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Abstract 
Interfaces and interfacial mixing are omnipresent in fluids, plasmas, materials in vastly different environments. A thor-
ough understanding of their fundamentals is essential in many areas of science, mathematics, and technology. This 
work focuses on the classical problem of stability of a phase boundary that is a subject to fluxes of heat and mass across 
it for non-ideal thermally conducting fluids. We develop a rigorous theory resolving challenges not addressed before, 
including boundary conditions for thermal heat flux, structure of perturbation waves, and dependence of waves cou-
pling on system parameters in a broad range of conditions. We discover the novel class of fluid instabilities in the three 
regimes—advection, diffusion, and low Mach—with properties that were never earlier discussed and that are defined by 
the interplay of the thermal heat flux, thermal conductivity and destabilizing acceleration with the inertial stabilization. 
We reveal the parameter controlling transitions between the regimes through varying the initial conditions. We find that 
the interface stability is set primarily by the macroscopic inertial mechanism balancing the destabilizing acceleration. 
The thermal heat flux and the microscopic thermodynamics create vortical fields in the bulk. By linking micro to macro 
scales, the interface is the place where balances are achieved.
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Article highlights 

• This work yields the general theory of interface dynam-
ics in a broad range of conditions.

• The interplay is explored of inertial stabilization, destabiliz-
ing acceleration, thermal conductivity and heat flux.

• We discover that interface is the place where balances 
are achieved through linking micro to macro scales.
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1 Introduction

Interfaces and interfacial mixing govern a broad range 
of processes in nature and technology, and their non-
equilibrium dynamics couple micro to macro scales [1, 
2]. Examples include: thermonuclear flashes in superno-
vae, laser ablated plasmas in inertial confinement fusion, 
chemically reactive flows, the detonation of energetic 
materials, the purification of water, electro-catalysis, 
and nano-fabrication [3–12]. In these realistic environ-
ments, the fields change sharply and rapidly, the phases 
of matter are well pronounced, accelerations are strong, 
energy releases are high, and relaxations processes are 
weak [1–12]. Non-equilibrium interfacial dynamics pro-
vides nearly insurmountable obstacles to study at kinetic 
and at continuous scales. Its understanding is of critical 
importance for science, mathematics, and engineering 
[1–17]. The theory of interfaces and interfacial mixing 
must rigorously solve a singular boundary value prob-
lem and an ill-posed initial value problem at a freely 
evolving discontinuity. This mathematical task is even 
more challenging than the Millennium problem on the 
Navier–Stokes equation [1, 4, 11, 16].

Our work focuses on the long-standing problem prob-
lem of stability of a phase boundary—a fluid interface 
with fluxes of heat and mass across it [16]. The phase 
boundary is broadly defined. It can be an interface 
between two different matters (fluids, plasmas, solid 
materials) or an interface between the same matters 
with distinct thermodynamic properties. The matter can 
also experience a phase transition, undergo a change 
in chemical composition, and be out of thermodynamic 
equilibrium [3–14]. While interfaces appear obvious at 
a first glance, they are a challenge to rigorously deter-
mine. For instance, one may employ a front with zero 
mass flux to describe immiscible fluids, and an interface 
across which mass can be transported to describe mis-
cible fluids. One may further presume that the fronts 
are ‘thin’ and the interfaces are ‘thick’ [12, 13]. Realistic 
environments are more complex, as found in molecular 
dynamics simulations of energetic materials and in high 
resolution experiments of solvents [7–9, 18]. Often, a few 
nanometers thick interface can have strong and macro-
scopically significant fluxes of heat and mass across it; 
moreover, at microscopic scales, these transports can be 
essentially non-diffusive [7–10, 18–20].

At an interface the properties of matter experience 
dramatic changes at small scales [14, 17]. These changes 

produce microscopic interfacial transports, which, in 
turn, define macroscopic fields in the bulk [3, 7–9, 11, 
17]. In order to treat rigorously the multi-phase dynam-
ics, to provide reliable benchmarks for diagnostics, and 
to achieve a high predictive capability in a broad range 
of conditions, the theory must balance the fluxes of 
the conserved quantities at the freely evolving inter-
face and must solve the boundary value and the initial 
value problems [4, 16, 17]. For fronts in Rayleigh–Taylor 
and Richtmyer–Meshkov instabilities, accurate theories 
were built in the last decades. Particularly, group theory 
approach grasped the order in Rayleigh–Taylor mix-
ing and explained the observations [11, 19, 21–27]. For 
interfaces with interfacial mass flux, a rigorous theory of 
the interface stability was developed recently for ideal 
fluids [17, 28–30]. This theory discovered the inertial 
mechanism of interface stabilization, the instability of 
the conservative dynamics of accelerated interface, and 
the chemistry-induced instabilities [17, 28–30]. It also 
resolved the prospect of Landau 1944 and found that 
classical Landau’s solution for Landau–Darrieus instabil-
ity is a perfect mathematical match [16, 17]. Resolutions 
of two other prospects of the 1962 Nobel Laureate Lan-
dau were recognized with Nobel prizes in 2003 (theory 
of superconductors) and 1982 (theory of phase transi-
tions) [31].

Theory [17, 28–30] studied the dynamics of the inter-
face with interfacial mass flux for ideal incompressible flu-
ids free from thermal heat flux. It also analyzed the effect 
of surface tension understood as tension at the phase 
boundary [31, 73]. Realistic processes are often accompa-
nied by fluxes of thermal heat across the interface and by 
non-ideal thermodynamics in the bulk, including thermal 
conductivity caused by inelastic interactions of particles at 
atomic scales [14, 15, 17]. The influence of the thermal heat 
flux and the microscopic thermodynamics on the interface 
stability and the flow fields’ structure requires systematic 
investigations. These studies are critically important to 
solve the corner-stone problem of modern science and 
mathematics and to better understand a broad range of 
processes in nature and technology, to which interfaces 
and interfacial mixing are relevant [1–12, 14, 17, 31].

In this work, we consider the inertial and accelerated 
dynamics of the interface with fluxes of heat and mass 
across it for non-ideal thermally conducting nearly incom-
pressible fluids. We develop the rigorous theoretical frame-
work applicable in a broad range of conditions [1–20]. 
We resolve the fundamental challenges not addressed 
before [12–14]. These include: the self-consistent bound-
ary conditions for the thermal heat flux; the perturbation 
waves’ structure; the dependence of the waves coupling 
on the system parameters. We report key discoveries 
regarding three regimes—advection, diffusion, and low 
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Mach—exhibiting fluid instabilities which were never 
earlier discussed and which are defined by the interplay 
of the thermal heat flux, thermal conductivity, destabiliz-
ing acceleration and inertial stabilization. We find that 
the interface stability is achieved primarily through the 
macroscopic inertial stabilization balancing the destabi-
lizing acceleration. The microscopic thermodynamics and 
the thermal conductivity lead to creation of vortical fields 
in the bulk. The strength of these vortical fields is set by 
the thermal heat flux. Our analysis defines the interface as 
the place where balances are achieved. Our theory directly 
couples the macro and micro scales in the non-equilibrium 
dynamics for a broad range of conditions, including matter 
at the extremes [1–17, 19].

Potential applications of our theory span across the 
scales and disciplines, since interfaces and their stability 
impact nearly every area of science and technology. In 
supernovae blasts, unstable interfaces and interfacial mix-
ing of materials of the progenitor star create conditions for 
nucleosynthesis of heavy and intermediate mass chemical 
elements (in addition to light mass elements synthesized 
in the star before its explosion) [3, 4, 34, 35]. The forma-
tion of Sun’s spots and solar flares is strongly influenced 
by downdrafts—finger type structures pushing the matter 
from the solar surface into the convection zone [36]. In the 
inertial confinement fusion, the fluid phases—the regions 
of the hot and cold neutral plasmas—are formed by 
sharply and rapidly changing fields, and the shock induced 
interfacial mixing of these regions can preempt the for-
mation of hot spot [5, 37]. Interfaces and their stability 
are inherent in the light—matter interaction, in the water 
exploding plasmas, and in the plasma discharges formed 
in and interfacing with liquids [36, 38–40]. Dynamics of 
interfaces separating the flow heterogeneities is critical for 
understanding of realistic turbulent processes, including 
compressible turbulence, turbulent convection, turbulent 
combustion, and turbulent mixing [6, 12, 13, 41–44].

Interfaces with interfacial fluxes of heat and mass are 
essential in the processes of the atomization of liquid 
jets and the fluid vaporization [45–47], in the melting 
and evaporation of materials under high pressures and 
high strain rates, and in chemically reactive flows [7, 9, 28, 
48]. A good grip on the interface dynamics is needed for 
efficient purification of water and for enabling the trans-
portation security of liquefied natural gas [20, 49]. The 
insights on the coupling of microscopic transports at the 
interface and macroscopic flow fields in the bulk is critical 

in nano—science and nano—technology, including the 
detonation of energetic materials, the understanding of 
fluid motions in fuel cells and in micro-channels, and the 
in-depth comprehensions of the electro-catalysis and the 
properties of matter undergoing phase transitions [18–20, 
50–55].

In these vastly different physical regimes, interfaces and 
interfacial mixing are observed to have similar features of 
their non-equilibrium dynamics [1, 2]. They can be inves-
tigated within the theoretical framework of the classical 
problem of stability of the phase boundary when there are 
heat and mass fluxes across the interface. This problem is 
the focus of our present study.

The novelty of our work is in the development of gen-
eral rigorous theory of interface dynamics in realistic fluids 
applicable in a broad range of conditions. We explore the 
new class of fluid instabilities in the three regimes with 
properties not discussed before, including the growth-
rates and the flow fields’ structures. A special contribution 
of our work is the control parameter describing transitions 
between the regimes of advection, diffusion and weak 
compressibility by varying the initial conditions. We dis-
cover that interface is a place where balances are achieved 
through linking micro to macro scales.

The paper has the following structure: After Introduc-
tion in Sect. 1, we present Theoretical Problem in Sect. 2, 
including governing equations (2.1) and linearized dynam-
ics (2.2). We provide Results in Sect. 3: the new methodol-
ogy (3.1); the joint properties of solutions (3.2); dynamics 
for regimes of advection (3.3), diffusion (3.4) and low Mach 
(3.5); the link of interface dynamics and flow fields (3.6); the 
range of applicability (3.7); the characteristic scales (3.8); 
the comparison with experiments (3.9); the properties of 
thermal heat flux (3.10); the design of experiments (3.11). 
Discussion and Conclusion are in Sects. 4–5. Acknowledge-
ment, Data Availability, Author’s contribution, Conflict of 
interest, References, Figures and Tables are given in last 
sections.

2  Theoretical problem

2.1  Governing equations

In an inertial frame of reference, the equations for the con-
servation of mass, momentum and energy, and the heat 
flux equation are:

(1a)�ρ

�t
+

�ρvi

�xi
= 0,

�ρvi

�t
+

�ρvivj

�xj
+

�P

�xi
= 0,

�E

�t
+

�(E + P)vi

�xi
+

�Qi

�xi
= 0, Qi +

�(�e)

�xi
= 0
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with spatial coordinates � = xi =
(
x1, x2, x3

)
= (x, y, z) , 

time t  , and thermal conductivity � , and with the fields of 
density ρ , velocity � = vi , pressure P , E = �(e + v

i
2∕2) , spe-

cific internal energy e , and heat flux � = Qi . The closure 
equation of state relates internal energy and pressure. We 
presume it in the form P = s ρ e with constant s [14, 17]. 
The inertial frame of reference is referred to the frame of 
reference moving with constant velocity �0 ; for definite-
ness �0 =

(
0, 0, V0

)
 [17]. Equations Eq. (1a) describe non-

ideal thermally conducting fluids [14]. They are reduced 
to the Euler equations for ideal fluids at � = 0 and � = 0 
[14], for which the interface dynamics is studied in [17, 
28–30, 32, 33].

In engineering applications, one may apply the thermal 
resistance r in the equation for energy conservation and the 
heat flux equation, which is associated with thermal conduc-
tivity as r ∼ �−1 [14]. In this work, we employ the thermal 
conductivity, as per the standards of theoretical physics [14]. 
For the constant thermal conductivity � = const and with 
no motion dynamics vi = 0 , the equation for energy con-
servation and the heat flux equation in the system Eq. (1) 
are reduced to the Fourier’s law of heat conduction as 
�e∕�t + ��2e∕�x2

i
= 0 [14].

The derivation of the governing equations Eq. (1) and the 
explanation of non-ideal character of dynamics of thermally 
conducting fluids are given in classical work [14]. The criti-
cal aspect of our approach to the problem of the interface 
dynamics is that the governing equations Eq. (1) are derived 
in an inertial frame of reference moving with constant veloc-
ity �0 relative to laboratory frame of reference, rather than 
in a frame of reference moving with the interface velocity �̃ . 
This permits us to stay free from a postulate of constancy of 
the interface velocity (even for the stable dynamics) and to 
identify the inertial stabilization mechanism caused by the 
motion of the interface as whole. See for details below and 
works [17, 28–30].

We consider multi-phase dynamics, and intro-
duce a continuous scalar function θ(x, y, z, t) describ-
ing the fluid interface, such that θ = 0 at the interface 
and θ > 0 (< 0) in the heavy (light) fluid. We present 
(ρ, �, P, E, e,�,� , s) = (ρ, �, P, E, e,�,� , s)hH(θ) + (ρ, �, P, E, e,�,� , s)lH(−θ) 
in the bulk by using the Heaviside step-function H(θ) , with 
subscript h(l) standing for heavy (light). At the interface, the 
fluxes of mass, momentum, and energy are balanced [16, 
17]. We also require that thermal heat flux is normal to the 
interface on each side of the interface.

(1b)
[
�̃ ⋅ �

]
= 0,

[(
P +

(�̃⋅�)
2

ρ

)
�

]
= 0,

[
(�̃⋅�)(�̃⋅�)

ρ
�
]
= 0,

[(
�̃ ⋅ �

) (
W +

�̃2

2ρ2

)
+� ⋅ �

]
= 0

(� ⋅ �)|θ=0+ = 0, (� ⋅ �)|θ=0− = 0

Here [...] = 0 denotes the jump of quantities at the inter-
face. The unit normal and tangential vectors of the interface 
are �, � with � = ∇θ∕|∇θ|, (� ⋅ �) = 0 . Mass flux across 
the interface is �̃ = ρ

(
� + �θ̇∕|∇θ|

)
 . The specific enthalpy 

is W = e + P∕ρ including the enthalpy of formation [16]. 
Emphasize that the fluid velocity � is shear-free at the inter-
face, as is clearly seen from the third equation in the system 
Eq. (1b). The boundary conditions at the outside boundaries 
are

The interface velocity is �̃ . For steady planar interface it 
is constant �̃ = �̃0 and can be chosen as the velocity of the 
inertial frame of reference �̃0 = �0 . For unsteady non-planar 
interface �̃ ≠ �̃0 and

We apply this form for the interface velocity in order to 
accentuate that the velocity of the inertial frame of refer-
ence �0 , the velocity of steady planar interface �̃0 , and the 
velocity of the unsteady perturbed interface �̃ are distinct 
quantities. They may not be equal one another. The form 
of the interface velocity in equation Eq. (1d) permits us to 
reveal the unsteadiness of the interface velocity and the 
inertial stabilization mechanism. See for details the equa-
tion Eq. (3d) for the perturbed interface velocity in Sect. 2.2 
below for thermally conducting fluids, and the works [17, 
28–30] for ideal fluids.

Initial conditions are the initial perturbations of the 
interface and the flow fields. They define the dimension-
ality, the symmetry, the length-scale and the time-scale of 
the dynamics [17, 28–30].

Per the governing equations in the bulk and at the 
interface Eqs. (1a, 1b), in each fluid the thermal heat flux Qi 
is collinear with the gradient �(�e)∕�xi , and the interface 
is a level curve (level surface) of the internal energy func-
tion �e with constant �e at each side of the moving inter-
face θ(�, t) → 0± . To our knowledge, these self-consistent 
boundary conditions for the thermal heat flux were never 
formulated and applied before.

(1c)
�h
||z→−∞

= �h =
(
0, 0, Vh

)
, �l

||z→+∞
= �l =

(
0, 0, Vl

)

(1d)�̃� = −��|θ=0 = − �̃�∕ρ||θ=0



Vol.:(0123456789)

SN Applied Sciences           (2022) 4:197  | https://doi.org/10.1007/s42452-022-05000-4 Research Article

2.2  Linearized dynamics

The general mathematical problem of interface dynamics 
is very challenging [12–14]. It can be simplified for con-
stant � , s , by assuming that in each fluid to leading order 
the flow fields are uniform (ρ, �, P, e) = (ρ, �, P, e)0 , the inter-
face is planar � = �0, � = �0 , and the thermal heat flux at 
the interface is constant �0 . We slightly perturb the fields 
ρ = ρ0 + ρ, � = � + �, P = P0 + p, e = e0 + e , the inter-
face � = �0 + �1, � = �0 + �1 , the enthalpy W = W0 + w , 
and the fluxes of mass and heat �̃ = � + �̂, � = �0 + � . 
For each quantity, the perturbation magnitude is small 
compared to its leading order value [17]. The lead-
ing order mass flux � is normal to the interface, with 
� ⋅ �0 = 0, � ⋅ �1 = 0.

To leading order the equations in the bulk and at the 
outside boundaries are obeyed; the fields are

The boundary conditions at the interface are

F o r  i n c o m p r e s s i b l e  d y n a m i c s (
ρ0V

2∕P0
)
→ 0,

(
V2∕W0

)
→ 0  f r e e  f r o m  t h e r -

mal heat f lux,  the boundar y conditions con-
v e r t  t o  

[
� ⋅ �0

]
= 0,

[
P0 �0

]
= 0,

[
W0

]
= 0  [ 1 2 – 1 4 , 

16,  17] .  Thermal  heat  f lux 
(
�0 ⋅ �0

)
≠ 0 seeds 

internal energy perturbations. We must retain [(
�0 ⋅ �0

)
+
(
�2∕2ρ2

0

) (
� ⋅ �0

)]
= −

[(
� ⋅ �0

)
W0

]
 in the 

energy boundary condition even for sub-sonic dynamics.
To first order the governing equations in the bulk and 

the equation of state are

and the boundary conditions at the interface are:

w h e r e  t h e  m a s s  f l u x  p e r t u r b a t i o n s  a r e 
�̂ = � + �, � = ρ0

(
� + �0θ̇

)
, � =

(
ρ∕ρ0

)
� . The perturbations 

of the flow fields decay far from the interface

(2a)
(
ρ, �, P, e,W , �̃,�

)
h(l)

=
(
ρ0,�, P0, e0,W0, �,�0

)
h(l)

(2b)

[
� ⋅ �0

]
= 0,

[(
P0 +

(�⋅�0)
2

ρ0

)
�0

]
= 0,

[(
� ⋅ �0

)(
W0 +

�2

2ρ2
0

)
+
(
�0 ⋅ �0

)]
= 0

(
�0 ⋅ �0

)|||θ=0+ = 0,
(
�0 ⋅ �0

)|||θ=0− = 0

(3a)(�∕�t + � ⋅ ∇)ρ + ρ0∇ ⋅ � = 0, ρ0(�∕�t + � ⋅ ∇)� + ∇p = 0, ρ0(�∕�t + � ⋅ ∇)e + ∇ ⋅ � + P0∇ ⋅ � = 0

� + ∇
(
�e

)
= 0, p∕P0 = ρ∕ρ0 + e∕e0

(3b)

[(
� + �

)
⋅ �0

]
= 0,

[(
p +

2(�⋅�0)(�⋅�0)
ρ0

+
(�⋅�0)

(
�⋅�0

)

ρ0

)
�0

]
= 0,

[(
� ⋅ �0

)(
� ⋅ �1 + � ⋅ �0

) �0

ρ0

]
= 0

[(
� ⋅ �0

) (
w + � ⋅ �∕ρ2

0

)
+
(
� ⋅ �0

)]
= 0,

(
�0 ⋅ �1 + � ⋅ �0

)|||θ=0− = 0,
(
�0 ⋅ �1 + � ⋅ �0

)|||θ=0− = 0

The perturbed velocity of the interface is �̃ = �̃0 + �̃ , 
|�̃| << ||�̃0

|| . Up to first order, it is

The schematics of the dynamics is illustrated by Fig. 1 
(in a far field, not to scale), with the blue color mark-
ing the planar interface (dashed line) and the perturbed 
interface (solid line).

3  Results

3.1  Methodology

We develop new methodology for solving the complex multi-
parameter problem Eqs. (1–3). We consider a sample case of 
two-dimensional flow periodic in the x direction, motionless 

in the y direction and spatially extended in the z direction. 
The interfacial function is θ = −z + z∗(x, t) . The perturbed 
interface is z∗ = Z∗ exp (ikx + Ωt) , with wavevector k = 2�∕� 
and wavelength � set by the initial conditions. The perturbed 
velocity field can have potential and vortical components, 
� = ∇Φ + ∇ ×� . For the two-dimensional flow the vortical 
field and vorticity are � = (0,Ψ, 0), ∇ × � = (0,ΔΨ, 0).

(3c)

{
ρ,�, p, e, �, �,�,w

}

h

||||z→−∞

= 0,
{
ρ,�, p, e, �, �,�,w

}

l

||||z→+∞

= 0

(3d)�̃ = �̃0 + �̃, �̃�0 = −
(
��0 + θ̇

)|||θ=0
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Fig. 1  Schematics of the 
dynamics (in a far field, not to 
scale). Blue color marks the 
planar interface (dashed line) 
and the perturbed interface 
(solid line)

Table 1  The elements of the matrix defining the solutions’ structure in the bulk

M
S
=

(
−k2 + K2

)
�
0
0 0 −KV + Ω 0

�
0(−KV + Ω) 1 0 0 0

0 0 �
0(−KV + Ω) 0 0

−
k2

�0
+

K2

ρ0
0 0 0 −

KV

P0

+
k2V

KmP0

−
K2V

KmP0

+
Ω

P0

0
1

P0

0 −
1

ρ0
−

1

e0
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3.1.1  Solutions’ structure

To ident i fy  the struc ture of  the per turbat ion  
w a v e s ,  w e  r e p r e s e n t  t h e  f l o w  f i e l d s  a s (
Φ, p,Ψ, ρ, e

)
=
(
Φ̂, p̂, Ψ̂, ρ̂, ê

)
exp (ikx − Kz + Ωt) , where 

K  is the wavevector in the direction of motion, to be 
found [12–14, 17, 30]. This representation reduces 
the perturbed equations in the bulk to the linear 
system MS� = 0 , where � =

(
Φ, p,Ψ, ρ, e

)T
 is a vector, 

and MS is a 5 × 5 matrix with components dependent 
on quantities Ω, k, K  , and parameters V , ρ0, P0, e0,� , s . 
Matrix MS  is  provided in Table  1.  The condition 
detMS = 0 yields a fifth order polynomial equation 
defining the wavevector(s) K  and the structure(s) of 
the perturbation wave(s). Equation detMS = 0 is pro-
vided in Table 2. Mathematically, we have to find the 
five fundamental solutions for the linear system 
Mz� = 0 , including their eigenvalues and eigenvec-
tors [14, 17, 28, 30, 32, 33, 56]. These five solutions 
plus the interface perturbation identify the six inde-
pendent waves (degrees of freedom) to further solve 
the boundary value problem at the interface.

To find the five fundamental solutions, we first  
derive the characteristic equation detMS = 0 for the 
wavevector K  in the motion direction, as detM

S
=

(K − Ω∕V )
(
K4 + c

3
K3 + c

2
K2 + c

1
K + c

0

)
 with coefficient 

cn = cn
(
P0, s, ρ0, V , Km, k,Ω

)
 . See Tables 1 and 2. We next 

find the five roots of this equation K = Kn, n = 1, ..., 5 .  
By substituting each of these roots to the matrix MS ,  
we then identi fy  the relat ions between the  
amplitudes 

(
Φ̂, p̂, Ψ̂, ρ̂, ê

)
 of each of the perturbation 

(
P0, s, ρ0, V , Km, k,Ω

)
 . In general case the solutions for 

the equation detMS = 0 are extremely cumbersome, 
except for the wave representing the vortical field with 
K = Ω∕V  . In this work, we find analytical solutions for 
the weakly compressible dynamics with ρ0V2∕P0 << 1 . 
For these sub-sonic waves, three regimes exist. They are 
dominated by the processes of advection, diffusion and 
weak compressibility and are defined by the interplay 
of the wavevector k of the initial perturbation and the 
wavevector Km = ρ0V∕�  set by thermal conductivity, as 
well as by the relation between the parameters Km∕k and 
ρ0V

2∕P0.
To our knowledge, the accurate analytical deriva-

tions of the structures of the flow fields in the bulk were 
never done before, including the sub-sonic dynamics 
ρ0V

2∕P0 << 1 in the regimes of advection, diffusion and 
weak compressibility. In order to derive the solutions, we 
apply the rigorous methods of applied mathematics and 
theoretical physics, including the regular perturbation 
method in the regimes of diffusion and weak compress-
ibility with Km∕k << 1 and ρ0V2∕P0 << 1 , and the singu-
lar perturbation method in the regime of advection with 
Km∕k >> 1 and P0∕ρ0V2 >> 1 [6, 12, 14, 57].

3.1.2  Three regimes

These three regimes have four perturbation waves in 
common. We call them mechanical waves. The four 
mechanical waves describe the interface, the vortical 
velocity field of the light fluid, and the associated fields 
of pressure and the potential motion of the heavy and 
light fluids as:

The vortical field does not contribute to pressure; 
hence it is energetic (rather than dynamic) in nature. 
Emphasize that while in this work we consider weakly 
compressible non-ideal fluids and we solve the 5 × 5 lin-
ear system Mz� = 0 , the structures of the four mechani-
cal waves (one wave for the interface, two waves for the 

(4)

(
Φ, p

)

h
= Φ̂h

(
1, −kρ0V (1 − Ω∕kV )

)
h
eikx+kz+Ωt ,

(
Φ, p

)

l
= Φ̂l

(
1, kρ0V (1 + Ω∕kV )

)
l
eikx−kz+Ωt

z∗ = Z∗eikx+Ωt , Ψl = Ψ̂eikx−(Ω∕Vl)z+Ωt

Table 2  The polynomial equation detM
S
= 0 and its coefficients

detM
S
=∶ (KV − Ω)

(
K4 + K3c

3
+ K2c

2
+ Kc

1
+ c

0

)

c
3
=∶

(KmP0+KmP0s−Kmρ0V2+2ρ0Ω)
P0−ρ0V

2

c
2
=∶ −

K2(2k2P0V−k2�0V3+KmP0Ω+KmP0sΩ−3Km�0V
2Ω+�0VΩ

2)
V(P0−�0V2)

c
1
=∶ −

K(k2KmP0+k2KmP0s+2k2�0VΩ+3Km�0Ω2)
P0−�0V

2

c
0
=∶

k4P0V+k
2KmP0Ω+k

2KmP0sΩ+k
2�0VΩ

2+Km�0Ω
3

V(P0−�0V2)

w a v e s .  T h e  f i v e  f u n d a m e n t a l  s o l u t i o n s (
Φ, p,Ψ, ρ, e

)
n
=
(
Φ̂, p̂, Ψ̂, ρ̂, ê

)

n
exp

(
ikx − Knz + Ωt

)
 , n = 1, ..., 5 

define the structures of the perturbed flow fields in the 
bulk [32, 56].

The characteristic equation, as a fifth order poly-
nomial equation, can in principle be solved for any 



Vol:.(1234567890)

Research Article SN Applied Sciences           (2022) 4:197  | https://doi.org/10.1007/s42452-022-05000-4

potential components of the velocities of the heavy and 
the light fluids, and one wave for the vortical field of the 
light fluid) are the same as those for the conservative 
dynamics in the incompressible ideal fluids free from the 
thermal heat flux (with or without surface tension) [17, 
28, 30, 32, 33]. This ensures the accuracy of our results.

3.1.2.2 Diffusion In the diffusion processes, the scale 
set by thermal conductivity is small compared to that of 
the initial perturbation, 

(
Km∕k

)
h(l)

<< 1 . In the incom-
pressible limit with 

((
ρ0V

2∕P0
)
∕
(
Km∕k

))
h(l)

→ 0 , the 
perturbation waves are

with k̄h = (Kmh∕2)(1 + sh)(1 − Ω∕Vhk), k̄l = (Kml∕2)(1 + sl)(1 + Ω∕Vlk) 
and wavevector Kh ≈ k, Kl ≈ k . These waves associate the 
fields of inertial energy, velocity potential and pressure.

In order to validate in experiments the solution’s struc-
ture in the diffusion process, one needs to diagnose the 
fields of the internal energy and pressure and to observe 
the following. In both fluids the fields of the internal 
energy and pressure are correlated with one another. The 

fields are nearly symmetric in the heavy and the light flu-
ids. In the direction of motion they have the length-scale 
∼ k−1 set by the initial perturbation. They are slightly mod-
ulated with spatial waves having length scales k−1

h
 and k−1

l
 

in the heavy and light fluid respectively. The modulation 
length scales k−1

h
 and k−1

l
 are substantially greater than the 

wavelength of the initial perturbation, kk−1
h(l)

<< 1 , and they 
depend on the fluids thermal conductivities as K−1

mh
 and K−1

ml
 , 

r e s p e c t i v e l y,  w h e r e  
(
K
m

)
h(l)

=
(
ρ0V∕�

)
h(l)

 a n d (
Km∕k

)
h(l)

→ 0 . To our knowledge, these flow fields’ prop-
erties in the diffusion regime were not diagnosed before 
[6, 12–14].

3.1.2.3 Low Mach In weakly compressible processes with 
vanishing thermal transport 

((
Km∕k

)
∕ρ0V

2∕P0
)
h(l)

→ 0 , in 
the limit 

(
ρ0V

2∕P0
)
h(l)

→ 0 the perturbation waves are

with k̃h =
(
kVl − Ω

)2(
ρ
0
∕2kP

0

)
h
, k̃l =

(
kVl + Ω

)2(
ρ
0
∕2kP

0

)
l
 and 

with the wavevectors Kh ≈ k, Kl ≈ k . These waves describe 
the associated fields of inertial energy, velocity potential, 
density and pressure.

In order to validate in experiments the solution’s struc-
ture in the weakly compressible process, one needs to 
diagnose the fields of internal energy, density and 

(5b)

(
e, Φe, pe

)

h
= êh

(
1, ρ0V∕KmP0, ρ0

(
k∕Km

)(
ρ0V

2∕P0
)
(1 − Ω∕kV )

)
h
eikx+Khz+Ωt , Kh = k − kh

(
e, Φe, pe

)

l
= êl

(
1, ρ0V∕KmP, −ρ0

(
k∕Km

)(
ρ0V

2∕P0
)
(1 + Ω∕kV )

)
l
eikx−Klz+Ωt , Kl = k + kl

(5c)

(
e, Φe, ρe, pe

)

h
= êh

(
1, −ρ0V∕2kP0 + 2s∕(kV − Ω), ρ2

0
s∕P0, 2ρ0sh

)
h
eikx+Khz+Ωt , Kh = k + k̃h

(
e, Φe, ρe, pe

)

l
= êl

(
1, ρ0V∕2kP0 − 2s∕(kV + Ω), ρ2

0
s∕P0, 2ρ0s

)
l
eikx+Klz+Ωt , Kl = k + k̃l

The other two waves are due to internal energy per-
turbations. We call them energetic waves. Their structure 
depends on the regime.

3.1.2.1 Advection In the advection processes, the scale 
set by thermal conductivity is large compared to that of 
the initial perturbation, 

(
Km∕k

)
h(l)

→ ∞ . For (
P0∕ρ0V

2
)
h(l)

→ ∞ , this leads to the perturbation waves

(5a)
(
e, ρe

)
h
= êh

(
1,
(
ρ2
0
s∕P0

))
h
eikx+Kmh(1+sh)z+Ωt ,

(
e, ρe

)
l
= êl

(
1,

(
ρ2
0
s∕P0

))
l
eikx−(Ω∕Vl)z+Ωt

These waves associate the fields of internal energy 
and density. The fields are attached to the interface in 
the heavy fluid, changing sharply for z → z∗ and vanish-
ing for kz → −∞ . They are correlated with the vortical 
field in the light fluid, ∼ eikx−(Ω∕Vl)z+Ωt.

In order to validate in experiments the solution’s struc-
ture in the advection process, one needs to diagnose the 
fields of the internal energy (e.g., temperature) and the 
density and the vortical field, and to observe the following. 
In both fluids the fields of the internal energy and den-
sity are in-phase with one another. Yet, in the heavy and 
the light fluids, they are asymmetric. In the light fluid, the 
fields of inertial energy and density are correlated with the 
vortical field; in the motion direction they have the length-
scale 

(
Vl∕Ω

)
 set by the vortical field. In the heavy fluid, 

the fields of the inertial energy and density are attached 
to the interface and have the length-scale 

(
Kmh

(
1 + sh

))−1
 

that is substantially smaller than the wavelength of the 
initial perturbation, k

(
Kmh

(
1 + sh

))−1
→ 0 . To our knowl-

edge, these properties of the flow fields in the advection 
process were not accurately diagnosed before [6, 12–14].
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pressure and to observe the following. In both fluids the 
fields of internal energy, density and pressure are corre-
lated with one another. The fields are nearly symmetric, 
with length scale ∼ k−1 set by the initial perturbation, and 
they are slightly modulated with spatial waves having the 
length scales k̃−1

h
 and k̃−1

l
 in the heavy and the light fluid 

respectively. The modulation length scales k̃−1
h

 and k̃−1
l

 are 
substantially greater than the wavelength of the initial 
perturbation, kk̃−1

h(l)
<< 1 , and are independent of the fluids 

thermal conductivities. To our knowledge, these proper-
ties of the flow fields in the weakly compressible regime 
were not diagnosed before [6, 12–14].

3.1.3  Boundary value problem

In each process, to find the interface stability and the 
flow fields’ structure, we employ the perturbation 
waves representing the six independent degrees of 
freedom—4 common mechanical and 2 specific ener-
getic—to solve the boundary value problem at the inter-
face. The dynamics can be subject to a body force and an 
acceleration; the destabilizing acceleration � is directed 
from the heavy to the light fluid along the z direction of 
motion, � = (0, 0, g) , with constant g , and modifies the 
pressure field.

The boundary value problem is thus reduced to the 
linear system M � = 0 . The 6 × 6 matrix M is defined by 
the interfacial boundary conditions, and the vector 
� =

(
Φh,Φl , Vhz

∗,Ψl , eh∕kVh, el∕kVh
)T

 is given by the six 
independent waves. The solution is � = Ci�i , where �i are 
fundamental solutions, and Ci are integration constants. 
By applying the condition det M = 0 and by reducing the 
corresponding matrix to row-echelon form, we find the 
fundamental solution �i

(
Ωi , �i

)
 , including the eigenvalue 

Ωi , the eigenvector �i , and the associated vector �̂i of the 
perturbation waves’ amplitudes.

We introduce dimensionless variables by employing 1∕k 
for the length scale, 1∕kVh for the time-scale, and (
V∕k, ρ0, ρ0V

2
)
h
 for the velocity potentials, density, and 

pressure, respectively. We use the dimensionless values of 
the growth-rate ω = Ω∕kVh ,  the density rat io 
R = ρ0h∕ρ0l , R ≥ 1 , the gravity magnitude G = g∕kV2

h
,G ≥ 0 , 

and the thermal wavevector(s) 
(
km

)
h(l)

=
(
Km∕k

)
h(l)

 . The 
thermal heat flux is scaled with the internal energy  
as 

(
�0

)
h(l)

=
(
�e0ε0

)
h(l)

 . It defines the seeds 
(
ε0
)
h(l)

  
o f  t h e  i n t e r n a l  e n e r g y  p e r t u r b a t i o n s (
ε0
)
h(l)

=
((
�0 ⋅ �

)
sMa2∕�2V2

)
h(l)

 . Here the modified 

Mach number is 
(
Ma2

)
h(l)

=
(
ρ0V

2∕P0
)
h(l)

 . The leading 
order energy boundary condition 

[
e0ε0 + V2∕2

]
=
[
W0

]
 

suggests ε0l ≤ 0 for 
[
W0

]
= 0 with ε0 h = 0 . Matrix M is 

M = M
(
ω, R,G,

(
km, ε0,Ma, s

)
h(l)

)
 . Its elements depend on 

ω and on the system parameters.

3.2  Joint dynamic properties

Advection, diffusion and weakly compressible dynamics 
have a number of properties in common. (1) They are 
degenerate. Each of them has only four fundamental solu-
tions �1(2)(3)(4) for six independent waves obeying six equa-
tions. This is due the thermodynamic nature of the internal 
energy perturbations 

(
e
)
h(l)

 , which are seeded by thermal 
heat flux, with 

(
e
)
h(l)

∼
(
ε0
)
h(l)

 . (2) For fundamental solu-
tions �1(2) , the vortical and potential velocity fields are cou-
pled with the interface perturbation and the thermal heat 
flux. For zero thermal heat flux, the velocity field is poten-
tial. (3) In each regime, solutions �3(4) depend only on den-
sity ratio R and are the same as those of the conservative 
dynamics with zero thermal heat flux in ideal fluids [17, 
28–31]. Particularly: solution �3 has zero perturbed velocity 
and pressure fields; solution �4 must have zero integration 
constant to obey the boundary conditions far from inter-
face [17, 28–31, 73]. We omit their consideration here.

Solutions �1(2) depend on the regime and on system 
parameters, with stable or unstable �1 and with always sta-
ble �2 . We focus on the conservative dynamics (CD) under 
gravity (G) in the advection (A), diffusion (D), and low Mach 
(M) regimes. We set �CDG(A)(D)(M) = �1 with �̂CDG(A)(D)(M) = �̂1 
for real ωCDG(A)(D)(M) , and �CDG(A)(D)(M) =

(
�1 + �∗

1

)
∕2 , �1 = �∗

2
 , 

with �̂CDG(A)(D)(M) =
(
�̂1 + �̂∗

1

)
∕2 , for complex ωCDG(A)(D)(M) . 

While solutions �1(2) are cumbersome, their forms are ele-
gant for (Ma)h(l) → 0.

Table 3  The elements of the matrix defining solutions of the inter-
facial boundary value problem for the advection process

M
A
=

−R −1 −ω + Rω i k
mh
Ma

2

h
Rs

h
−k

ml
Ma

2

l
s
l

1 −1 1 − R
iω

R
0 0

R − Rω R + ω −G + GR −2iR −k
mh
Ma

2

h
Rs

h
k
ml
Ma

2

l
Rs

l

ω −ω ω − Rω iR 0 k
ml

+
ω

R
+ k

ml
Rs

l

0 0 i�
0h

0 −i 0

0 0 i�
0l

0 0 −i
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3.3  Advection

I n  t h i s  p r o c e s s ,  t h e  f l u i d  v e l o c i t i e s  a r e 
�h = ∇Φh, �l = ∇Φl + ∇ ×�l  w i t h  t h e  f i e l d ( s ) 
Φh(l) = Φh(l), �l =

(
0,Ψl , 0

)
 . The matrix is M = MA . Matrix 

MA is provided in Table 3. For (Ma)h(l) → 0 , the solution 
�CDGA has the eigenvalue and the associated amplitude 
vector

(6a)ωCDGA = −F ± i
√
R

�
1 − G∕Gcr − F2∕R + 2 F kml

�
1 + slR

�
, �̂CDGA = (∗, ∗, 1, ∗, ∗, ∗)T

w i t h  Gcr = R(R − 1)∕(R + 1), F = −ε0l∕(R − 1)2, F ≥ 0 .
Asterisks marks functions on R,G,

(
ε0, km

)
h(l)

 .  For 
(
km∕ε0

)
l
→ 0  ,  t h e  g r o w t h - r a t e  i s 

ωCDGA → −F ± i
√
R
√
1 − G∕Gcr − F2∕R . For 

(
ε0∕km

)
l
→ 0 

it is ωCDGA → ±i
√
R

��
1 + 2 F kml

�
1 + slR

��
− G∕Gcr  . The 

Fig. 2  Flow fields for unstable accelerated advection: plots of real parts of perturbed fields of the interface, velocity, velocity streamlines, 
pressure, vorticity, internal energy, with red (blue) for positive (negative) in contour plots

Table 4  The elements of the matrix defining solutions of the interfacial boundary value problem for the diffusion process

M
D
=

−R −1 −ω + Rω i −Ma
2

h
R −

Ma
2

l

R

1 −1 1 − R
iω

R
Ma

2

h
−

Ma
2

l

R

R − Rω R + ω −G + GR −2iR Ma
2

h
R −Ma

2

h
Rω Ma

2

l
+

Ma
2

l
ω

R

ω −ω ω − Rω iR 1 − k
mh

+Ma
2

h
ω 1 + k

ml
−

Ma
2

l
ω

R

0 0 i�
0h

0 −i 0

0 0 i�
0l

0 0 −i



Vol.:(0123456789)

SN Applied Sciences           (2022) 4:197  | https://doi.org/10.1007/s42452-022-05000-4 Research Article

dynamics �CDGA is stable Re
[
ωCDGA

]
≤ 0 for the acceleration 

values smaller than a threshold G < G̃cr and is unstable 
Re

[
ωCDGA

]
> 0 for G > G̃cr . The critical value is G̃cr = Gcr for (

km∕ε0
)
l
→ 0 and G̃cr = Gcr

(
1 + 2 F kml

(
1 + slR

))
 for (

ε0∕km
)
l
→ 0.

Dynamics �CDGA couples the interface perturbation with 
potential and vortical components of the velocity fields 
and with the internal energy perturbations. At the inter-
face, the velocity is shear free. In the bulk, the strength of 
the vortical field is determined by the thermal heat flux. 
For zero thermal heat flux the velocity field is potential in 
both fluids. For the unstable dynamics �CDGA the interface 
velocity �̃ increases with time.

Figure 2 illustrates flow fields for dynamics �CDGA in the 
unstable regime, including the interface perturbation z∗ 
and the perturbed fields of the velocity � , the streamlines 
�, ((d�∕dt) × �) = 0 ,  the pressure p ,  the vorticity 
∇ × � =

(
0,ΔΨl , 0

)
 , and the inertial energy e . The param-

eters are similar to those in laser ablated plasmas with 
s = 2∕3, � = ce� , � = 5∕2 and with R >> 1 [37, 38, 58–61].

Our theory of the unstable interfacial dynamics in the 
advection regime suggests that accurate experiments can 
diagnose in the future the following properties of the flow 
fields. In the light fluid, the internal energy field strongly cor-
relates with the vortical field and has the same length-scale 
in the direction of motion. In the heavy fluid, the internal 
energy perturbation is attached to the interface and the 
velocity field is potential. The strengths of the fields of the 
internal energy and the vorticity depend on the thermal heat 
flux. The fields of the vorticity and pressure are independent 
from one another. By measuring the pressure fields in the 
bulk of each fluid far from the interface, one can capture the 
process of formation of bubbles and spikes at the interface. 
Here the bubble (spike) is the portion of the light (heavy) 
fluid penetrating the heavy (light) fluid, and it is ‘pushed’ 
from the higher to the lower pressure regions, Fig. 2.

3.4  Diffusion

I n  t h i s  p r o c e s s ,  t h e  f l u i d  v e l o c i t i e s  a r e 
�h = ∇Φh, �l = ∇Φl + ∇ ×�l  w i t h  t h e  f i e l d ( s ) 

Fig. 3  Flow fields for unstable accelerated diffusion: plots of real parts of perturbed fields of the interface, velocity, velocity streamlines, 
pressure, vorticity, internal energy, with red (blue) for positive (negative) in contour plots
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Φh(l) =
(
Φ + Φe

)

h(l)
, �l =

(
0,Ψl , 0

)
 . The matrix is M = MD , 

provided in Table 4. In incompressible limit (Ma)h(l) → 0 for 
solution �CDGA the eigenvalue and the amplitude vector are

where asterisks mark functions on R,G,
(
ε0, km

)
h(l)

 . With 
ε0l = −F(R − 1)2 − ε0h, F ≥ 0  a n d  w i t h  v a n i s h i n g (
km

)
h(l)

→ 0  ,  t h e  g r o w t h - r a t e  i s 
ωCDGD = ±i

√
R
√
(1 + 2F) − G∕Gcr  . The dynamics �CDGD is 

(6b)ωCDGD = ±i
√
R

�
1 − G∕Gcr − 2

��
ε0
�
1 − km

��
h
+
�
ε0
�
1 + km

��
l

��
(R − 1)2, �̂CDGD = (∗, ∗, 1, ∗, ∗, ∗)T

stable Re
[
ωCDGD

]
≤ 0 for accelerations with magnitudes 

smaller than critical value G < Ĝcr  . It is unstable 
Re

[
ωCDGD

]
> 0  f o r  G > Ĝcr  ,  w h e r e 

Ĝcr = Gcr

(
1 − 2

((
ε0
(
1 − km

))
h
+
(
ε0
(
1 + km

))
l

)
∕(R − 1)2

)
 . 

For 
(
km

)
h(l)

→ 0 the critical value of the acceleration mag-
nitude is Ĝcr = Gcr(1 + 2F).

Dynamics �CDGA couples the interface perturbation with 
the potential and vortical components of the velocity field 

Table 5  The elements of the matrix defining solutions of the interfacial boundary value problem for the low Mach process

M
M
=

−R −1 −ω + Rω i −
3

2
k
mh
Ma

2

h
Rs

h

3kmlMa
2

l
sl

2R

1 −1 1 − R
iω

R

1

2
k
mh
Ma

2

h
s
h

kmlMa
2

l
sl

2R

R − Rω R + ω −G + GR −2iR 2k
mh
Rs

h
+ 2k

mh
Ma

2

h
Rs

h
−2k

ml
s
L
− 2k

ml
Ma

2

l
s
l

ω −ω ω − Rω iR 1 − k
mh

− k
mh
s
H
−

1

2
k
mh
Ma

2

h
s
h
1 + k

ml
+ k

ml
s
l
+

1

2
k
ml
Ma

2

l
s
l

0 0 iϵ
0h

0 −i 0

0 0 iϵ
0l

0 0 −i

Fig. 4  Flow fields for stable accelerated low Mach dynamics: plots of real parts of perturbed fields of the interface, velocity, velocity stream-
lines, pressure, vorticity, internal energy, with red (blue) for positive (negative) in contour plots
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3.5  Low Mach

I n  t h i s  p r o c e s s ,  t h e  f l u i d  v e l o c i t i e s  a r e 
�h = ∇Φh, �l = ∇Φl + ∇ ×�l  w i t h  t h e  f i e l d ( s ) 
Φh(l) =

(
Φ + Φe

)

h(l)
, �l =

(
0,Ψl , 0

)
 . The matrix is M = MM , 

provided in Table  5. For solution �CDGA in the limit 
(Ma)h(l) → 0 the eigenvalue and the amplitude vector are

where asterisks mark functions on R,G,
(
ε0
)
h(l)

 . With 
ε0l = −F(R − 1)2 − ε0h, F ≥ 0  t h e  g r o w t h - r a t e  i s 
ωCDGM = ±i

√
R
√
(1 + 2F) − G∕Gcr  . For dynamics �CDGM the 

interface is stable Re
[
ωCDGM

]
≤ 0 for the acceleration mag-

nitudes G < Gcr and is unstable Re
[
ωCDGM

]
> 0 for G > Gcr , 

with Gcr = Gcr(1 + 2 F).
The fields of the dynamics �CDGM are similar to that of 

�CDGD with 
(
km

)
h(l)

→ 0 . Figure 4 illustrates the perturbed 
fields z∗,�, �, p,∇ × �, e of the solution �CDGM in the stable 
regime. Since for G < Gcr the frequency is purely imaginary, 
ωCDGM = ±i

√
R
√
(1 + 2F) − G∕Gcr  ,  t h e  w ave ve c t o r 

K = ωCDGM∕R of the vortical field is also imaginary. This 
leads to creation of the stable vortical patterns in the light 
fluid bulk, which are periodic in time and in space. Such 
solution can be implemented only when the boundary 
conditions away from the interface are somewhat noisy. 
Otherwise the integration constant for the stable solution 
�CDGM must be zero, leading to zero perturbation fields and 
to constant interface velocity �̃ = �̃0.

Our theory of the unstable interfacial dynamics in the 
low Mach regime suggests that accurate experiments can 
diagnose in the future the following properties of the flow 

(6c)ωCDGM = ±i
√
R

�
1 − G∕Gcr − 2

�
ε0h + ε0l

�
∕(R − 1)2, �̂CDGD = (∗, ∗, 1, ∗, ∗, ∗)T

Fig. 5  Dependence of the 
growth-rate(s) on the accelera-
tion at some parameters values

and with the internal energy perturbations. While the veloc-
ity is shear free at the interface, the vortical field in the bulk is 
set by the thermal heat flux, and it vanishes for zero thermal 
heat flux, similarly to the advection process. For the unstable 
dynamics �CDGD the interface velocity �̃ increases with time. 
Figure 3 illustrates the perturbed flow fields z∗,�, �, p,∇ × �, e 
for the solution �CDGD in the unstable regime.

Our theory of the unstable interfacial dynamics in the 
diffusion regime suggests that accurate experiments can 
diagnose in the future the following properties of the flow 
fields. In the light and heavy fluids, the internal energy 
perturbations are nearly symmetric. They have the length 
scale being close to that of the initial perturbation, with 
slight departures set by the thermal conductivities. Their 
length scales are very different from the length scale of the 
vortical field. Similarly to the advection regime, in the dif-
fusion regime, the strengths of fields of the internal energy 
perturbations and vorticity depend on the thermal heat 
flux; they are zero for zero heat flux. The vortical field and 
the pressure field are independent from one another. The 
pressure field defines the process of formation of bubbles 
and spikes at the interface, Fig. 3.
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fields. In the light and heavy fluids, the internal energy 
perturbations are nearly symmetric. They have the length 
scale being similar to that of the initial perturbation, with 
slight departures independent from the thermal con-
ductivities. In the stable regime, stable vortical patterns 
may appear in the light fluid bulk, and they are periodic 
in space and in time. The internal energy perturbations 
and the vortical structures arise only in the presence of 
the thermal heat flux. The vortical field and the pressure 
field are independent from one another. The pressure field 
determines the process of formation of bubbles and spikes 
at the interface, by pushing the bubble (spike) from the 
light (heavy) fluid to the heavy (light) fluid from the higher 
to the lower pressure regions, Fig. 4.

3.6  Interface dynamics and flow fields

Figure 5 illustrates the dependence of the growth-rate on 
the acceleration magnitude for the conservative dynam-
ics with zero thermal heat flux and with the thermal heat 
flux in the advective, diffusive and low Mach regimes, and 
for the accelerated Landau–Darrieus and Rayleigh–Tay-
lor instabilities [16, 17]. For large acceleration values, the 
growth rates of the conservative dynamics with zero heat 
flux ωCDG and of the advective, diffusive and low Mach 
dynamics ωCDG(A)(D)(M) are substantially greater than the 
growth-rates ωRT  and ωLDG of Rayleigh–Taylor and Lan-
dau–Darrieus dynamics. The growth-rate ωCDG is the larg-
est and is asymptotic for ωCDG(A)(D)(M) ; it is the envelope of 
�CDG(A)(D)(M) , Fig. 5

In the notations used in this work, for the conservative 
dynamics, Rayleigh–Taylor dynamics and Landau–Darrieus 
dynamics free from the thermal heat flux, the growth-rates 
and amplitude vectors are:

For the conservative and Rayleigh–Taylor dynamics 
the velocity fields are potential, whereas Landau–Dar-
rieus dynamics has the vortical field in the light fluid bulk. 
For the conservative and Landau–Darrieus dynamics 
the velocity is shear free at the interface, whereas Ray-
leigh–Taylor dynamics has the velocity shear at the inter-
face [17, 28, 30, 32, 33].

This work investigates the dynamics of the interface 
with fluxes of heat and mass across it for non-ideal ther-
mally conducting fluids. The problem differs dramatically 
from that of the interface dynamics in ideal fluids, Eqs. 

(7)

ωCDG = ±i
√
R
√
1 − G∕Gcr , �̂CDG = (∗, ∗, 1, 0, 0, 0)T;

ωLDG =

�
−R +

�
R3 + R2 − R + G

�
R2 − 1

���
(R + 1), �̂LDG = (∗, ∗, 1, ∗, 0, 0)T;

ωRT =
√
G(R − 1)∕(R + 1), �̂RT = (∗, ∗, 1, 0, 0, 0)T

(1–3), Tables 1, 2, 3, 4, 5 [17, 28–30, 32, 33]. In the three 
regimes of advection, diffusion and low Mach, we find the 
fluid instabilities, which were never earlier discussed and 
which are defined by the interplay of the thermal heat flux, 
thermal conductivity, destabilizing acceleration and iner-
tial stabilization, Eqs. (1–8), Figs. 1, 2, 3, 4, 5 and Tables 1, 
2, 3, 4, 5.

We reveal nevertheless that both for non-ideal ther-
mally conducting fluids with interfacial fluxes of heat and 
mass and for ideal fluids with zero heat flux, the primary 
mechanism of the interface stabilization is the macro-
scopic inertial mechanism, Eqs. (1–8), Figs. 1, 2, 3, 4, 5 [17, 
28–30]: When the interface is perturbed, the fluid parcels 
follow the perturbation causing the change of momentum 
and energy. To conserve the momentum and energy, the 
interface as whole changes its velocity. Thus the reactive 
force occurs; the interface stability is defined by the inter-
play of inertia and buoyancy. The dynamics is unstable 
when the gravity exceeds the reactive force, Figs. 1, 2, 3, 
4, 5. The thermal heat flux and the thermal conductivity 
provide with additional stabilization, Eqs. (1–8), Figs. 1, 2, 
3, 4, 5.

The thermal heat flux and thermal conductivity are 
associated with the particle motions at kinetic scales, and 
are microscopic and thermodynamic in nature [14, 15]. 
They impact the dynamics quantitatively, by influencing 
the growth-rate, and qualitatively, by creating the vortical 
field in the bulk. For the stable and unstable dynamics, the 
velocity field is shear free at the interface, and the vortical 
structures in the bulk are energetic in nature, because they 
are caused by the thermal heat flux and the energy excess 
at the interface.

Advective, diffusive and low Mach dynamics �CDG(A)(D)(M) 
have a number of common properties, such as inertial sta-

bilization, destabilizing acceleration, shear free velocity at 
the interface, and volumetric vortical field. They have also 
important distinctions, including different structures of 
perturbation waves and flow fields, dispersion relations, 
growth-rates and critical accelerations, Eqs. (1–6), Figs. 1, 
2, 3, 4, 5 and Tables 1, 2, 3, 4, 5. Hence, one can deduce 
thermodynamic microscopic properties of a fluid system 
by diagnosing its macroscopic dynamics. These fluid insta-
bilities constitute the novel class of the sub-sonic dynam-
ics 

(
ρ0V

2∕P0
)
h(l)

<< 1 with the control parameter (
km

)
h(l)

=
(
Km∕k

)
h(l)

=
(
ρ0V∕�k

)
h(l)

 in the three regimes 
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of advection 
(
Km∕k

)
h(l)

>> 1 , diffusion 
(
Km∕k

)
h(l)

<< 1 , and 
low Mach 

(
Km∕k

)
h(l)

→ 0 . For given values of experimental 
parameters 

(
V , ρ0, P0, e0,�

)
h(l)

 , one can control the type of 
the dynamics by managing the initial conditions and the 
value of the parameter 

(
Km∕k

)
h(l)

 . One can transition from 
one regime to another by varying the wavevector k of the 
initial perturbation, and can further transition to the con-
servative dynamics for the vanishing thermal heat flux (
�0 ⋅ �0

)
h(l)

→ 0.

3.7  Range of applicability

Our general theoretical framework has the following range 
of applicability. (1) It focuses on weakly compressible 
d y n a m i c s  w i t h  (Ma)h(l) << 1  w h e r e (
Ma2

)
h(l)

=
(
ρ0V

2∕P0
)
h(l)

 . (2) It can be used for a broad 
range of scales set by the thermal conductivity (
Km

)
h(l)

=
(
ρ0V∕�

)
h(l)

 and by the initial conditions k , 
inc ludi ng  advec t ion  

(
Km∕k

)
h(l)

>> 1 ,  d i f fus ion (
Km∕k

)
h(l)

<< 1 and low Mach 
(
Km∕k

)
h(l)

= 0 regimes. (3) It 
can be applied for general equation of state P = s ρ e with 
some s = const and for a broad range of values of thermal 
conductivity � including fluids with � = const and plasmas 
with � ∼ e�(ρ e)� and with constant �,� . (4) It can be 
employed for a broad range of the density ratios R = ρh∕ρl , 
including fluids with very similar 

(
ρh∕ρl

)
→ 1+ and very 

different 
(
ρh∕ρl

)
→ ∞ densities. (5) It is applicable for a 

broad range of values of the acceleration strength with 
g = GkV2

h
, G ≥ 0 and thermal heat flux 

(
�0

)
h(l)

=
(
�e0ε0

)
h(l)

 
w i t h  

(
ε0
)
h(l)

=
((
�0 ⋅ �

)
sMa2∕�2V2

)
h(l)

 a n d 
ε0l + ε0h = −F(R − 1)2, F ≥ 0 , as long as the perturbed 
dynamics are sub-sonic.

This range of applicability is expected to meet in the 
design of experiments and simulations comparing the 
observations in fluids, plasmas, materials with our theory. 
For experiments in fluids at low energy density conditions, 
for given values of the fluid parameters 

(
V , ρ0, P0, e0

)
h(l)

 , 
the acceleration strength g and the initial perturbation 

(V )h(l) ,  in order to broadly vary the wavevector (
Km

)
h(l)

=
(
ρ0V∕�

)
h(l)

 and the ratio 
(
Km∕k

)
h(l)

 . For experi-
ments in materials, for given values of the parameters (
V , ρ0, P0, e0,�

)
h(l)

 and the acceleration strength g , one 
may change the wavevector k of the initial perturbation in 
order to broadly vary the ratio 

(
Km∕k

)
h(l)

 . Moreover, in each 
of these cases, variations of the initial perturbation 
wavevector k can lead to transitions between the advec-
tion, diffusion and low Mach regimes. These transitions can 
be revealed in the (well detected) qualitative observations 
of the flow fields’ structures and in the (well distinguished) 
quantitative measures of the values of the interface 
growth-rate and the characteristic length-scales.

This range of applicability can be met in a broad range 
of realistic processes in fluids, plasmas and materials, 
hence ensuring the value of our work in fundamental 
research and in practice [1].

3.8  Characteristic scales and initial conditions

By representing the growth-rates in dimensional form, we 
obtain characteristic scales of dynamics �CDG(A)(D)(M) , 
including wavevector kcr at which the interface is stabi-
lized, Re[Ω] = 0 , and wavevector kmax , at which the 
g r o w t h - r a t e  a c h i e v e s  i t s  m a x i m u m , 
𝜕Ω∕𝜕k = 0, 𝜕2Ω∕𝜕k2 < 0 , and the associated length scales 
k−1
cr(max)

 and time scales 
(
Vhkcr(max)

)−1
 . For given values of 

p a r a m e t e r s  
(
g, ρ0, V , e0, s,� ,Q0

)
h(l)

 ,  w i t h (
Q0

)
h(l)

= −
(
�0 ⋅ �0

)
h(l)

 , we first set the steady velocity of 
the planar interface �̃0 = �0 = −�h with V0 = ||�0

|| = Vh , 
as per the usual convention [5, 14, 16]. We next find that 
for fluids with very different densities ρh∕ρl → ∞ , the 
growth-rate Ω̂ , the wave-vectors kcr , kmax , the maximum 
growth-rate of the accelerated dynamics Ω̂max = Ω̂

|||k=kmax

 , 

and the frequency of the inertial dynamics Ω̂in = Ω̂
|||g=0 are 

remarkably similarly in the advective, diffusive, and low 
Mach processes. They are well captured by those of the 
conservative dynamics with zero thermal heat flux, Eq. (7) 
[17]:

For the conservative dynamics with the thermal heat 
flux, the energy equation is the advection–diffusion equa-
tion [6, 41, 42]. We find that for given fluids properties and 
for  given acceleration and heat f lux values (
ρ0, V , e0, s,� , g,Q0

)
h(l)

 , one may vary the character of the 
dynamics from advection to diffusion and to low Mach by 

(8)Ω̂ =

√

gk −
(
kV0

)2
(
ρh

ρl

)
; Ω̂max =

1

2

g

V0

√
ρl

ρh
; Ω̂in = ±ikV0

√
ρh

ρl
; kcr =

g

V2
0

(
ρl

ρh

)
; kmax =

kcr

2

wavevector k , one may employ organic liquids in order to 
broadly vary the thermal conductivity (�)h(l) , the wavevec-
tor 

(
Km

)
h(l)

=
(
ρ0V∕�

)
h(l)

 and the ratio 
(
Km∕k

)
h(l)

 . For 
experiments in plasmas under conditions of high energy 
density, for given values of the plasma parameters (
ρ0, P0, e0,�

)
h(l)

 , the acceleration strength g and the initial 
perturbation wavevector k , one may modify the velocity 
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varying the wavevector k of the initial conditions. This 
allows one to rigorously quantify the observer effect on 
the interface dynamics, which to our knowledge, was 
never done before [6, 13, 41–43].

For instance, for laser ablated plasmas in inertial con-
finement fusion the equation of state is P = s ρ e with 
s = 2∕3 , the thermal conductivity is � ∼ e�(ρ e)� with 
� = 5∕2,� = 0 , and the density ratio is 

(
ρh∕ρl

)
>> 1 , 

whereas the thermal heat flux is finite, F ∼ O(1) . Under 
these conditions, for weak accelerations 

(
g∕kV2

h

)
→ 0 the 

dynamics is inertial and it experiences high frequency 
oscillations with Ω ∼ Ω̂in = ±ikV0

√
ρh∕ρl  ,  whereas 

for strong accelerations 
(
g∕kV2

h

)
>> 1 the instability 

growth-rate is Ω ∼ Ω̂max =
�
g∕2V0

�√
ρl∕ρh  and the 

ratio of the critical and maximum wavevector values is (
kcr∕kmax

)
= 2, kcr =

(
ρl∕ρh

)
g∕V2

0
 in agreement with our 

results Eq. (8) and with observations [37, 58–61].

3.9  Comparison with available experiments

Here we compare in more details our theoretical results 
with the observations in high energy density plasmas, 
including the inertial confidential fusion and the labora-
tory astrophysics [5, 34].

3.9.1  Plasma fusion

Inertial confinement fusion and stability of laser ablated 
plasmas is important application of our theory [5]. In order 
to accurately compare our theoretical results with experi-
ments in plasma fusion, one needs to scrupulously analyze 
the unprocessed raw data gathered at high power laser 
facilities, such as the National Ignition Facility, and the 
Omega and the Nike laser facilities [37, 60, 61]. Since raw 
data are often a challenge to directly access, we compare 
the functional form of the growth-rate in our theory with 
that in other (quasi-empirical) models of ablative Ray-
leigh–Taylor and Richtmyer–Meshkov instabilities [58–60].

To conduct such comparisons, in our theory we con-
sider fluids with very different fluid densities, R → ∞ , with 
vanishing thermal heat flux, F → 0 , and with the interface 
velocity set as �0 = −�h with V0 = ||�0

|| = Vh as per the 
usual convention, and we associate this velocity magni-
tude with the rate of mass ablation ṁ as ṁ = ρhVh [5, 14, 
16]. To compare with the functional form of the dispersion 
relation in other models, we use the growth-rate Ω̂ , the 
wave-vectors kcr , kmax , the maximum growth-rate of the 
accelerated dynamics Ω̂max = Ω̂

|||k=kmax

 , and the frequency 

of the inertial dynamics Ω̂in = Ω̂
|||g=0 for the conservative 

dynamics in Eq. (8) [17, 28, 30]. We use the growth-rate of 
the conservative dynamics in Eq. (8) since for strong accel-
erations the growth-rate �CDG is the envelope for the 

growth-rates �CDG(A)(D)(M) in the advection, diffusion, and 
low Mach regimes, Fig. 5.

The pioneering models of ablative Rayleigh–Taylor 
instability in a single fluid [58] propose for the growth-rate 
ΩBAK = −kV0 +

√
gk  (sub-script marks Bodner–Anisi-

mov–Kull). For strong acceleration it approaches 
ΩBAK

��(g∕kV2
0 )→∞

→

√
gk  , in agreement with our results in 

Eq. (8) Ω̂���(g∕kV2
0 )→∞

→

√
gk.

The pioneering works of ablative Richtmyer–Meshkov 
instability [62] propose that for the vanishing acceleration 
g∕kV2

0
= 0 the growth-rate ΩN (sub-script marks Nishihara) 

has only the imaginary part, Im
[
ΩN

]
≠ 0 and Re

[
ΩN

]
= 0 . 

T h i s  a g r e e s  w i t h  o u r  r e s u l t s  i n  E q .   ( 8 ) , 
Ω̂
���(g∕kV2

0 )=0
= Ω̂in = ±ikV0

√
ρh∕ρl .

The more recent models [59] propose for ablative Ray-
leigh–Taylor and Richtmyer–Meshkov instabilities with (
ρh∕ρl

)
→ ∞  t h e  g r o w t h - r a t e 

ΩSPI = −2kV0 +

√
gk −

(
kV0

)2(
ρh∕ρl

)
+
(
2kV0

)2
 ( s u b -

script marks Sanz–Piriz–Ibanez). For fluids with very differ-
ent densities 

(
ρh∕ρl

)
→ ∞ in the growth-rate ΩSPI , the criti-

cal wavevector is kcr ≈
(
g∕V2

0

)(
ρl∕ρh

)
 , the maximum 

wavevector is kmax ≈ kcr∕2 , the maximum growth-rate is 
ΩSPI

��k=kmax
≈ (1∕2)

�
g∕V0

�√
ρl∕ρh , and the inertial dynam-

ics frequency is ΩSPI
��(g∕kV2

0 )=0
≈ ±ikV0

√
ρl∕ρh in agreement 

with our results in Eq. (8).
The models [60] propose for ablative Rayleigh–Taylor 

and Richtmyer–Meshkov instabilities with 
(
ρl∕ρh

)
→ ∞ the 

growth-rate ΩGAV = −2kV0 +

√
gk −

(
kV0

)2(
ρl∕ρh

)
 (sub-

script marks Goncharov–Aglitsky–Velikovich). In the limit-
ing case of very large density ratio 

(
ρl∕ρh

)
→ ∞ in the 

growth-rate ΩGAV  ,  the cr it ical  wavevec tor  is 
kcr ≈

(
g∕V2

0

)(
ρl∕ρh

)
 ,  the maximum wavevector is 

kmax ≈ kcr∕2  ,  t h e  m a x i m u m  g r o w t h - r a t e  i s 
ΩGAV

��k=kmax
≈ (1∕2)

�
g∕V0

�√
ρl∕ρh  and the frequency of 

the inertial dynamics is ΩGAV
��(g∕kV2

0 )=0
≈ ±ikV0

√
ρl∕ρh  . 

They all agree with our results in Eq. (8).
By accurately capturing dispersion relations in the exist-

ing quasi-empirical models [58–60, 62], our theory agrees 
with available experimental data to the same or even to 
the greater extent [37, 58–61]. Our theory is applicable in 
a broad range of conditions, 

(
ρl∕ρh

)
∈ (1,∞) and (

Km∕k
)
h(l)

∈ [0,∞) , and identifies important properties of 
the interface dynamics not grasped by other models 
[57–60]. See for details Eqs. (1–8), Figs. 1, 2, 3, 4, 5 and 
Tables 1, 2, 3, 4, 5.

3.9.2  Laboratory astrophysics

Our theory [1, 4, 17] can be applied to explain the scaled 
laboratory experiment [34]. The experiments are designed 
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to investigate the process of the interfacial mixing of mat-
ter in supernova remnants (SNR) caused by supernova 
blasts [34]. The experiment focuses on the effect of the 
thermal heat flux on the evolution of the unstable (fluid) 
interfaces in high energy density (neutral) plasmas, and 
observes significant differences between the dynamics 
in the high and low flux cases. By analyzing the available 
processed experimental data, we find that in the experi-
ments [34] the unstable interfacial dynamics is driven by 
variable acceleration decaying with time as g ∼ t−0.8 . Fur-
thermore, in the high flux case, when compared to low flux 
case, (1) the bubbles and spikes both propagate faster, (2) 
the growth of the interface perturbation (the difference 
between the bubble and spike positions) is slower, and 
(3) the vortical structures on the sides of evolving spikes 
are absent.

Our theory elegantly explain these intriguing puzzles, 
Eqs. (1–8), Figs. 1, 2, 3, 4, 5 and Tables 1, 2, 3, 4, 5. First, 
for decaying accelerations the acceleration strength is 
generally expected to be low, G ∼ Gcr . This can lead to 
higher growth-rate of the perturbation amplitude in Ray-
leigh–Taylor instability (corresponding to the low flux case) 
when compared to the interface dynamics with interfacial 
fluxes of mass and heat in the high flux case [34], Fig. 5. 
Note that the latter is stabilized by the inertial mechanism 
and the thermal conductivity, Fig. 5. Second, according to 
our theory, the inertial stabilization mechanism can also 
cause the growth of the interface velocity, Eqs. (1–8). This 
can explain the faster propagations of bubbles and spikes 
in the high flux case [34]. Third, the interface dynamics 
with interfacial fluxes of mass and heat is free from the 
interfacial shear and thus cannot have shear-driven vorti-
cal structures at the interface, in contrast to Rayleigh–Tay-
lor instability, Eqs. (1–8). This can explain the absence of 
vortical structures in the high flux case observed in the 
experiment [34].

3.10  Thermal heat flux at continuous and at kinetic 
scales

The thermal heat flux seeds the internal energy pertur-
bations through the interfacial boundary conditions Eqs. 
(1–3). The boundary conditions imply that in each fluid 
the thermal heat flux is normal to the inertial energy level 
curves (level surfaces), thus enabling the treatment of 
the interface as a discontinuity. This rigorous approach is 
applicable in a broad range of conditions, including very 
thin (a few nanometers) interfaces with non-diffusive heat 
and mass transports, which are observed in the experi-
ments and investigated in the molecular dynamics simula-
tions [7–10].

While the thermal heat flux is usually associated with 
the enthalpy of formation, since its values are known 
and tabular [12–14], our analysis suggests that a more 
cautious consideration is needed. Particularly, the ther-
mal heat flux at the interface is set by the balance of 
the physics enthalpy and the specific kinetic energy as [(
�0 ⋅ �0

)]
= −

[(
� ⋅ �0

) (
W0 +

(
�2∕2ρ2

0

))]
 . The enthalpy 

W0 and the enthalpy of formation W0 are related as 
W0 = W0 + CPΘ , where the specific heat at constant pres-
sure is CP and the temperature is Θ . To obtain the value of 
the thermal heat flux at the interface, one needs to accu-
rately evaluate the amount of the specific (per unit mass) 
energy, which is left in the system after the deduction of 
the specific enthalpy of formation W0 , the specific thermal 
energy CPΘ and the specific kinetic energy 

(
�2∕2ρ2

0

)
 . This 

consideration is consistent with molecular dynamics sim-
ulations unambiguously showing complexity of thermal 
heat flux in energetic materials and chemically reactive 
systems [7–9, 18–20, 63].

Our theory finds that by linking micro to macro scales, 
the interface is a place where balances are achieved. For 
a given system, by modifying thermal heat fluxes, initial 
conditions and accelerations, one can impact the dynam-
ics of flow fields and the interface velocity and stability.

3.11  Design of experiments

Stability of an interface with heat and mass fluxes is a long-
standing problem in mathematics, science and engineer-
ing. While the pioneering work Landau 1994 found that 
the interface with interfacial mass flux is unconditionally 
unstable, experiments were challenged to directly observe 
the instability in nearly ideal incompressible fluids. A 
consensus was achieved that at small length scales the 
interface can be stabilized by microscopic mechanisms, 
including, e.g., viscosity, compressibility, surface tension, 
and thermal conductivity [6, 12–14, 43, 44].

Note that while in laboratory the phase boundaries are 
challenging to accurately study at large scales, in nature 
the inertial dynamics of the interface with interfacial mass 
flux is stable at global scales, in agreement with our theory 
Eqs. (1–8) [17, 28–30, 32, 33]. This stability can be observed 
in geophysical multi-phase flows. For instance, the waters 
of the Pacific and Atlantic oceans meet and not mix at 
global scales, and so do the waters of the Green and Colo-
rado rivers [64].

Our theory finds that both for ideal and realistic fluids 
the interface stability is set primarily by the macroscopic 
inertial mechanism balancing the destabilizing accelera-
tion, whereas the microscopic thermal conductivity and 
the thermal heat flux provide with an additional stabiliza-
tion and create vortical fields. The interface velocity is not 
a constant value. For the unstable dynamics, the growth of 
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the interface perturbations is accompanied by the growth 
of the interface velocity. For non-ideal thermally conduct-
ing fluids, the fluid instabilities constitute the novel class 
in the advection, diffusion and low Mach regimes, with 
distinct values of the growth-rates and the flow fields’ 
structures, and with transitions between the regimes 
occurring upon variations of the parameters, including 
the initial conditions. These theoretical results can aid to 
better understanding the interface dynamics in nature and 
technology, and to advancing the design and diagnostics 
of laboratory experiments.

In realistic fluids, accurate quantification of interface 
dynamics requires non-intrusive diagnostics of fast events 
and ultra-high performance in space–time resolution, 
bandwidth, data-acquisition rate, and control of initial and 
experimental conditions [1, 65]. The requirements can be 
implemented in integrated experimental systems incor-
porating the state-of-the-art in motion control, precision 
mechanics, optical imaging, image processing, digital sig-
nal processing, as well as data the analysis methods [65]. 
In order to simultaneously measure in space and in time 
the flow fields, experimental diagnostics can include par-
ticle image velocimetry, planar laser-induced fluorescence, 
holographic particle image velocimetry, and molecular 
tagging velocimetry [64–66]. By employing these met-
rological capabilities, one can implement and accurately 
measure multi-phase flows in a relatively small laboratory 
form factor and provide data suitable for a direct compari-
son with our rigorous analysis. In addition to the interface 
growth and growth-rate, the diagnostics can include the 
structure of the macroscopic fields in the bulk, the prop-
erties of microscopic transports at the interface, and the 
unsteadiness of the interface velocity, as suggested by our 
theory, Eqs. (1–8), Figs. 1, 2, 3, 4, 5 and Tables 1, 2, 3, 4, 5 [1, 
17, 28–30, 32, 33, 64].

For plasmas with high energy densities produced at 
high power laser facilities, one can apply the advanced 
capabilities in the pulse shaping and the target fabrica-
tion, in order to control the thermal heat flux and the ini-
tial conditions and to observe the transitions between the 
advection, diffusion and low Mach regimes [37, 60, 61, 67]. 
For low energy density plasmas, one can use the advanced 
optical methods to quantify the microscopic structures 
and transports at the interface [38], and the state-of-the-
art metrology to measure properties of macroscopic fields 
in the bulk [68]. Particularly, the recent experiments [68] on 
the exploding water plasma can serve as test-bed for stud-
ies of unstable hydrodynamics. These affordable experi-
ments (with tight control of parameters, high repeatability 
and high reproducibility) can provide data on laboratory 
plasmas with unstable interfaces, and, in synergy with 
our theory, can complement the existing approaches on 

control of high and low energy density plasmas [37, 38, 
60, 61, 68].

In materials, in order to better understand complex 
physical and chemical non-equilibrium processes and 
the interfacial transport at microscopic scales, one can 
apply highly accurate experiments [10, 63] and Lagrangian 
numerical methods, including reactive molecular dynam-
ics, molecular dynamics, particle-in-cell and smoothed 
particle hydrodynamics [7–9, 18–20, 48, 69]. These 
approaches can quantify with high fidelity the microscopic 
processes and non-diffusive interfacial transports occur-
ring at phase boundaries far from thermal equilibrium. In 
synergy with our theory they can provide the new insight 
into the dynamics of unstable interfaces in technological 
applications, such as purification of water, electro-cataly-
sis, explosions of energetic materials, and nano-fabrication 
[1].

4  Discussion

Interfaces and interfacial mixing, and their non-equilib-
rium dynamics are a corner-stone problem of science, 
mathematics and engineering with a broad range of appli-
cations in nature, technology, industry [1, 2]. We focused 
on the theoretical problem of the interface dynamics with 
interfacial fluxes of heat and mass in non-ideal thermally 
conducting weakly compressible fluids and developed the 
general and original theoretical framework to rigorously 
solve the problem in a broad range of conditions. The 
interface’s stability and flow fields’ structure were identi-
fied in the three regimes not discussed before.

Our methodology addresses the long-standing chal-
lenges [12–14]. (1) We formulated the self-consistent 
boundary conditions, Eqs. (1–3). At the interface, in addi-
tion to the conserved fluxes of mass, momentum and 
energy, the thermal heat flux is normal to level curves 
(surfaces) of the internal energy function in each fluid. 
This enables the interface treating as a discontinuity in 
a broad range of conditions. (2) We accurately evaluated 
the thermal heat flux, beyond the traditional use of the 
enthalpy of formation, Eqs. (1–3) [12–14]. This macroscopic 
consideration is consistent with microscopic properties, 
as illustrated by the experiments and molecular dynamics 
simulations [8–10, 18, 20, 63]. (3) We rigorously derived 
the six independent perturbation waves in the advection, 
diffusion and low Mach regimes, Eqs. (4–6). Four of these 
waves are mechanical. Two others are thermodynamic and 
are due to internal energy perturbations seeded by the 
thermal heat flux. Five of these waves capture the pertur-
bations of the flow fields in the bulk. One wave describes 
the interface perturbations. See Figs.  1, 2, 3, 4, 5 and 
Tables 1, 2, 3, 4, 5.
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Our theory finds fundamental properties of the inter-
face stability and the flow fields’ structure in the regimes 
not identified before, Eqs. (1–8), Figs.  1, 2, 3, 4, 5 and 
Tables 1, 2, 3, 4, 5 [12–14, 17]. (I) The primary stabilization is 
due to the macroscopic inertial mechanism caused by the 
motion of the interface as a whole. The interface can be 
destabilized by strong enough accelerations. Otherwise, 
the interface is stable at global scales. (II) The thermal heat 
flux and the microscopic thermodynamics lead to forma-
tion of the vortical field in the bulk. The strength of the 
vortical field is defined by the thermal heat flux. For the 
stable and the unstable dynamics, the volumetric vortical 
structures are energetic in nature, and the velocity field 
is shear free at the interface. (III) The interface is the place 
where balances are achieved. One can deduce the micro-
scopic thermodynamics properties of the system by diag-
nosing at macroscopic scales the interface and the flow 
fields’ dynamics. By varying the thermal heat flux, thermal 
conductivity, initial conditions, and acceleration, one can 
impact the interface stability and the flow fields’ structure, 
Eqs. (1–8), Figs. 1, 2, 3, 4, 5 and Tables 1, 2, 3, 4, 5.

Our theory explains the interface stability found in a 
broad range of conditions, including multiphase geophysi-
cal flows and combustible systems [6, 12–14, 64]. It accu-
rately captures dispersion curve of ablative Rayleigh–Tay-
lor instabilities in plasmas with highly contrasting fluid 
densities [37, 58–61]. The increase of the velocity of an 
unstable interface, in addition to the growth of interface 
perturbations, explains the quick extinction of hot spot in 
inertial confinement fusion observed in the experiments 
[5, 37]. Our results are consistent with experiments and 
simulations investigating the complexity of the thermal 
heat flux for energetic materials and for interfaces with 
non-diffusive transports [8–10, 18–20, 48, 63, 70].

Our analysis directly links the non-equilibrium dynamics 
and kinetics—which are the system macroscopic dynam-
ics and its microscopic thermodynamic properties—and 
yields the qualitative and quantitative benchmarks not 
diagnosed earlier [12–14]. They include, e.g., the existence 
of the three regimes—advection, diffusion, and low Mach; 
the dependence of the interface stability, the flow fields’ 
and the characteristic scales on the system parameters; 
the interplay of the thermal heat flux and the acceleration 
with the initial conditions. These results indicate a need in 
further advancement of the methods for numerical mod-
eling and experimental diagnostics in fluids, plasmas and 
materials, in high and in low energy density regimes [1–10, 
18, 20, 37, 38, 48, 60, 61, 63, 65–72].

Important outcomes of our work in applied sciences are 
the following. (1) Fluid interfaces (phase boundaries) with 
interfacial mass flux are stable at global scales unless they 
are destabilized by strong accelerations. (2) The stabiliza-
tion is primarily due to macroscopic inertial mechanism 

whereas the microscopic effects lead to formation of vorti-
cal structures in the bulk. (3) For the accelerated interface, 
the new fluid instabilities develop, which have dispersion 
properties not discussed before, and for which the growth 
of the interface perturbations is accompanied with the 
growth of interface velocity, Eqs. (1–7), Figs. 1, 2, 3, 4, 5 
and Tables 1, 2, 3, 4, 5.

Our theoretical approach self-consistently defines 
the flow fields’ structure, identifies mechanical and ther-
mal degrees of freedom, and partitions the velocity field 
into potential and vortical components. This representa-
tion allows us to systematically study the nonlinear and 
self-similar dynamics of unstable interfaces in a broad 
range of conditions. Specifically, through synergy of this 
approach with group theory approach [4, 21–27] (the lat-
ter works remarkably well for Rayleigh–Taylor (RT) and 
Richtmyer–Meshkov (RM) unstable fronts), we can study 
nonlinear and self-similar dynamics of unstable interfaces 
with interfacial fluxes of mass and heat in the advection, 
diffusion and low-Mach regimes, in two and in three-
dimensional flows, for various symmetries of the initial 
conditions, and for constant and variable accelerations. We 
address the investigation and the solution of this titanic 
task to the future.

Our approach can be applied for studies of non-equi-
librium dynamics of interfaces in a broad range of pro-
cesses in nature and technology, including and not limited 
to the supernovae remnants, the multiphase dynamics 
of geophysical flows, the ablation front instabilities in 
fusion plasmas, the detonation of energetic materials, the 
D’yakov–Kontorovich instabilities of shock waves, the Ste-
fan problem of the evolution of matter undergoing phase 
transition, the realistic turbulent processes, the transpor-
tation security of liquefied natural gas, the purification of 
water, the fluid transports in fuel cells and micro-channels, 
the electro-catalysis and nano-fabrication [1–10, 18, 20, 34, 
36–40, 42, 44–55, 60, 61, 63, 68, 70–75].

5  Conclusion

This work examined the classical long-standing problem 
of stability of a phase boundary—the fluid interface with 
heat and mass fluxes across it for non-ideal thermally con-
ducting nearly incompressible fluids. We developed a rig-
orous theory resolving challenges not addressed before 
and reported key discoveries regarding three regimes—
with different flow field structures, the interplay of inertial 
mechanism with thermal heat flux and destabilizing accel-
eration, the coupling of macro to micro scales—to define 
interfaces where balances are achieved. We explored 
the novel class of the fluid instabilities and revealed the 
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parameter controlling transitions between the regimes 
through varying the initial conditions. Our theory paves 
the path to grasp a broad range of processes in nature 
and technology, ranging from celestial events of super-
nova remnants and formation of stars to the atomic level 
of fusion and electro-catalysis.
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