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First-principles density functional theory calculations have been performed to obtain constitutive
relationships in the crystalline energetic material �-cyclotetramethylene tetranitramine ��-HMX�. In
addition to hydrostatic loading, uniaxial compressions in the directions normal to the �100�, �010�,
�001�, �110�, �101�, �011�, and �111� planes have been performed to investigate the anisotropic
equation of state �EOS�. The calculated lattice parameters and hydrostatic EOS are in reasonable
agreement with the available experimental data. The uniaxial compression data show a significant
anisotropy in the principal stresses, change in energy, band gap, and shear stresses, which might lead
to the anisotropy of the elastic-plastic shock transition and shock sensitivity of �-HMX. © 2008
American Institute of Physics. �DOI: 10.1063/1.2973689�

I. INTRODUCTION

Cyclotetramethylene tetranitramine or 1,3,5,7-tetranitro-
1,3,5,7-tetraazacyclooctane, also known as HMX, is an im-
portant energetic material �EM� used in many explosive ap-
plications. The HMX molecular crystal exists in several
crystallographic polymorphs, �, �, �, �, and �, the � phase
being the ground state structure at ambient conditions.1,2 Be-
cause of its widespread applications including plastic bonded
explosive formulations, HMX has been extensively studied
both experimentally and theoretically. In particular, several
groups have investigated the physical behavior of HMX un-
der hydrostatic compression. Yoo and Cynn2 have performed
hydrostatic and nonhydrostatic compression experiments on
�-HMX using a diamond anvil cell. The x-ray diffraction
and micro-Raman spectroscopy results indicate phase transi-
tions under hydrostatic compression to the � and � polymor-
phs at 12 and 27 GPa, respectively.2 Gump and Peiris3 have
also performed both hydrostatic and nonhydrostatic com-
pression of �-HMX at temperatures of 30, 100, and 140 °C
and at pressures below 5.8 GPa. In their experiments, HMX
remained in the � phase at all temperatures up to 5.8 GPa,
but their samples were converted to the � phase upon
decompression.3

In addition to experimental work, several theoretical in-
vestigations of the hydrostatic compression of HMX have
also been performed. Sewell4 used a rigid molecule approxi-
mation and classical intermolecular potentials �force fields�
parametrized for near-ambient conditions to perform Monte
Carlo simulations of hydrostatic compression of the � phase
up to pressures of 7.5 GPa. Similar calculations employing
force-field based isothermal-isobaric molecular dynamics
�MD� and molecular packing have been done by Sorescu et
al.5 Later, Sewell et al.6 performed MD calculations to simu-
late the compression of the pure polymorphs of HMX ��, �,

and �� and obtained room-temperature isotherms and elastic
constants, including bulk and shear moduli, for each of the
phases. In addition to classical force-field based Monte Carlo
methods and MD, density functional theory �DFT� calcula-
tions of HMX have also been completed.7–10 Byrd et al.7

calculated the structure of HMX and other EMs at zero pres-
sure with various DFT functionals. They attributed the over-
estimation of unit-cell volume to the poor description of van
der Waals interactions by DFT. Later, Byrd and Rice8 per-
formed DFT calculations of hydrostatic compression of
�-HMX among other EMs and showed that as compression
increases, the DFT results display better agreement with ex-
periment due to a greater overlap of electronic densities. Re-
cently, two studies have employed the local-density approxi-
mation of DFT to examine the electronic structure and
vibrational frequencies of the �, �, �, and � polymorphs of
HMX �Ref. 9� and the hydrostatic compression of the �
polymorph.10 Similar to DFT, the Hartree–Fock calculations
of hydrostatic compression performed by Zerilli and Kuklja11

have yielded results in agreement with experiment.
Although the hydrostatic compression of HMX provides

valuable information on mechanical and thermodynamical
properties of this material, the understanding of fundamental
physics and chemistry of detonation, including its shock ini-
tiation, requires a detailed knowledge of material’s response
beyond hydrostatic loading. Shock wave propagation in the
material involves rapid uniaxial compressions. Such me-
chanical load creates shear stresses, which are the driving
forces of the plastic deformations in the material. Therefore,
the extension of the hydrostatic equation of state �EOS� of
HMX to include the anisotropic constitutive relationships is
one of the urgent needs of the EM research community.

Several studies on shock compression of HMX have al-
ready been done. In particular, Dick et al.12 performed plane
shock wave experiments on �-HMX for the �110�, �011�, and
�010� orientations of the P21 /n space group and found
greater elastic precursor strengths for the �010� shocks. Ina�Electronic mail: mconroy@shell.cas.usf.edu.
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their previous experiments on pentaerythritol tetranitrate
�PETN�,13,14 a correlation between higher sensitivity and
greater elastic precursor strength has been found. To extend
this correlation to the case of HMX, Menikoff et al.15 per-
formed a modeling of these experiments using a rate-
dependent elastic-plastic model. Further, Hare et al.16 and
Hooks et al.17 have conducted isentropic compression ex-
periments on HMX to determine if the phase transitions pro-
posed by Yoo and Cynn2 take place on time scales corre-
sponding to shock-loading conditions, and no transitions
have been observed. Rae et al.18 investigated the quasistatic
compressive stress versus strain in a single crystal �-HMX
and found an elastic-plastic response in the case of uniaxial
compression applied on the �110� face. Hooks and Ramos19

also found that contrary to the assumption of a correlation
between greater elastic precursor strength and higher sensi-
tivity proposed by Dick and Ritchie,13 the onset of shock-
induced reactions occurred at about the same pressure for
shocks delivered in the �011� and �010� orientations.

The major goal of the current study is to systematically
investigate the anisotropic response of �-HMX upon uniaxial
compression along various crystallographic directions. We
have already performed a similar study for another EM mo-
lecular crystal, PETN, and found a substantial degree of an-
isotropy in the mechanical properties of the molecular
crystal.20 By extending the hydrostatic EOS to include aniso-
tropic material response, we would like to investigate the
role of the shear stresses and possibly to correlate their be-
havior in the course of uniaxial compression to shock sensi-
tivities along different crystallographic directions.

II. COMPUTATIONAL DETAILS

We apply first-principles DFT �Ref. 21� as implemented
in the Vienna ab initio simulation package �VASP� �Refs. 22
and 23� to obtain accurate properties of �-HMX at equilib-
rium conditions as well as under hydrostatic and uniaxial
compression. In the previous work on PETN,20 we conducted
extensive tests in order to find the calculation parameters
including exchange-correlation functional, pseudopotential,
energy cutoff, and k-point set that ensured accurate results.
Therefore, in the present study, we used this information and
performed calculations with the Perdew–Burke–Ernzerhof
�PBE� �Refs. 24 and 25� functional, the projector-augmented
wave �PAW� �Refs. 26 and 27� potentials, and an energy
cutoff of 700 eV. Note that the cutoff energy chosen, 700 eV,
is almost twice the nominal cutoff �400 eV� for the PAW
potentials, and this is typically required to achieve adequate
convergence for molecular crystals. The k-point set chosen
for each compression is the Monkhorst–Pack28 grid that cor-

responds to an average k-point spacing of 0.08 Å−1 in each
direction when the experimental structure is compressed to
half of its original volume in a manner consistent with the
compression to be studied. For example, the k-point set for
hydrostatic compression �and relaxation of the experimental
structure� was determined by scaling the magnitude of the
lattice vectors of the experimental structure by 0.51/3, then
calculating the appropriate grid for our desired k spacing.
This method provides sufficiently accurate k-point sampling
density as the Brillouin zone enlarges during compression.
Using these settings for the DFT calculations, we obtained
convergence better than 0.4 GPa in pressure, 0.0015 eV/atom
in energy, and 0.015 eV /Å in forces.

We obtained the theoretical zero-pressure cell param-
eters of HMX by relaxing the experimental structure �space
group P21 /c� using the quasi-Newton structure minimization
method within VASP. The relaxation allowed simultaneous
optimization of the atomic coordinates and the unit-cell vol-
ume and shape without any symmetry constraints. During
each step of the ionic relaxation, the energy tolerance was
10−6 eV. The relaxation process stopped once the maximum
force on any atom was less than 0.03 eV /Å.

For the hydrostatic-compression calculations, we com-
pressed the unit cell of HMX from V /V0=1.00−0.60 in in-
crements of 0.02. Each time the volume was scaled down,
we fixed the unit-cell volume and relaxed the unit-cell shape
and the atomic coordinates without a constraint on symmetry
until the maximum force on any atom was less than
0.03 eV /Å.

We performed uniaxial compressions along seven plane
normals: �100�, �010�, �001�, �110�, �101�, �011�, and �111�.

TABLE I. Calculated zero-pressure lattice constants and volume of �-HMX compared with the experimental
data at ambient conditions.

Work
a

�Å�
b

�Å�
c

�Å� �
V

�Å3�

Reference 30 6.54 11.05 8.702 124.325° 519.372
Reference 31 6.54 11.05 8.7 124.3° 519.387
This work 6.70�+2.4%� 11.35�+2.7%� 8.91�+2.4%� 124.13°�−0.2°� 560.81�+8.0%�

FIG. 1. �Color online� Unit cell of �-HMX.
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Note that the direction specified by �hkl�, following the work
of Dick et al.,29 is perpendicular to the Miller plane �hkl�. To
perform the compressions, we rotated the Cartesian coordi-
nate system such that the x direction corresponded to the
compression direction. Then, the x components of each lat-
tice vector were scaled, keeping the fractional coordinates of
the nuclei constant. We compressed the unit cell along each
direction from V /V0=1.00−0.70 in increments of 0.02, fix-
ing the volume and cell shape at each compression. There
were calculations where we were not able to reduce the
maximum force on any atom to less than 0.03 eV /Å at a
feasible computational expense. These problems occur at
high compression due to the large geometrical constraint put
on the system. Thus for the calculations with V /V0 less than
0.86, the maximum force was around 0.05 eV /Å.

III. EQUILIBRIUM PROPERTIES AND HYDROSTATIC
COMPRESSION

The unit-cell parameters of HMX were relaxed to find
the zero-pressure structure. In Table I, the results of the cal-
culation are compared with the experimental structure at am-
bient conditions from the data of Eiland and Pepinsky,30 as
well as the results of Choi and Boutin.31 The lattice vectors
a0, b0, and c0 measured by Eiland and Pepinsky using the
P21 /n space group transform32 into the P21 /c space group
lattice vectors a=−a0, b=−b0, and c=a0+b0. Similar to our
previous results for PETN,20 the calculated lattice parameters
agree to within 2%–3% of the experimental values. While it
is common for the PBE functional to overestimate unit-cell
volumes, it has been suggested7 that the poor description of
van der Waals interactions within DFT is responsible for the
larger calculated volume.

The unit-cell angles � and �, just as in experiment, were
calculated to be exactly 90.0°, and the calculated angle for �
was 0.2° less than the experimental value of 124.3°. The unit
cell of �-HMX is shown in Fig. 1.

From the hydrostatic-compression data, the 0 K isotherm
was calculated and compared with experiment2,3 in Fig. 2.
Reasonable agreement is shown between our calculations
and both of the hydrostatic-compression experiments2,3 on
HMX. Note that the experimental data were collected at
room temperature, and we have not corrected the results to
account for nonzero temperature. Further, our calculations

were performed using the � polymorph of HMX, which is
consistent with the experimental data of Gump and Peiris.3

As observed in previous studies,20,33 the calculated isotherm
appears to approach that of experiment as pressure increases.
However, as discussed below, the sample from the experi-
ment of Yoo and Cynn2 is no longer in the � phase for
pressures beyond 12 GPa.

The lattice constants a, b, and c as a function of pressure
were also calculated and compared with the experiment2,3 in
Fig. 3. The results are in good agreement until approximately
25 GPa, where the calculated lattice constants begin to differ
significantly from the data of Yoo and Cynn.2 This disagree-
ment is expected because Yoo and Cynn discovered two
phase transitions in their hydrostatic-compression
experiments,2 a transition from � to � at 12 GPa and from �
to � at 27 GPa. Phase transitions are not observed in our
calculations because the system is geometrically constrained
by using only one elemental unit cell.

To find the bulk modulus and its derivative with respect
to pressure, the calculated hydrostatic-compression data up
to about 12 GPa were fit to the third-order Birch–Murnaghan
�BM� EOS �Ref. 34�

P = 3
2B0��−7/3 − �−5/3��1 + 3

4 �B0� − 4���−2/3 − 1�� , �1�

where �=V /V0. In Table II, the values of B0 and B0� from this
work are compared with experimental values2,3,35 that are
also obtained from fitting to the BM EOS. Poor agreement is
shown between different experimental measurements of the
bulk modulus. Gump and Peiris3 have provided data for pres-
sures below 6 GPa, which Menikoff and Sewell36 have sug-
gested might provide a more accurate value for the bulk
modulus via common fitting forms. The underestimation of
the bulk modulus from our calculations is expected due to
the large overestimation in unit-cell volume at low pressure.
Not included in Table II are the results for the bulk modulus
and its pressure derivative from various theoretical
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FIG. 2. �Color online� Isothermal hydrostatic EOS of �-HMX. The interval
of volume shown is from 60% to 100% of the calculated zero-pressure
volume.
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FIG. 3. �Color online� Lattice parameters of �-HMX under hydrostatic
compression.

TABLE II. Bulk modulus and its derivative with respect to pressure.

Source Expt./Theory
B

�GPa� B�

Reference 35 Expt. 8.4 26.2
Reference 2 Expt. 16.7 6.8
Reference 3 Expt. 21.0 7.45
This work Theory 9.8 9.1
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works,5,6,37 which are tabulated in Ref. 6. Fitting forms other
than the BM EOS have been used to calculate these quanti-
ties, and the values obtained can vary by as much as 5 GPa
�B0� and 10 �B0�� for the same data set.

IV. UNIAXIAL COMPRESSIONS

The uniaxial compressions have been performed along
the directions normal to the low-index Miller planes in the
P21 /c space group shown in Table III, together with the
corresponding plane indices in the P21 /n space group. The
principal stresses as a function of compression ratio V /V0 are
shown in Fig. 4. In contrast to the previous work on PETN,20

the nondiagonal elements of the stress tensor are not zero
upon the uniaxial compressions due to the nontrivial shape of
the unit cell ���90°�. Therefore, we calculated the principal
stresses by diagonalizing the stress tensor matrix, i.e., by

finding its eigenvalues. The principal stresses have been ar-
ranged such that �1 is the maximum and �3 is the minimum.
Although the maximum stress in the x direction of compres-
sion is not given by the diagonal element of the original
stress tensor matrix �xx, �1 is approximately equal to �xx at
small compressions.

The anisotropic behavior of the principal stresses is
clearly observed in Fig. 4. The maximum principal stress �1

is the greatest for the �011� and �110� compressions. Near
V /V0=0.82 there is a decrease in �1 in the �011� curve. Note
that this corresponds to the compression in the �011� direc-
tion where it was difficult to reduce the maximum force be-
low 0.05 eV /Å. Beyond this compression, the greatest value
of �1 is observed for the �110� compression. The smallest
values of �1 for uniaxial compression are for the �010� and
�001� compressions until about V /V0=0.78, where the �101�
compression displays the smallest maximum principal stress.
The pressure as a function of V /V0 from the hydrostatic-
compression calculation is included for comparison. The be-
havior of �2 and �3 does not show much relative variation
between compression directions with the exception of a
greater �2 for the �001� direction and a lesser �3 for the
�010� compression.

The change in energy per atom and the band gap as a
function of compression are shown in Figs. 5 and 6, respec-
tively. At compressions beyond V /V0=0.80, the greatest
change in energy is observed when HMX is compressed in
the �110� direction. The �010� and �001� compressions show
the least change in energy up to about V /V0=0.76, where the
change in curvature of the �101� energy with compression
makes it the direction of least energy change. The greatest
change in the band gap under compression is observed for
the �011� compression �by −0.85 eV�. The �101� and �001�
compressions show a very little change in the band gap with
compression in comparison to the results from other direc-
tions. There have been theoretical investigations suggesting
that the reduction in the band gap as a result of compression
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FIG. 5. �Color online� Change in energy per atom as a function of
compression.

TABLE III. Correspondence between indices of the Miller planes in the P21 /c space group of this work and
P21 /n of Ref. 12.

P21 /c �100� �010� �001� �110� �101� �011� �111�
P21 /n �−101� �0–10� �001� �−1−11� �−102� �0–11� �−1−12�
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FIG. 4. �Color online� Principal stresses as a function of V /V0. The pressure
from the hydrostatic-compression calculations is shown for comparison.
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may influence the sensitivity of an EM,38,39 but in the case of
�-HMX we have not observed a substantial reduction in the
band gap toward zero.

The shear stresses as a function of compression for each
direction are shown in Fig. 7. The shear stresses were calcu-
lated as

	 =
�i − � j

2
, �2�

where i� j takes the values 1, 2, and 3. The maximum shear
stress 	max is found by using i=1 and j=3, but the values of
i and j used to find 	mid and 	min depend on the principal
stresses for the given compression direction.

The �011� compression shows the greatest shear stress
under compression up to around V /V0=0.84, which is also
the first structure where relaxing the forces in the structure
below 0.04 eV /Å became difficult. Meanwhile, the �110�
compression shows relatively large values for 	max and 	mid.
On the other hand, these shear stresses are small for the
�010� and �001� compressions. At higher compression, the
�101� direction has the smallest values of 	max and 	mid. Fur-
ther, both the �101� and �011� compressions show a non-
monotonic dependence of shear stress upon strain.

The experimental work on the uniaxial compression of
HMX performed by Dick et al.12 was done using the direc-
tions specified in the P21 /n space group. However, our cal-
culations were done using the standard space group P21 /c
prior to our knowledge of their experiments. A full compari-
son of our calculations with the experimental shock wave
profiles is not possible without recalculating the uniaxial
compressions along the crystallographic directions defined
according to the P21 /n space group.

V. CONCLUSIONS

Hydrostatic and uniaxial compressions in directions nor-
mal to the �100�, �010�, �001�, �110�, �101�, �011�, and �111�
planes were performed using the first-principles DFT code
VASP with the PBE functional and PAW potentials. The cal-
culated zero-pressure structure was compared with the ex-
perimental structure at ambient conditions, and the lattice
parameters agree to within 2%–3%. The hydrostatic-
compression data were used to calculate the 0 K isotherm,
which showed reasonable agreement with the experimental
data at room temperature.

The energy per atom, band gap, principal stresses, and
shear stresses as functions of V /V0 were calculated. The re-
sults indicate anisotropic behavior of these physical quanti-
ties under compression. In the previous work on PETN,20 the
shear stresses were compared with the experimental data re-
garding sensitivity to examine the possibility of a correlation.
For HMX, no known experimental data regarding aniso-
tropic sensitivity exist. Further, the available experiments on
uniaxial compression of HMX �Ref. 12� were performed us-
ing a different space group from the one used in the calcu-
lations presented in this paper. In the future, we will perform
calculations using the space group and compression direc-
tions used in these experiments in an attempt to correlate the
shear stress behavior and shock sensitivities along specific
crystallographic directions.
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