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We propose a mapping between geometry and kinematics that implies the classical equivalence
of any theory of massless bosons—including spin and exhibiting arbitrary derivative or potential
interactions—to a nonlinear sigma model (NLSM) with a momentum-dependent metric in field
space. From this kinematic metric we construct a corresponding kinematic connection, covariant
derivative, and curvature, all of which transform appropriately under general field redefinitions, even
including derivatives. We show explicitly how all tree-level on-shell scattering amplitudes of massless
bosons are equal to those of the NLSM via the replacement of geometry with kinematics. Lastly,
we describe how the recently introduced geometric soft theorem of the NLSM, which universally
encodes all leading and subleading soft scalar theorems, also captures the soft photon theorems.

Introduction. Color-kinematics duality is an extraordi-
nary structure relating the on-shell scattering amplitudes
of gauge theory and gravity [1–3]. Mechanically, the for-
mer is mapped to the latter by promoting color structure
constants fabc to momentum-dependent functions that
conform to identical antisymmetry properties and Jacobi
identities. Hence, gravity is simply a gauge theory for
which color has been substituted for kinematics.

In this paper, we argue that the classical dynamics of
any theory of massless bosons is similarly obtained via a
mapping of geometry to kinematics. Our starting point is
the nonlinear sigma model (NLSM), which defines scalar
fields as coordinates on an internal field space manifold
endowed with a metric and a well-known apparatus of ge-
ometrical structures [4–18]. The dynamics of the NLSM
are then specified by the field space metric and its deriva-
tives at the vacuum, gij , gij,k, gij,kl, etc. By uplifting
these metric coefficients to momentum-dependent func-
tions, we obtain a kinematic metric that defines a general-
ized field space geometry, simultaneously encoding flavor,
spin, and momentum all at once. We then construct the
kinematic analogs of the connection, covariant derivative,
and curvature, which transform covariantly under arbi-
trary field redefinitions. From this perspective, all mass-
less bosons—e.g. in higher-derivative scalar theories, φ3

theory, and Yang-Mills (YM) theory—are described by
an NLSM for a concrete, calculable choice of momentum-
dependent metric. Our results imply the invariance of
tree-level on-shell scattering amplitudes under arbitrary
field redefinitions, even including derivatives of fields.

A powerful corollary of this geometry-kinematics du-
ality is that any tree-level on-shell scattering amplitude
of massless bosons is directly obtained from an NLSM
amplitude after a suitable replacement of geometry with
kinematics. This rewriting of the amplitude is field-
redefinition invariant term by term, though on occasion
at the expense of manifest locality. Furthermore, un-
der this substitution, the geometric soft theorem for any
massless scalar [19]—which generalizes the Adler zero
[20] and dilaton soft theorems [21–24]—also encodes the
leading and subleading soft photon theorems [25–28].

Geometry of Field Space. The NLSM is a general
two-derivative theory of scalar fields φi described by

L = − 1
2gij(φ)∂φ

i∂φj , (1)

where the spacetime metric is in mostly plus signature.
The field space metric expanded about the vacuum is

gij(φ) = gij + gij,kφ
k + 1

2gij,klφ
kφl + · · · , (2)

where hereafter any quantity without an explicit φ argu-
ment is to be evaluated at the vacuum.
On-shell scattering amplitudes are invariant under

changes of field basis whereby φi is rewritten in terms
of φ̃i through the mapping φi(φ̃). The Lagrangian be-
comes L = − 1

2 g̃ij(φ̃)∂φ̃
i∂φ̃j , so the metric is a tensor

that transforms as g̃ij(φ̃) =
∂φk

∂φ̃i

∂φl

∂φ̃j
gkl(φ). In turn, gij(φ)

is associated with a menagerie of geometric objects, such
as the connection Γijk(φ), curvature Rijkl(φ), and so on.
Since on-shell scattering amplitudes of the NLSM are

field basis independent, they depend solely on geometric
invariants, so e.g. at four- and five-point they are [19]

Aijkl = Rijklu+Rikjls,

Aijklm = ∇kRiljms45 +∇lRikjms35 +∇lRijkms25

+∇mRikjls34 +∇mRijkl(s24 + s45),
(3)

where sij = −(pi + pj)
2 and s, t, u = s12, s23, s31. Here-

after, indices in lexographical order i, j, k, etc., will de-
note the flavors of the corresponding legs, 1, 2, 3, etc.

Geometry of Kinematics. Consider a single scalar
with arbitrary interactions. Despite the absence of fla-
vor, there exists a notion of kinematic geometry in which
momentum plays the role of the index. Concretely, we
map the flavor multiplet of the NLSM to a single scalar,

φi → φ(p). (4)

Under this replacement, the internal field space metric is
mapped to the momentum-dependent kinematic metric,

gij → g(p1, p2)δ(p12)

gij,k → g(p1, p2|p3)δ(p123)

gij,kl → g(p1, p2|p3, p4)δ(p1234),

(5)
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and so on, where p1···n = p1 + · · · + pn. Note that the
only constraint on the functions on the right-hand sides
is that they are separately permutation invariant under
exchange of 1 and 2, and under exchange of 3, 4, · · · , n.
This ensures that the kinematic metric has the same sym-
metry properties as the usual metric on field space.
For later convenience, we canonically normalize the ki-

netic terms. This condition in the NLSM maps to gij =
δij → g(p1, p2) = 1. Meanwhile, any sum over an inter-
nal field space index maps to an integral over momentum,

∑

i →
∫

p
=

∫

dDp
(2π)D

. Together, these imply that the field

with lowered indices maps to φi = gijφ
j → φ(−p), so

raised and lowered indices correspond to incoming and
outgoing momenta. We will refer to the above replace-
ments as the geometry-kinematics mapping or duality.

Applying this replacement to the Lagrangian for the
NLSM in Eq. (1), we obtain the action for a single scalar
expressed in momentum space,

S = 1
2

∫

p1,p2

(p1 · p2)φ(p1)φ(p2)

[

δ(p12) +

∫

p3

g(p1, p2|p3)δ(p123)φ(p3) +
1
2

∫

p3,p4

g(p1, p2|p3, p4)φ(p3)φ(p4)δ(p1234) + · · ·

]

,

(6)

which actually has sufficient freedom to parameterize ar-
bitrary higher-derivative and potential interactions. As
we will see, one simply compares the action for a given
scalar theory directly to Eq. (6), reading off the kinematic
metric coefficients in Eq. (5) by inspection. We will im-
plement this procedure in numerous examples later on.

By design, this setup reduces to the usual NLSM when-
ever the metric coefficients in Eq. (5) are constant. Fur-
thermore, from Eq. (5) we see that geometry-kinematics
duality maps the full metric gij(φ) in Eq. (2), which is
a function of the fields, to a kinematic metric that is a
functional of the fields.

Invariants and Field Redefinitions. To calculate the
kinematic analog of a given geometric invariant, we ex-
press the invariant in the NLSM in terms of the field space
metric and its derivatives and then apply the geometry-
kinematics replacement. For example, the NLSM con-
nection is Γijk = 1

2

[

gij,k + gik,j − gjk,i
]

, which maps to
Γijk → Γ(p1, p2, p3)δ(p123) for

Γ(p1, p2, p3) =
1
2

[

g(p1, p2|p3) + g(p1, p3|p2)− g(p2, p3|p1)
]

.

(7)
Similarly, the NLSM curvature is expressed in terms of
the metric as Rijkl =

1
2 [gil,jk+gjk,il−gik,jl−gjl,ik]+ · · · ,

which maps to Rijkl → R(p1, p2, p3, p4)δ(p1234), where

R(p1, p2, p3, p4) =
1
2

[

g(p1, p4|p2, p3) + g(p2, p3|p1, p4) · · ·
]

.

(8)
Here the sums over internal indices map to momentum in-
tegrals, so for example a term like gik,mgmngnj,l is sent to
g(p1, p3| − p13)g(−p24, p2|p4)δ(p1234), and so on. Higher-
point geometric objects like ∇iRjklm are similarly calcu-
lated by expanding explicitly in terms of the metric and
then applying the geometry-kinematics replacement.

The kinematic curvature in Eq. (8) transforms as
a tensor—even for off-shell momenta—under the kine-
matic generalization of a change of coordinates. Indeed,
the geometry-kinematics replacement sends an arbitrary

NLSM field redefinition, φi = φ̃i + 1
2c

i
jkφ̃

j φ̃k + · · · , to

φ(p1) = φ̃(p1) +
1
2

∫

p2

c(p1,−p2, p12)φ̃(p2)φ̃(−p12) + · · · ,

(9)
where the functions on the right-hand side are arbitrary.

The NLSM Jacobian, ∂φi

∂φ̃j
= δij + cijkφ̃

k + · · · , maps to

∂φ(p1)

∂φ̃(p2)
= δ(p1 − p2) + c(p1,−p2, p12)φ̃(−p12) + · · · .

(10)
The astute reader will notice that the transformation
in Eq. (9) is literally the momentum-space expression
of a field redefinition of the single scalar allowing for
derivatives. For example, the specific transformation
φ = φ̃ + 1

2c3∂φ̃∂φ̃ + 1
6c4φ̃∂φ̃∂φ̃ + · · · is obtained from

c(p1, p2, p3) = −c3(p2 · p3), c(p1, p2, p3, p4) = − 1
3c4[(p2 ·

p3) + (p3 · p4) + (p4 · p2)], and so on. The kinematic
curvature is a tensor under an arbitrary derivative field
redefinition, i.e. for any choice of functions in Eq. (9).
In summary, kinematic geometry is formally identical

to the standard geometry in the NLSM, albeit with reg-
ular derivatives with respect to a constant scalar back-
ground effectively replaced with functional derivatives.

Scalar Theory. Let us now examine some examples,
starting with the case of a single scalar field.

i) Nambu-Goldstone Boson Theory. Consider a deriva-
tively coupled scalar field described by the Lagrangian,

L = − 1
2
∂φ∂φ

[

1− λ4

4
∂φ∂φ+ λ6

8
(∂φ∂φ)2 + · · ·

]

, (11)

where λ4 = λ6 = 1 corresponds to Dirac-Born-Infeld
theory. Eq. (11) matches Eq. (6) for the choice of metric,

g(p1, p2|p3, p4) =
λ4

2 (p3 · p4)

g(p1, p2|p3, p4, p5, p6) = λ6[(p3 · p4)(p5 · p6) + · · · ].
(12)

The corresponding kinematic curvature is

R(p1, p2, p3, p4) = −λ4

4 (t− u), (13)
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evaluated here at four-point on-shell kinematics. As re-
quired, this object has the requisite symmetry properties,
R(p1, p2, p3, p4) = −R(p2, p1, p3, p4) = R(p3, p4, p1, p2)
and satisfies the first Bianchi identity, R(p1, p2, p3, p4) +
R(p2, p3, p1, p4) +R(p3, p1, p2, p4) = 0.
Plugging Eq. (13) into the four-point amplitude for the

NLSM in Eq. (3), we obtain the four-point amplitude

A(p1, p2, p3, p4) =
λ4

4 (s2 + t2 + u2), (14)

which exactly matches the answer computed directly
from Eq. (11). By computing the six-point kinematic ge-
ometric invariants—which automatically satisfy the first
and second Bianchi identities—and inserting them into
the corresponding NLSM six-point amplitude in [19], we
also obtain the correct six-point answer.
We have also verified that the four- and six-point kine-

matic curvature invariants are invariant under deriva-
tive field redefinitions, even for off-shell kinematics. So
while NLSM amplitudes must be on-shell in order to be
expressed solely in terms of curvature invariants, as in
Eq. (3), the curvature invariants themselves can be eval-
uated off-shell, and as advertised, they still satisfy all
properties required of true geometric invariants.

ii) Higher-Derivative Theory. Our analysis generalizes
to theories with even higher-derivative interactions. For
example, consider such a theory defined by

L =− 1
2∂φ∂φ

[

1− λ4

6 ([Π]2 − [Π2]) (15)

+ λ6

120 ([Π]
4 − 6[Π]2[Π2] + 3[Π2]2 + 8[Π][Π3]− 6[Π4])

]

,

where Πµν = ∂µ∂νφ and the brackets indicate traces over
Lorentz indices. Here λ4 = λ6 = 1 defines the special
Galileon theory [29, 30]. The kinematic metric is

g(p1, p2|p3, p4) =
λ4

3 (p3 · p4)
2, (16)

and kinematic curvature for on-shell kinematics is

R(p1, p2, p3, p4) =
λ4

12
(t2 − u2), (17)

which again satisfies all appropriate symmetry proper-
ties. Inserting the kinematic curvature into Eq. (3) yields

A(p1, p2, p3, p4) = −λ4

4 stu, (18)

which is the correct four-point amplitude.
In order to define the kinematic geometry of a theory, a

choice must be made for the initial metric. Curiously, this
choice is in general ambiguous. For example, consider
the six-point operator (∂φ)2[Π2]2 in Eq. (15), which is
obtained from Eq. (6) for the kinematic metric

g(p1, p2|p3, p4, p5, p6) ∼ (p3 · p4)
2(p5 · p6)

2 + · · · , (19)

or, alternatively, for the choice

g′(p1, p2|p3, p4, p5, p6) ∼ (p1 · p2)
[

(p3 · p4)
2(p5 · p6) + · · ·

]

.

(20)

Inserted into Eq. (6), g and g′ produce the same La-
grangian. Their difference arises only because in each
metric we have chosen to associate a different pair of
fields to the momenta p1 and p2 in Eq. (6). Strangely,
g and g′ induce curvature six-point invariants, ∇2R and
∇′2R′, which are not equal. Despite this, both choices
reproduce the correct on-shell six-point amplitude. Fur-
thermore, applying a field redefinition to either g or
g′ leaves their respective curvature invariants ∇2R and
∇′2R′ unchanged, albeit still unequal to each other. Yet
another ambiguity arises from total derivatives, which
evaporate from observables but can still contribute to the
kinematic metric. Let us return to these issues shortly.

iii) Potential Theory. Rather surprisingly, our formalism
can be applied to a theory with an arbitrary potential
even though the NLSM has intrinsic derivative interac-
tions. In particular, observe that the theory

L = − 1
2∂φ∂φ− V (φ), (21)

corresponds to Eq. (6) with the kinematic metric,

g(p1, p2|p3, · · · , pn) = − 2
p1·p2

(n−2)!
n! V(n), (22)

where V(n) is the nth derivative of the potential. The

factors of 1
p1·p2

have the sole purpose of canceling the
momenta that appear in the very definition of the NLSM.
The corresponding kinematic curvature is

R(p1, p2, p3, p4) = V 2
(3)

(

1
t2

− 1
u2

)

+
V(4)

3

(

1
t
− 1

u

)

, (23)

which inserted into Eq. (3) correctly yields

A(p1, p2, p3, p4) = −V 2
(3)

(

1
s
+ 1

t
+ 1

u

)

− V(4). (24)

We have verified explicitly that the resulting five- and
six-point amplitudes are also correct.
The above result is somewhat miraculous because the

amplitudes in the NLSM have a strict subset of the fac-
torization channels that appear in the theory defined
in Eq. (21). In particular, the NLSM amplitudes have
no factorization channels involving three-point subdia-
grams. Nevertheless, the non-local momentum depen-
dence in Eq. (22) enters precisely in a way that automat-
ically regenerates all three-point factorization channels.
Note that the on-shell three-point amplitude itself is

slightly subtle in this construction—it technically van-
ishes in the NLSM since Aijk ∼ gij,k(p1 · p2) + · · · and
all dot products of momenta vanish for three-point on-
shell kinematics. However, the metric in Eq. (22) has a
denominator that similarly vanishes in such a way that
the resulting three-point amplitude is actually non-zero.

iv) Arbitrary Theory. There exist some features universal
to any massless scalar theory. For example, observe that
Eq. (13), Eq. (17), and Eq. (23) take the form

R(p1, p2, p3, p4) ∼ tρ − uρ, (25)
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where ρ is the parameter defined in [29, 31, 32] which
quantifies the numbers of derivatives per interaction. The
above expression for the kinematic curvature is actually
universal, since it is the unique function with the appro-
priate symmetries that satisfies the Bianchi identity.
For any massless scalar theory it is also possible to

explicitly construct a kinematic metric directly from its
Feynman rules. Inspired by Eq. (22), we define

g(p1, p2|p3, · · · , pn) =
2

p1·p2

(n−2)!
n! F (p1, p2, p3, · · · , pn),

(26)
where F is the n-point Feynman vertex. This choice of
kinematic metric is properly permutation invariant and
eliminates the ambiguities arising from metric choice and
total derivatives mentioned previously.
Amusingly, there is an alternative choice of

coordinates—the kinematic analog of Riemann nor-
mal coordinates—defined through the on-shell scattering
amplitudes themselves. In particular, consider

g(p1, p2|p3) = 0

g(p1, p2|p3, p4) =
1

6(p1·p2)
A(p1, p2, p3, p4)

g(p1, p2|p3, p4, p5) =
1

10(p1·p2)
A(p1, p2, p3, p4, p5),

(27)

which generates kinematic curvature invariants such as

R(p1, p2, p3, p4) =
1
3 (

1
u
− 1

t
)A(p1, p2, p3, p4), (28)

and so on. Inserting these geometric invariants into
Eq. (3), we obtain exactly the four- and five-point ampli-
tudes input into the metric at the start. Note that the
extension of this claim to six-point and beyond is more
subtle, since it depends on the precise off-shell continua-
tion of the four-point amplitude.

Gauge Theory and Gravity. Our approach general-
izes to any theory of massless bosons of arbitrary spin.
For example, consider the geometry-kinematics replace-
ment that maps the scalar of the NLSM to the gauge
boson of YM theory, φi → Aa

µ(p), together with

gij → g
µν
ab (p1, p2)δ(p12)

gij,k → g
µν|ρ
ab|c (p1, p2|p3)δ(p123)

gij,kl → g
µν|ρσ
ab|cd (p1, p2|p3, p4)δ(p1234),

(29)

and so on. The only restriction on the form factors
on the right-hand side is that they are symmetric un-
der swapping the momenta simultaneously with the color
and Lorentz indices for legs 1 and 2, and similarly for
legs 3, 4, · · · , n. Working in Feynman gauge, the kinetic
term fixes g

µν
ab (p1, p2) = δabη

µν . Meanwhile, the inter-
nal sums map to

∑

i →
∑

a

∑

µ

∫

p
, and so the field

with lowered indices is simply φi → Aµ
a(−p). Apply-

ing this geometry-kinematics replacement to the NLSM
Lagrangian in Eq. (1), we obtain the action

S = 1
2

∫

p1,p2

(p1 · p2)A
a
µ(p1)A

b
ν(p2)

[

δabη
µνδ(p12) +

∫

p3

g
µν|ρ
ab|c (p1, p2|p3)δ(p123)A

c
ρ(p3) + · · ·

]

. (30)

Meanwhile, YM theory in Feynman gauge is defined by

L = − 1
4F

a
µνF

µν
a − 1

2∂A
a∂Aa, (31)

which corresponds to Eq. (30) for the choice of metric

g
µν|ρ
ab|c (p1, p2|p3) = − ifabc

p1·p2
(pµ3η

νρ − pν3η
µρ) (32)

g
µν|ρσ
ab|cd (p1, p2|p3, p4) = −

fabef
e

cd

2(p1·p2)
(ηµρηνσ − ηµσηνρ).

Computing kinematic curvature invariants and inserting
them into the four- and five-point NLSM amplitudes in
Eq. (3), we correctly obtain those of YM theory.

While the resulting amplitudes are of course gauge in-
variant, the kinematic curvature invariants which enter
into them are not. This is unsurprising, since a generic
diagrammatic expansion of the amplitude—for example
the usual color-kinematics decomposition into kinematic
numerators—is also not in general manifestly gauge in-
variant. This implies that to the extent to which the
kinematic metric parameterizes a bona fide, underlying

manifold, gauge field configurations that are gauge equiv-
alent in fact label distinct points with different local cur-
vatures. We leave for future study whether there exists
a choice of kinematic metric that is gauge invariant.
The above procedure also applies to gravity. We simply

promote the scalar of the NLSM to the graviton via φi →
hµν(p), with the kinematic metric given by

gij → gµνρσ(p1, p2)δ(p12)

gij,k → gµνρσ|αβ(p1, p2|p3)δ(p123)

gij,kl → gµνρσ|αβγδ(p1, p2|p3, p4)δ(p1234),

(33)

and so on. Here it is convenient to choose deDonder
gauge, where the kinetic term, i.e. inverse propagator nu-
merator, is gµνρσ(p1, p2) =

1
2 (η

µρηνσ+ηµσηνρ−ηµνηρσ).
Meanwhile, internal summations are mapped to

∑

i →
∑

µ

∑

ν

∫

p
, while lowering indices corresponds to sending

incoming momenta to outgoing while contracting with
a tensor, φi → gµνρσhρσ(−p). Applying this geometry-
kinematics replacement to Eq. (1), one obtains the obvi-
ous generalization of Eq. (6) and Eq. (30) to gravity.
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Our construction applies even more generally to any
theory of multiple boson species of diverse flavors, spins,
and interactions. In particular, all tensorial manipula-
tions in the NLSM transfer wholesale to a general theory,
i.e. the internal index i is promoted to an array of quan-
tum numbers labeling momenta, color, and spin Lorentz
indices (p, a, µ, · · · ). An explicit kinematic metric can al-
ways be computed directly from the Feynman vertices in
the obvious generalization of Eq. (26). Thus, a geomet-
ric organization of the amplitudes can be achieved for a
general theory of massless bosons, as we will elaborate
on further in [33].

Soft Theorems. On-shell scattering amplitudes in the
NLSM obey a universal soft theorem based on the geom-
etry of field space [19]. The soft limit of the tree-level
n-point amplitude is related to (n− 1)-point via

lim
pn→0

Ai1···in = ∇inAi1···in−1

= ∂inAi1···in−1 −

n−1
∑

α=1

Γj
injα

Ai1···j···in−1 ,
(34)

hereafter dropping all terms of order O(pn). Note that
the partial derivative acts with respect to the vacuum
expectation value of the field, so ∂in = ∂

∂〈φin 〉 . Eq. (34)

has the physical interpretation that the soft limit simply
shifts the vacuum expectation value of the correspond-
ing background scalar field. Note that Eq. (34) automat-
ically incorporates any cubic potential potential terms
implicitly through the covariant derivative, provided the
potential is included in the metric as in Eq. (22).
Now consider the Lagrangian for scalar quantum elec-

trodynamics, L = −|Dφ|2 where Dµ = ∂µ − iAµ. The
photon couples to a pair of complex scalars via the metric

g
ρ

φ̄φ
(p1, p2|p3) = −g

ρ

φφ̄
(p1, p2|p3) =

1
p1·p2

(p1 − p2)
ρ.

(35)
We now compute the corresponding kinematic connection
and insert it into Eq. (34), taking the leg n to be a photon
and legs 1, · · · , n−1 to be scalars. For example, this maps

−Γj
injα

Ai1···j···in−1 → qα
en·pα

pn·pα
(1 + pn · ∂

∂pα
)A,

(36)
where en is the polarization vector of the soft particle
and pα and qα = ±1 are the momentum and charge of
the hard leg. Here pn · ∂

∂pα
appears because the contrac-

tion with the connection shifts the momentum pα in the
lower-point amplitude to pα+pn. Meanwhile, the partial
derivative with respect to a background scalar in Eq. (34)
maps to one with respect to a background photon,

∂
∂〈φin〉 → eµn

∂
∂〈Aµ〉

= −
n−1
∑

α=1

qαen · ∂
∂pα

, (37)

where we have used that the background photon is a con-
nection, and thus couples universally to momenta. Thus,

the covariant derivative of the NLSM maps to the leading
and subleading soft photon theorems [25–28],

∇i →
n−1
∑

α=1

1
pn·pα

[en · pα + en · Jα · pn] , (38)

where Jµν
α = pµα

∂
∂pαν

− pνα
∂

∂pαµ
is the angular momen-

tum operator acting on a hard leg. The generalization to
soft gluons [34–36] and gravitons [26, 27, 36–39] will be
explored in detail in [33].

Conclusions. We have shown that an arbitrary theory
of massless bosons is classically equivalent to an NLSM
with an internal field space metric which is momentum-
dependent. The resulting kinematic metric induces a cor-
responding geometrical structure, wherein the associated
kinematic curvatures are tensors under general field re-
definitions. Armed with these geometric objects, we triv-
ially obtain any tree amplitude of massless bosons from
those of the NLSM by a replacement of geometry for
kinematics.
Our analysis has focused solely on tree-level dynam-

ics, but geometry-kinematics duality should also apply
to loops in the very same way as does color-kinematics
duality. In particular, any loop integrand constructed via
generalized unitarity from tree amplitudes will be mani-
festly a function of loop momentum-dependent kinematic
curvature invariants. Upon integration, the resulting am-
plitudes will agree with standard methods. However, like
in color-kinematics duality, the geometry-kinematics re-
placement must be applied at integrand level and not
post integration.

Note added: During the completion of this paper, we
learned of interesting concurrent work by Craig, Cohen,
Lu, and Sutherland [40], which proposes a related but
different notion of functional geometry for effective field
theories. We are grateful to those authors for sharing
their draft with us.
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