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ORDER OF ZEROS OF DEDEKIND ZETA FUNCTIONS

DANIEL HU, IKUYA KANEKO, SPENCER MARTIN, AND CARL SCHILDKRAUT

Abstract. Answering a question of Browkin, we provide a new unconditional proof that the
Dedekind zeta function of a number field L has infinitely many nontrivial zeros of multiplicity
at least 2 if L has a subfieldK for which L/K is a nonabelian Galois extension. We also extend
this to zeros of order 3 when Gal(L/K) has an irreducible representation of degree at least 3,
as predicted by the Artin holomorphy conjecture.

1. Introduction

The study of the order of zeros of L-functions is one of the central problems in number the-
ory. It is conjectured that all nontrivial zeros of the Riemann zeta function lie on the critical
line ℜ(s) = 1

2 and are simple. On the other hand, there exist number fields L such that the
Dedekind zeta function ζL(s) has nontrivial zeros of higher order. This is due to the decom-
position of Dedekind zeta functions as a product of Artin L-functions. The Artin holomorphy
conjecture predicts that Artin L-functions associated to nontrivial irreducible representations
are entire. Assuming this conjecture, if L/K is a nonabelian Galois extension of number fields,
then ζL(s) has infinitely many nontrivial zeros of higher order.

If L/Q is Galois and we further assume that no two Artin L-functions associated to irre-
ducible characters of Gal(L/Q) share nontrivial zeros (with the possible exception of s = 1

2 ),
as well as that all such zeros are simple, then one can be more precise: the highest order non-
trivial zeros of ζL(s) away from s = 1

2 have order equal to the greatest degree of any irreducible
representation of Gal(L/Q) and there are infinitely many such zeros.

Since the Artin holomorphy conjecture is known for specific Galois groups, it has long been
known that there are infinitely many cases of zeros of higher order away from s = 1

2 . Browkin
[Bro13] studied one such family of Galois groups. His example concerns the affine group over a
finite field, namely the matrix group

AGL1(Fq) :=

{(

a b
0 1

)
∣

∣

∣

∣

a ∈ F×

q , b ∈ Fq

}

. (1)

Each such group possesses only one irreducible character of degree greater than one (which
has degree q − 1) induced by one-dimensional characters on a subgroup of AGL1(Fq). As a
result (see Corollary 2.4), the Artin holomorphy conjecture is known for the Artin L-function
corresponding to this character. Hence, for every Galois extension L/K of number fields with
Galois group AGL1(Fq), the Dedekind zeta function ζL(s) has infinitely many zeros of multi-
plicity at least q−1 in the critical strip 0 < ℜ(s) < 1. This led Browkin to ask if ζL(s) always
has higher order nontrivial zeros whenever L/K is nonabelian [Bro13, Section 7].

An alternative, more general approach is to study the holomorphy of a family of Artin L-
functions at a given point. This is the approach taken by Stark [Sta74, Theorem 3] who showed
that if L/K is Galois and ρ is a simple zero of ζL(s), then L(s, χ, L/K) is holomorphic at s = ρ
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for every character χ. Stark’s result has been refined by Foote and Kumar Murty [FM89] and
by Foote and Wales [FW90] to treat higher order zeros when L/K is a solvable extension. As
a corollary of the work of Stark, we obtain the following theorem.

Theorem 1.1. If L/K is a nonabelian Galois extension of number fields, the Dedekind zeta

function ζL(s) has infinitely many nontrivial zeros with multiplicity greater than 1.

The goal of this paper is to prove this result by wholly different means: we non-constructively
consider the class of Galois groups for which the conclusion of Theorem 1.1 holds and establish
that this encompasses all nonabelian finite groups.

Although the example of Browkin allows for explicit lower bounds for the multiplicities of
the nontrivial zeros of interest, neither proof of Theorem 1.1 is able to prescribe such multiplic-
ities predicted by the Artin holomorphy conjecture. However, we can match this prediction for
zeros of order 3.

Theorem 1.2. Let L/K be a Galois extension of number fields. If Gal(L/K) has an irre-

ducible representation of degree at least 3, then the Dedekind zeta function ζL(s) has infinitely
many nontrivial zeros with multiplicity greater than 2.

The solvable case of Theorem 1.2 can be proved quite easily by the results of Foote and
Wales [FW90], though the non-solvable case does not appear to be easily addressed by Stark-
like theorems. We elaborate on this in Section 5.

In forthcoming work [HKMS], we apply Theorem 1.1 to establish that an analogue of the
Mertens conjecture fails for certain number fields. This is our main motivation to work with
the order of zeros of Dedekind zeta functions.

Acknowledgements. We are deeply grateful to Peter Humphries for supervising this project
and to Ken Ono for his valuable suggestions. We would also like to thank Robert Lemke Oliver
and Samit Dasgupta for helpfully directing us to the work of Stark. Finally, we are grateful
for the generous support of the National Science Foundation (Grants DMS 2002265 and DMS
205118), National Security Agency (Grant H98230-21-1-0059), the Thomas Jefferson Fund at
the University of Virginia, and the Templeton World Charity Foundation.

2. Preliminaries

First of all, we recall the definition of an Artin L-function and some of its properties. These
can be found in [Hei67, pp. 211, 220–222].

Definition 2.1. Given a Galois extension L/K of number fields and a (complex linear) rep-
resentation (ρ, V ) of Gal(L/K) with character χ, the Artin L-function L(s, χ, L/K) is defined
as a product of local factors, one for each prime ideal p ⊂ OK . For an unramified prime p, the
factor is

det
(

I −N(p)−sρ(Frob(p))
)

−1
,

where Frob(p) is the Frobenius element of p defined up to conjugacy in Gal(L/K). For rami-
fied p, the matrix is restricted to the subspace of V fixed by the inertia group of p. As Frob(p)
is only defined up to an element of the inertia group, the restriction and corresponding deter-
minant are only well-defined on this subspace.

Lemma 2.2. Let L/K be a Galois extension of number fields with Galois group G.

(a) If χ is a one-dimensional character of G, then L(s, χ, L/K) is a Hecke L-function and

thus holomorphic on the whole complex plane C, unless χ is the trivial character of G
in which case it is holomorphic except for a pole at s = 1.
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(b) If χ is a character of some subgroup H ⊂ G, then L(s, IndGH χ,L/K) = L(s, χ, L/LH).
(c) If 1 is the trivial character of G, then L(s, 1, L/K) = ζK(s), and if rG is the character

corresponding to the regular representation of G, then L(s, rG, L/K) = ζL(s).
(d) If χ1 and χ2 are characters of G, then L(s, χ1+χ2, L/K) = L(s, χ1, L/K)L(s, χ2, L/K).

As a consequence, we have an explicit factorization of Dedekind zeta functions.

Corollary 2.3. Let L/K be a Galois extension of number fields. Then

ζL(s) = ζK(s)
∏

χ

L(s, χ, L/K)dimχ,

where the product runs over all nontrivial irreducible characters χ of Gal(L/K).

Another corollary is the entireness of certain Artin L-functions.

Corollary 2.4. Let L/K be a Galois extension of number fields with Galois group G and χ
be a character of G induced from a nontrivial one-dimensional character ψ of a subgroup H
of G. Then L(s, χ, L/K) is entire.

Proof. This is a direct consequence of Lemma 2.2 (a) and (b). �

We may also combine Corollary 2.4 with a representation-theoretic theorem to obtain some
stronger results on the entireness of certain L-functions. For a group G, we let rG denote the
character of the regular representation of G and 1 = 1G denote the character of the trivial
representation of G.

Lemma 2.5 (Aramata–Brauer [Ara33]). Let G be a finite group. There exist positive ratio-

nal numbers λi and characters χi of G such that

rG = 1 +
∑

i

λiχi,

where each χi is the induction of a one-dimensional character of some cyclic subgroup of G.

Corollary 2.6. If L/K is a Galois extension of number fields, ζL(s)/ζK(s) is holomorphic.

Proof. Since Dedekind zeta functions are holomorphic (except for a pole of order 1 at s = 1),
the quotient ζL(s)/ζK(s) is meromorphic. To prove that it is holomorphic, we need only show
that it has no poles. Let G = Gal(L/K). Then, if

rG − 1 =
∑

i

λiχi,

Lemma 2.2 renders that
(

ζL(s)

ζK(s)

)N

=
∏

i

L(s, χi, L/K)Nλi ,

where N is a positive integer such that Nλi ∈ Z for each i. Via Corollary 2.4, the right-hand
side is a holomorphic function, hence ζL(s)/ζK(s) is as well. �

Remark 2.7. If some λi in the decomposition of Lemma 2.5 exceeds 1, then Theorem 1.1
has a more direct proof, as each of the infinitely many nontrivial zeros of L(s, χi, L/K) would
have multiplicity at least λi and thus at least ⌈λi⌉ ≥ 2. Unfortunately, at least in the explicit
decomposition given in [Ara33], this does not hold in general, even when identical characters
are grouped appropriately.

Before proving our main result, we need a class of groups where the Artin holomorphy con-
jecture is known.
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Definition 2.8. A group G is monomial if all of its irreducible characters are induced from
characters of degree 1.

By Corollary 2.4, the Artin holomorphy conjecture is known for all monomial Galois ex-
tensions of number fields. The following lemma due to Huppert presents an easily verifiable
sufficient criterion for a group to be monomial which will be used subsequently.

Lemma 2.9 (Huppert [Hup53]). Let G be a finite group and let N ⊳G be a proper normal

subgroup for which N is solvable and G/N is supersolvable. If all Sylow subgroups of N are

abelian, then G is monomial.

We also need a standard group-theoretic lemma. For completeness, we reproduce the proof.

Lemma 2.10. Any finite simple group G besides Z/pZ has a nonabelian proper subgroup.

Proof. Assume that this is not the case. Consider any maximal proper subgroup H of G. Its
normalizer is contained between H and G, so it must be either H or G. If it were G, then
H would be normal, contradicting the simplicity of G, so H must be its own normalizer. If
H1 and H2 are any two distinct maximal proper subgroups of G, the normalizer of H1 ∩H2

must contain both H1 and H2, since both H1 and H2 are abelian. As a consequence, it must
be G itself; this gives that H1 ∩H2 is the trivial subgroup, as otherwise would contradict the
simplicity of G. Hence, any maximal proper subgroup H of G has |G|/|H| distinct conjugates,
the union of which comprises exactly

1 +
|G|

|H|
(|H| − 1) = |G| −

|G|

|H|
+ 1

elements. Since every group of non-prime order has a proper nontrivial subgroup, there is some
element x ∈ G not counted in any conjugate ofH. Thus there must exist some maximal proper
subgroup H ′ (the maximal proper subgroup containing x, say) of G that is not a conjugate of
H. The conjugates of this subgroup comprise |G| − |G|/|H ′|+ 1 elements, of which only the
identity can be in any conjugate of H. Then we have that

|G| ≥

(

|G| −
|G|

|H|
+ 1

)

+

(

|G| −
|G|

|H ′|
+ 1

)

− 1,

which implies min(|H|, |H ′|) < 2, a contradiction. �

3. A Theorem of Stark

Stark [Sta74], Foote and Murty [FM89], and Foote and Wales [FW90] considered the holo-
morphy of Artin L-functions at a given point. Just as the Artin holomorphy conjecture implies
the existence of higher order nontrivial zeros of Dedekind zeta functions, this more local phe-
nomenon may be used to establish the existence of higher order zeros in certain circumstances.
To elucidate this point, we recall a theorem of Stark to produce a first proof of Theorem 1.1.

Lemma 3.1 (Stark [Sta74, Theorem 3]). Let L/K be a Galois extension of number fields. Let

ρ 6= 1 be such that the order of vanishing of ζL(s) at s = ρ is at most 1. Then L(s, χ, L/K) is
holomorphic at s = ρ for all characters χ.

The proof of this theorem is largely representation theoretic, using Frobenius reciprocity,
Lemma 2.2 and Corollary 2.6 to show that the virtual character

θ :=
∑

χ

χ · ord
s=ρ

L(s, χ, L/K)
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is a genuine character, and hence L(s, χ, L/K) is holomorphic at s = ρ for all χ. We now give
an initial proof of Theorem 1.1.

First Proof of Theorem 1.1. Assume that L/K is Galois but not abelian. Then Gal(L/K) has
an irreducible representation χ of degree at least 2. Let ρ be a zero or pole of L(s, χ, L/K)
in the critical strip. It is known that infinitely many such ρ exist.

Suppose for the sake of contradiction that ords=ρ ζL(s) ≤ 1. Then by Lemma 3.1, the Artin
L-function L(s, χ, L/K) is holomorphic at ρ for each χ. In particular, L(ρ, χ, L/K) = 0. By
Corollary 2.3, ζL(s) has a zero of order at least χ(1) > 1 at ρ. Thus, ζL(s) has infinitely many
nontrivial zeros of order at least 2. �

4. A New Proof of Theorem 1.1

Let Sn be the set of finite groups G with the property that for any Galois extension L/K
of number fields with Galois group G, the Dedekind zeta function ζL(s) has infinitely many
nontrivial zeros with multiplicity at least n. We establish by contradiction that all nonabelian
groups G are in S2. First of all, we show that this holds for all nonabelian monomial groups.

Lemma 4.1. Let G be a finite nonabelian monomial group. Then G ∈ S2.

Proof. Suppose that L/K is a Galois extension of number fields with monomial Galois group
G. Then, by Corollary 2.3,

ζL(s) = L(s, rG, L/K) = ζK(s) ·
∏

χ

L(s, χ, L/K)dim χ,

where the product is over all nontrivial irreducible characters χ of G. Since G is nonabelian,
some such χ has degree greater than 1. By Corollary 2.4 and the definition of a monomial
group, each L(s, χ, L/K) is an entire function with infinitely many nontrivial zeros. If dimχ >
1, then the infinitely many nontrivial zeros of L(s, χ, L/K) occur with multiplicity at least 2
as zeros of ζL(s). Hence we conclude that G ∈ S2. �

Next, we show that the property of a group belonging to Sn is induced through its subgroups
and quotients by its normal subgroups.

Lemma 4.2. Let G be a finite group and n be any positive integer.

(1) If H is a subgroup of G and H ∈ Sn, then G ∈ Sn.

(2) If N ⊳G is a normal subgroup and G/N ∈ Sn, then G ∈ Sn.

Proof. Let L/K be any Galois extension of number fields with Gal(L/K) = G.

(1) If H ∈ Sn is a subgroup of G, then L/LH is a Galois extension with Galois group H.
Since H ∈ Sn, this means that ζL(s) has infinitely many nontrivial zeros with multi-
plicity at least n. Hence we have G ∈ Sn.

(2) If N ⊳G is a normal subgroup for which G/N ∈ Sn, then L
N/K is a Galois extension

with Galois group G/N . The Dedekind zeta function ζLN (s) thus has infinitely many
nontrivial zeros of multiplicity at least n. By Corollary 2.6,

ζL(s)

ζLN (s)

is holomorphic, meaning that ζL also has infinitely many nontrivial zeros of multiplicity
at least n. Hence we have G ∈ Sn. �

We are now ready to establish Theorem 1.1.
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Second Proof of Theorem 1.1. Suppose for the sake of contradiction that there is a finite non-
abelian group not in S2; let G be such a group of minimal order.

By Lemma 4.2, such a group G may only have abelian subgroups or quotients, as otherwise
this would contradict the minimality ofG. However, by Lemma 2.10, G cannot be simple, since
nonabelian simple groups contain some nonabelian proper subgroup. Therefore, G must have
some nontrivial proper normal subgroup; take N to be such a subgroup. Both of N and G/N
are abelian, meaning that they are supersolvable. Hence, by Lemma 2.9, G is monomial, which
by Lemma 4.1 means G ∈ S2, as desired. �

5. Proof of Theorem 1.2

Although Theorem 1.1 is strictly weaker than Stark’s theorem, the method demonstrated in
Section 4 is much more amenable to collections of less well-behaved groups, like the collection
of finite non-solvable groups. We will utilize this to prove Theorem 1.2 in the non-solvable case.

First, however, we address the case where the Galois group is solvable; this proof may be
completed in two ways. One method exploits the straightforward order-two generalization of
Stark’s result as proven by Foote and Wales.

Lemma 5.1 (Foote–Wales [FW90]). Let L/K be a solvable extension of number fields and let

ρ 6= 1 be such that the order of vanishing of ζL(s) at s = ρ is at most 2. Then L(s, χ, L/K)
is holomorphic at s = ρ for all characters χ.

With Lemma 5.1 in mind, one replicates the proof in Section 3 directly to show the solvable
case of Theorem 1.2. Alternatively, it is also possible to treat the solvable case using methods
similar to those in Section 4. We now give the proof.

Second proof of the solvable case of Theorem 1.2. For the sake of contradiction, we consider a
solvable group G 6∈ S3 with an irreducible representation of dimension at least 3, and assume
that G is of minimal order subject to these constraints. Since any subgroup or quotient of a
solvable group is solvable, Lemma 4.2 along with the minimality of G implies that G has no
subgroup or quotient with an irreducible representation of dimension greater than 2.

As a result, G must possess a normal subgroup N with G/N ∼= Z/pZ for some prime p, and
via minimality N may only have irreducible representations of dimension 1 or 2. Such groups
are explicitly classified in [Ami61, Theorem 3]; each has an abelian normal subgroup with
abelian quotient, and so N is monomial by Lemma 2.9. This means that Artin holomorphy
holds for all Artin characters of L/LN .

Given a positive integer n, define the auxiliary meromorphic L-functions

Ln(s, L/K) :=
∏

dimχ=n

L(s, χ, L/K).

Using Clifford theory, the induction IndGN (ψ) of any irreducible character ψ of N splits
into irreducible characters of χ of equal degree (either dimψ or p dimψ), so one can write
Ln(s, L/K)n as a product of Artin L-functions whose characters are induced from N . Hence,
Ln(s, L/K)n is holomorphic away from s = 1 for each positive integer n; since Ln(s, L/K)
is meromorphic, this implies that Ln(s, L/K) is holomorphic away from s = 1. Moreover,
Ln(s, L/K) is itself an Artin L-function, and hence has infinitely many nontrivial zeros. Ob-
serving that ζL(s) =

∏

n Ln(s, L/K)n, it then follows that ζL(s) has infinitely many zeros
with multiplicity at least 3. �

Hence, only the non-solvable case remains. In this context, we shall see that minimal coun-
terexamples would be minimal simple groups.
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Definition 5.2. A minimal simple group is a nonabelian finite simple group such that all
proper subgroups are solvable.

The classification of minimal simple groups was completed by Thompson. In what follows,
PSLn(q) denotes the projective special linear group of degree n over the field Fq and Sz(22k+1)
denotes a Suzuki group.

Lemma 5.3. (Thompson [Tho68, Corollary 1]) Let G be a minimal simple group. Then G is

isomorphic to one of the following:

(1) PSL2(2
p) for some prime p.

(2) PSL2(3
p) for some odd prime p.

(3) PSL2(p) for some p > 3 prime where p ≡ 2, 3 mod 5.
(4) PSL3(3).
(5) Sz(2p) for some odd prime p.

Our immediate goal is to show that all such groups belong to S3. For this, we will require
the following standard facts concerning the groups presented in Lemma 5.3. Here, AGL1(q)
signifies the affine group over Fq as defined in (1), and AGL′

1(q) denotes the subgroup of
AGL1(q) formed by restricting the entry a in (1) to those elements of F×

q that are squares.

Lemma 5.4. The following statements hold:

(1) PSL2(3) ∼= AGL1(4).
(2) Sz(2) ∼= AGL1(5).
(3) AGL1(2

n) ≤ PSL2(2
n) for any n.

(4) AGL′

1(q) ≤ PSL2(q) for q = pn odd.

Proof. Parts (1) and (2) are routine calculations. For parts (3) and (4), consider the subgroup
of upper-triangular matrices SUT2(q) ≤ SL2(q) and its image PSUT2(q) ≤ PSL2(q). Observe
that

PSUT2(q) =

{

±a−1

(

a2 b
0 1

)
∣

∣

∣

∣

a ∈ F×

q , b ∈ Fq

}

Noting the similarities in the definitions of PSUT2(q) and AGL1(q), we see that PSUT2(q) ∼=
AGL′

1(q). When q = 2n, the map a 7→ a2 is the Frobenius automorphism on F×

q , and we may
further confirm that PSUT2(q) ∼= AGL1(q). �

Browkin [Bro13] establishes that AGL1(q) ∈ Sq−1. We extend this result to the index two
subgroup AGL′

1(q).

Lemma 5.5. Let q = pn for p ≥ 3. Then AGL′

1(q) ∈ S(q−1)/2.

Proof. Observe that [AGL1(q) : AGL′

1(q)] = 2. In particular, this means AGL′

1(q) is normal
in AGL1(q). By computations of Browkin [Bro13], AGL1(q) is monomial with an irreducible
representation χ of degree q−1. AGL′

1(q) is also monomial by Lemma 2.9, and Clifford theory
gives that χ restricts to a representation of AGL′

1(q) whose constituent irreducible represen-
tations have degree at least (q − 1)/2. Hence, AGL′

1(q) ∈ S(q−1)/2. �

Note that Sn ⊆ S3 for n ≥ 3. Using these results, we show that all minimal simple groups
belong to S3:

Lemma 5.6. Let G be a minimal simple group. Then G ∈ S3.

Proof. By Lemma 5.3, there are five cases to prove. In each case, by Lemma 4.2, it suffices
to find a subgroup belonging to S3. Such subgroups are given in Lemma 5.4. In particular,
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(1) AGL1(2
p) ≤ PSL2(2

p) where p prime.
(2) AGL′

1(3
p) ≤ PSL2(3

p) where p is odd and prime.
(3) AGL′

1(p) ≤ PSL2(p) where p ≥ 7.
(4) AGL1(4) ∼= PSL2(3) ≤ PSL3(3).
(5) AGL1(5) ∼= Sz(2) ≤ Sz(2p).

From the work of Browkin [Bro13], one has AGL1(q) ∈ S3 when q ≥ 4. By Lemma 5.5, it
follows that AGL′

1(q) ∈ S3 for q ≥ 7. In all cases, we may conclude that G ∈ S3. �

We are now ready to complete the proof of Theorem 1.2. Since we have already shown the
result in the case where Gal(L/K) is solvable, we need only treat the non-solvable case.

Proof of Theorem 1.2. Suppose for the sake of contradiction that there is a finite non-solvable
group not in S3; let G be such a group of minimal order.

By Lemma 4.2 and the minimality of G, it follows that all proper subgroups and nontrivial
quotients of G are solvable. We initially wish to show that G is simple. Suppose for the sake of
contradiction that G is not simple. Then G has a maximal proper nontrivial normal subgroup
N , so that G/N is simple. If G/N is abelian, by the solvability of N , G is also solvable,
contradicting our initial assumptions on G. If G/N is nonabelian, then G/N is non-solvable,
contradicting the fact that G only has solvable nontrivial quotients. Thus, no such N exists,
meaning G is simple.

Since all proper subgroups of G are solvable, G is a minimal simple group, which by
Lemma 5.6 means G ∈ S3 as desired. �

6. Conclusion and conjectures

Theorems 1.1 and 1.2 show that, up through order 3, the predictions of the Artin holomor-
phy conjecture on the orders of zeros of ζL(s) for Galois L/K hold unconditionally. However,
Artin holomorphy implies results that are both broader (which apply to non-Galois exten-
sions) and stronger (which guarantee even larger multiplicities). To this end, we present two
conjectures as possible extensions of our work.

Conjecture 6.1. Let L/K be an extension of number fields, M be the Galois closure of L/K
and write H = Gal(L/K) ⊂ G = Gal(M/K). If IndGH(1H) contains in its decomposition

an irreducible representation of G with nontrivial multiplicity, then ζL(s) has infinitely many

nontrivial zeros of multiplicity greater than 1.

Theorem 1.1 implies this conjecture in some non-obvious cases, e.g. whenever there is some
K ⊂ K ′ ⊂ L with L/K ′ a nonabelian Galois extension. Nevertheless, there are cases in which
IndGH(1H) may have irreducible components with nontrivial multiplicity even ifH is a maximal
subgroup of G, i.e. if there are no fields between K and L. These cases should be specifically
difficult to treat using methods similar to ours, since there is no obvious way to replace the
extension by a smaller one.

Conjecture 6.2. Let L/K is a Galois extension of number fields and G = Gal(L/K). If G
has an irreducible representation of degree m, then ζL(s) has infinitely many nontrivial zeros

of multiplicity at least m.

This is known when G is a monomial group, in which case the necessary special cases of
the Artin holomorphy conjecture hold unconditionally. On the other hand, both Theorems
1.1 and 1.2 use particular information about groups with representations of small dimen-
sion. To generalize this method to larger m, more work is necessary in studying groups with
representations of bounded dimension.
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