-shot readout
of each qubit with its assignment fidelity F1Q, which
is obtained by preparing the qubit in its standard ba-
sis states {|0〉, |1〉} followed by measurement, repeated
over nrep ∼ 105 experimental counts. A rapid readout is
achieved by employing a 148 ns-long square pulse with an
initial 20 ns kick with two times large amplitude for fast
ring-up [99], convolved with a Gaussian envelope of 10 ns
standard deviation. The resulting output readout signals
are demodulated and integrated with optimal weights
[55, 56]. Here, we use a 100 ns-longer integration window
to collect transient readout signals associated with ring-
up and ring-down of the readout resonator, timescales of
which are about 1/κRi

≈ 13.5 ns (see Table S1).
The characterization results of the highest readout fi-

delity achieved on each qubit, on par with the state-of-

the-art performance achieved in superconducting quan-
tum circuits [57, 58], are summarized in Table S2.

2. Multiplexed readout

We characterize multiplexed readout when the qubits
are parked at their idle frequencies shown in Fig. S10.
Here, we use 400 ns-long square pulses, convolved with a
Gaussian envelope of 10 ns standard deviation, sent to all
readout resonators by frequency multiplexing (calibrated
using the tune-up procedures discussed in Sec. IV B). The
output signals from readout resonators are demodulated
and integrated with constant weights in 100 ns-longer in-
tegration window. The characterization is performed by
initializing the system in a state of random 10-bit-string
by a choice of local gates (I or X) on all qubits sent
in parallel followed by the multiplexed readout, repeated
over nrep > 106 experimental realizations.

The performance of the multiplexed readout is quanti-
fied by the probability P (z|ζ) of assigning a bit-string z
when the system is prepared in a bit-string ζ, known as
the assignment probability matrix, which is illustrated in
Fig. S8a. The average probability of correct assignment,
i.e., mean of diagonal elements P (z|z) of the assignment
probability matrix, gives the fidelity of multiplexed read-
out for discriminating 210 standard basis states of 10
qubits, which is calculated to be F10Q = 0.7626 (see
Fig. S8b). In the absence of correlated multi-qubit read-
out errors, this corresponds to an average single-qubit
readout fidelity of (F10Q)1/10 ≈ 0.9733, which is slightly
lower than the average of best single-qubit rapid readout
fidelity shown in Table S2.

The sources of infidelity can be qualitatively under-
stood by noting the non-zero off-diagonal elements of the
assignment probability matrix. For example, the domi-
nant infidelity components of the assignment matrix in
Fig. S8a, on the order of 10−2, form a fractal pattern
situated in the lower triangular part of the matrix. This
corresponds to a single-qubit decay error, where a bit of
a bit-string prepared in state 1 is assigned to be in state
0 while the remaining bits of the assigned bit-string are
identical to the originally prepared ones. In order to
perform a quantitative analysis of the errors during the
multiplexed readout, we define bit-flip error rates calcu-
lated from the infidelity components of the assignment
probability matrix (see Fig. S8c and d). The single-qubit
bit-flip error rate is written as

e1(si) ≡ P (· · · ¬si · · · | · · · si · · · ), (S46)

which is the average of assignment probability matrix el-
ements corresponding to preparation of a state si and
assignment of the flipped state ¬si on qubit Qi while
the assigned bits of the remaining qubits are identical to
the prepared ones. It is observed in Fig. S8c that the
single-qubit decay |1〉 → |0〉 (few percent on average) is
the dominant contributor to the infidelity of the read-
out, which is believed to be associated with the limited
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Parameters Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Avg. Stdev.

Qubit frequency ω01/2π (GHz) 4.02 4.78 4.44 4.20 4.42 4.48 3.80 – 4.78 4.50

Readout frequency ωRO/2π (GHz) 5.845 6.122 6.339 5.615 6.047 5.935 5.687 – 6.196 5.788

Readout fidelity F1Q 0.983 0.980 0.974 0.991 0.983 0.985 0.984 – 0.968 0.989 0.982 0.007

TABLE S2. Characterization of rapid single-qubit readout. The highest readout fidelity achieved for each qubit, utilizing
a rapid readout method described in Sec. IV C 1, is summarized with corresponding qubit and readout frequencies used for the
characterization.
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FIG. S8. Characterization of multiplexed readout of qubits. a, Assignment probability matrix P (z|ζ) of prepared
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rate e1(si) during the readout, given by the average of assignment probability matrix elements corresponding to preparation
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qubit bit-flip error rate e2(si, sj) during the readout, corresponding to the average of assignment probability matrix elements
corresponding to preparation of states (si, sj) and assignment of the flipped states (¬si,¬sj) on qubits (Qi,Qj) while the states
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lifetimes T1 of qubits resulting in non-negligible decay
during the on-time of readout pulses. Similarly, the two-
qubit bit-flip error rate is defined as

e2(si, sj) ≡ P (· · · ¬si · · · ¬sj · · · | · · · si · · · sj · · · ), (S47)

which is the average of assignment probability matrix
elements corresponding to preparation of states (si, sj)

and assignment of the flipped states (¬si,¬sj) on qubits
(Qi,Qj) while the other bits remain identical between the
preparation and the assignment. We find that the two-
qubit error rates shown in Fig. S8d are dominated by
two-qubit decay process |11〉 → |00〉 in most cases with
error rates an order of magnitude smaller than the single-
qubit error rates in Fig. S8c. Such behavior is expected
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in a system with independent single-qubit error sources.
We also note the prevalence of non-trivial two-qubit error
processes in few combinations of qubit pairs, e.g., two-
qubit excitation |00〉 → |11〉 on (Q4,Q6) and population
swap |01〉 → |10〉 on (Q9,Q10). We attribute these pro-
cesses to state preparation errors associated with always-
on qubit-qubit couplings and frequency collision in our
system as well as parasitic readout-induced state transi-
tions, which are under active investigation. We observe
that the higher-order error processes make negligible con-
tributions to the 10-qubit readout fidelity F10Q.

V. QUBIT CONTROL METHODS

In this section, we provide details about single- and
multi-qubit control methods, including qubit XY and Z
control methods, qubit reset procedures, and experimen-
tal pulse sequences described in the main text.

A. Qubit XY control

The XY control of a qubit is realized by sending a mi-
crowave pulse on the qubit’s charge drive line at the tran-
sition frequency. Throughout the experiments described
in this work, we use 40-ns-long Gaussian pulses with a
standard deviation of 10 ns, corrected with the derivative
removal by adiabatic gate (DRAG) method [100]. The
pulses are calibrated following the procedures outlined in
Ref. [101].

B. Qubit Z control

The transition frequency of a qubit is controlled by cur-
rent sent into its flux-bias line, which generates magnetic
field threading the qubit’s SQUID loop. The DC flux
bias (slow Z) sets the static frequency while the flux bias
pulses (fast Z) dynamically tune the qubit to, e.g., the
interaction frequency during an experimental sequence.
Here, we provide details on the corrections applied on the
flux bias of the qubits.

1. Pulse distortion

A flux pulse is distorted after passing through mi-
crowave components along a flux bias line, which in-
troduces a significant error in the frequency control of
qubits. Here, we characterize the pulse distortion utiliz-
ing an in situ method involving a Ramsey-like sequence
[102] and perform correction by using pre-distorted wave-
forms. To show the effectiveness of the correction, we
measure the frequency detuning of a qubit during the
on-time of a square flux pulse with and without correc-
tion, which are illustrated in Figure S9a. We observe

a low-pass response in the uncorrected pulse and a re-
sponse close to the ideal step function after the correc-
tion. The rise time of the remaining low-pass response
of the corrected pulse is 6 ns with approximately 2 ns-
long overshoot originating from the finite bandwidth of
the waveform generator to faithfully implement the pre-
distortion. The deviation of the corrected pulse remains
mostly within the ±0.2% margin of the ideal response
for short pulses, while a larger fluctuation is observed at
pulse durations greater than 1µs limited by the coher-
ence of the qubit during the characterization.

2. Flux crosstalk

For a multi-qubit device, the flux crosstalk, i.e., the
flux bias on one qubit affecting the frequency of another
qubit, poses challenges on precise simultaneous control
over the frequency of multiple qubits. To compensate
for the flux crosstalk, we characterize a crosstalk matrix
CV defined by Veff = CV Vapp, where Veff (Vapp) is a
vector of effective (applied) flux bias voltages on all the
qubits. Assuming that the diagonal components of the
crosstalk matrix are close to the unity, i.e., [CV ]i,i =
∆Veff,i/∆Vapp,i ≈ 1, we characterize each off-diagonal
crosstalk element [CV ]i,j (i 6= j) by measuring the ratio
of flux tuning rates of a target site Qi from biasing the
sites Qj and Qi, giving

[CV ]i,j ≡
∆Veff,i

∆Vapp,j
≈ ∆Vapp,i

∆Vapp,j
=

∆ω01,i/∆Vapp,j

∆ω01,i/∆Vapp,i
.

(S48)
The measurement of flux tuning rate ∆ω01,i/∆Vapp,j is
performed at biases where the frequency of a qubit is
nearly linear in the flux bias. During the characterization
of [CV ]i,j , sites other than the target site Qi is detuned by
at least 3 GHz to minimize the influence of coupling be-
tween sites. In the DC flux crosstalk characterization, the
target qubit frequency tuning ∆ω01,i is calibrated from
Ramsey fringes experiments, yielding an average magni-
tude of crosstalk elements of 0.059 (see Fig. S9b). For
the fast flux pulse crosstalk, ∆ω01,i is measured from a
Ramsey sequence with a flux pulse of increasing duration
(up to 1µs) between two π/2 pulses. The resulting flux
pulse crosstalk matrix is shown in Fig. S9c with the aver-
age magnitude of crosstalk elements calculated as 0.004,
more than an order of magnitude smaller than its DC flux
counterpart. The crosstalk matrices can then be used for
calculating the bias voltage to apply in order to achieve
the effective ideal bias by Vapp = C−1

V Veff . We iterate
the crosstalk calibrations based on existing corrections
until the remainder of the crosstalk element exhibits no
further decrease in magnitude, giving the crosstalk level
below 1× 10−4 for the majority of elements.
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C. Qubit reset

Before the start of an experimental sequence, the
qubits are required to be in the ground state, which is
achieved by qubit reset. The traditional way to reset a
qubit is to wait for a time much longer than its lifetime
to ensure the population decay. For the qubits on this
device, wait time around 1 ms is necessary, limiting the
repetition rate of the experiment below 103 counts per
second. In most experiments, we utilize the ability of
real-time feedback operations with an FPGA-based con-
troller (Quantum Machines OPX+) to perform active re-
set of the qubits. The single-qubit reset is achieved by
measuring the state of the qubit and applying a subse-
quent π pulse if it is detected to be in state |1〉 [103].
Similarly, the active reset of multiple qubits is imple-
mented by performing multiplexed readout and applying
subsequent π pulses on the qubits measured to be in state
|1〉. The procedure is deemed successful once we measure
the single qubit or all qubits to be in the ground state
for Nr consecutive rounds of repeated readout and reset.
Typically, we use Nr = 2 or 6 for single-qubit or 10-
qubit experiments, respectively. The duration of a round
of active reset includes the readout time (about 500 ns)
and the feedback latency (below 1µs). The active re-
set significantly reduces the reset time and enables the
fast repetition rate of our experiments, which is essential
for efficiently analyzing the bit-string statistics with low
statistical fluctuations.

D. Experimental pulse sequence

The experimental pulse sequence shown in Fig. 3e of
the main text is detailed in Fig. S10a for a single qubit.
We park the qubit at its idle frequency during the initial-
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FIG. S10. Experimental pulse sequence. a, Detailed il-
lustration of pulses on site Qi for the sequence shown in Fig. 3e
of the main text. The flux bias pulse, charge drive pulse, and
readout pulse are shown in black, blue, and green, respec-
tively. The dashed lineshape during the initialization repre-
sents either a π-pulse or a wait applied to the qubit. b, Fre-
quencies of sites during the pulse sequence and the frequency
alignment calibration. The idle frequencies of qubits and the
interaction frequency ωint/2π = 4.72 GHz for the 10-qubit ex-
periments in the main text are indicated by circles and a solid
line, respectively. The calibration frequencies used during the
frequency alignment are shown in dashed gray lines together
with two frequency configurations to align Q1 to interaction
frequency, indicated by square and diamond markers.



29

ization stage where a local XY gate is utilized to prepare
the qubit in its standard basis states |0〉 or |1〉, realized
by waiting or by applying a microwave π-pulse, respec-
tively. A square flux pulse is then used to dynamically
tune the qubit to the interaction frequency for time τ
followed by the readout after the qubit returns to its idle
frequency. At the end of the sequence, we apply a flux
balancing pulse to achieve zero-average flux on the bias
line during the whole sequence.

The idle frequencies are chosen to achieve high-fidelity
multiplexed readout (see Sec. IV) and decrease frequency
collision of both ω01 and ω12 between sites with strong
coupling. The set of idle frequencies used in Figures 4
and 5 of the main text is shown in Fig. S10b. Dur-
ing the interaction stage, all ten sites are aligned to the
same frequency by flux pulses whose amplitudes are cali-
brated using the following procedures. First, we perform
a coarse tuning using the crosstalk matrices and the pre-
calibrated tuning curve (site frequency vs. bias voltage)
for individual sites. To obtain the precise flux pulse am-
plitude for tuning a qubit to the interaction frequency
ωint and account for remaining crosstalk, we perform a
fine tuning by pulsing a target site Qi to ωint and other
sites to ωint± 2π× 88 MHz (calibration frequency), mea-
suring the frequency of Qi by Ramsey sequence, and ad-
justing the pulse amplitude on Qi to compensate for de-
viations. We repeat the above procedures until the mea-
sured frequency ω01,i of the target qubit is sufficiently
close to the desired interaction frequency ωint. To mini-
mize the frequency shift induced by the coupling between
Qi and other sites, we have the calibration frequencies
staggered in two configurations illustrated in Fig. S10b.
Then we use the average of the pulse amplitudes on Qi

achieving ω01,i = ωint in the two configurations for the
multi-qubit interaction stage, which effectively cancels
the influence from possible residual flux crosstalk.

VI. HAMILTONIAN LEARNING USING A
MANY-BODY FIDELITY ESTIMATOR

The goal of Hamiltonian learning is to find the set of
parameters of an estimated Hamiltonian Ĥ ′ that is clos-
est to the many-body Hamiltonian Ĥ realized in an ex-
periment [104]. Here, we learn the Hamiltonian by com-
paring the measurement outcomes from evolving the ex-
perimental system under its Hamiltonian and the numer-
ical results from simulating the evolution of an estimated
Hamiltonian. We experimentally prepare an initial state
|Ψ0〉 and evolve it for time τ under a Hamiltonian Ĥ
realized in the experiments, which results in a state rep-
resented by a density matrix ρ̂(τ). Assume we can classi-
cally simulate the same process for a guessed Hamiltonian

Ĥ ′ and obtain the time-evolved state e−iĤ
′τ/~|Ψ0〉. The

many-body fidelity is the overlap between the experimen-
tal and guessed states:

F (τ, Ĥ ′) ≡ 〈Ψ0|eiĤ
′τ/~ρ̂(τ)e−iĤ

′τ/~|Ψ0〉. (S49)

If the fidelity can be efficiently estimated, the Hamilto-
nian can then be learned by maximizing F (τ, Ĥ ′) over

a family of trial Hamiltonians {Ĥ ′}. It is numerically
found [37] that this approach remains robust even in the
presence of small errors from state preparation and mea-
surement (SPAM) and decoherence processes. In such
scenarios, the optimized many-body fidelity F is smaller
than one, but is maximized at approximately the correct
Hamiltonian parameter values.

A. Many-body fidelity estimator Fd

In practice, it is cumbersome to obtain the many-body
fidelity F by either directly measuring non-local observ-
ables in the expression of F [105–107] or characterizing
the experimental density matrix ρ̂(τ) via quantum state
tomography [108]. Recently, Ref. [37] introduced the esti-
mator Fd to approximate the many-body fidelity between
simulated and experimental time evolution in Eq. (S49).
Crucially, this estimator only requires measurements in
a fixed basis—here the computational z-basis—and re-
quires a relatively small number of measurement samples.
Based on universal statistical fluctuations and operator
spreading, this estimator works in a variety of quantum
devices, including bosonic and fermionic itinerant parti-
cles on optical lattices, trapped ions, and arrays of Ryd-
berg atoms. Through Fd, the fidelity F can be estimated
with a small number of samples for different parameter
sets in {Ĥ ′}, yielding parameter values that are most
likely to generate the observed data. To illustrate the
effectiveness of this estimator in our system, we show in
Fig. S11 that the Fd closely tracks the many-body fidelity
F in a numerical simulation of our system Hamiltonian
shown in Eq. (1) of the main text in the presence of ran-
dom phase-flip errors.

B. Fd calculation with experimental data

We describe the procedure used to calculate Fd and
obtain the optimized Hamiltonian parameters shown in
Fig. 3 of the main text. This procedure is adapted from
the protocol detailed in Ref. [37].

On the experimental side, following the pulse sequence
illustrated in Fig. S10a, we prepare a randomly chosen
five-particle initial state, e.g., zinit = 1001101010, evolve
the system for time τ , and read out the states of ten sites
to get a bit-string z. Repeating the sequence M = 4000
times for the same zinit gives the probability of measur-
ing each bit-string. We use the assignment probability
matrix obtained from Sec. IV to mitigate the effect of
readout error, and only keep the bit-strings with five
excitations considering the excitation-number-conserving
Hamiltonian. This gives an estimate of the bitstring
probability pz(τ).

In the numerical simulation, we compute the theoret-

ical probability p
(T)
z (τ, Ĥ ′) of measuring the bit-string z
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F and its estimator Fd under dephasing errors. Many-
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shown for comparison, which is obtained from Eq. (S52) where
pz and qz are the bit-string probabilities from the numerical
simulations of evolution with and without errors, respectively.

after evolution under Ĥ ′ for a time τ

p(T)
z (τ, Ĥ ′) ≡ |〈z|exp(−iĤ ′τ/~)|Ψ0〉|2 , (S50)

and its time-average p
(T)
z (Ĥ ′)

p(T)
z (Ĥ ′) ≡ lim

T→∞
1

T

∫ T
0

p(T)
z (τ, Ĥ ′)dτ (S51)

where |Ψ0〉 = |zinit〉.
Combining the results from experiments, the many-

body fidelity estimator is given by

Fd(τ, Ĥ
′) = 2

∑
z pz(τ)p

(T)
z (τ, Ĥ ′)/p(T)

z (Ĥ ′)∑
z p

(T)
z (τ, Ĥ ′)2/p

(T)
z (Ĥ ′)

− 1. (S52)

To reduce possible systematic errors, we repeat the above
procedure for Minit = 40 different initial states. In Fig. 3f
of the main text, we plot the average and standard de-
viation over different initial states for Fd(τ, Ĥ

′) with dif-

ferent parameter values of {Ĥ ′}.

C. Parameter optimization

To address the complexity of optimizing over a large
parameter space, a greedy algorithm was introduced in
Ref. [37] for multi-parameter estimation. We follow the
same procedure to obtain the optimized values for hop-
ping terms {Ji,j}, including the nearest-neighbor hop-
ping Ji,i+1 with i = 1, · · · , 9 and the longer-range hop-

ping Ji,i+k with k = 2, · · · , 9, averaged over qubits i.

We compute Fd(τ, Ĥ
′) at a fixed evolution time τ , for

the family of Hamiltonians Ĥ ′({Ji,j}) in Eq. (1) of the
main text. Here, we use the measured on-site interac-
tions Ui (Fig. 3a of the main text) and assume a con-
stant site energy εi/2π = 4.72 GHz. To avoid system-

atic errors, we use the averaged estimated fidelity Fd(Ĥ
′)

over several times τ ∈ {76, 148, 260, 420, 600, 780} ns. For
each guess of {Jl}, we randomly choose one element

l ∈ {1, · · · , 17}, then maximize Fd(Ĥ
′) over a single Jl

while keeping other parameters fixed. After optimizing
for all 17 parameters, we repeat this process multiple
times over distinct random permutations of {1, · · · , 17}.
After 11 rounds, both Fd and the optimized {Ji,j} con-
verge and are displayed in Fig. 3f and g in the main text.

D. Influence of decoherence

A unitary time evolution of a quantum state under
a Hamiltonian cannot capture the effect of decoherence
present in experimental systems. In the context of Hamil-
tonian learning, the dominant decoherence channels in
our system—population decay and dephasing—can af-
fect the processes discussed in the previous sections by
lowering the estimated many-body fidelity value from its
decoherence-free counterpart. Here, we explain possible
mitigation strategies in the processing of experimental
data and discuss how these effects can be taken into ac-
count in numerical simulations.

The population decay lowers the excitation number in
the system, leading to a finite lifetime T1. Given the ex-
perimental Hamiltonian that conserves excitation num-
bers, we post-select the measured bit-strings z with the
excitation numbers the same as the initial bit-string zinit.
The purpose of this post-selection is to analyze the out-
comes without quantum jump events [109, 110], thus mit-
igating the influence of population decay processes. How-
ever, if the lifetimes of different qubits exhibit a large
variance, the post-selection will favor states with excita-
tions on long-lived qubits at evolution times longer than
the qubit lifetimes, failing to mitigate the population de-
cay.

On the other hand, the dephasing errors can destroy
the phase coherence within the same excitation number
sector and cannot be corrected by post-selection, which
results in a lower many-body fidelity F . This can be nu-
merically simulated by injecting random phase-flip errors
during the state evolution under the system Hamiltonian,
which is shown in Fig. S11. Here, the rate of phase-flip
errors is chosen such that the resulting single-qubit co-
herence time is T ∗2 = 1.14µs, close to the measured co-
herence time at ω01/2π = 4.72 GHz shown in Table S1.
We note that the optimized Fd in Fig. 3f of the main text
gives numbers smaller than this numerical simulation ac-
counting for dephasing errors. This discrepancy could be
due to experimental imperfections such as SPAM errors
and imperfect flux pulses used to align all qubits at the
interaction frequency.
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VII. NUMERICAL SIMULATION OF
QUANTUM WALK AT DIFFERENT

INTERACTION FREQUENCIES

To corroborate the observations in Fig. 4 of the main
text, we numerically simulate the same set of evolutions
using QuTiP [111]. We obtain the on-site interaction
Ui from Fig. 3a of the main text, assume the evolu-
tion at the interaction frequency of ω01/2π = 4.50 GHz,
4.55 GHz, 4.72 GHz, and 4.80 GHz, and use the hopping
terms Ji,j from the parameter optimization procedure
described in Sec. VI C to simulate the quantum walk dy-
namics (Fig. S12a). The probability of measuring the
bit-string z with excitations on sites Qi and Qj (i 6= j)
is pz = 〈n̂in̂j〉, which is used to calculate the second mo-
ment µ2 =

∑
z p

2
z shown in Fig. S12b. The simulated

results exhibit good agreement with the experimental re-
sults in Fig. 4 of the main text, confirming that Hamil-
tonians with longer hopping ranges will converge to the
ergodic limit µe2 = 2/(D + 1) at earlier times.

VIII. PROBING ERGODIC DYNAMICS FROM
GLOBAL BIT-STRING STATISTICS

A. Integrability of 1D Bose-Hubbard models

In this section, we discuss the integrability of 1D Bose-
Hubbard models in different parameter regimes. The
standard 1D Bose-Hubbard model with only nearest-
neighbor (NN) hopping corresponds to the spin-1/2 XY
model in the limit of diverging on-site interaction |U | →
∞, where the Hilbert space of a site is truncated to only
|0〉 and |1〉, i.e., the hard-core limit. This model is known
to be integrable and can be solved exactly with the Bethe
ansatz [112]. The integrability of the hard-core Bose-
Hubbard model can be broken by either adding long-
range hopping terms or taking a finite on-site interaction
strength.

Here, we emphasize that, in our system, finite on-
site interaction |U | is not the major factor that induces
ergodicity. This is because the experiments illustrated
in Figs. 4 and 5 of the main text are performed at
ω01/2π ≤ 4.80 GHz, featuring a finite |U/J | > 36, much
greater than unity. To further illustrate the effect of finite
|U/J |, we simulate the standard Bose-Hubbard model
with finite |U/J | and without long-range hopping, where
the Hamiltonian is obtained by removing the long-range
hopping terms in Eq. (1) of the main text while using the
on-site interaction Ui from Fig. 3a of the main text. In
this case, while the simulated model is ergodic in a strict
sense, the resulting second moment µ2 is the same as the
numerical simulation of the integrable model at evolution
times τ < 2µs, gradually approaching the ergodic limit
at long evolution times τ > 5µs (see the purple curve of
Fig. S13). Therefore, we conclude that the experimen-
tally observed ergodic behavior, which emerges at an in-
termediate evolution time of τ ≈ 360 ns, originates from

the long-range hopping terms.

B. Porter-Thomas distribution

In this section, we first introduce Porter-Thomas (PT)
distribution and then explain why we expect PT dis-
tribution in our system. The PT distribution can be
obtained from the distribution of overlap probabilities
pz = |〈z|Φ〉|2 between a particular measurement outcome
|z〉 and a state |Φ〉 drawn from the Haar ensemble, the
distribution of states on a Hilbert space that is invariant
under any unitary operations. Specifically, in a Hilbert
space of dimension D, the distribution of pz takes the
form [43, 66]

P (pz) dpz = (D − 1)(1− pz)D−2 dpz, (S53)

which converges to the PT distribution in the limit of
large D

P (pz)
D→∞−−−−→ D exp (−Dpz). (S54)

Note that the second moment of {pz} from this distribu-
tion is given by

µ2 ≡
∑
z

p2
z = D

∫ 1

0

dpz p
2
zP (pz) =

2

D + 1
,

which is identical to the ergodic value µe2 described in the
main text.

The PT distribution reflects the randomness of the
measured wavefunction and has been shown to occur in
Bose-Hubbard model with time-dependent random pa-
rameters [67] and deep random unitary circuits [62, 65].
Additionally, a large class of time-independent Hamil-
tonian is also shown to exhibit the normalized prob-
ability distribution p̃z ≡ pz/pz following the PT dis-
tribution [37], where pz is the time-averaged probabil-
ity defined in Eq. (S51). This includes the ergodic
Bose-Hubbard model with long-range hopping realized
in our system. Although our Hamiltonian in Eq. (1) of
the main text conserves excitation number, the dynam-
ics exhibits this universal randomness within the two-
excitation, hard-core sector1 with a Hilbert space dimen-
sion of D = 45. Furthermore, we claim that the time-
averaged probability pz is approximately constant due
to the effective infinite temperature2 of the initial and

1 We verify that the doublon states have a population of . 1%
using numerical simulations, confirming that we are in the hard-
core limit.

2 In detail, the effective temperature is infinite because in the ro-
tating frame of ω = ω01, the computational z-basis states have
zero averaged energy 〈Ĥ〉z = 0 [see Eq. (1) of the main text]. It
is the same as the averaged energy of a thermal state ρ̂β at infi-

nite temperature Tr(Ĥρ̂β=0) = Tr(ĤI)/D = 0, where β = 1/T ∗

is the inverse effective temperature and ρ̂β=0 = I/D.
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FIG. S12. Numerical simulation of two-particle quantum walk with increasing hopping range. a, Evolution
of the population 〈n̂i〉 on sites Q1–Q10 as a function of normalized evolution time Ji,i+1τ . The system is initialized in
zinit = 0000110000 and the evolution occur at ω01/2π = 4.50 GHz, 4.55 GHz, 4.72 GHz, and 4.80 GHz from left to right.
b, The second moment µ2 as a function of normalized evolution time Ji,i+1τ . Results calculated from the numerical simulation
in panel a and the corresponding measurement in Fig. 4a of the main text are shown in gray-scale solid and dotted curves,
respectively. Result from numerical simulation of the integrable Hamiltonian is shown as the gray dashed curve and µe

2 for a
generic ergodic system is indicated by the red dashed line.

measurement states, and thus the unnormalized {pz} fol-
lows the PT distribution at intermediate evolution times,
following the arguments below. The notion of the ef-
fective temperature of a state is conventionally used to
understand its local properties [113]: it is believed that
an initial state, when quench evolved under an ergodic
Hamiltonian, will quickly thermalize such that its ex-
pectation value of a local observable Â is very close to
the value 〈Â(t)〉 ≈ Tr(Âρ̂β) of a corresponding thermal
state ρ̂β . In particular, the thermal state with infinite
effective temperature ρ̂β=0 gives the expectation value

〈Â(t)〉 ≈ Tr(Â)/D. Here, we extend the above expec-
tation beyond local quantities to the time-average of a
global quantity pz and expect this normalization factor pz
to be approximately constant since our initial state and
measurement states are at infinite temperature. Conse-
quently, we expect the raw, unnormalized {pz} to follow
the PT distribution at intermediate evolution times, as
shown in the middle panel of Fig. 5b in the main text.

C. Additional results of bit-string distribution

In this section, we provide additional results of numer-
ical simulations and experimental data as a supplement
to the bit-string distributions shown in Fig. 5b of the
main text.

1. Numerical simulations of bit-string distributions

In addition to the experimental bit-string distribution
shown in Fig. 5b, we present the results from numeri-
cal simulations of the system Hamiltonian in Eq. (1) of
the main text and the integrable (nearest-neighbor and
hard-core) Bose-Hubbard Hamiltonian in Fig. S13b and
c, respectively. After a short evolution time of τ = 16 ns,
the distribution is similar in the three cases of experiment
(Fig. 5b of the main text, left), theory (Fig. S13b, left),
and integrable theory (Fig. S13c, left), exhibiting a large
probability pz of bit-strings close to zinit. At intermediate
evolution times (e.g. τ = 360 ns), both the experimen-
tal (Fig. 5b in the main text, middle) and the theoreti-
cal (Fig. S13b, middle) bit-string distributions follow the
PT distribution while the integrable theory predicts more
bitstrings with large pz, resulting in a larger second mo-
ment µ2. Due to the absence of decoherence processes,
the distributions stay the same for the numerical simu-
lations at long evolution times, e.g. τ = 5.4µs (right
panels of Fig. S13b and c).
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FIG. S13. Additional results of bit-string statistics at 4.72 GHz. a, Second moment µ2 as a function of evolution time
τ in our system from the experiment (orange) and the theory with the optimized parameter set in Fig. 3g of the main text
(blue), compared to theoretical predictions of the integrable model (green) and the Bose-Hubbard model with NN hopping
(purple). The shading on each curve corresponds to a standard deviation of the mean second moment for 20 randomly chosen
initial bit-strings zinit in the two-excitation sector, and the red dashed line represents the ergodic value µe

2. b (c), Density
histogram P (pz) of the distribution of theory (integrable theory) bit-string probabilities {pz} with the 20 initializations zinit’s
at evolution times τ = 16 ns, 360 ns, and 5.4µs from left to right (indicated by the dotted lines in panel a). The solid lines
show the PT distribution. d, Density histogram P (pz) of the distribution of experimental bit-string probabilities {pz} with a
single initial state zinit = 0000110000 at evolution times τ = 16 ns, 360 ns, and 5.4µs from left to right. e, Density histogram
P (pz) of the distribution of experimental bit-string probabilities {pz} with a single 5-particle initial state zinit = 0100111010
at evolution times τ = 16 ns and 360 ns in the left and right panels, respectively.

2. Experimental bit-string distribution from a single,
two-excitation initial state

The probability distributions shown in Fig. S13b and
c and in Fig. 5b of the main text are obtained by
combining the results from 20 randomly chosen initial
states zinit to reduce statistical errors. Here, we show
that the experimental results from a single initial state
(zinit = 0000110000), displayed in Fig. S13d, obey the
same trend as predicted by the ergodic evolution. Due
to the limited counts N(pz) = D = 45 of pz’s, the tail of
PT distribution is not very clear in the middle panel of
Fig. S13d. Nonetheless, the distinction among the three
panels in Fig. S13d is obvious, with pz aggregating to-
wards 1/D in the right panel due to decoherence.

3. Experimental bit-string distribution from a
five-excitation initial state

To illustrate the generality of the bit-string distri-
bution during ergodic evolution, we show the experi-
mental bit-string distribution obtained from preparing
a randomly chosen five-excitation initial state zinit =
0100111010 in Fig. S13e. The left panel displays the ini-
tial evolution stage at τ = 16 ns and the right panel shows
a histogram at τ = 360 ns that is closer to the PT distri-

bution than the middle panel of Fig. S13d owing to the
larger Hilbert space dimension D = 252.

D. Effect of decoherence

In the measurement and data processing of bit-string
statistics, we use the same pulse sequence and post-select
the sector that conserves the excitation number discussed
in Sec. VI D, which mitigates the effects of population
decay. To illustrate the effect of dephasing on bit-string
statistics, we calculate the second moment µ2 and the
histogram of bit-string probability distribution {pz} us-
ing data from the numerical simulation of the system
Hamiltonian without errors and with added phase-flip
errors that generates Fig. S11. Here, we find that the
second moment of the error-free simulation converges to
the ergodic limit µe2 after the quench while µ2 obtained
from the simulation with phase-flip errors keeps decreas-
ing (see Fig. S14a). The second moment eventually con-
verges to the classical limit

µc2 =
∑
z

p2
z =

∑
z

1

D2
=

1

D
. (S55)

The corresponding histogram at a long evolution time
τ = 3µs, displayed in Fig. S14b, follows the PT distri-
bution for the error-free simulation and approaches the
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FIG. S14. Numerical simulation of bit-string statis-
tics under dephasing errors. a, The evolution of second
moment µ2 of a 5-particle initial state zinit = 1100100101 as-
suming the error-free model (blue) and the model with added
phase-flip errors (orange). The red (black) dashed line shows
the ergodic (classical) limit µe2 (µc2) of the second moment and
the dotted curve shows the decay of the second moment pre-
dicted by the many-body fidelity as µ2 ≈ (1+F 2)/D. b, The
histogram of bit-string probability distribution {pz} obtained
at evolution time τ = 3µs in panel a. The error-free result
and the result with dephasing are shown in blue and orange,
respectively. The solid line represents the PT distribution and
the dashed line shows the classical distribution of 1/D.

classical distribution for the simulation with dephasing.
The above numerical simulations qualitatively reproduce
the experimental results shown in Fig. 5a and b of the
main text or Fig. S13a.

We also provide a heuristic argument to show that the
decay of the second moment µ2 can be predicted by a
quantity (1 +F 2)/D involving the many-body fidelity F
under certain error models. This can be understood by
utilizing an ansatz

pz = Fqz + (1− F )q⊥z (S56)

introduced in Refs. [37, 114], which relates the empirical
distribution of pz in the presence of noise with the ideal
PT distribution of qz and a classical distribution of q⊥z ≈
1/D, uncorrelated with qz, with a second moment close
to 1/D, i.e.,

∑
z(q
⊥
z )2 ≈ µc2 = 1/D. Using this ansatz,

the second moment is predicted to be µ2 =
∑
z p

2
z ≈ (1+

F 2)/D, which is supported by our numerical simulations
with dephasing errors3 in Fig. S14a.

3 However, we note that this result depends on the specific error
model. For example, if the dominant error source is qubit decay
from the |1〉 to |0〉 state, the term q⊥z will favor bit-strings with 0s,

converging over time to a single bit-string 00 · · · 0. This limiting
distribution has a large second moment

∑
z δ

2
z=0···0 = 1, hence

the overall second moment µ2 grows over time.
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