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Overview of Diffusion Monte Carlo (DMC)

DMC and the details of our implementation have been described elsewhere.1–7 In this study, we use

both guided and unguided DMC simulations to obtain the ground state energy and wave function

for the systems of interest. We also use our recently developed NN-DMC approach,8 in which we

replace the potential energy surface with a neural network potential energy surface for the DMC

simulation. This results in significant savings in the computational resources required for the DMC

calculations.

For most of this study, we performed unguided DMC simulations. In an unguided DMC simu-

lation, the ground state wave function, F0, is represented by an ensemble of Nw localized functions,

which we will refer to as walkers. The density of walkers in a particular region of configuration

space provides the amplitude of the ground state wave function at that geometry. The ensemble

of walkers explores the potential energy surface of the system of interest through a propagation in

imaginary time, t = it/h̄, based on the imaginary-time time-dependent Schrödinger equation,

F0(t +Dt) = exp [�(H �Vref(t))Dt]F0(t)

⇡ exp [�{V (xi(t))�Vref(t)}Dt]exp [�T Dt]F0(t) (S1)

At each time step, Dt , the position, xi(t), and weight, wi(t), of each of the walkers are updated.

Specifically, the coordinates of each of the atoms that are described by the walkers are displaced

according to a Gaussian distribution, with a standard deviation of h̄

p
Dt/m j, where m j is the mass

of the atom that is displaced. The weight of the ith walker is updated based on

wi(t +Dt) = exp [�{V (xi(t))�Vref(t)}Dt]wi(t) (S2)

To ensure that a small fraction of walkers do not carry most of the weight, a branching step is intro-

duced. In this step, the weights of the walkers are compared to upper and lower bound thresholds.
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All walkers with weights that are smaller than the lower bound threshold are removed from the

ensemble. To keep the ensemble size and sum of the weights constant, an equal number of walkers

with the highest weight are duplicated, and each of the walkers and their copies are given a weight

that is half the original weight of the duplicated walker. After all the low-weight walkers have been

removed from the ensemble, walkers that have a weight larger than the upper bound threshold are

also duplicated, as described above, and an equal number of walkers with the lowest weights are

removed from the simulation.

To minimize the effects of process-to-process communication latency in the potential evalua-

tions, in the DMC simulations of water and CH +
5 used to obtain the MOB-ML energies reported

in Table 6, we introduced a small adjustment to the continuous weighting DMC algorithm. In

this modified approach, we propagate the coordinates and evaluate the potential energy of each

of the walkers for Nt steps before considering branching. Once the Nt potential evaluations are

complete, we update Vref, the weights, and check for branching at each time step. This introduces

an approximation into the DMC algorithm. Although we check for branching after each time step

in the simulation, the branching is only applied every Nt steps. We find that the delayed branching

does not impact the overall accuracy of the DMC simulation, as typically fewer than 0.5% of the

walkers undergo branching at each time step. By performing a smaller number of total MPI calls,

we are able to cut down on the latency overhead involved in node-to-node communication.

For the DMC calculations that used the NN-PES, the weights of all walkers are constrained to

1, and the duplication or removal of walkers is achieved by an additional Monte Carlo step.9 In

this case, the ensemble size will fluctuate as the simulation progresses. This technique is referred

to as discrete weighting, and the algorithm that allows the weights of the walkers to evolve with t

is called continuous weighting. Finally,

Vref(t) =
ÂNw

i=1 wi(t)V (xi(t))
ÂNW

i=1 wi(t)
�a

"
ÂNw

i=1 wi(t)�wi(t = 0)

ÂNw
i=1 wi(t = 0)

#
(S3)

is evaluated, where a = 0.5/Dt . The introduction of the second term in Eq. S3 ensures the sum of

the weights of the walkers is roughly constant throughout the simulation. The time-averaged value
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of Vref provides the zero-point energy of the system once the simulation has equilibrated.

The main difference between guided DMC simulations and unguided DMC simulations is that

in the guided simulations, f = F0YT is represented by the ensemble of walkers, where YT is

the guiding function. This change leads to the potential energy evaluations being replaced by

evaluations of the local energy,

EL =
HYT

YT

(S4)

When YT provides a good approximation to F0, the local energy is approximately constant. Using

a guiding function also introduces a drift term that moves the walkers away from regions where

the amplitude of YT is small and towards regions with large amplitude.

In several recent studies, we showed that using guiding functions that are direct products of

one-dimensional wave functions in the high frequency stretches and, in the case of H2O, the HOH

bend, provide effective guiding functions for H2O and CH+
5 ,5,6 and we employ the approaches

developed in those studies to obtain the MOB-ML zero-point energies that are reported in the

second column of Table 6. Finally, descendant weighting is used to obtain projections of the

probability amplitude onto coordinates of interest.3,4,10 The unguided NN-DMC simulations and

the DMC simulations used to collect training structures and energies for C2H +
5 were performed

using PyVibDMC, a general-purpose, open source simulation package,11 while the calculations on

water and CH +
5 that utilized the MOB-ML energies were run with an earlier implementation of

DMC.12

Numerical Details

Training the MOB-ML Potential Energy Surfaces

The 3000 training and test configurations for H2O, CH +
5 and C2H +

5 , and 1000 training and test

configurations for 8 small validation molecules are sampled at 50 fs intervals from ab initio molec-
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ular dynamics (AIMD) trajectories performed with the Q-CHEM 5.0 software package,13 using

the B3LYP14–17/6-31G*18 level of theory. To ensure the full coverage of the potential energy sur-

faces, a Langevin thermostat19 at 6003 K is applied for the H2O AIMD trajectory starting from the

optimized H2O geometry at B3LYP/6-31G* level of theory. For CH +
5 , three AIMD trajectories are

performed by starting from the three literature local minima of CH +
5

20 with a Langevin thermostat

at 350 K, and each trajectory provides 1000 sampled configurations. For C2H +
5 and validation

molecules, we followed the same configuration generation protocols described in Ref. 21, and 22

the configurations are sampled from a single 350 K AIMD trajectory starting from the optimized

geometry at B3LYP/6-31G* level of theory.

In the case of C2H +
5 , we were concerned that the ground state wave function samples geome-

tries that are substantially higher in energy than the ones that are sampled in the 350 K trajectory.

The source of the concern is illustrated in the results plotted in Figure S5(a), where we compare the

predicted energies using MOB-ML model trained on 2500 AIMD structures against the CCDS(T)

energies of the same structures. The structures were extracted from a ground-state DMC simu-

lation, which was run using the MOB-ML model. As can be seen, there are errors in excess of

500 cm�1, and the errors do not appear to be uniformly distribute about 0 cm�1. We noted that

many of the high energy configurations contained large displacements of the CH bond lengths.

Based on this observation, we generated 1000 additional stretched geometries of C2H +
5 structures,

which have energies up to 20 000 cm�1. These structures were generated by randomly selecting

a structure from the AIMD simulation and adjusting the five C-H distances to randomly selected

values between 0.8 Å and 1.3 Å. In displacing these structures, the CC distance was kept constant,

as were the HCC angles. Since there are two CH distances involving the bridging hydrogen atom,

the one that corresponded to the shorter CH distance was stretched, keeping that HCC’ bond angle

constant with fixed non-bridged C-H bond orientations and CC distance.

Once the structures have been selected, we follow the same feature generation protocol de-

scribed in Husch et al.23 to compute the associated features at density-fitted HF with aug-cc-

pVTZ24 basis set and aug-cc-pVTZ-JKFIT density fitting basis set25 using ENTOS QCORE.26 In
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this study, valence virtual orbitals are all localized by Intrinsic Bond Orbital method.27 Valence

occupied orbitals are localized by Boys–Foster localization for H2O, and by Intrinsic Bond Or-

bital localizations28,29 for all the rest of molecules, including eight small validation molecules,

CH +
5 and C2H +

5 . Reference pair correlation energies are computed at the level of density-fitted

CCSD(T)30,31 with the aug-cc-pVTZ-JKFIT density fitting basis sets. All these correlation com-

putations are performed with frozen core approximation and full iterative triples treatments using

the same LMOs computed by ENTOS QCORE.

Gaussian process regressions (GPRs)32 with white noise regularized Matérn 5/2 kernel were

used to model the diagonal and offdiagonal pair energies separately using GPY 1.9.6 software

package.33 A subset of the generated set of structures for each molecule is used to make up the

training set, and the remainder of the structures form the test set. The learning curves for H2O,

CH +
5 and C2H +

5 are generated by moving structures from the test into the training set and testing

using the structures that remain in the test set, and the MAEs that are evaluated for the test set as the

training set is expanded provide the learning curves that are plotted in Figure 8. This procedure is

modified slightly for the stretched model for C2H +
5 . In this case, the training set was constructed to

include 20% stretched structures. The remaining 80% of the structures being taken from the AIMD

tranectory. These structures were also used to train the original C2H +
5 model. In this way, the final

test set for the stretched model contains the 2000 structures used to train the original model as well

as 500 stretched geometries.

Finally, we note that since the numbers of valid features are under 150 and will not cause

overfitting due to the small sizes of these molecules, all the valid features are used in training

without feature selection. The negative log marginal likelihood objective of GPR is optimized

with respect to the kernel hyperparameters with a scaled conjugate gradient scheme for 100 steps

and then apply the BFGS algorithm until full convergence.21–23
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DMC Details

The guiding functions used in the guided DMC simulations are products of one-dimensional wave

functions of the high frequency vibrations as described in our previous work.6 The HOH bend is

described by a harmonic oscillator with a frequency of 1668 cm�1 and a G�matrix element34 of

2.338 amu�1 Å�2. One-dimensional discrete variable representation (DVR) calculations were used

to obtain the rOH and rCH wave functions.35 The rOH wave function was obtained via a potential

scan along the rOH coordinate with 900 rOH bond lengths ranging from 0.26 Å to 1.59 Å. These

potential values were then used as the potential function in the one-dimensional DVR calculation.

A similar scan was done along the rCH coordinate with 900 rCH bond lengths ranging from 0.53 Å

to 2.12 Å, keeping all other rCH bond lengths and HCH angles constant.

All DMC simulations in this study were performed using a time step (Dt) of 1 a.u. The zero-

point energies reported in Table 6 are calculated by averaging Vref over the last two-thirds of the

simulation time. For the guided MOB-ML DMC simulations, the minimum weight threshold was

set at 0.01, and the maximum weight threshold is 1% of the ensemble size (e.g. 50 for a 5000

walker simulation). Each DMC simulation is run independently five times. The uncertainty of the

reported zero-point energy is the standard deviation of these five simulations. In the H2O MOB-

ML guided DMC calculations, we propagated 2304 walkers for 10 000 a.u. and for CH +
5 we

propagated 5120 walkers for 5000 a.u. For the H2O NN+(MOB-ML) unguided DMC simulations,

we propagated 60 000 walkers for 50 000 a.u. and for CH +
5 , we propagated 60 000 walkers for

20 000 a.u. We ran analogous PS H2O and JBB CH +
5 calculations to compare energies and wave

functions with the NN+(MOB-ML) unguided simulations. Finally, for C2H +
5 NN+(MOB-ML)

unguided DMC simulations, we propagated 200 000 walkers for 50 000 a.u.

Training the NN+(MOB-ML) Potential Energy Surfaces

We used the Keras API implemented in the TensorFlow library36 to construct, train, and evaluate

the NN+(MOB-ML) surface. The neural network structure, hyperparameters and training proce-

dure are identical to previous work.8 To collect training data for the NN+(MOB-ML) surfaces,
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we performed two unguided DMC calculations for each system using the MOB-ML surface. For

one of the DMC simulations, we multiplied all of the masses of each of the atoms by 0.5, and for

the other we use standard masses. We propagated 7168 walkers for each DMC simulation. For all

simulations used to collect training data, starting at the second time step, we collected all of the

walkers and energies every 5 time steps until time step 50. Then, we collected all walkers every

50 time steps. The resultant training data consisted of approximately 8.6⇥105 configurations and

energies for H2O and 1.5⇥ 106 configurations and energies for CH +
5 , since for H2O we propa-

gated the walkers for 2500 a.u. and for CH +
5 we propagated the walkers for 5000 a.u. For C2H +

5 ,

we ran four data-collecting DMC simulations with 7168 walkers for 2500 time steps. Of these

four simulations, two were run with regular masses and the other two were run with the masses

multiplied by 0.5. Additionally, for each set of masses, one simulation was run starting with all

of the walkers in the minimum energy geometry of C2H +
5 , while the other two simulations started

with geometries that were randomly selected from a harmonic ground state wave function. This

led to a generation of 2.5⇥106 configurations.

This procedure differs from previous work, where masses as small as one tenth the natural

masses were used in the generation of the training data for the NN-PES. This change was needed

because the Hartree-Fock calculations did not always converge when we started sampling based on

these small mass simulations. Based on subsequent analysis, we found that training data collected

from the DMC simulation, in which the mass is multiplied by 0.5 and 1, sufficiently covers the

regions of the potential needed to develop the NN-PES.

From the configurations that are collected for H2O and CH +
5 , 10 000 configurations are ran-

domly selected for the validation set, while remaining configurations provide the training set. In

the case of C2H +
5 , the validation set contained 7.5⇥104 configurations. Training the model with

only the training set while evaluating the errors based on both the training and the validation sets

allows us to monitor for over-fitting of the model, and we terminate the training when the MAE

for the validation set increases. An additional set of 10 000 configurations for H2O and CH +
5

and 4⇥ 105 configurations for C2H +
5 are randomly selected from only the simulations that were
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run with natural masses. These configurations form the test set. The MAE for the test set pro-

vides a measure of the expected performance of the model in a production-run ground state DMC

simulations. The MAEs of all three sets for each model are reported in Table S2.

Variational Calculation [reproduced from the Supporting Information of Ref.

8]

The calculations of the vibrational levels of water were performed in Jacobi coordinates. While

these are not the most efficient coordinates for describing low-lying vibrational levels of water,

they have the advantage of a simple kinetic energy operator,

Ĥ =
p̂

2
r

2µr

+
P̂

2
R

2µR

+

✓
1

2µRR2 +
1

2µrr
2

◆
ĵ
2 +V (R,r,q) (S5)

where r represents one of the OH bond lengths, with reduced mass µr, R provides the distance

between the second hydrogen atom and the center of mass of the OH bond described by r, and q

is the angle between~r and ~R. The reduced mass associated with R is

µR =

✓
1

mH
+

1
mH +mO

◆
(S6)

To start, three cuts through the potential were taken, one along each of the three coordinates

with the other two coordinates set to their equilibrium values. Each cut was used in a 1D Discrete

Variable Representation (DVR) calculation,37 where a DVR based on the Hermite polynomials was

used for R and r and the DVR in q was based on Legendre Polynomials. For each DVR calculation,

250 DVR points were used. The resulting wave functions were used to obtain potential-optimized

DVR points, with 35 in R and r and 30 in q . These DVR points and the associated kinetic energy

terms were used to set up the full Hamiltonian along with a potential cutoff of 35 000 cm�1. With

these parameters, we were able to converge the energies of the vibrational states of interest to

within 1 cm�1.
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Figure S1: Histograms of the test errors for the final MOB-ML models for H2O, CH +
5 , and C2H +

5 .
In the case of C2H +

5 , we show the results for the two MOB-ML models. The AIMD model only
included structures from the AIMD trajectory, and the test set consists of the 500 structures from
that trajectory that were not included in the training set. For the 4:1 model, the test set consists of
1000 structures from the AIMD trajectory and 500 stretched structures. This is the same data that
was used to obtain the mean absolute errors reported in Table S3 and Figure 8.
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Figure S2: Comparison of the NN+(MOB-ML) and MOB-ML energies of the NN+(MOB-ML)
ground state test data set for H2O. This data is also used to calculate the ground state MAE in
Table S2. The predicted NN+(MOB-ML) energy plotted as a function of the MOB-ML energy
(left), and the number of geometries in the test set plotted as a function of the difference between
the energies evaluated using the two surfaces and the MOB-ML energy (right).
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Figure S3: Comparison of the NN+(MOB-ML) and MOB-ML energies of the NN+(MOB-ML)
ground state test data set for CH +

5 . This data is also used to calculate the ground state MAE in
Table S2. The predicted NN+(MOB-ML) energy plotted as a function of the MOB-ML energy
(left), and the number of geometries in the test set plotted as a function of the difference between
the energies evaluated using the two surfaces and the MOB-ML energy (right).
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Figure S4: Comparison of the NN+(MOB-ML) and MOB-ML energies of the NN+(MOB-ML)
ground state test data set for C2H +

5 for the MOB-ML model that was trained to structures from the
350 K AIMD trajectory and ones in which the CH distances were modified. This data is also used
to calculate the ground state MAE in Table S2. The predicted NN+(MOB-ML) energy plotted as
a function of the MOB-ML energy (left), and the number of geometries in the test set plotted as a
function of the difference between the energies evaluated using the two surfaces and the MOB-ML
energy (right).
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Figure S5: The comparison of the CCSD(T) energies and those obtained a) and c) based on the
MOB-ML surface and b) and d) the NN+(MOB-ML) surface for energies 1000 structures that
were extracted from a ground-state DMC simulation. The results obtained for the MOB-ML model
that was trained to the structures from the 350 K AIMD trajectory are shown in panels a) and b),
while panels c) and d) provides results obtained with the model that was trained to both AIMD and
stretched structures.
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Figure S6: The DMC probability amplitude projected onto DD (left) and HD (right) distances
using wave functions from the JBB surface (upper panels) and the NN+(MOB-ML) surface (lower
panels).
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Table S1: Harmonic Frequencies for H2O from Underlying Electronic Structure Calcula-
tions (cm�1)

Mode wMRCI,a
H2O wCCSD(T)

H2O

1 1653.1 1646.0
2 3830.7 3810.7
3 3940.5 3919.8

a Ref. 38
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Table S2: Mean Absolute Error of the NN+(MOB-ML) Training, Validation and Test Sets of
H2O, CH +

5 , and C2H +
5 (cm�1).

System Training Error Validation Error Test Error
Modified DMC Ground State DMC

H2O 18 24 4
CH +

5 115 153 68
C2H +

5
a 48 64 33

C2H +
5

b 39 55 28
a Calculated based on the MOB-ML model that was trained with

2500 geometries from the 350 K AIMD simulation.
b Calculated based on the MOB-ML model that was trained with

2000 geometries from the 350 K AIMD simulation and 500
stretched geometries.
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Table S3: Learning Curve Data, Plotted in Figure 8.

MAEa

ntraining H2O CH +
5 C2H +

5
b C2H +

5
c

50 33.5 13.1 27.0 43.0
100 20.1 8.0 15.5 26.6
200 6.8 4.0 10.1 19.1
300 5.8 3.2 7.6 15.2
500 1.8 2.0 5.2 10.6
800 1.1 1.6 3.9 7.6

1000 1.0 1.4 3.5 6.9
1500 2.7 5.7
2000 2.2 5.1
2500 1.9 5.1

a Mean absolute error in cm�1.
b MOB-ML model for C2H +

5 , which was trained
using only structures from the AIMD trajectory.

c MOB-ML model for C2H +
5 , which was trained

using structures from the AIMD trajectory and
stretched structures in a 4:1 ratio.
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