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ABSTRACT
It has been recently suggested that white dwarfs generate magnetic fields in a process analogous to the Earth. The crystallization
of the core creates a compositional inversion that drives convection, and combined with rotation, this can sustain a magnetic
dynamo. We reanalyse the dynamo mechanism, arising from the slow crystallization of the core, and find convective turnover
times 𝑡conv of weeks to months – longer by orders of magnitude than previously thought.With white dwarf spin periods 𝑃 � 𝑡conv,
crystallization-driven dynamos are almost always in the fast rotating regime, where the magnetic field 𝐵 is at least in equipartition
with the convective motion and is possibly further enhanced by a factor of 𝐵 ∝ (𝑡conv/𝑃)1/2, depending on the assumed dynamo
scaling law. We track the growth of the crystallized core using mesa and compute the magnetic field 𝐵(𝑇eff) as a function of
the white dwarf’s effective temperature 𝑇eff . We compare this prediction with observations and show that crystallization-driven
dynamos can explain some – but not all – of the ∼MG magnetic fields measured for single white dwarfs, as well as the stronger
fields measured for white dwarfs in cataclysmic variables, which were spun up by mass accretion to short 𝑃. Our 𝐵(𝑇eff) curves
might also explain the clustering of white dwarfs with Balmer emission lines around 𝑇eff ≈ 7500 K.
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1 INTRODUCTION

Strong magnetic fields of ∼ 105 − 109 G have been measured for
a significant fraction of white dwarfs, including both single stars
and cataclysmic variables (CVs), in which a white dwarf accretes
mass from a companion star (see Ferrario et al. 2015, 2020, for
reviews). The magnetic CVs are divided into ‘polars’ – in which the
magnetic field synchronizes the white dwarf’s spin with its orbit, and
‘intermediate polars’ – in which the white dwarf rotates much faster.
The origin of white dwarf magnetism is unclear. One possibility
is that the observed white dwarf fields are fossils, reflecting the
magnetic flux of their progenitor main sequence stars (Angel et al.
1981; Braithwaite & Spruit 2004; Tout et al. 2004; Wickramasinghe
& Ferrario 2005). Alternatively, magnetic fields could be generated
during a common envelope phase (in which a binary companion is
either destroyed or survives on a tight orbit; see Regős & Tout 1995;
Tout et al. 2008; Nordhaus et al. 2011), or during the merger of
two white dwarfs (García-Berro et al. 2012). All of these theories,
however, have difficulty explaining the magnetic fields observed in
post-common envelope binaries (Schreiber et al. 2021a).
Isern et al. (2017) proposed a different tantalizing scenario – white

dwarfs may generate magnetic fields similarly to the Earth’s geody-
namo (e.g. Stevenson et al. 1983; Lister & Buffett 1995; Glatzmaier
& Roberts 1997). When white dwarfs cool down sufficiently, their
interiors begin to crystallize (solidify), creating an unstable com-
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positional gradient in the liquid above the crystallized core. This
drives convective flows (Stevenson 1980; Mochkovitch 1983) which,
combined with the white dwarf’s rotation, can sustain a magnetic
dynamo. A critical parameter in determining the dynamo’s strength
is the ratio of rotation to convection time-scales, given by the con-
vective Rossby number Ro ≡ 𝑃/𝑡conv (𝑃 is the white dwarf’s spin
period and 𝑡conv is the convective turnover time). Isern et al. (2017)
found that for most white dwarfs 𝑃 � 𝑡conv, limiting the dynamo
field to 𝐵 . 105 G.
In a series of papers, Schreiber et al. (2021a,b) and Belloni et al.

(2021) demonstrated that strong rotation-dependent dynamos oper-
ating during white dwarf crystallization may explain the occurrence
rates of magnetism in different classes of single and accreting white
dwarfs. Specifically, metal-polluted white dwarfs (which may have
been spun up by planetary material accretion) are magnetic almost
exclusively at effective temperatures 𝑇eff . 8000 K (Hollands et al.
2015; Kawka et al. 2019), coincident with the crystallization of their
cores. In addition, a large fraction of CVs contain a strongly magne-
tized white dwarf, in stark contrast to their close but still detached
binary progenitors (Liebert et al. 2005, 2015; Pala et al. 2020). This
observation poses a serious challenge to other theories, in which
magnetic fields originate during the white dwarf’s birth (Belloni &
Schreiber 2020). In contrast, stable mass accretion from a companion
spins up the white dwarf and may activate or enhance a magnetic
dynamo, potentially explaining the prevalence of magnetism in CVs
compared to their detached counterparts.
Despite these supporting arguments, Schreiber et al. (2021a,b)

arbitrarily magnified the dynamo magnetic field, as calculated by
Isern et al. (2017), by orders of magnitude in order to match the
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measured fields of observed white dwarfs (single and accreting).
Moreover, a critical ingredient of the theory, which is also required to
match the observations, is a strong dependence of the crystallization-
driven dynamo on rotation. However, such a dependence has not been
calculated or tested quantitatively, but only qualitatively invoked.
Here, we reanalyse the crystallization-driven dynamo mechanism

inwhite dwarfs and argue that Isern et al. (2017) have greatly underes-
timated the turnover time 𝑡conv. By consistently analysing convection
arising from the slow crystallization of the white dwarf’s core – a
process that unfolds over Gyrs – we find that most white dwarfs are in
fact in the fast rotating regime, with 𝑃 � 𝑡conv (the opposite regime
of Isern et al. 2017). The magnetic fields of such fast rotating dy-
namos may reach 𝐵 ∼ 105 − 108 G, depending on the white dwarf’s
rotation period 𝑃 and on the assumed dynamo scaling law. Thus,
our work provides quantitative justification to the strong magnetic
fields invoked by Schreiber et al. (2021a,b), and their dependence on
rotation.
The remainder of this paper is organized as follows. In Section 2

we calculate the velocities and turnover times of the convective flows
driven by the crystallization of a white dwarf’s core. In Section 3
we compute the magnetic field 𝐵(𝑃,𝑇eff) of the resulting dynamo,
which we compare with observations in Section 4. We summarize
our findings in Section 5.

2 CRYSTALLIZATION DRIVEN CONVECTION

In this section we follow Isern et al. (2017), as well as standard
mixing-length theory, and discuss how the crystallization of thewhite
dwarf’s core drives convection. In Section 2.1 we improve the buoy-
ancy calculation of Isern et al. (2017) and find turnover times that
are longer by many orders of magnitude. We derive the same result
using energy considerations in Section 2.2. We describe our numer-
ical calculation and estimate typical velocities and turnover times in
Section 2.3. The effect of rotation is discussed in Section 2.4.

2.1 Buoyancy

When the core of a CO white dwarf crystallizes, the solid (crys-
tal) phase is enriched in oxygen. This leaves behind a carbon-rich
liquid that is lighter than the ambient CO mixture above – driving a
Rayleigh–Taylor instability (Stevenson 1980; Isern et al. 1997, 2017).
As the white dwarf cools down, the crystallized core grows; we

mark its instantaneous outer radius and mass by 𝑟 and 𝑚. The size
𝑙 of the rising (Rayleigh–Taylor unstable) fluid elements above the
core is limited by the core’s size, by the scale height ℎ, and by the
width of the convection zone Δ𝑟 ≡ 𝑟out − 𝑟, such that

𝑙 ∼ min(𝑟, ℎ,Δ𝑟). (1)

At late times, i.e. low 𝑇eff , convection reaches the inner edge of the
white dwarf’s helium envelope. At earlier times, however, the outer
edge of the convection zone 𝑟out is smaller due to the increasing C
to O ratio in the outer layers of the white dwarf (Salaris et al. 1997;
Isern et al. 2017). See Appendix A for how we calculate 𝑟out.
Isern et al. (2017) assumed that the density contrast Δ𝜌/𝜌 of

these rising elements compared to the ambient fluid is equal to the
density difference between the carbon-rich liquid that is left behind
after crystallization and the unperturbed CO mixture above, which
is Δ𝜌0/𝜌 ∼ 10−3 (Isern et al. 2017; see also Mochkovitch 1983).
We, on the other hand, argue that the density contrast is much lower,
because only a small fraction of a rising element crystallizes on a
convective turnover time 𝑡conv, before the element mixes with the

ambient fluid. In other words, as soon as an element begins to crys-
tallize, the remaining slightly carbon-enriched liquid will begin to
rise buoyantly, not allowing enough time for the element to reach the
maximal contrast possible, Δ𝜌0/𝜌.
The actual density contrast is given by

Δ𝜌

𝜌
=

Δ𝜌0
𝜌

¤𝑚𝑡conv
4π𝑟2𝑙𝜌

=
Δ𝜌0
𝜌

¤𝑟
𝑣conv

(2)

where ¤𝑚 and ¤𝑟 are themass and radius growth rates of the crystallized
core, 𝜌 is the density right above it, and

𝑣conv =
𝑙

𝑡conv
(3)

is themixing length theory convective velocity. The rightmost term in
equation (2) indicates the fraction of the fluid element that crystallizes
on a turnover time.
To be more accurate, the relevant mass of extra carbon remaining

after crystallization is𝑚rem = 𝑚liq−𝑚sol, where𝑚sol = ¤𝑚𝑡conv is the
solidified mass during one convective turnover time, and 𝑚liq is the
original liquid mass (from which oxygen has been depleted) before
crystallization. From the conservation of oxygen, 𝑥Oliq𝑚liq = 𝑥Osol𝑚sol,

such that 𝑚rem = 𝑚sol (𝑥Osol/𝑥
O
liq − 1) ≈ 0.3𝑚sol, with the mass frac-

tions of oxygen in the solid and liquid phases 𝑥Osol/liq evaluated in
Appendix A. We omit this mass correction factor of ≈ 0.3 in equa-
tion (2) for simplicity and due to other order-unity uncertainties of
the mixing-length theory. We show below that our nominal magnetic
field (Section 3.2) scales as 𝐵 ∝ 𝑣

1/2
conv ∝ ¤𝑚1/6, such that the cor-

rection factor to 𝐵 is ≈ 0.31/6 ≈ 0.8, which can be neglected given
the other uncertainties of the model. Note that equation (2) can be
also obtained using mass conservation, and assuming that convec-
tive upflows and downflows have similar filling factors (equation 1
of Moffatt & Loper 1994).
A lighter element rises upwardwith a buoyant acceleration 𝑔Δ𝜌/𝜌,

where 𝑔 is the local gravity, until it mixes and dissipates after travers-
ing roughly its own length 𝑙, i.e. after interacting with its own mass
of ambient fluid. The convective velocity it reaches is therefore

𝑣conv ∼
(
Δ𝜌

𝜌
𝑔𝑙

)1/2
=

(
𝑔
Δ𝜌0
𝜌

¤𝑚𝑡conv
4π𝑟2𝜌

)1/2
. (4)

We equate equations (3) and (4) to find that

𝑡conv ∼
[
4π𝑟4𝑙2𝜌
𝐺𝑚 ¤𝑚

(
Δ𝜌0
𝜌

)−1]1/3
, (5)

where we have substituted 𝑔 = 𝐺𝑚𝑟−2 (𝐺 is the gravitational con-
stant), and with all the physical quantities evaluated at the edge of
the crystallized core.
One interpretation of equation (2) is crystallization of small

oxygen-rich flakes inside a layer of width 𝑙 above the crystallized
core, where the thermodynamic conditions are similar (𝑙 6 ℎ). The
solid flakes settle down onto the core, leaving behind a homoge-
neous (well-mixed, because the flakes are small) slightly carbon-
enriched liquid layer with a density deficit of Δ𝜌 (Stevenson 1980;
Mochkovitch 1983). In an alternative picture, crystallization occurs
directly at the border of the solid core, leaving behind a very thin
shell of concentrated carbon-rich liquid above it, with a much larger
density contrast Δ𝜌0 (Loper 1978). The material in this shell will
rise buoyantly at an acceleration 𝑔Δ𝜌0/𝜌, as assumed by Isern et al.
(2017). However, the rising fluid elements from such a thin shell will
be comparable in size to its width 𝑤, and will therefore quickly mix
after rising a similar distance 𝑤 � 𝑙. Such fast mixing continues
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until the largest convecting elements (of size 𝑙) homogenize with a
Δ𝜌 � Δ𝜌0. In the limit of a very thin shell (as in the limit of very
small flakes), the density contrast of the dominant length-scale for
convection 𝑙 is controlled by the rate of crystallization, as assumed
in equation (2), rather than by 𝑤/𝑙.
Further motivation for equation (2) can be found by application to

the Earth’s convective liquid outer core, which lies on top of a solid
inner core with a radius 𝑟 ≈ 1.2 × 108 cm (Engdahl et al. 1974). By
applying the equations in section 2 of Isern et al. (2017) to the Earth’s
core, we find 𝑣theoryconv ≈

√︁
0.2(3/8)𝑔(Δ𝜌0/𝜌) (0.1𝑟) ≈ 3×103 cm s−1,

with Δ𝜌0/𝜌 ≈ 0.05 from Moffatt & Loper (1994). This velocity is
orders of magnitude higher than the 𝑣actualconv ∼ 10−1 cm s−1 inferred
from measurements (see, e.g. Finlay & Amit 2011; Schaeffer et al.
2017, and references therein). By using equations (2) and (4), we cal-
culate a velocity reduction factor of (Δ𝜌/Δ𝜌0)1/2 ∼ ( ¤𝑟/𝑣actualconv )1/2 ∼
10−4, with ¤𝑟 ∼ 10−9 cm s−1 assuming the Earth’s core solidified over
a few Gyrs. This correction factor brings theory and measurements
into agreement, further justifying our equation (2).
None the less, crystallization-driven convection remains a com-

plex problem both in the geophysical context and in white dwarfs,
and it is not clear whether the same scaling relations apply in both
cases. The detailed structure of the crystallization front depends on
the thermodynamic and compositional properties of the core (Loper
1978), which differ between the Earth and white dwarfs. A more
rigorous treatment of crystallization-driven convection, and in fact
of convection in general (e.g. Miller Bertolami et al. 2016; Kupka &
Muthsam 2017), is beyond the scope of this work.

2.2 Energy flux

An alternative method to derive the convective velocity is by consid-
ering the gravitational energy released by settling matter as the core
crystallizes. The energy release rate is given by

𝐿grav =
𝐺𝑚 ¤𝑚
𝑟

Δ𝜌0
𝜌

𝑙

𝑟
. (6)

This energy is carried away by the convective flux:

𝐹grav =
𝐿grav

4π𝑟2
=

𝐺𝑚 ¤𝑚
4π𝑟3

Δ𝜌0
𝜌

𝑙

𝑟
= 𝜌𝑣3conv. (7)

From equation (7), the convective velocity is

𝑣conv =

(
𝐺𝑚 ¤𝑚𝑙

4π𝑟4𝜌
Δ𝜌0
𝜌

)1/3
, (8)

which is identical to equations (3) and (5).
We emphasize that equation (7) is meant only as an analogy with

standard mixing length theory, where a heat flux 𝐹 drives convective
velocities of 𝑣conv ∼ (𝐹/𝜌)1/3. In our case, convection is driven by
compositional inversion, and the energy flux can be conducted away.
In other words, 𝑣conv does not have to carry all the energy released
during crystallization. In fact, crystallization releases energy in other
forms, such as latent heat and change in chemical potentials, which
are comparable to 𝐿grav (Isern et al. 1997, 2000). Specifically, see
equation (19) of Isern et al. (1997), which is similar to our equation
(6) when 𝑙 ∼ 𝑟 ∼ 𝑟wd (see Section 2.3). The fact that the convective
velocities are similar to what is needed to carry 𝐿grav (rather than
the total luminosity) is only presented to build intuition, with a more
physical derivation of 𝑣conv given in Section 2.1.
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Figure 1. Convection in a 0.6M� white dwarf as a function of its effective
temperature 𝑇eff and of the time elapsed since the onset of crystallization 𝑡 .
Top panel: length scales, given as a fraction of the white dwarf’s radius 𝑟wd.
The pressure scale height ℎ is evaluated at the edge of the crystallized core,
which has a radius 𝑟 . The typical mixing length for convection 𝑙 is given by
the minimum of 𝑟 , ℎ, and the distance Δ𝑟 ≡ 𝑟out − 𝑟 from 𝑟 to the outer edge
of the convection zone 𝑟out. Middle panel: the gravitational settling power
𝐿grav released by crystallization, calculated using equation (6), compared to
the white dwarf’s total luminosity 𝐿wd. 𝐿grav is roughly equal to the energy
carried away by the convective motion. Bottom panel: the convective turnover
time 𝑡conv (equation 5).

2.3 Numerical calculation and typical values

In Fig. 1 we plot the relevant length scales for a crystallizing 0.6M�
white dwarf, calculated using the stellar evolution codemesa (Paxton
et al. 2011, 2013, 2015, 2018, 2019). Crystallization is assumed to
occur when the plasma coupling parameter (the ratio of the Coulomb
to thermal energy) exceeds Γ = 230, consistent with the updated
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‘Skye’ equation of state, and appropriate for a CO mixture (Bauer
et al. 2020; Jermyn et al. 2021). This value is somewhat higher than
the traditional one-component Γ = 175 (Potekhin & Chabrier 2000,
2010), resulting in lower crystallization temperatures. The mixing
length 𝑙 initially follows the growing core’s size 𝑟, until it becomes
comparable (to within an order-unity factor) to the white dwarf’s
radius 𝑟wd. The mixing length then largely follows the gradually de-
creasing scale height ℎ at the core’s edge, until the CO crystallization
front approaches the inner edge of the helium layer, at which point 𝑙
sharply drops. At early times, the convection zone does not reach the
helium layer (see Appendix A), slightly restricting 𝑙 6 Δ𝑟 near its
peak. The slower crystallization ¤𝑟 at 𝑇eff ≈ 4800 K and the resulting
bumps in 𝐿grav and 𝑡conv correspond to a similar bump in the cooling
delay due to latent heat release in ‘Skye’ (fig. 12 of Jermyn et al.
2021). This feature does not significantly affect our magnetic field
estimate (Section 3).
We note that mesa and ‘Skye’ currently do not implement phase

separation upon crystallization and only include the latent heat re-
lease (Jermyn et al. 2021). We estimate the convective velocity and
the resulting magnetic field using buoyancy arguments (equation 4)
in a post-processing procedure (the energy considerations in Sec-
tion 2.2 are given only for intuition). We are therefore sensitive only
to the white dwarf’s overall cooling rate through the growth of the
crystallized core ¤𝑚. The energy associated with phase separation is
estimated at about 10 to 20 per cent of the total energy released dur-
ing crystallization (Isern et al. 2000), such that we do not expect a
large deviation from our estimates (from equation 8, 𝑣conv ∝ ¤𝑚1/3).
This should be verified, however, by future work that includes phase
separation explicitly in the cooling curve (e.g. Salaris et al. 2010).
For a rough order of magnitude estimate of the typical velocities

and time-scales, we use the approximation 𝑙 ∼ 𝑟 ∼ ℎ ∼ Δ𝑟 ∼ 𝑟wd,
which breaks down at both very early and very late times. We also
approximate ¤𝑚 ∼ 𝑚wd/𝑡cryst, where 𝑚wd is the white dwarf’s mass
and 𝑡cryst ∼ Gyr is the time to crystallize a significant portion of it
(see Fig. 1). With these approximations, and omitting order unity
coefficients, equation (5) reads

𝑡conv ∼
[
𝑡2dyn𝑡cryst

(
Δ𝜌0
𝜌

)−1]1/3
∼ 107 s, (9)

where

𝑡dyn ≡
(

𝑟3wd
𝐺𝑚wd

)1/2
∼

(
1
𝐺𝜌

)1/2
∼ 3 s (10)

is the white dwarf’s dynamical time-scale (see Fig. 1 for a more
accurate computation of 𝑡conv). Similarly, equation (8) simplifies to

𝑣conv ∼
(
𝐺 ¤𝑚Δ𝜌0

𝜌

)1/3
∼ 𝑟wd

𝑡conv
∼ 102 cm s−1. (11)

The velocities thatwefind are lower by orders ofmagnitude compared
to Isern et al. (2017) because, according to equation (2), the effective
density contrast is reduced by a factor of Δ𝜌/Δ𝜌0 ∼ 𝑡conv/𝑡cryst � 1.

2.4 Rotation

The long turnover times 𝑡conv estimated above imply that most ob-
served white dwarfs are in the fast rotating regime, with spin periods
𝑃 � 𝑡conv. In this regime, the Coriolis force constrains the convec-
tive motion. Specifically, Stevenson (1979) and Barker et al. (2014)
suggested that rotation reduces the convective velocity by a factor of

𝑣rotconv
𝑣conv

∼
(

𝑃

𝑡conv

)1/5
, (12)

where 𝑣conv and 𝑡conv are evaluated without rotation, as before. Using
this scaling for 𝑣conv implies even longer convective turnover times,
and could affect the scaling of the dynamo-generated field (Section
3).

3 MAGNETIC FIELD

Isern et al. (2017) suggested that the convective motion, driven by
crystallization, inside a rotating white dwarf can power a magnetic
dynamo, similarly to the Earth and other planets (e.g. Moffatt &
Loper 1994; Lister & Buffett 1995). In Sections 3.1 and 3.2 we
calculate the magnetic field strength 𝐵 using two different dynamo
scaling laws, and in Section 3.3 we estimate the magnetic diffusion
time to the white dwarf’s surface.

3.1 Equipartition

Christensen et al. (2009) suggested that in rapidly spinning stars and
planets, with rotation periods 𝑃 � 𝑡conv, themagnetic energy density
reaches an equipartition with the kinetic energy in convective eddies

𝐵2

8π
∼ 1
2
𝜌𝑣2conv =

1
2
𝜌1/3𝐹2/3grav, (13)

where the last equality is given by equation (7). For consistency
with the Christensen et al. (2009) scaling, which is independent of
rotation, we use 𝑣conv rather than 𝑣rotconv in equation (13); the effects
of rotation are discussed in Section 3.2. Using the typical velocities
in Section 2.3, we estimate a typical 𝐵 ∼ 105 G.
In Fig. 2 we plot 𝐵surf (𝑇eff) which we calculated with mesa using

equations (8) and (13). Specifically, ¤𝑚 is given by an instantaneous
numerical derivative of the growing crystallized core’s mass 𝑚, and
the mixing length 𝑙 is given by equation (1). The magnetic field at
the surface 𝐵surf is related to the dynamo field 𝐵 by

𝐵surf
𝐵

=

(
𝑟out
𝑟wd

)3
, (14)

where we have assumed a dipole geometry from the dynamo’s top
𝑟out to the surface 𝑟wd (similarly to Reiners & Christensen 2010).
The curves are characterized by a steep rise to ∼ 0.1MG at the
onset of crystallization, followed by a further increase in 𝐵surf when
convection reaches the helium layer (see Fig. 1). The magnetic field
then gradually declines as the white dwarf cools to lower 𝑇eff , until
nearly all the CO crystallizes and the dynamo shuts off.
The hydrogen and helium layers of thewhite dwarfs in Fig. 2weigh

𝑚H = 3.7 × 10−5M� , 𝑚He = 2.2 × 10−2M� for the 0.6 M� white
dwarf and 𝑚H = 1.4 × 10−6M� , 𝑚He = 3.4 × 10−3M� for the 0.8
M� white dwarf. Isern et al. (2017) found that magnetic dynamos in
hydrogen-deficient white dwarfs generate slightly stronger maximal
fields due to differences in the cooling rate.
Isern et al. (2017) used the Christensen et al. (2009) scaling to

relate the white dwarf’s magnetic field to its convective flux, also
finding 𝐵 ∼ 0.1MG. However, their underestimated short convective
turnover times ∼ 102 s imply that only the fastest spinning white
dwarfs (with 𝑃 shorter than about a minute) satisfy the condition
𝑃 � 𝑡conv, which is required to reach equipartition according to
Christensen et al. (2009). All other white dwarfs are expected to
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Figure 2. Surface magnetic fields 𝐵surf generated by crystallization driven
dynamos as a function of the white dwarf’s effective temperature 𝑇eff for 0.6
(solid lines) and 0.8M� (dashed lines) white dwarfs. The surface and dynamo
magnetic fields are related through equation (14). The black (bottom) lines
are plotted using equation (13), which assumes equipartition between the
magnetic energy and kinetic energy in convective eddies. The magnetic field
in this case does not depend on rotation. The blue (middle) and red (top) lines
are plotted using equation (15), which assumes a balance between the Lorentz
and Coriolis forces. This scaling may be more appropriate for the short white
dwarf rotation periods 𝑃 � 𝑡conv that we consider. The markers (circles and
squares) indicate 1 Gyr time intervals since the onset of crystallization.

generate weaker fields. Schreiber et al. (2021a) used this to explain
the higher incidence of strong magnetic fields in CVs: only those
would spin fast enough to be in the rapidly rotating limit such that
the Christensen et al. (2009) scaling would apply. Schreiber et al.
(2021a) then speculated that the unknown dependence of the dynamo
on the magnetic Prandtl number could amplify 𝐵 a couple orders of
magnitude beyond the Christensen et al. (2009) scaling – explaining
observed ∼10−100MGfields for white dwarfs in accreting systems.
In our consistent calculation of the convection, on the other hand,

we find much longer 𝑡conv ∼ 106 − 107 s (Section 2), such that most
observed magnetic white dwarfs satisfy 𝑃 � 𝑡conv – crystallization
driven dynamos are naturally in the fast rotating regime, even for
white dwarfs with normal spin periods. We therefore conclude that
equipartition and ∼ 0.1 MG fields are reached naturally by these
dynamos (the black/bottom lines in Fig. 2), without resorting to an
unknown Prandtl number dependence. In Section 3.2 we argue that
our model can yield even stronger fields for fast rotators; specifically,
we naturally reproduce ∼ 10 − 100 MG fields in systems that have
been spun up by accretion.

3.2 Beyond equipartition

Recent three-dimensional simulations suggest that rapidly rotating
convective dynamos, with Rossby numbers Ro ≡ 𝑃/𝑡conv � 1, can

reach super-equipartition magnetic fields (Augustson et al. 2016,
2019). Specifically,

𝐵2

4π𝜌𝑣2conv
∼ Ro−1 = 𝑡conv

𝑃
, (15)

which can be intuitively understood by a balance between the
Lorentz and Coriolis forces (equipartition can be understood as a
balance between the Lorentz and inertial forces, but at Ro � 1,
the Coriolis force dominates over inertial forces). Accounting for
how the Coriolis force restricts rotating convective flows (Sec-
tion 2.4) would reduce 𝐵 ∝ 𝑡

1/2
conv𝑣conv ∝ 𝑣

1/2
conv by a factor of

(𝑣rotconv/𝑣conv)1/2 ∼ (𝑃/𝑡conv)1/10 according to equation (12). This
would imply 𝐵 ∝ 𝑃−2/5 instead of 𝐵 ∝ 𝑃−1/2. It is not clear, however,
whether magneto-hydrodynamic flows in which the Coriolis force is
balanced by the Lorentz force are also restricted (Christensen 2010).
Since in any case the difference in 𝐵 is only a factor of a few at most,
and the scaling with 𝑃 hardly changes, we keep equation (15) and
treat it as an upper limit.
In Fig. 2 we plot 𝐵surf (𝑇eff) using equation (15), with 𝑡conv eval-

uated by equation (5). Rapid rotation magnifies the magnetic field
beyond equipartition, reaching 𝐵surf ∼ 1 − 10 MG for spin periods
of hours, and up to 𝐵surf ∼ 102 MG for faster rotation. This could
explain the strong fields measured for white dwarfs in CVs (Ferrario
et al. 2015), which may have been spun up by mass accretion to
periods of ∼ 30 s (Schreiber et al. 2021a).
We emphasize that our model implies the opposite Rossby number

regime of Isern et al. (2017). Our long convective turnover times en-
sure Ro � 1, whereas Isern et al. (2017) greatly underestimate 𝑡conv,
leading toRo & 1 for most systems. The consequences are stronger 𝐵
fields and a stronger dependence on the white dwarf’s rotation period
in our case 𝐵 ∝ 𝑃−1/2, assuming equation (15) applies. While there
is some dependence on 𝑃 in the Ro & 1 regime as well, it is consid-
erably weaker (see fig. 1 of Augustson et al. 2016). Recently, Brun
et al. (2022) found a steeper dependence of about 𝐵surf ∝ Ro−1.3
for the surface field at the top of their simulated convective dynamo
compared to the volume-averaged bulk field 𝐵 ∝ Ro−0.5. This could
imply stronger surface fields for rapidly rotating white dwarfs, with
an even stronger dependence on rotation than our nominal Fig. 2.

3.3 Magnetic diffusion

As explained in Appendix A, steep compositional gradients limit the
convection to a radius 𝑟out < 𝑟wd (see Fig. 1). Can the dynamo-
generated magnetic field penetrate from there to the surface, where
it can be observed? The finite Ohmic resistivity enables magnetic
fields to slowly diffuse outwards.
In Fig. 3 we estimate the magnetic diffusion time-scale from 𝑟out

to the surface

𝑡diff ∼
∫ 𝑟wd

𝑟out

d(𝑟 − 𝑟out)2
[(𝑟) =

∫ 𝑟wd

𝑟out

2(𝑟 − 𝑟out)d𝑟
[(𝑟) . (16)

The magnetic diffusivity [ is computed similarly to Cantiello et al.
(2016), by interpolating between expressions that are valid in the
non-degenerate, partially degenerate, and fully degenerate regimes
(Spitzer 1962; Nandkumar& Pethick 1984;Wendell et al. 1987). Fig.
3 shows that 𝑡diff is initially very long. However, once the convection
zone reaches the edge of the helium envelope, 𝑡diff drops and becomes
shorter than the dynamo’s operation time (see Fig. 2), allowing the
magnetic field to emerge at the surface.
At the same time, 𝑡diff � 𝑡conv (with even longer diffusion times

deeper in the convective interior; e.g. Cumming 2002), such that
crystallization-driven convection is in the high magnetic Reynolds
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Figure 3. The magnetic diffusion time 𝑡diff from the outer edge of the con-
vection zone 𝑟out to the white dwarf’s surface, calculated using equation (16)
for 0.6 (solid line) and 0.8M� (dashed line) white dwarfs during the oper-
ation of crystallization driven dynamos. The sharp drop at 𝑇eff ≈ 5000 K or
𝑇eff ≈ 7500 K (depending on 𝑚wd) is caused by the expansion of convection
to the edge of the helium envelope (see Appendix A).

number regime (∼ 1011), as assumed by our dynamo scaling laws.
The Earth’s magnetic Reynolds number is ∼103 (Christensen 2010;
Davies et al. 2015), much closer to the critical value of ∼ 50 (see
Christensen & Aubert 2006; Christensen 2010), possibly indicating
that the geodynamo follows a somewhat different scaling.
Other processes, such as advection (Charbonneau & MacGre-

gor 2001) or magnetic buoyancy (MacGregor & Cassinelli 2003;
MacDonald & Mullan 2004) may transport magnetic fields through
the non-convecting layers on shorter time-scales. These mechanisms
have been invoked in the context of massive stars, in which magnetic
fields generated by a dynamo in the convective core have to penetrate
through the radiative envelope to be observed.

4 COMPARISON WITH OBSERVATIONS

4.1 Single white dwarfs

In Fig. 4 we compare our rotationally enhanced (i.e. Ro � 1) fields
to the population of magnetic white dwarfs with measured spin pe-
riods. Evidently, many of the measured magnetic fields cannot be
explained by crystallization-driven dynamos: they are either well
above our maximum 𝐵max, or the white dwarfs are too hot to be
crystallizing. We conclude that the magnetic fields of at least some
white dwarfs are produced by other mechanisms (Section 1). None
the less, crystallization-driven dynamosmay account for a significant
fraction of the sample – blue markers below and possibly right above
the dashed black line. The magnetic fields of these white dwarfs
seem to decrease with the rotation period 𝑃, as predicted by equa-

tion (15), though this is of course partially by definition. We caution
that even the sub-sample that is consistent with a crystallization-
driven dynamo may in principle be contaminated by other sources
of magnetism. Also, there might be an observational bias against
rapidly rotating white dwarfs with weak magnetic fields because of
rotational line broadening.
In addition to the white dwarfs presented in Fig. 4, we can also re-

produce the 𝐵 ∼ 1−10MG fields measured for metal-polluted white
dwarfs, which were plausibly spun up to periods of minutes to hours
by planetary material accretion (Schreiber et al. 2021b). Almost all
of these metal-polluted magnetic white dwarfs have 𝑇eff < 8000 K,
strongly supporting a crystallization-driven dynamo scenario. Unlike
Schreiber et al. (2021a,b), we do not have to postulate a magnetic
field enhancement due to the white dwarf’s Prandtl number to re-
produce the observations – instead, our longer 𝑡conv naturally leads
to a rotational enhancement. In fact, white dwarf magnetic Prandtl
numbers are of order unity (Isern et al. 2017), and are therefore in
the same regime as the simulations examined by Augustson et al.
(2019), for which equation (15) applies. Moreover, Augustson et al.
(2019) do not find a significant dependence on the Prandtl number
in this regime.
Recently, a small class of magnetic white dwarfs that exhibit

Zeeman-split Balmer emission lines has been identified (Greenstein
& McCarthy 1985; Gänsicke et al. 2020; Reding et al. 2020; Walters
et al. 2021). It is not clear what mechanism heats the outer layers of
these white dwarfs to high temperatures, stimulating the emission.
One proposal is the unipolar inductor model, in which a conduct-
ing planet induces an electrical current by orbiting inside the white
dwarf’s magnetosphere. The current loop connects the planet to the
white dwarf’s surface, which is thus heated by Ohmic dissipation (Li
et al. 1998; Wickramasinghe et al. 2010). Alternatively, the emis-
sion mechanism may be intrinsic to the white dwarf, such as chro-
mospheric activity driven by interaction between the white dwarf’s
magnetic field and an atmospheric convection zone (Greenstein &
McCarthy 1985; Ferrario et al. 1997).
Interestingly, the currently known Balmer-emitting white dwarfs

occupy a narrow region in the Hertzsprung–Russell (HR) diagram,
clustering at temperatures 𝑇eff ≈ 7500K (Gänsicke et al. 2020; Wal-
ters et al. 2021).1 Schreiber et al. (2021b) speculated that this cluster-
ing might be related to the generation of magnetic fields by crystal-
lization at such temperatures. More specifically, our Fig. 2 suggests
that the clustering of Balmer-emitting white dwarfs (which have
masses of 0.6 − 0.8M� according to the HR diagram; see Gänsicke
et al. 2020; Walters et al. 2021) at 𝑇eff ≈ 7500Kmay be linked to the
maximum 𝐵surf (𝑇eff) attained by crystallization driven dynamos as
they cool. This maximum is reached shortly after the onset of crys-
tallization, potentially explaining why both hotter and cooler white
dwarfs lack Balmer emission lines.
Fig. 4 shows that the measured magnetic fields of the Balmer-

emitters are indeed close (within an order of magnitude) to the
maximal fields 𝐵max predicted by equation (15) for their rotation
periods. However, the measured magnetic field increases with rota-
tion period for the three currently known Balmer-emitters, opposite
to the predicted trend. Additionally, it is not clear whether the peak
of 𝐵surf (𝑇eff) as calculated in Fig. 2 is sharp enough for a given 𝑚wd
and whether the crystallization temperatures are similar enough for
different 𝑚wd to explain the tight clustering around 𝑇eff ≈ 7500K.
Moreover, the long magnetic diffusion time-scale 𝑡diff (Section 3.3)

1 Including J0412+7549, for which the magnetic field has not been measured
yet (Walters et al. 2021).
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Figure 4. Magnetic white dwarfs with measured rotation periods 𝑃. Single
white dwarfs are from Kawka (2020, excluding extremely slow rotators with
inferred 𝑃 > 105 h) and Caiazzo et al. (in preparation). They are divided
into stars that are cold enough (for their mass) to have started crystallizing
(blue circles) and stars that are too hot (red circles). The critical 𝑇eff (𝑚wd)
for crystallization is given by Schreiber et al. (2021a), which is consistent
with our Fig. 2. The black circles indicate white dwarfs without a measured
mass or temperature. The blue star markers indicate single white dwarfs that
exhibit Zeeman-split Balmer emission lines (Gänsicke et al. 2020; Walters
et al. 2021). Intermediate polars (magenta diamonds) are from Ferrario et al.
(2015). We do not include polars because they have been spun down after the
generation of the magnetic field. The dashed black line is given by equation
(15), normalized to the maximal surface magnetic field of a 0.8M� crystal-
lizing white dwarf, as calculated in Fig. 2. The crystallization-driven dynamo
theory may account for the magnetic fields of cold white dwarfs below the
line, i.e. blue and potentially magenta markers in the unshaded region. Their
measured magnetic fields are anti-correlated with their periods, as predicted
by the theory.

might smear any sharp features of the 𝐵surf (𝑇eff) curve. In fact, the
sharp drop of 𝑡diff at 𝑇eff ≈ 7500K (for a 0.8M� white dwarf; see
Fig. 3) suggests that the magnetic field reaches the surface at that
temperature, which may provide a somewhat better explanation for
the clustering of Balmer-emitters.

4.2 Accreting magnetic systems

Schreiber et al. (2021a) proposed the crystallization-driven dynamo
as the origin of strong magnetic fields in intermediate polar and
polar systems, but they used the same convective turnover time-scale
from Isern et al. (2017), which is far too short. Hence, they argued
that a white dwarf can only become strongly magnetized when its

spin period becomes less than about a minute, such that Ro . 1
and the equipartition field strength of Christensen et al. (2009) (our
equation 13) can be realized. By their arguments, strong fields (𝐵 &
MG) can only be produced in white dwarfs that have been spun
up by accretion, explaining the far higher occurrence of magnetism
in accreting systems relative to pre-CV systems (i.e. detached post-
common envelope binaries).
We argue that convective turnover times are much longer, allowing

moderate magnetic fields to be produced in more slowly rotating
white dwarfs, but that the magnetic field increases with rotation rate
according to the scaling of Augustson et al. (2019) (our equation
15). Hence, stronger fields should be formed in accreting systems
that have been spun up, allowing the basic picture of Schreiber et al.
(2021a) to remain valid. A white dwarf that is spun up from 𝑃 ∼ 1 d
to 𝑃 ∼ 1min would have its magnetic field amplified by a factor of
∼30, potentially increasing its field from sub-MG levels to &10 MG,
transforming the system into an intermediate polar as described by
Schreiber et al. (2021a). A prediction of our version of the evolution
is that more rapidly rotating intermediate polars should have stronger
magnetic fields, on average.
We plot the intermediate polars with measured magnetic field

strengths in Fig. 4 – all of them are consistent with our com-
puted 𝐵max (up to a factor of 2) and thus can be explained by a
crystallization-driven dynamo if they are old enough to be crystal-
lizing (see Schreiber et al. 2021a for a discussion). Although the
period range of these intermediate polars is too narrow to test our
predicted 𝐵(𝑃) relation on their own, an anti-correlation between 𝐵
and 𝑃 becomes evident when considering the relevant single white
dwarfs and intermediate polars together (i.e. considering all the blue
and magenta markers in the unshaded region of Fig. 4).
What happens to the magnetic field after the white dwarf spins

down to become a polar is not clear. By that point, the magnetic
field must have diffused out of the dynamo region in the crystallizing
core and into the stably stratified envelope above it, where it may
become decoupled from the core dynamo such that it can maintain
a large field strength even for a slowly rotating white dwarf (this is
why we have not included polars in Fig. 4). Unfortunately, the long-
term dynamics of magnetic fields in stably stratified regions remains
poorly understood, but future work may shed light on this issue.

5 SUMMARY

We have reanalysed the crystallization-driven dynamo mechanism
for white dwarf magnetic field generation (Isern et al. 2017). By
consistently considering the slow crystallization of the white dwarf’s
core, we have shown that crystallization-driven convection is much
slower than previously thought, with turnover times 𝑡conv & 106 s.
The long turnover times imply that almost all observed white dwarfs,
both single and in accreting systems, are in the fast-rotating dynamo
regime, with spin periods 𝑃 � 𝑡conv. According to dynamo theo-
ries and simulations, in this regime the magnetic energy is at least
in equipartition with the kinetic energy in convective eddies, and is
likely enhanced beyond equipartition by a factor of 𝐵2 ∝ 𝑡conv/𝑃
(Christensen et al. 2009; Augustson et al. 2016, 2019). This rota-
tional enhancement helps justify previously invoked strong dynamo
fields and their dependence on rotation – potentially explaining sev-
eral observational puzzles, such as the abundance of magnetic CVs
compared to their detached progenitors and the low effective tem-
peratures of metal-polluted magnetic white dwarfs (Schreiber et al.
2021a,b; Belloni et al. 2021); in both cases, the white dwarfs were
likely spun up by mass accretion to short 𝑃.
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We tracked the gradual crystallization of the white dwarf’s core
using the stellar evolution code mesa and computed 𝐵(𝑇eff) curves.
The magnetic field quickly rises to a maximum of ∼ 105 − 108 G –
depending on the spin period 𝑃 – at the onset of crystallization, and
then gradually declines as the white dwarf cools down. When the
crystallization front approaches the white dwarf’s helium envelope,
the dynamo shuts off and 𝐵 quickly drops. The range of white dwarf
effective temperatures𝑇eff that corresponds to ongoing crystallization
and dynamo activity is a function of the white dwarf’s mass, with
more massive white dwarfs crystallizing at higher temperatures (see
also Schreiber et al. 2021a).
We compared the maximal fields attained by crystallization-driven

dynamos to observed single white dwarfs with measured magnetic
fields and spin periods. About 30 per cent of the sample is consistent
with a crystallization-driven dynamo up to a factor of a few in 𝐵,
with the other white dwarfs being either too hot to be crystallizing or
having magnetic fields well above our maximum, requiring a differ-
ent explanation. Interestingly, the recently discovered class of single
white dwarfs with Zeeman-split Balmer emission lines (Gänsicke
et al. 2020; Walters et al. 2021) exhibits fields that are fairly close
to our maximum, potentially explaining the clustering of these white
dwarfs at 𝑇eff ≈ 7500 K, where 𝐵(𝑇eff) peaks and the magnetic dif-
fusion time 𝑡diff (𝑇eff) drops for 0.6 − 0.8M� white dwarfs (see also
Schreiber et al. 2021b).
In addition to these single white dwarfs that are candidates for

hosting an active dynamo, we demonstrated that all the measured
magnetic fields of intermediate polars are consistent with being gen-
erated by a crystallization-driven dynamo. When considering these
intermediate polars together with low-field (𝐵 . 107 G) single white
dwarf candidates, the theoretical prediction 𝐵 ∝ 𝑃−1/2 is roughly
consistent with observations. We can also reproduce the 107 −108 G
magnetic fields measured for polars, assuming they have been spun
up in the past to periods of about a minute. It is not clear, however,
how the magnetic field evolves after the white dwarf spins back down
to synchronize with its orbit.
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APPENDIX A: OUTER EDGE OF CONVECTION

Fig. A1 shows the element distribution and the mean molecular
weight ` inside a white dwarf at the onset of crystallization. As the
core of thewhite dwarf, up to a radius 𝑟 and amass𝑚, crystallizes into
an oxygen rich solid, the liquid right above it is enriched in carbon.
Crystallization therefore lowers ` on top of the core compared to the
ambient CO liquid further above – driving convection. Convection
reaches an outer radius 𝑟out, where the ambient molecular weight
`out ≡ `(𝑟out) drops below that of the convection zone `conv –
stabilizing the liquid (` is assumed to be uniform in the convection
zone due to mixing by eddies).
At each step of the white dwarf’s evolution (as the crystallized 𝑟

and 𝑚 grow), we calculate 𝑟out consistently by solving

`conv (𝑟out) = `out (𝑟out). (A1)

The mean molecular weight in the convective zone `conv is calcu-
lated by assuming that the carbonmass between 𝑟 and 𝑟out is enriched
by 𝑚Δ𝑥 whereas the oxygen mass is depleted by a similar amount;
the enrichment in crystallization is Δ𝑥 ≈ 0.2 (Isern et al. 2000). `out
is simply the unperturbed `(𝑟out). We solve equation (A1) by con-
sidering progressively larger 𝑟out > 𝑟 until the stabilizing condition
is satisfied.
Our resulting 𝑟out (Fig. 1) behaves similarly to Isern et al. (2017).

It follows the steep ` gradient produced by the jump2 in the C to
O ratio at early times (high 𝑇eff), and the inner edge of the helium
envelope at late times (low 𝑇eff); see Fig. A1.

This paper has been typeset from a TEX/LATEX file prepared by the author.

2 The inner homogeneous region seen in Fig. A1 is a relic of convective
mixing during core helium burning in the white dwarf’s progenitor star (e.g.
Salaris et al. 1997; Straniero et al. 2003).
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Figure A1. Helium, carbon, and oxygen abundances inside a 0.6M� white
dwarf at the onset of crystallization (top panel), as well as the mean molecular
weight (bottom panel). During most of crystallization, convection stops at a
steep ` gradient: 𝑟out ≈ 0.5 𝑟wd at early times (high 𝑇eff ), corresponding to
the jump in the C to O ratio, and 𝑟out ≈ 0.8 𝑟wd at late times (low 𝑇eff ),
corresponding to the inner edge of the helium layer; see also Fig. 1. The same
behaviour is exhibited (qualitatively) by 0.8M� white dwarfs as well.
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