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A B S T R A C T 

RR Lyrae variable stars have long been reliable standard candles used to discern structure in the Local Group. With this in 

mind, we present a routine to identify groupings containing a statistically significant number of RR Lyrae variables in the Milky 

Way environment. RR Lyrae variable groupings, or substructures, with potential Galactic archaeology applications are found 

using a forest of agglomerative, hierarchical clustering trees, whose leaves are Milky Way RR Lyrae variables. Each grouping is 
validated by ensuring that the internal RR Lyrae variable proper motions are sufficiently correlated. Photometric information was 
collected from the Gaia second data release and proper motions from the (early) third data release. After applying this routine 
to the catalogue of 91 234 variables, we are able to report 16 unique RR Lyrae substructures with physical sizes of less than 

1 kpc. Five of these substructures are in close proximity to Milky Way globular clusters with previously known tidal tails and/or 
a potential connection to Galactic merger events. One candidate substructure is in the neighbourhood of the Large Magellanic 
Cloud but is more distant (and older) than known satellites of the dwarf galaxy. Our study ends with a discussion of ways in 

which future surv e ys could be applied to the disco v ery of Milky Way stellar streams. 

Key words: catalogues – stars: variables: RR Lyrae – Galaxy: halo – Galaxy: stellar content – Galaxy: structure. 
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 I N T RO D U C T I O N  

he Milky Way’s stellar population is laced with substructures from 

hich dwarf galaxy merger events and star formation histories can 
e inferred across cosmic time. The hierarchical galaxy formation 
icture suggests that galaxies like our own grow with time as
rbiting dwarves are accreted (e.g. Press & Schechter 1974 ; Bullock 
 Johnston 2005 ). Tidal shocking and subsequent stripping occur 

uring these mergers (see Binney & Tremaine 2008 , for a re vie w);
o we ver, disrupted clusters have been successfully identified using 
tellar configurations in the Milky Way’s phase space (e.g. Portegies 
wart 2009 ; Malhan et al. 2019 ). 
Many Galactic archaeological artefacts can be analysed using 

R Lyrae variable stars, a standard candle popular in Local Group 
tudies (see Preston 1964 , for a re vie w). Globular clusters (GCs),
tructures of Population II stars that formed very early in a galaxy’s
ifetime (Searle & Zinn 1978 ), are especially critical. The age and
etallicity distributions of GCs, for example, can be used to trace 
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he star formation of their host galaxy (Kissler-Patig 1999 ). GCs can
lso be helpful in determining the Milky Way’s merger history (e.g.
ruijssen et al. 2020 ; Bonaca et al. 2021 ). RR Lyrae variables are
ost frequently associated with GCs (e.g. Zinn 1985 ; Clement et al.

001 ), but their utility has been demonstrated in a variety of Milky
ay satellite studies as well. The so-called Pisces Overdensity, a 
etal-poor satellite related to the infall of the Large Magellanic 
loud (LMC), has been successfully analysed using an RR Lyrae 
ariable catalogue (e.g. Watkins et al. 2009 ; Belokurov et al. 2019 ). 

RR Lyrae variables have also been found in stellar streams (e.g.
uffau et al. 2006 ; Vivas et al. 2016 ), showing that this variable star

lass populates Galactic substructure in the form of tidal debris. This
roperty is useful even after the progenitor object has undergone 
erious tidal distortion. The kinematic space morphology of debris 
rom infalling dwarves can, in turn, be used to make inferences
bout the Galactic merger history. There are three general tidal debris
orphology classes, with early merger events manifesting primarily 

s ‘cloudy’ and ‘great circle’ debris (Johnston et al. 2008 ), the former
omprised mostly of stars on highly eccentric orbits. A recent study
f RR Lyrae variables classified using Gaia DR2 (Iorio & Belokurov
019 ) does not use this classification system, but confirms that RR
is is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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yrae variables in the inner Galactic halo can be classified as ‘cloudy’
ebris that were primarily sourced by a single ancient merger event.
Thus, we are moti v ated to find substructures in the Milky Way

nvironment comprised of RR Lyrae variable stars, and there is
 suite of clustering methodologies to be considered. The easiest
et of objects to cluster would have obvious categorical features; if
0 people were distributed between New York, Tokyo, and Buenos
ires, for example, then there would be three clusters found within a
ata structure tabulating personal separation distances, and we would
robably not need to write a computer program to determine the
lusters. The distribution of Milky Way RR Lyrae v ariables, ho we ver,
s remarkably more complex, so we must rely upon an automated
lustering algorithm to glean RR Lyrae substructures. One of our
rimary goals is to determine an optimal clustering method such
hat rich structure can be found without o v erfitting to the data. One
otential method is a Gaussian Mixture Model that incorporates an
 v erfitting penalty (such as the AIC, see Akaike 1998 ), but this would
e built upon the assumption that the variable stars are organized
nto subpopulations that are independently normally distributed.
hoosing a number of clusters or nearest neighbours a priori and

hen iteratively optimizing a cost function is another option, but this
ould provide no information as to what extent neighbouring clusters

re related. 
An agglomerative, hierarchical clustering algorithm, when applied

o a catalogue of RR Lyrae variables, mitigates both of these
oncerns. Agglomerative, hierarchical clustering is the process by
hich n clusters each containing one object (in our case, an RR Lyrae
ariable ‘leaf’) accumulate in a branch-like fashion into a single
root’ cluster populated by n objects (Gower & Ross 1969 ; Gordon
987 ; Everitt et al. 2011 ). Hierarchical clustering has been applied in
ther astronomical contexts, including galaxy distributions (Peebles
974 ) and analyses of the SDSS ‘Great Wall’ (Ivezi ́c et al. 2014 ).
nalyses of hierarchical structures of this kind are demonstrably
 powerful method of interpreting a variety of complex networks
Clauset, Moore & Newman 2008 ). It is worth noting, ho we ver, that
sing the term ‘clusters’ here is an unfortunate coincidence, as we do
ot want to unintentionally conflate our findings with open and GCs.
onfirming a single merger via analyses of the tree’s root (i.e. RR
yrae distribution on the largest scales) is also beyond the scope of

his study, as we will discuss in Section 2 . It is encouraging, none the
ess, that hierarchical clustering trees might help connect the Milky

ay’ s RR L yrae population to Galactic merger events in a variety of
ays. 
This study’s contributions to the Galactic archaeology literature

s twofold: we present a new way of identifying substructures in the
ilky Way using RR Lyrae hierarchical clustering trees (described

n Section 2.3 ) whose co v erage includes the entire sky plane, as
ell as substructure candidates suitable for future studies, including
 pre viously unkno wn mid-halo substructure and potential LMC
atellite. The standardization of photometric and proper motion in-
ormation, as well as our clustering algorithm, is described and tested
n Section 2 . Each RR Lyrae variable is placed in a five-dimensional
hase space (distance modulus + 2D sky plane coordinates + 2D
ky plane proper motions) used for clustering and validation. We
xplore a small portion of the stellar stream parameter space to test
ur algorithm’s ef fecti veness, and confirm its utility by identifying a
nown stream of RR Lyrae variables. Our method of identifying RR
yrae variable substructures and the subsequent results are presented

n Section 3 . A discussion in Section 4 focuses on the relationship
etween forest groupings and the Milky Way GC population, as
ell as potential future studies in which kinematic and spectroscopic

nformation could be leveraged to identify Galactic stellar streams. 
NRAS 513, 2509–2521 (2022) 
 M E T H O D S  

.1 RR Lyrae variables as standard candles 

 well-worn rung on the cosmic distance ladder, as mentioned in
ection 1 , is the RR Lyrae variable star. The variability of the RR
yrae is due to changes in the stellar opacity, which causes a periodic
bb and flow of the star’s luminosity (Maeder 2009 ). The period of
he RR Lyrae variable directly relates to its absolute magnitude,
llowing astronomers to calculate absolute distances to stars of this
ype. Once the absolute magnitude has been computed from the
ariable’s pulsation period, the luminosity can be inferred using the
olar luminosity and bolometric flux: 

 � = L � 10 0 . 4 
[
M bol , �−( M V + BC ) 

]
, (1) 

here BC is the bolometric correction applied to the absolute magni-
ude of the RR Lyrae variable in the Johnson V band; see Sandage &
acciari ( 1990 ) for a table of RR Lyrae bolometric corrections. The

uminosity distance can then be computed with an observed (mean)
rightness b � . Ho we ver, absolute magnitudes can only be inferred
rom the period in infrared bands (Catelan, Pritzl & Smith 2004 );
onsequently, we must rely upon other information to determine a
articular variable’s absolute magnitude when considering visible
 avelength data. Chabo yer ( 1999 ) provides a relation between the

bsolute magnitude of RRab variables and the metallicity ([Fe/H]): 

 V = (0 . 23 ± 0 . 04) [ Fe / H ] + (0 . 93 ± 0 . 12) . (2) 

RR Lyrae variables belong to one of three classes based on the
hape of their light curve (Smith 1995 ); RRab variables are the most
ommon, and we restrict our catalogue of RR Lyrae variables to
hose of type RRab. The terms RR and RRab Lyrae variable stars
ill be used interchangeably throughout this paper. 
The distance modulus μRRL ≡ m V − M V − A V , where m V , M V 

re the apparent and absolute magnitudes in the Johnson V band, and
 V is the associated extinction, i.e. reddening due to dust and other

ntermediate material, provides a well-established logarithmic scale
or stellar distances: 

RRL = 10 + 5 
(

log 10 
d RRL 

[1 kpc ] 

)
. (3) 

The normalized RR Lyrae distance modulus uncertainty can be
etermined using error propagation: 

μRRL = 

√ 

δm 

2 
V + δM 

2 
V + A 

2 
V , (4) 

μRRL ≡ 1 
μRRL 

δμRRL , (5) 

here the uncertainty of a measured value x is denoted δx .
quation ( 4 ) establishes the relationship between the measured
istance modulus uncertainty and absolute magnitude uncertainty.
e proceed with using the distance modulus as a proxy for physical

istance, as the associated uncertainty is typically an order-of-
agnitude smaller. In order to ensure that we a v oid identifying

pecious structures at large distance moduli, we set an upper limit on
ubstructure size in physical space and then translate to an appropriate
istance moduli spread �μRRL . 

.2 RRab variable data from the Gaia mission 

R Lyrae variable stars have been identified using the Gaia mission’s
pecific Object Study (SOS) pipeline (Clementini et al. 2019 ). The
OS pipeline ingested DR2 time-series photometry from the second
ata release (DR2) in the Gaia multibands ( G , G BP , and G RP ).
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rocessing was predicated upon the period–amplitude and period–
uminosity relations found within each variable star’s G -band light 
urve, as well as colour–magnitude relations reported in DR2. Each 
ariable star’s best classification was then reported as part of DR2;
or this study, we retained variables of type RRab for further analysis.

The translation between the Johnson V band and Gaia multibands 
an be approximated in the following way: 

 V = G − ∑ 2 
n = 0 a n ( G BP − G RP ) n , (6) 

m V = 

√ 

δG 

2 + ( a 1 + 2 a 2 ( G BP − G RP )) 2 ( δG 

2 
BP + δG 

2 
RP ) , (7) 

here { a n } are polynomial coefficients fit to Gaia DR2 data. 1 In
ases where the ( G BP − G RP ) colours or blue/red-band uncertainties 
ere unavailable in the Gaia DR2 catalogue, we used, if available in

he Gaia EDR3 catalogue, error propagation from the mean fluxes 
n each band with their associated uncertainties to compute G BP −
 RP , δG BP , and δG RP . The reported (or inferred) Gaia magnitudes,

nd their uncertainties, could be used to compute ( m V , δm V ). If there
ere insufficient data available to make such inferences, the RRab 
ariable datum was discarded. 

The absolute magnitude and its associated uncertainty can be 
etermined using equation ( 2 ): 

M V = 0 . 23 ( δ[ Fe / H ]) + 0 . 04 
∣∣[ Fe / H ] 

∣∣ + 0 . 12 , (8) 

here δ[Fe/H] is the reported metallicity uncertainty. RRab vari- 
bles without a known metallicity were assigned the median 
alue of the well-defined RRab variable sample, with an as- 
ociated uncertainty equal to half the total metallicity domain, 
[ Fe / H ] = 

1 
2 [ max ([ Fe / H] ) − min ([ Fe / H] )] . 

The extinction due to intermediate dust was computed using a 
ublicly available data cube containing a 3D map of Milky Way 
ust; see Green ( 2018 ), Green et al. ( 2019 ) for more details, as well
s Schlafly & Finkbeiner ( 2011 ) to see how reddening translates to
xtinction. This mapping provides an extinction vector along each 
ightline given as input, where each vector element symbolizes 
he extinction value A V ( μ) at that particular distance modulus 
long the sightline. Each ( A V , δA V ) pair was computed using the
ollowing scheme for each RR Lyrae variable star; if the distance 
odulus was within the range of support, the median and standard 

eviation of the five nearest vector elements were collected. In the 
vent the unreddened distance modulus of the star was beyond the 
eported range of support of a well-defined extinction vector, the 
xtinction value took on the maximum (far-field) vector value and 
he uncertainty was left equal to zero. This choice was moti v ated
y figs 1–5 in Green et al. ( 2019 ), where it is shown that the total
 xtinction inte grated to infinity is of the same order as the inte grated
xtinction in the domain of the extinction vector μ ∈ (0, μmax ∼ 15], 
.e. ∫ ∞ 

0 

d A V 

d μ
d μ � 

∫ μmax 

0 

d A V 

d μ
d μ. (9) 

RR Lyrae variable stars whose corresponding e xtinction v ector 
ontained NaN values were assigned the following ordered pair val- 
es: ( ˜ A V , 

1 
2 [ max ( A V ) − min ( A V )] ), where ˜ x represents the median 

f a collection of x values. 
In order to render out false positive stellar stream identifications 

rom the hierarchical clustering trees we construct later on (see Sec- 
ion 2.3 ), we turn to the Gaia EDR3 catalogue (Gaia Collaboration
 ht tps://gea.esac.esa.int /archive/documentation/GDR2/Data processing/ch 
p cu5pho/sec cu5pho calibr/ssec cu5pho PhotTransf.html 

c  

2

021 ; Lindegren et al. 2021 ) for RR Lyrae variable star proper
otions on the sky plane. The newest data release from the Gaia
ission contains full astrometry for ∼1.5 billion sources, including 

arallaxes and proper motions. The Gaia cross-matching step is 
chieved using an ADQL query, 2 in which matches are returned if the
ource ID is in agreement between the DR2 and EDR3 catalogues.
here are few radial velocities available from the Gaia DR2 catalogue 
vailable for these stars, so we restrict ourselves to only considering
otion on the sky plane. We retained 91 234 RRab variables from

he Gaia DR2 variable catalogue after the entire data collection and
efinement routine, discarding data with missing or ill-defined values 
ritical to the computation of the distance modulus. Fig. 1 shows
hat the majority of the RRab variables have an inferred distance

odulus uncertainty � 5 per cent of the distance modulus itself, 
hus providing support for the usage of RR Lyrae variables in finding

ilky Way substructures. 

.3 P article-based, agglomerati v e, hierarchical clustering 

 hierarchical clustering algorithm needs an R 

n ×n matrix to encode 
he separation distances between the n objects that will populate 
he tree. Choosing the metric with which to calculate the distances
epends on the nature of the objects; the standard metric is Euclidean,
lthough distances in phase space and non-physical spaces that 
ncorporate stellar attributes such as metallicity have been used to 
dentify potential clusters in a variety of astronomical contexts (e.g. 

aciejewski et al. 2009 ; De Silva et al. 2015 ). Using the catalogue
ata, we can construct three-dimensional vectors x ≡ ( x , y , z) to get
he distance between two variable stars with the Euclidean metric: 

( x , x ′ ) = 

√ 

( x − x ′ ) 2 + ( y − y ′ ) 2 + ( z − z ′ ) 2 , (10) 

 ≡ μRRL cos α cos δ, (11) 

 ≡ μRRL sin α cos δ, (12) 

 ≡ μRRL sin δ, (13) 

here μRRL is the distance modulus. Each RR Lyrae variable’s 
ngular coordinates are expressed by its right ascension ( φ = α)
nd declination ( θ = δ). The distance between RR Lyrae variables in
his metric have units of magnitude, which can be directly translated
nto a physical distance. 

There are a number of choices in how to quantify the separation
etween two clusters, and for this analysis we have focused on the
verage linkage. The average linkage distance between clusters p and 
 is 

 ( p, q) = 

1 

n p n q 

n p ∑ 

i= 1 

n q ∑ 

j= 1 

D( x p,i , x q,j ) , (14) 

here D( x p,i , x q,j ) is the distance (as defined in equation 10 )
etween the i th and j th variables in clusters p and q , respectively. This
inkage method is a compromise between single linkage (minimum 

istance between points in compared clusters, susceptible to im- 
alances and ‘chaining’) and complete linkage (maximum distance 
etween points in compared clusters, tends to generate clusters that 
re roughly uniform in size and shape). 

The algorithm proceeds as follows: if we have n clusters c 1 , . . . ,
 n , the n ( n − 1)/2 unique linkage distances are computed. Let us
MNRAS 513, 2509–2521 (2022) 
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M

Figure 1. The distance modulus uncertainty εμRRL and distance modulus μRRL of each RRab variable, where each data point is colour-coded by its reported 
or estimated metallicity. The dashed lines show the galactocentric distance (8 kpc) translated into distance modulus units, as well as the distance modulus 
uncertainty threshold consistent with 5 per cent of the computed distance modulus. A large number of RR Lyrae variables in the data set have a reported Gaia 
G -band value G � 19, which explains the collection of variables with a distance modulus μRRL � 19 that appears independent of the major log 10 εμRRL trends. 

Figure 2. A HEALPix number density map ( N pixels = 12 288, see Section 3 ) of the RR Lyrae variables (type RRab) from the Gaia DR2 catalogue retained 
for this study. Notable regions with an overdensity of RR Lyrae variables include the Galactic centre and Magellanic Clouds. The projection is in Galactic 
coordinates ( 	 , b ), where the grid is in 30 deg intervals. 
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ay that the minimum linkage distance is between clusters c i , c j . The
ets of RR Lyrae variables describing these two clusters are then
ombined into a single cluster c ij , and at the next step there are n −
 clusters: c 1 , . . . , c ij , . . . , c n − 1 . Once there is only a single cluster
emaining, the algorithm terminates. 
NRAS 513, 2509–2521 (2022) 
Agglomerative clustering does not provide a straightforward
ethod for determining the optimal set of clusters, as the initial and
nal number of clusters are fixed. Intermediate steps can be analysed
y ‘cutting’ the tree constructed from the condensed distance matrix
t a specific height such that all identified clusters have an average

art/stac1007_f1.eps
art/stac1007_f2.eps
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Figure 3. The mean number of RR Lyrae variables per cluster as a function 
of clustering scale, where the requisite hierarchical clustering tree was 
constructed from the catalogue subsample displayed in Fig. 4 . Each cluster 
contains, on average, m RR Lyrae v ariables with a standard de viation s at each 
of the listed clustering scales. Clusters whose variable population exceeded 
m + 3 s were regarded as statistically significant. 
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inkage distance greater than or equal to that height. Langfelder, 
hang & Horvath ( 2007 ) provide a general method of tree-cutting

hat determines the best choice of clusters. If we cut the tree at a large
umber of heights and count the corresponding number of identified 
lusters at each height, we can identify a particular configuration that 
s resistant to further clustering. For example, if the minimum average 
inkage distance between n clusters is h 0 and the same minimum 

istance between m − 1 clusters is h 1 , it stands to reason that the
ariables are neatly classified into n clusters if | h 1 − h 0 | 	 � h ,
here � h is a tree-cutting height interval. Quantifying this height 

eparation can be done by setting up an array of heights at which the
ree is cut (separated by � h ), populating a corresponding array with
he number of branches (clusters) at each height, and then computing 
he mode of that array to determine the optimal number of clusters.
o we ver, this procedure would then obscure interesting phenomena 

t the scales of GCs and stellar streams. 
With agglomerative clustering, there is a suitable alternative; 

e can determine scales at which there are comparatively many 
lusters populated by a statistically significant number of RR Lyrae 
ariables. Using the tree-cutting process, we compute the mean and 
tandard deviation of cluster populations at each height. The heights 
t which the tree are cut are evenly spaced in log space between
 min = 0 . 1 mag and h max = 10 mag ; the moti v ation for this scheme 

s that we are interested in a deeper analysis of the stellar halo’s
ubstructure than in structures at Galactic scales. 

Fig. 3 shows that at intermediate distance scales, the criterion 
or being categorized as a significantly populated cluster becomes 
ore stringent. When the variables first begin to agglomerate 

 min { L } ∼ 0 . 1 mag , where { L } is the set of linkage distances), there
ay be two or three variable stars that are considerably close; the
ean number of variables per cluster is very close to 1 and the

tandard deviation is small in this regime, so this would be regarded
s a cluster of interest. Such clusters should be approached with 
cepticism, given that the computed distance uncertainties are larger 
han these separation distances. On the largest scales (min { L } �
0), the standard deviation is considerably higher than the mean, so
 cluster with a variable population ≈N RRL, total would be the only 
ignificant cluster. If there are only two or three clusters remaining, 
o we ver, then this would yield a high significant-to-insignificant- 
luster ratio. 
We collected all of the statistically significant clusters (i.e. N � 

m + 3 s , where m is the mean number of RR Lyrae variables
er cluster and s is the associated standard deviation) at clustering
cales ( N cuts = 80 evenly separated in log space between h min and
 max defined abo v e) where the ratio of statistically significant to
otal clusters was maximized. Fig. 4 shows the results of clustering
tars within a subregion of the sky plane, where stars belonging to
tatistically significant groupings are colour-coded by a grouping ID 

t a small clustering scale; we should expect to find groupings of
R Lyrae variables consistent with stellar streams at a variety of
lustering scales, and the logarithmic spacing of our cuts ensures 
ampling of the trees’ variety of branch sizes with a preference
owards clustering scales where min { L } � 2 mag . Collecting every
luster identified across all significant clustering scales would admit 
edundant groupings; from these redundancies, one was retained 
rom each for further analysis while potential redundancies are listed 
n the Appendix (Section B ). 

The rele v ance of the identified groupings can be tested using
aia EDR3 proper motions. Stellar streams moving on non-chaotic 
rbits through the Galactic tidal field will have well-correlated 
onfigurations in velocity space. This instructs our usage of velocity 
nformation in the form of sky plane proper motions. To start, we
etermine each grouping’s median proper motion direction ̂  v , written 
s a two-dimensional vector on the sky plane: 

ˆ  ≡ 〈 ̃  μ∗
α, ˜ μδ〉 √ 

˜ μ∗2 
α + ˜ μ2 

δ

, (15) 

here μ∗
α ≡ μα cos δ. These proper motion components are not to 

e confused with the distance modulus μRRL . We can determine the
lignment of the i th star of the grouping by taking the dot product
etween its proper motion and the grouping’s median proper motion: 

cos θi = ˆ v · ˆ v i = 

( ̃  μ∗
α μ∗

α,i + ˜ μδ μδ,i ) √ (
˜ μ∗2 

α + ˜ μ2 
δ

) (
μ∗2 

α,i + μ2 
δ,i 

) . (16) 

The set 

 θ ≡ { cos θ1 , . . . , cos θN } , (17) 

hich is a measure of how well each of the N stellar proper motions
ithin the grouping are aligned with the median proper motion, will

hus contain values ranging from −1 (antiparallel) to 1 (parallel). 
f the median of this set is below 

˜ X θ, min = 0 . 98 , the grouping is
iscarded. 
The proper motion validation layer is dependent on the following 

ssumptions: the median proper motion vector is appropriate for 
omparison with all grouping members, and that the data within 
 grouping is only mildly heteroscedastic, i.e. that the statistical 
eviations from the median proper motion do not vary from one part
f the grouping to the next. The first assumption breaks down for
roupings distributed across large regions of the sky plane, and the
econd assumption breaks down for systems that have been disturbed 
y external objects like the Galactic Bar. The Pal 5 stellar stream has
oth of these qualities (Pearson, Price-Whelan & Johnston 2017 ), 
hich explains why our routine can only identify the stream’s core

see Section 2.4 ). 
We only retain groupings with parameters similar to Sesar et al.

 2013 ): 15 ≤ N RRL ≤ 40 and R grouping ≤ R max = 1 kpc ; see Ap- 
endix A for moti v ation of the chosen ˜ X θ, min , R max values. The
rouping size R translates to a (positive) distance modulus spread 
μ that is dependent on how f ar aw ay the grouping is from the

bserver (i.e. distance modulus μ, equation 3 ): 
MNRAS 513, 2509–2521 (2022) 
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Figure 4. Hierarchical clustering at a scale ( min { L } � 0 . 24 mag ) that contains many RR Lyrae variables belonging to statistically significant groupings with 
correlated proper motions ( ̃  X θ ≥ 0 . 98 , see equation 17 ). Variables colour-coded by their identified grouping are indicated by bigger markers to distinguish 
from field variables at this scale, and (normalized) the arrows indicate Gaia proper motion directions. The hierarchical clustering tree used to generate this 
figure contains all RR Lyrae variables in the displayed RA/DEC window, where subsequent figures use HEALPix subregions. The displayed region includes 
both the Galactic bulge (mostly blue and red groupings) and the Sagittarius Dwarf Spheroidal Galaxy (mostly green groupings), both of which contain many 
RR Lyrae variables and are, as a result, suitable for this illustration. Some of the groupings shown could be omitted from later figures, e.g. if their collective 
distance modulus spread indicates a separation distance in physical space of greater than R max = 1 kpc . 
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R 

[1 kpc ] 
= 10 ( μ+ �μ/ 2) / 5 −2 − 10 ( μ−�μ/ 2) / 5 −2 , (18) 

μ( μ, R = R max ) = 10 log 10 

(
1 

2 

[
10 2 −μ/ 5 + 

√ 

10 2(2 −μ/ 5) + 4 

])
. (19) 

We collect all potentially rele v ant groupings, regardless of size, but
hen discard potentially spurious groupings whose radius in distance

odulus units indicates a physical size greater than R = R max . 
Once the RR Lyrae streams candidates were properly identified,

e applied an ellipsoid fitting algorithm (Bazhin 2019 ) such that the
rincipal axis vectors { e k } of the best-fitting ellipsoid are provided.
iven our interest in GCs and stellar streams, we applied the

ollowing scheme to the set of principal axis lengths { e k } : if the
ccentricity e ≡ √ 

1 − min ( { e k } ) / max ( { e k } ) was ≤0.2, the grouping
as classified as a GC-like grouping (see Harris & Racine 1979

nd Stane v a, Spassov a & Gole v 1996 for justification), and if e ≥
.7 it was identified as a stellar stream-like grouping (Martin & Jin
010 ). Groupings with eccentricities in the intermediate range could
n principle be admitted, but classified with the designation ‘other’;
n all cases, the grouping radius is defined as R grouping ≡ max { e k } . 

Most of the identified groupings are classified as stellar streams
ithin this paradigm. If there are outliers (which are permissible
ut unlikely with average linkage) or the number of grouped RR
yraes is small, this eccentricity calculation would be susceptible
NRAS 513, 2509–2521 (2022) 
o unacceptably high variations if new RR Lyraes were included.
n such cases, this eccentricity computation should be thought of
s a first-order estimate. It is beyond the scope of this study, but
n instances where the internal structure of a grouping is important,
llipsoid fitting is ill-advised. A minimum spanning tree (Kruskal
956 ), for example, could be used to further analyse the integrity of
he grouping instead. 

.4 Finding Palomar 5 with Gaia RR Lyrae variables 

 collection of RR Lyraes from the Gaia DR2 and Pan-STARRS1
Sesar et al. 2017 ) catalogues were recently used to analyse the
inematic properties of the Palomar 5 stellar stream (Price-Whelan
t al. 2019 ), a system whose properties make it suitable for analyses
f the Galactic potential (e.g. Bovy et al. 2016 ; Starkman, Bovy &
ebb 2020 ). The publicly available data set included the 3300 RR

yrae variables found in the appropriate section of the sky plane,
ut in our pre-processing we only retained the 2348 variables of
ype RRab. A set of stellar stream model parameters were inferred
ith Markov chain Monte Carlo posterior sampling, and each of the

atalogue variables were given a posterior membership probability. 
Fig. 5 shows the one grouping identified in the refined Gaia

atalogue via hierarchical clustering, and it is consistent with the
alomar 5 GC. This grouping contained 15 RRab variables, eight
f which were within the GC’s reported Jacobi radius. We used the

art/stac1007_f4.eps
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Figure 5. An RR Lyrae grouping identified by the clustering algorithm 

described in Section 2.3 that is consistent with the Palomar 5 GC. In 
comparing with a map of nearby RR Lyrae variables colour-coded by 
membership probability (Price-Whelan et al. 2019 , fig. 3 ), we see that the 
inset RR Lyrae variables are within Pal 5’s Jacobi radius (see Appendix A for 
a definition). 
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eported physical distances (in kiloparsecs) to infer each variable’s 
istance modulus via equation ( 3 ). While the grouping has an
ccentricity e grouping � 0.9, which qualifies as a stellar stream in our
aradigm, this is attributable to the external variables included in the 
rouping and the general nature of average linkage. The grouping 
as a median distance modulus of μgrouping � 16 . 6 mag , which is
oughly consistent with Palomar 5. 13 of the 15 variables identified 
y our algorithm were awarded an MCMC membership probability 
f p � 0.5; this, along with the absence of false positiv es, pro vides
 reliable cross-check of our cluster identification routine against a 
nown substructure. 

 RESULTS  

n order to find archaeologically rele v ant substructures from the Gaia
ata via hierarchical clustering, we must make an informed decision 
f how to allocate the variables appropriately [e.g. consider employ- 
ng random subsampling (Khoperskov et al. 2020 ) or breaking up 
he catalogue into smaller trees]. If there is a substructure of N � RR
yrae variables found in a catalogue of size N catalogue (assuming the 
escribed grouping culti v ation routine is guaranteed to find it), then
he probability that it is found within a randomly selected subset of
ize N subset is 

 ( N � ) � 

N subset ! 

N catalogue ! 

( N catalogue − N � )! 

( N subset − N � )! 
. (20) 

The detection probability P ( N � ) decreases dramatically as N subset 

ecreases, which is a quantitative motivation for choosing as large 
 catalogue of RR Lyrae variables as possible. Ho we ver, the tree
utting process is not guaranteed to be well suited for an all-sky plane
atalogue; indeed, the results shown in Figs 4 and 5 were determined
sing hierarchical clustering trees comprised of RR Lyrae variables 
rom a comparatively small patch of the sky plane. 

These conflicting attributes of hierarchical clustering trees mo- 
i v ate the follo wing choice: we created 48 hierarchical cluster-
ng trees co v ering distinct HEALPix 3 subre gions of equal sizes
 A subregion � 859 deg 2 ) on the sky plane, following the RING ordering 
onvention. The union of each tree’s subpopulations is the entire 
atalogue of 91 234 variables shown in Fig. 2 . We iterate through
ach of the 48 trees, collecting substructures with the desired proper
otion and physical size attributes into a data base. 
The resulting data base contained 32 candidate substructures, 

roken up into Tables 1 and B1 , with a preference towards deeper
nalyses of the first group of substructures (shown in Fig. 6 ). The
eparation of substructure candidates took the following attributes 
nto consideration: number of RR Lyrae variables, physical size, 
ccentricity, and proximity to the nearest GC. If a substructure 
andidate had a larger physical size, it likely means that the
onstituent RR Lyrae variables are less likely to be associated with
ny parent GC system. Substructures with IDs 2–4, for example, 
re RR Lyrae variable sets with, presumably, large intersections. 
ur stated preference for analysing the substructures in Table 1 is,

dmittedly, a subjective one. 
Upon inspection, there are three substructure classes in Table 1 :

ubstructures within a kiloparsec of a Milky Way GC (IDs 3, 13,
5, 17, 22), substructures whose connections to any particular GC 

arrants further investigation (0, 9, 15, 16, 19, 24, 25, 27, 29, 30),
nd substructures that may be independent of the Milky Way GC
opulation (28, 31). GCs with a first class substructure less than 1
iloparsec away are highlighted in Table 2 . Substructures 3 and 17
re likely related to the Fimbulthul (Ibata et al. 2019a ) and Fj ̈orm
Ibata, Malhan & Martin 2019b ) streams, while substructures 13, 
5, and 22 are in the vicinity of known GC tidal tails (e.g. Piatti &
arballo-Bello 2020 ; Ibata et al. 2021 ). 
The second class of substructures have less straightforward con- 

ections to neighbouring GCs, and this is, in part, due to increasingly
nforgiving distance modulus spreads. Substructures 0, 9, 15, 16, 25, 
nd 27 are likely part of their listed nearest GC systems, but the more
istant substructure members causing high substructure eccentrici- 
ies (or distance modulus uncertainties) likely caused an identified 
ubstructure centre separation d substruct → GC � �μ( ̃  μ, R = 1 kpc ) . 

Substructures 19 and 24 ( ̃  μ19 = 15 . 13 , ˜ μ24 = 15 . 62 ) are closest 
o NGC 6266 ( μ � 14.2) and NGC 6316 ( μ � 15.09), respectively,
espite appearing to be virtually identical in Fig. 6 . The high number
ensity of RR Lyrae variables in this region, as well as the number of
earby Milky Way GCs, makes the attribution of these substructures 
o any particular globular custer of stellar stream beyond the scope of
his study. Substructures 29/30 are nearly redundant and consistent 
ith the IC 4499 GC, a GC with a robust RR Lyrae population
f type ab (Ferraro et al. 1995 ) and large tidal radius (Walker
t al. 2011 ). While the sky plane configuration of substructures
9/30 are encouraging for making connections to IC 4499, their 
istance moduli ( ̃  μ29 = 17 . 03 , ˜ μ30 = 17 . 14 ) are larger than available 
stimates for the distance to IC 4499 (e.g. μ � 16.5, Storm 2004 ). 

Substructure 28 ( ̃  μ = 16 . 58 ) is closest to IC 1257 ( μ � 17.0,
arris et al. 1997 ), a small GC in the mid-halo region of the Milky
ay. The presence of the NGC 6402 and NGC 6366 GCs, whose

istance moduli are μ� 15, introduces confusion. This substructure’s 
ssociation with any of these three GCs is dubious, as the distances
re inconsistent by several kiloparsecs. Additionally, none of these 
MNRAS 513, 2509–2521 (2022) 
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Table 1. Bulk attributes (e.g. median declination) of RR Lyrae substructures identified using the methods delineated in Section 2 and displayed in Fig. 6 , 
sorted by distance modulus. The reported radius is converted into physical units using equation ( 18 ). The eccentricities of the identified substructures suggest 
pronounced elongation consistent with stellar streams. Substructures whose distance modulus separation from the nearest Milky Way GC (Harris 2010 ) is less 
than �μ( ̃  μ, R = R max ) (see equation 19 ) are more likely to be associated with said GCs, while the others warrant further investigation. 

ID ˜ μ [mag] ˜ α [deg] ˜ δ [deg] R [pc] N � Eccentricity Nearest GC d substruct → GC [mag] �μ( ̃  μ, R = 1 kpc ) [mag] 

0 12.64 245 .9 − 26 .5 225.11 29 0.996877 NGC 6121 0.93 0.64 
3 13.81 201 .6 − 47 .4 749.46 16 0.983881 NGC 5139 0.23 0.38 
9 14.25 154 .4 − 46 .4 401.87 22 0.998333 NGC 3201 0.80 0.31 
13 14.39 229 .6 2 .1 818.17 27 0.998918 NGC 5904 0.02 0.29 
15 14.58 263 .0 − 67 .1 922.35 22 0.915398 NGC 6362 0.18 0.26 
16 14.78 248 .1 − 13 .1 160.32 20 0.967803 NGC 6171 0.75 0.24 
17 15.00 189 .9 − 26 .7 484.83 18 0.968888 NGC 4590 0.06 0.22 
19 15.13 255 .3 − 30 .1 274.61 26 0.942493 NGC 6266 0.97 0.20 
22 15.39 78 .5 − 40 .1 228.64 15 0.997036 NGC 1851 0.03 0.18 
24 15.62 255 .3 − 30 .1 454.92 20 0.997226 NGC 6316 1.17 0.16 
25 16.30 313 .4 − 12 .5 526.09 26 0.995423 NGC 6981 0.15 0.12 
27 16.32 308 .6 7 .4 382.78 26 0.981308 NGC 6934 0.35 0.12 
28 16.58 264 .4 − 3 .2 221.74 15 0.981297 IC 1257 1.43 0.10 
29 17.03 225 .1 − 82 .2 737.69 21 0.998445 IC 4499 0.66 0.09 
30 17.14 225 .1 − 82 .2 955.57 21 0.987165 IC 4499 0.77 0.08 
31 18.71 96 .8 − 70 .1 741.74 15 0.937961 E 3 5.73 0.04 
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Cs have known tidal tails (Piatti & Carballo-Bello 2020 ; Ibata
t al. 2021 ). Therefore, this substructure is an appealing candidate
or future studies. 

The substructure with the largest distance modulus, substructure
1 ( ̃  μ31 = 18 . 71 ), is only separated from the LMC by a few
egrees on the sky plane and not likely to be associated with the
 3 GC (as suggested in Table 2 ). With a physical distance of
 �→ substruct � 55 . 2 kpc , substructure 31 is very likely a member of
he Magellanic system. There is evidence that the Magellanic system
as previously a triplet of dwarf galaxies before the LMC accreted
ne of its siblings (e.g. Armstrong & Bekki 2018 ; Mucciarelli et al.
021 ), and two kinematically distinct GC populations (Piatti, Alfaro
 Cantat-Gaudin 2019b ) suggest that the Magellanic system is a

ood place to search for artefacts of the hierarchical galaxy formation
rocess. A runaway star cluster east of the LMC was recently
isco v ered in a series of recent deep imaging surv e ys (Piatti, Salinas
 Grebel 2019a ; Piatti 2021 ) near substructure 31; the reported age

f the star cluster ( 0 . 89 + 0 . 11 
−0 . 10 Gyr ), ho we ver, is inconsistent with a

ubstructure of Population II stars. An analysis of tile 5-9 in the
MC surv e y’ s RR L yrae variable catalogue (Cusano et al. 2021 ) is

ikely needed to confirm the existence of this substructure and its
roperties. 

 DISCUSSION  

4 RR Lyrae variable streams have been identified from the Catalina
urv e y at > 3.5 σ confidence (Mateu, Read & Kawata 2018 ), several
f which are located near Milky Way GCs. We do not claim that
he groupings shown in Fig. 6 rise to this level of precision, as
here is evidence that spectroscopy is required to confirm Galactic
tellar stream candidates even in the Gaia era (Jean-Baptiste et al.
017 ). Instead, we will proceed with a discussion of the identified
ubstructures, and their local environments, knowing that further
nvestigation is needed. Follow-up studies would not only need
o confirm each candidate grouping’s le gitimac y (likely through
hemical abundance matching and an exploration of the entire phase
pace), but also to determine the entire scope of the candidate
ubstructure beyond its population of RR Lyrae variables. 
NRAS 513, 2509–2521 (2022) 
We determined each candidate grouping’s nearest GC neighbour
n the ( x , y , z) space defined in Section 2.3 ; the results are
hown in Table 2 . Eight of the 15 GCs listed in this table were
ccreted during merger events (Kruijssen et al. 2020 ) and seven
ave been noted in the literature as having extratidal features in
heir outermost regions (Piatti & Carballo-Bello 2020 , Ibata et al.
021 , and references therein). Additionally, Gaia EDR3 RR Lyrae
ariables have escaped from two of the 15 GCs (NGC 5904 and NGC
851) according to a recent study of proper motions and colour–
agnitude diagrams (Abbas, Grebel & Simunovic 2021 ). If there

re new connections to be made between Milky Way GCs and the
alaxy’ s RR L yrae population via substructure identification, we

uggest focusing on the following substructures where there is no
re viously kno wn tidal tail despite being a potential progenitor traced
ack to a Galactic merger event: 0, 25, 29, 30. The Via Machinae
lgorithm (Shih et al. 2022 ), for example, is an unsupervised
achine learning routine designed to detect stellar streams, and
 ould lik ely be a suitable method for carrying out such a follow-up 

tudy. 
The nuclear star clusters that remain from four of these merger

vents were recently identified using chemo-kinematic information
Pfeffer et al. 2021 ), and our routine identified RR Lyrae sub-
tructures near two of them: NGC 5139 ( ω Centauri), reportedly
he remnant of the Gaia -Enceladus merger, and NGC 6934, the
eported remnant of the Helmi streams merger (although NGC 6934’s
tatus as the merger remnant is less certain). Categorizing accreted
Cs by their parent merger events, and even compartmentalizing

he merger events themselves, is an ongoing area of research. A
ecent study of 23 known Galactic stellar streams, for example,
emonstrated that clustering in orbital phase space is a fruitful
ethod of identifying their sources (Bonaca et al. 2021 ). Many

f these streams are extended for � 100 ◦ on the sky; our routine’s
nability to identify structures of this kind further moti v ates our focus
n RR Lyrae substructures that may be components of stream cores
n the neighbourhood of Milky Way GCs. 

One of the benefits of employing hierarchical clustering is that
e can select a context-dependent distance metric between objects.
hile it is possible that the intersection of the Gaia DR2 RR

yrae variable catalogue and the APOGEE-2 surv e y’s collection
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Figure 6. Substructures listed in Table 1 , colour-coded by substructure class as defined in Section 3 . Field RR Lyrae variables from the culti v ated catalogue 
and local GCs on the sky plane are included. A 2 ◦ × 2 ◦ inset in each panel provides a zoomed-in view of each of the substructure cores, most of which are 
consistent with Milky Way GCs. 
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f absorption spectra 4 is prohibitively small, a more sophisticated 
etric that incorporates stellar motions and chemical abundances is 
orth considering in future work. A potential impro v ement to this
ethodology would include a Milky Way phase space and metallicity 

ector χ = ( x , v , [ Fe / H ] ) , as well as a metric D modified in a chemo- 
 From the Sloan Digital Sky Survey website ( https://www.sdss.org/surveys/a 
ogee-2/): ‘The second generation of the Apache Point Observatory Galaxy 
volution Experiment (APOGEE-2) observes the ‘archaeological’ record 
mbedded in hundreds of thousands of stars to explore the assembly history 
nd evolution of the Milky Way Galaxy.’ This data set contains information 
erived from spectroscopic measurements in the near-infrared. 

w  

m  

e
i  
inematic space dependent on the Galactic integrals of motion E tot 

nd L : 

 modified ( χ , χ ′ ) 2 ≡ β0 ( E tot − E 

′ 
tot ) 

2 

+ β1 ( L z − L 

′ 
z ) 

2 

+ β2 ( L ⊥ 

− L 

′ 
⊥ 

) 2 

+ β3 ( [Fe / H] − [Fe / H] ′ ) 2 , (21) 

here the total energy is E tot = ( v · v )/2 +  ( x ), the angular
omentum is L = x × v , and { β i } are scaling factors that ensure

ach term has the appropriate units and weighted importance. Further 
nvestigation is needed to determine if this is a suitable metric or
MNRAS 513, 2509–2521 (2022) 
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Table 2. Milky Way GCs (with reported distance moduli and Milky Way coordinates, Harris 2010 ) near an identified RR Lyrae substructure presented in 
Section 3 . Each GC’s potential association with a progenitor merger event (Kruijssen et al. 2020 ), known extratidal features (Piatti & Carballo-Bello 2020 ), 
and well-studied Galactic stellar streams (Bonaca et al. 2021 ), if applicable, are provided. [G1 denotes a symmetric tidal tail, G2 a feature outside of the Jacobi 
radius that is not necessarily a tidal tail, G3 no signature of extended structure, and SF a long tidal tail disco v ered using the STREAMFINDER algorithm on Gaia 
DR2/EDR3 data (Ibata et al. 2021 )]. This classification scheme is only applied to previously known substructures and is independent of the results presented in 
this paper.) Highlighted GC IDs indicate an instance where an RR Lyrae substructure was identified at a physical distance of less than 1 kpc. 

GC ID Substructure ID μGC [mag] α [deg] δ [deg] Potential progenitor Tidal tail Stream name 

NGC 6121 0 11.71 245.90 −25.47 Kraken 
NGC 3201 9 13.45 154.40 −45.59 Sequoia/ Gaia -Enceladus G2/SF 
NGC 5139 3 13.58 201.70 −46.52 Gaia -Enceladus/Sequoia G1/SF Fimbulthul 
NGC 6171 16 14.03 248.13 −12.95 
NGC 6266 19 14.16 255.30 −29.89 G2 
NGC 5904 13 14.38 229.64 2.08 Helmi streams/ Gaia -Enceladus G1/SF 
NGC 6362 15 14.40 262.98 −66.95 G2 
E 3 31 14.54 140.24 −76.72 
NGC 4590 17 15.06 189.87 −25.26 Helmi streams G1/SF Fj ̈orm 

NGC 6316 24 15.09 259.16 −28.14 
NGC 1851 22 15.41 78.53 −39.95 Gaia -Enceladus G1/SF 
NGC 6934 27 15.97 308.55 7.40 
NGC 6981 25 16.15 313.37 −11.46 Helmi streams 
IC 4499 29, 30 16.37 225.08 −81.79 Sequoia 
IC 1257 28 16.99 261.79 −6.91 
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f different vector components should be introduced. Additionally,
t is entirely possible that a large RR Lyrae data set suitable for
his modified metric on a Galactic scale is not yet available. In the
uture, infrared data collected by the Nancy Grace Roman Space
elescope could be ideal for this type of analysis. The period–

uminosity relation is, strictly speaking, only valid in the infrared
see Section 1 ), and this relation is what makes RR Lyrae variable
tars such reliable standard candles. Roman Telescope IR photometry
nd spectroscopic surv e ys could in principle be combined for more
ccurate RR Lyrae distance moduli (equation 2 ). Additionally, this
ould provide enough chemo-kinematic information such that the
odified metric (equation 21 ) might be tested and applied. The

xistence of a Galactic archaeology consortium and data analysis
ipeline, as presented in Ness et al. ( 2019 ), would certainly help
ake a study of this kind possible. 
An agglomerative, hierarchical clustering algorithm utilizing a ver -

ge linkage has time complexity O( n 2 log 2 n ) (Manning, Raghavan
 Sch ̈utze 2008 ), so applying particle-based clustering of this kind is

robably ill-advised for samples bigger than this one. Density-based
ierarchical clustering, with time complexity O( n [log 2 n ] 3 ), has been
uccessfully employed in astronomical contexts (Sharma & Johnston
009 ; Elahi 2013 ; Sanderson, Helmi & Hogg 2015 ; Sanderson et al.
017 ). Future work could be devoted to applying such an algorithm
o a larger catalogue such that the rele v ant instrument’s selection
unction might be mitigated via random sampling. 

Clustering algorithms are some of the most popular unsupervised
earning processes; given the nature of astronomical data sets
namely, RR Lyrae variables do not have name tags declaring to
hich GC or dwarf galaxy progenitor it belongs) it is natural to

mploy such processes. Ho we ver, it may be possible to identify
tructures of interest using supervised learning once a sufficient
umber of training examples become available via observations or
imulations. F or e xample, a random forest classifier (Breiman 2001 )
ould be employed, where labelled inputs (i.e. list of RR Lyraes
nown to belong to a particular GC) pass through a forest of decision
rees whose parameters are randomly chosen from the input’s data.
he advantage of a random forest in this context is the incorporation
f quantities not captured by an image, like metallicities or phase
pace coordinates. In the event such a random forest regimen is
NRAS 513, 2509–2521 (2022) 
nsufficiently accurate, implementing gradient boosting via XGBoost
Chen & Guestrin 2016 ) would be a possible impro v ement. 

 C O N C L U S I O N  

e have presented an analysis of the Gaia mission’s RR Lyrae vari-
ble catalogue; the basis for this study was the repeated application
f an agglomerative, hierarchical clustering algorithm to subsets of
he variable star catalogue. The uncertainty in computed distance as
 function of measurement errors in absolute/apparent magnitude
nd associated extinction is considered, and we determined that
he largest driver of distance modulus uncertainties results from
arge values of δm V . Once each RR Lyrae variable’s 3D spherical
oordinates were compiled (with the distance modulus used as a
roxy for physical distance), we computed the condensed distance
atrices for 48 catalogue subsets partitioned by HEALPix subregion.
hese matrices were used to create hierarchical clustering trees (with
verage linkage) containing archaeologically rele v ant substructures
f RR Lyrae variables. The hierarchical clustering trees contain many
early redundant groupings at neighbouring clustering scales, so
e proceeded in analysing select scales with a local maximum
f statistically significant groupings. The potentially interesting
roupings were then compiled and analysed. 
Our results suggest that hierarchical clustering trees that use

verage linkage contain primarily stream extensions around GCs in a
ariety of Galactic environments. Substructures 0, 25, 29, and 30 are
ood candidates for making new connections to GCs important to the
ormation of the Milky Way; substructure 28 lies along the sightline
ear several known GCs, but has a distance modulus that suggests
t is independent of these systems; substructure 31 is a possibly
re viously unkno wn satellite of the LMC. Follo w-up studies would
enefit from an exploration of the entire phase space (e.g. Gaia
DR3 and DR3, Gaia Collaboration 2021 ), as well as a sufficiently
omprehensive mapping of the Milky Way that fills in any coverage
aps (as the Rubin Observatory is expected to provide in the coming
ears, Najita et al. 2016 ). Applying hierarchical clustering to three-
imensional data and validating with proper motions, ho we ver, is
ndeed ef fecti ve in identifying groupings of RR Lyrae variable stars,
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ne of the undoubtedly reliable tracers of Galactic structure available 
n the cosmos. 

Software: NUMPY (Oliphant 2007 ), SCIPY (Virtanen et al. 2020 ), 
ATPLOTLIB (Hunter 2007 ), PANDAS (McKinney 2010 ), ASTROPY 

Price-Whelan et al. 2018 ). 
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PPENDIX  A :  M O C K  R R  LY R A E  STREAMS  

RO M  AMUSE  SIMULATION  

n order to refine our RR Lyrae stream identification routine via an
nformed choice of ˜ X θ, min , R max (defined in Section 2.3 ), we must
reate a labelled data set reflective of realistic Galactic dynamics
nd stellar populations. We select GCs NGC 362, NGC 2419, NGC
466, Pal 5, and Pal 12 for further analysis using Baumgardt &
ilker ( 2018 ) and Vasiliev ( 2019 ). 5 Each of these GCs have reported

xtratidal features and associations with massive merger events in
he Milky Way’s formation history. This set has a diverse sampling
f masses and galactocentric distances as well. 
GCs are notoriously difficult to model computationally, as the col-

isional nature of the internal dynamics necessitates using specialized
ravity solvers. These N -body codes often carry time complexities of
he order of O( n 2 ); for n ∼ 10 6 , this can get prohibitively expensive.
NRAS 513, 2509–2521 (2022) 

 https:// github.com/GalacticDynamics-Oxford/GaiaTools/ 

6

a

t is beyond the scope of this study to simulate the tidal stripping
f GCs, so we propose the following simplified model of RR Lyrae
tream creation. At each spatial location of the i th GC, we create
 particle of mass M GC , i and calculate the rele v ant Jacobi radius
Binney & Tremaine 2008 ): 

 J , i = | r i | 
(

M GC , i 
3 M MW 

( r i ) 

)1 / 3 
, (A1) 

here r i is the position vector of the i th GC at the present epoch and
 MW 

( r i ) is the enclosed Galactic mass at this location. This is ap-
roximately the boundary at which the GC and Galactic gravitational
elds have equal influence. We then initialize 40 particles with an
ppropriate mass for RR Lyrae variables, M = 0 . 65 M � (Kolenberg
t al. 2010 ), and give them randomly distributed circular orbits about
he GC particle with a semimajor axis equal to the Jacobi radius at
nitialization time. If these RR Lyrae-like particles maintain orbits
onsistent with their natal GC, we should still be able to identify the
emnant core using the max ( N RRL ) value from Sesar et al. ( 2013 ).

e initialize each GC in velocity space using representative Milky
ay orbits from the GALPY package (Bovy 2015 ). 
A natural runtime choice for this simulation is the GC crossing

ime, t cross, i � | r i | / | v i | . An order-of-magnitude estimate for the
rossing time can be found using the enclosed Milky Way mass
nd assuming that the described model is virialized: 6 

 cross ,i = 

√ 

| r i | 3 
GM MW 

( r i ) 
. (A2) 

In order to ensure that the stream gravity solvers adequately
onserve energy (i.e. a fractional error ε � 10 −7 throughout the
imulation), we use the time-step �t = 0 . 01 Myr and a simulation
ime-scale t end = 35 Myr that is approximately the shortest crossing
ime (Pal 5). We simulate this system of massive particles with
he aforementioned specifications using the AMUSE Python API
Portegies Zwart et al. 2009 ; Pelupessy et al. 2013 ; Portegies
wart et al. 2013 ; Portegies Zwart & McMillan 2018 ); each stream

s evolved forward in time using a symplectic (i.e. phase space
onserving) integrator Huayno (Pelupessy, J ̈anes & Portegies Zwart
012 ; J ̈anes, Pelupessy & Portegies Zwart 2014 ) and bridged with a
ilky-Way-like (bar, disc, and bulge components) potential (Bovy

015 ). Gravitational forces between streams are not considered, as
hey are negligible in comparison to background tidal forces. 

Fig. A1 shows the values of ˜ X θ and the Jacobi radius as a function
f simulation time for each of the five streams, as well as our stream
arameter choice: ( ̃  X θ, min , R max ) = (0.98, 1 kpc). We approximated
he proper motion vectors ( μ∗

α , μδ) using ( v y , v z ) from the simulation
ata, where y and z are part of the Galactic coordinate system defined
n Section 2 . The physical meaning of ˜ X θ, min = 0 . 98 is that at least
alf of all stars in a retained grouping have proper motion vectors
hat deviate from the median grouping proper motion by 11.48 ◦.
his is a conserv ati v e threshold, as ˜ X θ is v ery nearly equal to unity

i.e. proper motion deviations of the order of arcminutes rather than
egrees) for all of the GC models during the simulation. Our choice
f R max ensures that two classes of substructure are retained: stellar
treams extending an order-of-magnitude beyond the Jacobi radii of
ypical GCs, and atypical GCs like NGC 2419 that are more massive
nd further remo v ed from the Galactic Center. 
 Some of the GCs we are analysing are extragalactic in nature, so this 
ssumption should be used sparingly. 
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Figure A1. Moti v ation for the choice of ( ̃  X θ, min , R max ) stream parameters in the substructure identification routine presented in Section 2.3 . (a) The Jacobi 
radius (as defined in equation A1 ) for each of the five GC models as a function of simulation time. (b) The median alignments (as defined in equation 16 ) for 
each of the five GC models as a function of simulation time. 
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PPENDIX  B:  POTENTIALLY  E X T R A N E O U S  

UBSTRUCTURE  C A N D I DAT E S  

ubstructures identified in the hierarchical clustering forest described 
n Sections 2 and 3 were partitioned into two groups, where the
ttributes of the second group are provided in Table B1 . These
ubstructures are related to those listed Table 1 , but for the sake of
revity we focused our analysis on the ones listed there and include
he remainder in this appendix. 

An illustrativ e e xample of this organization is the retention of
ubstructure 3 for Table 1 , while listing substructures 2 and 4 are
n Table B1 . All three substructures have sky plane coordinates 
onsistent with within 0.1 ◦ in both right ascension and declination 
able B1. Identified substructures where the constituent RR Lyrae variable sets a
rocess, and the substructure identification routine described in Section 2 , do not st

D ˜ μ [mag] ˜ α [deg] ˜ δ [deg] R [pc] N � Eccentricity

 12.77 245.9 − 26 .5 138.48 19 0.994871 
 13.81 201.6 − 47 .4 274.07 15 0.979803 
 13.84 201.6 − 47 .4 264.15 20 0.887820 
 13.99 154.4 − 46 .4 388.76 29 0.977655 
 14.00 154.3 − 46 .4 239.44 23 0.985767 
 14.01 154.4 − 46 .4 160.30 17 0.978757 
 14.11 154.4 − 46 .4 126.51 19 0.946207 
0 14.38 229.6 2 .1 779.15 26 0.998827 
1 14.38 229.6 2 .1 779.15 26 0.998827 
2 14.39 229.6 2 .1 276.70 23 0.986319 
4 14.58 263.0 − 67 .0 490.72 19 0.999308 
8 15.01 189.9 − 26 .7 240.83 16 0.992554 
0 15.13 255.3 − 30 .1 442.13 30 0.923307 
1 15.13 255.3 − 30 .1 258.84 27 0.948400 
3 15.44 255.3 − 30 .1 262.99 19 0.997485 
6 16.30 313.4 − 12 .5 278.98 32 0.932833 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
ith a similar number of RR Lyrae variables (15, 16, and 20,
espectively). Each substructure is in the neighbourhood of the ω 

entauri GC, a known remnant of a dwarf galaxy merger whose
idal stream, Fimbulthul, was recently disco v ered using Gaia DR2
ata. The Fimbulthul stream is separated from its progenitor by 
early 20 deg on the sky plane and 1.5 kpc closer to Earth than ω 

en, thus making these candidate substructures unlikely members 
f the stream. Substructure 3 has the largest eccentricity, which 
eans that if there is any connection to be made between ω Cen

nd the Fimbulthul stream via intermediate RR Lyrae variables ( N -
ody simulations suggest a stream of stars connecting the two should
e present, Ibata et al. 2019a ), substructure 3 is the most promising
andidate. 
MNRAS 513, 2509–2521 (2022) 

re similar to the substructures listed in Table 1 . The hierarchical clustering 
rictly prohibit nearly redundant groupings. 

 Nearest GC d substruct → GC [mag] �μ( ̃  μ, R = 1 kpc ) [mag] 

NGC 6121 1.06 0.60 
NGC 5139 0.23 0.38 
NGC 5139 0.26 0.37 
NGC 3201 0.54 0.35 
NGC 3201 0.56 0.34 
NGC 3201 0.56 0.34 
NGC 3201 0.66 0.33 
NGC 5904 0.01 0.29 
NGC 5904 0.01 0.29 
NGC 5904 0.02 0.29 
NGC 6362 0.18 0.26 
NGC 4590 0.06 0.22 
NGC 6266 0.97 0.20 
NGC 6266 0.97 0.20 
NGC 6316 1.10 0.18 
NGC 6981 0.15 0.12 
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