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A Barrier-Based Scenario Approach to Verifying
Safety-Critical Systems

Prithvi Akella1 and Aaron D. Ames

Abstract—We detail an approach to safety-critical verification
using barrier functions. Our method requires limited system data
to verify a system’s ability to keep positive a candidate barrier
function h at discrete-time intervals over its trajectories. Specif-
ically, our method first randomly samples initial conditions and
parameters for a controlled, continuous-time system and records
the state trajectory at discrete intervals. Then, we evaluate these
states under a candidate barrier function h to determine the
constraints for a randomized linear program. The solution to this
program provides either a probabilistic verification statement in
the aforementioned vein or a counterexample - an instance where
the system went unsafe. To showcase our results, we verify the
robotarium simulator, identify counterexamples for its hardware
counterpart, and experimentally verify the safety of a multi-agent
quadrupedal system.

Index Terms—Robot Safety, Hybrid Logical/Dynamic Planning
and Verification, Performance Evaluation and Benchmarking,
and Probability and Statistical Methods.

I. INTRODUCTION

SAFETY is of critical importance to autonomous systems,
and so it is natural to ask: do controllers for these

systems guarantee safety in practice? This question has moti-
vated a tremendous amount of work in the controls literature
concerning both the development and verification of safety-
critical controllers. On the developmental side, some work
aims at learning or modifying existing control techniques, e.g.
control barrier and Lyapunov functions, to iteratively develop
better controllers that satisfy the desired safety objectives by
default [1]–[5]. There has also been interest in developing
controllers against formal system specifications to ensure sat-
isfactory operation as well [6]–[10]. That being said, the goal
of this paper will focus on verifying safety-critical controllers
independent of how they were developed, e.g. without knowing
the specifics of the controller for an autonomous vehicle,
develop a method to verify experimentally that it can merge
into rush-hour traffic safely.

As controller verification typically does not restrict the
verification analysis to a single control form, there are multiple
ways this problem has been approached. One vein of work
attempts to determine a Lyapunov or barrier function for the
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Fig. 1. An overview of the approach detailed within the paper. By collecting
randomized state trajectory data of the system-to-be-verified and evaluating all
transitions under a candidate barrier function h, we determine the constraints
for a randomized linear program. Positivity of the solution to this program
corresponds to a probabilistic verification statement regarding this system’s
ability to keep h positive over its trajectories.

controlled system, to act as a certificate of system stabil-
ity/safety [3], [11]–[16]. Due to their exploitation of existing
control techniques to simplify the verification problem, works
in this vein tend to not be sample complex. Specifically,
this reduction in sample complexity arises through apriori
knowledge of the system dynamics and controller. However,
except for [15], these dynamics tend to only be functions of
the system state and do not consider extraneous parameters
of interest, e.g. user-defined control objectives, human input
through parameterization, etc. Additionally, apriori knowledge
of the controller may not always be provided, especially if
the system’s controller is a complex, layered controller, e.g.
the controller for an autonomous car, a quadruped, a bipedal
exoskeleton, etc.

A second paradigm regarding verification permits more
flexibility in this regard. Specifically, this paradigm expresses
the verification question as an optimization problem whose
solution corresponds to a counterexample or a (probabilis-
tic) verification statement [17]–[21]. These works typically
associate satisfactory behavior with positive evaluations of
a robustness measure over system trajectories and aim to
minimize this measure over a set of parameters of interest.
Hence, they do not make as efficient use of control techniques,
as every system trajectory provides one sample - the system
either operated safely or unsafely. However, we can still
analyze transition information in these trajectories via existing
control techniques, e.g. barrier functions, to possibly provide
richer sets of data for system verification purposes. It is this
coupling of both paradigms that we explore in our work as
we aim to address the shortcomings of each.
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Our Contribution: Our approach will focus on those safety-
critical systems whose controllers vary with respect to a
parameterized input, e.g. varying obstacle locations, different
control objectives, etc. For these systems, we will provide
either a counterexample or probabilistic verification guarantee.
More specifically, our approach will determine the constraints
for a randomized linear program by evaluating a candidate
barrier function h over randomly sampled state trajectories.
The solution to this program will identify a counterexample
or provide for that probabilistic guarantee.
Implementation: We verify the Robotarium simulator for
multiple sets of agents and show repeatability and accuracy of
our probabilistic statements over simulated trajectories as well.
We also show similar accuracy of our verification statements
on the Robotarium hardware indicating that our results hold
even over real system trajectories. Additionally, we experi-
mentally verify a quadrupedal system in a multi-agent setting
showing that our method is both system independent and
sample efficient insofar as we only required 12 minutes of
system data to verify the quadruped’s controller. As such, we
establish the first step in sample efficient methods for verifying
safety-critical controllers.
Structure of Paper: First, we detail some necessary back-
ground information in Section II-A and then formally state
the problem in Section II-B. Section III will be split into four
parts. Section III-A provides the overarching idea behind our
approach and Section III-B defines some relevant quantities
useful in the statement of our contributions in Section III-C.
The proofs for these contributions is in Section III-D. Finally,
Section IV details all simulations and experiments performed
to validate our approach.

II. PROBLEM FORMULATION

This section will be split into two parts. The first part will
detail some mathematical background information - discrete
control barrier functions and scenario optimization. The sec-
ond part will formally state the problem under study.

A. Mathematical Preliminaries

Discrete Control Barrier Functions: First introduced by
Ames et al. in [22] and built upon by Agrawal et al. in [23],
control barrier functions (and their discrete instantiation) are
a novel control tool designed to enforce forward invariance of
their 0-superlevel sets for nonlinear discrete-time systems:

xk+1 = f(xk, uk), x ∈ X ⊂ Rn, u ∈ U ⊂ Rm.

Then, a discrete exponential control barrier function (DE-
CBF) h is defined with respect to its 0-superlevel set C:

C = {x ∈ X | h(x) ≥ 0}, h : Rn → R.

Definition 1 (Adapted from Definition 4 in [23]). A function
h : Rn → R is a discrete exponential control barrier function
if the following inequality1 holds for some γ ∈ [0, 1):

∀ xk ∈ C, ∃ u ∈ U s. t. h (f(xk, uk)) ≥ γh(xk).

1This inequality is typically phrased as h(f(xk, uk)) − h(xk, uk) ≥
−αh(xk) for some α ∈ (0, 1]. Setting γ = 1−α suffices for our inequality.
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Fig. 2. An example of using scenario optimization to calculate the radius
of the largest required circle to encapsulate at least 0.987 of the probability
mass of the underlying random variable with which samples were taken. This
is a recreation of one of the examples done in [24].

Then if we define the set of inputs that satisfy the CBF inequal-
ity in Definition 1 as K(x) = {u ∈ U | h(f(x, u)) ≥ γh(x)},
we have the following Theorem regarding forward invariance
of the 0-superlevel set C of the DE-CBF h with respect to the
set of all positive integers including 0 Z+:

Theorem 1 (Adapted from Proposition 3 in [23]). For a
discrete exponential control barrier function h : Rn → R
and it’s 0-superlevel set C, if x0 ∈ C and all inputs uk ∈
K(xk) ∀ k ∈ Z+, then xk ∈ C ∀ k ∈ Z+.

In what will follow, we will only reference discrete ex-
ponential control barrier functions and as such will simply
refer to such functions as control barrier functions. Then,
the overarching idea as to how we will utilize these func-
tions for verification is to construct a linear program whose
constraints are the inequalities mentioned in Definition 1.
The decision variable will be γ and the constraints will be
randomly sampled from robot trajectories. While solving such
an optimization problem will prove rather easy, guaranteeing
that the solution has meaning over all trajectories is the subject
of scenario optimization which will be detailed next.
Scenario Optimization: The brief description of scenario
optimization in this section will stem primarily from the
work done by Campi and Garrati in [24], [25]. Scenario
optimization tries to identify robust solutions to uncertain
convex optimization problems of the following form:

z∗ = argmin
z∈Z⊂Rd

cT z,

subject to z ∈ Zδ, δ ∈ ∆.
(UP)

Here, (UP) is the uncertain program as δ ∈ ∆ is an uncertain
parameter with probability measure P. Convexity is assured via
assumed convexity in the spaces Z and Zδ , and ∆ is typically
a set of infinite cardinality, i.e. |∆| = ∞. Hence, identification
of a solution z∗ ∈ Zδ ∀ δ ∈ ∆ is hard.

To resolve this issue, the study of scenario optimization
solves a related optimization problem formed from an N -
sized sample of the constraints δ and provides a probabilistic
guarantee on the robustness of the corresponding solution
z∗N . Specifically, if we were to take an N -sized sample of
δ, {δi}Ni=1 - termed scenarios in the scenario optimization
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literature - we could construct the following scenario program:

z∗N = argmin
z∈Z⊂Rd

cT z,

subject to z ∈
⋂

i=1,2,...,N

Zδi .
(RP-N)

Then, we require the following assumption.

Assumption 1. The scenario program (RP-N) is solvable for
any N -sample set {δi}Ni=1 and has a unique solution z∗N .

For more information on why this assumption is made, we
direct the reader to [24], [25]. Assumption 1 then guarantees
existence of a scenario solution z∗N for (RP-N). As such, we
can define a set containing those constraints δ ∈ ∆ to which
the scenario solution z∗N is not robust, i.e. F (z) = {δ ∈
∆ | z ̸∈ Zδ}. With this set definition we can formally define
the violation probability of our solution.

Definition 2. The violation probability V (z) of a given z ∈ Z
is defined as the probability of sampling a constraint δ to which
z is not robust, i.e. V (z) = P[δ ∈ F (z)] .

Then, the main theorem is as follows:

Theorem 2 (Adapted from Theorem 1 in [24]). Let Assump-
tion 1 hold. The following inequality is true:

PN [V (z∗N ) > ϵ] ≤
d−1∑
i=0

(
N

i

)
ϵi(1− ϵ)N−i.

In Theorem 2 above, N is the number of sampled constraints
δ for the scenario program (RP-N); z∗N is the scenario solution
to the corresponding scenario program; V (z∗N ) is the violation
probability of that solution as per Definition 2; d is the
dimension in which z lies, i.e. z ∈ Rd; and PN is the
induced probability measure over sets of N -samples of δ
given the probability measure P for δ. For more information
on the intersection of scenario optimization and control more
generally, we direct the readers to [26], [27] and the citations
within. This sets the stage for formally stating our problem.

B. Problem Statement

We wish to verify safety at discrete-time intervals for a
control system whose controller and dynamics are unknown.
Therefore, we will assume our system is a continuous control
system with unknown dynamics f and controller U , though
U may depend on parameters θ which are known.

ẋ = f(x, u), x ∈ X ⊂ Rn, u ∈ U ⊂ Rm,

u = U(x, θ), θ ∈ Θ ⊂ Rp,

ẋθ
t = f

(
xθ
t , U(xθ

t , θ)
)
, (x0, θ) ∈ X ×Θ. (1)

Here, X is the state space, U is the feasible control space,
and Θ is the feasible parameter space. xθ

t corresponds to the
solution to the closed-loop system at time t given the initial
condition and parameter (x0, θ). Notice that once chosen, the
parameter θ is fixed over a trajectory.

To quantify system safety at discrete-time intervals tk =
k∆t for some ∆t > 0 and k ∈ Z+, we assume existence of a
candidate barrier function h with which to quantify safety.

Assumption 2. There exists a barrier function h : X ×Θ →
[−m,M ], m,M ∈ R+ with 0-superlevel set C = {(x, θ) ∈
X ×Θ | h(x, θ) ≥ 0} such that if h(x, θ) ≥ 0 then the system
is safe at that state x given the parameter θ.

For context, assuming the existence of such a barrier function
h is not too restrictive, though the barrier function may provide
a conservative notion of safety. Consider the quadrupedal
example to follow in Section IV-B. Our candidate barrier
function h equates safety with the maintenance of a minimum
planar distance between the center of our quadruped x and
a set of obstacles parameterized by a parameter vector θ.
This is an example of a simple barrier function for traditional
reach-avoid robotics problems and is adequate for our analysis.
That being said, counterexamples, i.e. a scenario where the
system rendered this conservative barrier function negative,
could correspond to scenarios where the system is safe, i.e.
did not hit an obstacle or other agent, but is reported to be
unsafe as it made negative this conservative barrier function.
We will neglect to consider this distinction in our analysis
to follow, as we assume barrier function positivity equates to
safety, which it does even in the conservative case.

With these definitions and assumptions, our formal problem
statement will follow.

Problem 1. For the closed-loop system (1) and barrier func-
tion h as per Assumption 2, devise a method to verify whether
h
(
xθ
tk
, θ
)
≥ 0 ∀ k ≤ K ∈ Z+ and (x0, θ) ∈ C.

Ideally we would like to probabilistically verify safety ∀ k ∈
Z+. As we intend to use a sample approach, however, we need
some finite time-step K by which to stop taking state samples
over a robot’s trajectory. That being said, K can be any large
positive integer. Additionally, ∆t must be a sufficiently large
enough time-step to allow for state-samples to be taken at the
prescribed, discrete intervals, i.e. ∆t must be large enough to
allow for measurement of the state at time-steps xθ

tk
∀ k ∈

0, 1, 2, . . . ,K.

III. MAIN CONTRIBUTIONS

This section will be split into four parts. The first part will
provide the overarching idea behind our approach and the
second part will define relevant quantities that will be useful
in the third part - the statement of our main results. Finally,
the fourth part will prove our main results.

A. Overarching Idea

To verify safety at discrete-time intervals tk, if we could
identify a safety decay rate γ ∈ [0, 1) satisfying the following
inequality for the barrier function h in Assumption 2:

h
(
xθ
t1 , θ

)
≥ γh(x0, θ), (x0, θ) ∈ C, (2)

then Theorem 1 provides our desired verification statement.
Identification of such a γ can be rephrased as solving an
optimization problem with (perhaps) infinite constraints:

γ∗ = argmax
γ∈R

γ, (OPT)

subject to h
(
xθ
t1 , θ

)
≥ γh(x0, θ), ∀ (x0, θ) ∈ C.
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If the solution γ∗ to (OPT) were in [0, 1), then the inequality
in (2) would be true. To relax the number of constraints
for (OPT) and yield a solvable optimization problem, we
will instead randomly sample the constraints and generate a
scenario program.

This transformation of (OPT) to an uncertain program for
which we can guarantee a scenario solution is the crux of
our approach. In doing so, we will randomly sample feasible
robot trajectories and measure system safety throughout. Every
measurement will provide a new constraint to the scenario
program. Then, a positive scenario solution γ∗

N to our scenario
program corresponds to successful maintenance of the inequal-
ity (2) with high probability. A negative solution will identify
a counterexample. To formally state these results, we will
first define some terms in the following subsection. Then, we
will formally state and prove our results in subsections III-C
and III-D respectively.

B. Relevant Quantities and Definitions

In keeping with the notation for scenario optimization
utilized earlier, our uncertain program is as follows:

γ∗ = argmax
γ∈R

γ, (UP-V)

subject to γ ∈ Γδ, δ = (xk, xk+1, θ) ∈ ∆.

Here, ∆ and Γδ are as follows with Ω = X × X ×Θ:

∆ =

{(
xθ
tk
, xθ

tk+1
, θ
)
∈ Ω, ∀ k ∈ Z+

∣∣∣∣ h(x0, θ) ≥ 0

}
,

Γδ =

{
γ ∈ R

∣∣∣∣ h(xθ
tk+1

, θ
)
≥ γ

∣∣h (xθ
tk
, θ
)∣∣} (3)

Specifically, ∆ is the set of transitions xθ
tk

to xθ
tk+1

for
trajectories whose initial condition and parameter (x0, θ) start
in the 0-superlevel set of the candidate barrier function h. Each
δ ∈ ∆ is a specific transition when the system is parameterized
by a parameter θ ∈ Θ. Γδ is the set of all γ ∈ R that satisfy an
inequality similar to (2) for the specific transition encoded by
δ. The discrepancy with (2) is the absolute value over h(xθ

tk
, θ)

- the reason for which will be elucidated in a lemma to follow.
Furthermore, for (UP-V) to be an uncertain program, δ must

be a random variable with an associated probability distribu-
tion π. As such, we will define the probability of sampling any
transition δ as the probability of sampling an initial condition
and parameter (x0, θ) ∈ C such that the corresponding closed-
loop trajectory to (1) contains the transition encoded by δ.
To formalize this distribution π, we can define the indicator
function 1δ for a given transition δ = (xk, xk+1, θd). This
function evaluates to 1 for any initial condition and parameter
pair (x0, θ) such that the corresponding closed-loop trajectory
to (1) contains the transition specified by δ within K timesteps.

1δ(x0, θ) =


1 if


θ = θd, and,

∃ k, k + 1 s. t. 0 ≤ k, k + 1 ≤ K,

xθ
tk

= xk, xθ
tk+1

= xk+1,

0 else.

Then, if we sample initial conditions and parameters (x0, θ)
with a uniform distribution over C, we can implicitly define

the probability distribution function π for the random variable
δ. In what follows, s is a normalization constant to ensure the
total probability integrates to 1 and β = (x0, θ):

Pπ(δ)[A ⊂ ∆] =

∫
A

∫
C

1δ(β)

s
dβdδ. (4)

Under the assumption that we can take N samples δ with
corresponding probability distribution π, we can generate a
scenario program for (UP-V) as follows:

γ∗
N = argmax

γ∈R
γ, (SP-V)

subject to γ ∈ Γδi , ∀ δi ∈ {δi}Ni=1.

For a solution γ∗
N to (SP-V) we can define an associated

violation set F (γ) and violation probability V (γ).

F (γ) = {δ ∈ ∆ | γ ̸∈ Γδ}, V (γ) = Pπ(δ)[F (γ)].

Intuitively, F (γ̃) is the set of all transitions δ where the system
decays to an unsafe behavior quicker than the minimum
decay rate identified by γ̃ through inequality (2). V (γ̃) is the
probability of sampling such transitions from π.

C. Statement of Main Results

In Lemma 1, we will prove that we can always solve (SP-V)
for any N -sample set of transitions {δi}Ni=1, and that any
solution γ∗

N will be unique. Then in Lemma 2, we will
prove that the violation probability of our solution V (γ∗

N )
corresponds to the probability of sampling an initial condition
and parameter pair (x0, θ) from the uniform distribution over
the 0-superlevel set of the candidate barrier function h, i.e.
U[C], such that the resulting trajectory has a faster safety decay
rate than γ∗

N . Our main result, Theorem 3, will use both prior
Lemmas and Theorem 2 to lower bound the probability of
sampling initial conditions and parameters (x0, θ) from U[C]
such that the corresponding trajectory ensures positivity of h
for at least K time-steps. Finally, Corollary 1 will extend
Lemma 2 and state that any negative solution to (SP-V)
corresponds to a counterexample.

Lemma 1. Let Assumption 2 hold. The scenario pro-
gram (SP-V) is always solvable for any N -sample set of
transitions {δi}Ni=1, and the solution γ∗

N is unique.

Lemma 2. The violation probability V (γ∗
N ) for a solution γ∗

N

to (SP-V) satisfies the following equality:

V (γ∗
N ) = PU[C]

(x0, θ)

∣∣∣∣∣
∃ k, k + 1 s. t.

0 ≤ k, k + 1 ≤ K, and,

h
(
xθ
tk+1

, θ
)
< γ∗

N

∣∣h (xθ
tk
, θ
)∣∣
 .

Theorem 3. Let Assumption 2 hold, let the scenario pro-
gram (SP-V) be composed from an N -sample set of transitions
{δi}Ni=1, and let ϵ ∈ [0, 1]. If γ∗

N ≥ 0, then,

S(γ∗
N ) ≤ PU[C]

[
(x0, θ) | h

(
xθ
tk
, θ
)
≥ 0, ∀ k = 0, 1, . . .K

]
,

PN
π(δ) [S(γ

∗
N ) ≥ 1− ϵ] ≥ 1− (1− ϵ)N .
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Fig. 3. An overview of our procedure on two experimental platforms - a multi-agent quadrupedal system with stationary obstacles, and the Robotarium. First,
we collect randomized trajectory data. Second, we evaluate the time-series data under a candidate barrier function h to generate constraints for the randomized
LP (SP-V). These amount to calculating the upper bounds bi that we use to solve for γ∗

N - the solution to (SP-V) - in our third step. If γ∗
N ≥ 0 as it is in

the quadrupedal case, we expect h to be positive over system trajectories as corroborated by the worst-case trial shown where the barrier h is indeed kept
positive. If γ∗

N < 0 as it is for the Robotarium, we expect a counterexample, as shown by the falsifying trial in Figure 5. We also validate our solution γ∗
N

for the robotarium by sampling 400 more system trajectories and calculating the minimum safety decay constant γ̃ per trial. For all 400 trials, γ̃ > γ∗
N

our calculated lower bound - an inequality we expect to hold with high probability based on our work. This is why we claim that we have an accurate and
sample-efficient method of verifying safety-critical controllers.

Corollary 1. Let Assumption 2 hold and let the scenario
program (SP-V) be composed from an N -sample set of tran-
sitions {δi}Ni=1. If γ∗

N < 0, then there exists a transition
δ ∈ {δi}Ni=1 that corresponds to a safety violation, i.e. ∃ δj ∈
{δi}Ni=1 s. t. h

(
xθ
tk+1

, θ
)
< 0 with δj =

(
xθ
tk
, xθ

tk+1
, θ
)

.

D. Proofs of Main Results

Proof: [of Lemma 1] By definition of the scenario pro-
gram (SP-V) and the constraint sets Γδ in equation (3), for
any N -sized sample set of transitions {δi}Ni=1, the scenario
program (SP-V) is a linear program maximizing the decision
variable γ subject to a set of upper bounds. The absolute
value over h

(
xθ
tk
, θ
)

is required here to allow for a feasible
constraint set even if the system evolves to a state xk wherein
h
(
xθ
tk
, θ
)
< 0. Then, proving solvability of the associated

program requires ensuring that all upper bounds are finite.
This is indeed the case as evaluations of h are restricted to lie
within [−m,M ], M,m ∈ R+ by Assumption 2 indicating at
least one upper bound γ̃ < ∞. This neglects to consider those
trajectories that end up in a state xk such that h(xk, θ) = 0.
However, those trajectories are in a set of measure 0 with
respect to the probability distribution π. Therefore, we can
safely neglect such trajectories.

Lemma 1 permits us to utilize Theorem 2 to bound the vio-
lation probabilities of results to our scenario program (SP-V).
This lets us state, in Lemma 2, that this violation probability
is equivalent to the probability of sampling marginally “more
unsafe” trajectories. Its proof will follow.

Proof: [of Lemma 2] We will start with the definition of
the violation probability V (γ∗

N ) for our setting.

V (γ∗
N ) = Pπ(δ)[δ ∈ ∆ | γ∗

N ̸∈ Γδ].

Here, Γδ is defined in equation (3). For this proof, it will be
useful to define the following indicator function:

¬1Γδ
(γ) =

{
1 if γ ̸∈ Γδ,

0 else.

Then we can rewrite the violation probability as follows
based on the definition of our probability distribution π in
equation (4) and with β = (x0, θ):

V (γ∗
N ) =

∫
∆

∫
C

1δ(β)¬1Γδ
(γ∗

N )

s
dβdδ.

However, the interior integrand only evaluates to 1 for those
initial condition and parameter pairs (x0, θ) such that there
exist time-steps k, k + 1 where 0 ≤ k, k + 1 ≤ K and
h(xθ

k+1, θ) < γ∗
N

∣∣h(xθ
k, θ)

∣∣. Here, xθ
k = x(tk, θ). As such, the

above probability corresponds to the probability of sampling
such initial condition and parameter pairs from the uniform
distribution over C. This completes the proof.

Lemma 2 states that the violation probability for our sce-
nario program (SP-V) corresponds to picking those trajectories
that are marginally “more unsafe” than the worst-case sampled
trajectory. In other words, one minus the violation probability
must then correspond to the probability of picking those
trajectories that are at least as safe as the worst-case sampled
trajectory as formalized in Theorem 3.

Proof: [of Theorem 3] With the assumptions behind The-
orem 3, we know that Lemma 2 holds. This lets us define the
success probability S(γ∗

N ) = 1−V (γ∗
N ). Mathematically this

success probability is defined as follows:

S(γ∗
N ) = PU[C]

[
(x0, θ)

∣∣∣∣∣ ∀ k = 0, 1, . . . ,K − 1

h
(
xθ
tk+1

, θ
)
≥ γ∗

N

∣∣h (xθ
tk
, θ
)∣∣
]
.

For all such trajectories, h(xθ
0, θ) ≥ 0 as (x0, θ) ∈ C. By

Theorem 1 then, we have the following inequality for S(γ∗
N ):

S(γ∗
N ) ≤ PU[C]

[
(x0, θ) | h(xθ

k, θ) ≥ 0, ∀ k = 0, 1, . . .K
]
.

This satisfies the first equality for Theorem 3.
For the inequality in Theorem 3, Lemma 1 permits use

of Theorem 2 which requires knowledge of the dimension d
of our decision variable γ for the scenario program (SP-V).
As γ ∈ R, d = 1. Therefore, for some ϵ ∈ [0, 1]
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TABLE I
ROBOTARIUM SIMULATOR VERIFICATION DATA

N0 K N γ∗
N ϵ V (γ∗

N ) S(γ∗
N )

100 100 10000 0.953 0.0014 ≈ 0 ≈ 1

PN
π(δ) [V (γ∗

N ) ≤ ϵ] ≥ 1− (1− ϵ)N . The final result holds due
to definition of S(γ∗

N ).
This ends the proof for our main result - that if the solution

to our randomized linear program (SP-V) is positive, i.e. γ∗
N ≥

0, then with high probability the system maintains positivity
of the candidate barrier function h for at least K time-steps.
If γ∗

N < 0, however, this corresponds to a counterexample as
stated in Corollary 1. Its proof will follow.

Proof: [of Corollary 1] From the proof for Lemma 1, we
know (SP-V) is the maximization of a scalar decision variable
γ subject to a series of upper bounds bi. If γ∗

N < 0 then there
must exist at least one upper bound bj < 0, i.e.

∃ δj = (xθ
k, x

θ
k+1, θ) ∈ {δi}Ni=1, bj =

h
(
xθ
tk+1

, θ
)

∣∣h (xθ
tk
, θ
)∣∣ < 0.

As the denominator for the associated fraction is always posi-
tive, this implies that ∃ δ ∈ {δi}Ni=1 such that h(xθ

k+1, θ) < 0,
concluding the proof.

IV. EXAMPLES

In this section, we will verify or find counterexamples
for systems with pre-existing controllers. We will start with
verifying the Robotarium simulator [28] which will provide
numerical results supporting Lemma 2 and Theorem 3.

A. Verifying the Robotarium Simulator

The robotarium robots are modeled via unicycle dynamics:

x =

x,y,
θ

 , ẋ =

v cos(θ),v sin(θ),
ω,

 , u = [v, ω]T ,

X = [−1.2, 1.2]× [−0.6, 0.6]× [0, 2π], P = [I2, 02×1]

Each robot has a Lyapunov-based controller that drives it to its
desired orientation xd ∈ X . When multiple robots are asked
to ambulate in the same, confined space, their control inputs
are filtered in a barrier-based quadratic program to ensure that
the robots never collide [22]. As such, given a nominal safety
radius rs and with the concatenated state vector for all NR

robots xT = [x1T , x2T , . . . xNRT ], we have a candidate barrier
function h:

h(x) = min
i̸=j, i,j∈[1,2,...,NR]

∥P (xi − xj)∥ − rs. (5)

This results in the following verification problem. For the
closed-loop robotarium simulator, devise a method to de-
termine whether h

(
xxd
tk

)
≥ 0 ∀ k ≤ K ≜ 100 and

(x0,xd) ∈ C. Here, h is as per (5), our parameter θT = xT
d =

[x1T
d , x2T

d , . . . xNR

d ] ∈ Θ ≜ XNR , xj
d is the desired pose for

robot j, and NR = 3.
Numerical Results: To determine the safety of the robotarium
simulator, we sampled N0 = 100 initial conditions and desired

TABLE II
ROBOTARIUM SIMULATOR VALIDATION DATA

NR Ntrials max
trials

V (γ∗
N ) ϵ min

trials
γ∗
N

3 50 ≈ 0 0.0014 0.7882
4 50 ≈ 0 0.0007 0.9186

poses (x0,xd) from the uniform distribution over the 0-
superlevel set of the candidate barrier function h, i.e. U[C].
Then, we simulated each closed-loop trajectory for K = 100
time-steps with ∆t = 0.03 and recorded all transitions
δ = (xk,xk+1,xd). Then, we calculated the minimum decay
constant γ∗

N as per (SP-V) for the N = 10000 transition
samples taken, resulting in γ∗

N ≈ 0.953 ≥ 0.
As γ∗

N ≥ 0, Lemma 2 and subsequently Theorem 3,
permit us to lower bound the success probability S(γ∗

N ), i.e.
PN
π(δ) [S(γ

∗
N ) ≥ 1− ϵ] ≥ 1− (1− ϵ)N . To determine the high

probability lower bound 1 − ϵ, we set the right-hand side of
the outer probability to be = 1 − 10−6 and calculated the
corresponding violation probability upper bound ϵ that satisfies
this equality for N = 10000, the number of samples taken.
This results in an ϵ = 0.0014, i.e. according to Theorem 3,
PN
π(δ) [S(γ

∗
N ) ≥ 0.9984] ≥ 1− 10−6.

To verify this last statement, we sampled N0 = 50000 initial
condition and goal pairs (x0,xd) from U[C], simulated each
trajectory for 100 timesteps, and recorded the minimum barrier
value ℓ for the sampled trajectory. We used the fraction of
trajectories with minimum barrier value ℓ < 0 to approximate
the probability of sampling a trajectory that does not maintain
positivity of h for at least 100 time-steps. The complete
information for this verification process and validation of our
verification method can be found in Table I. As shown in this
information, the true violation probability estimate is indeed
lower than our calculated upper bound ϵ and so too is the
success probability greater than our calculated lower bound as
well. This serves as numerical validation of our verification
method, at least with respect to the Robotarium simulator.
Verifying our Scenario Approach: The aforementioned re-
sults provide numerical evidence supporting the results of
Theorem 3 and Lemma 2. However, this does not show
repeatability of our results. Specifically, we state via use of the
scenario approach that the violation probability of our calcu-
lated solution γ∗

N can be upper bounded with high probability
with respect to the distribution π by which transition samples
δ are drawn, i.e. PN

π(δ) [V (γ∗
N ) ≤ ϵ] ≥ 1− (1− ϵ)N .

To show the above statement holds, we performed the
same verification procedure as prior 50 separate times and
recorded the calculated minimum safety decay rate γ∗

N each
time. To show that our results are also system independent,
we performed the same procedure with a four-agent system
as well and extended the maximum number of time-steps to
K = 200 in the four-agent case. Then, for each verification
attempt, we estimated the true violation probability of our
solution V (γ∗

N ) by uniformly sampling another 1000 initial
condition and goal pairs and simulating the corresponding
trajectories for the appropriate number of time-steps as well.
Then, we recorded the fraction of transitions δ that required
decay constants γ < γ∗

N as our estimate. Finally, we calculated
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0 20 40 60 80 100

trials

0.00

0.25

Robotarium Safety Data

min
k=0,1,...,K

h(xθk, θ)

Fig. 4. Minimum barrier value for each of the 100 trials taken for the
verification process of the robotarium hardware in subsection IV-B. Notice
the counterexample shown in red as the barrier goes negative.

TABLE III
ROBOTARIUM HARDWARE VERIFICATION DATA

N0 K N γ∗
N ϵ V (γ∗

N ) S(γ∗
N )

100 100 10000 -3.057 0.0014 ≈ 0 ≈ 1

the high probability upper bound ϵ to our violation probability
V (γ∗

N ) by setting 1−(1−ϵ)N = 1−10−6 and calculating the
ϵ satisfying this condition. For NR = 3 ϵ = 0.0014 and for
NR = 4 ϵ = 0.0007. The change in ϵ arises as we changed
the maximum time-step from K = 100 to K = 200 from the
three to four-agent case respectively.

All information for this procedure can be found in Table II.
Notably, over all 100 trials performed, the calculated minimum
decay constant γ∗

N ≥ 0. This further supports Lemma 2
and Theorem 3. Specifically, our prior results indicated that
with high probability, uniformly sampled trajectories should
consistently render positive the candidate barrier function h
for at least 100 time-steps. Indeed, over all 10000 trajectories
sampled in this validation procedure, the barrier h was kept
positive for at least 100 time-steps every time. Furthermore,
for all 100 trials, the true violation probability V (γ∗

N ) < ϵ -
our calculated upper bound. This shows the repeatability and
accuracy of our verification attempts at least with respect to the
Robotarium simulator. The next section aims to show similar
results on hardware systems as well.

B. Hardware Verification with Limited Data

In this section, we will verify two hardware systems, the
Robotarium, and the Unitree A1 Quadruped steered by a
variant of the controller presented in [29]. The robotarium
experiments will provide further numerical validation of our
scenario approach to verification, and the quadruped examples
show how we can make this verification statement with limited
data independent of the system-to-be-verified.

Robotarium: The setting for the hardware version of the
robotarium is the same as mentioned in the simulation section
prior for the three-agent case. Our goal will be to verify the
same probabilistic statement as prior: PN

π(δ) [V (γ∗
N ) ≤ ϵ] ≥

1− (1− ϵ)N . Here, π is the unknown distribution from which
transitions δ of the hardware system are drawn. To generate our
minimum safety decay rate γ∗

N , we sampled N0 = 100 initial
condition and goal pairs, recorded the resulting trajectory
for K = 100 time-steps, and calculated γ∗

N as per (SP-V).

Fig. 5. Shown above is a picture of the Robotarium trial where the system
realized a negative barrier value (the trial corresponding to the red x in
Figure 4). The trajectory of the barrier function h is shown below.

We followed the same procedure in the simulation case. To
verify our corresponding probabilistic result, we also sampled
Nv = 400 initial condition and goal pairs, recorded the
resulting trajectory for K = 100 time-steps, and recorded
the fraction ℓ of transitions δ requiring a safety decay rate
γ < γ∗

N . We used this fraction ℓ as an approximation of
the true violation probability. We also calculated the violation
probability upper bound ϵ by setting the right-hand side of the
earlier probability statement to 1− 10−6 as prior. This yields
an upper bound ϵ = 0.0014. All this information can be found
in Table III.

Notice that in this case, the procedure identified a counterex-
ample as γ∗

N < 0, and as per Corollary 1, there should exist a
transition δ in the sampled set whereby the system evolves to
make negative the candidate barrier h. This is indeed the case
as shown in Figure 4, as for one of the trials, the minimum
value of the barrier function h was negative. That being
said, over the other 400 trajectories sampled, none exhibited
a transition corresponding to a safety decay rate γ < γ∗

N .
As a result, we estimate that the true violation probability
V (γ∗

N ) < ϵ our calculated upper bound - a statement which
we expected to hold with high probability, and it indeed does
in this case.

Quadruped: In a similar fashion as prior, we hope to verify
the quadruped’s ability to maintain positivity of a simple, 2-
norm barrier function:

h(x, θ1, θ2, θ3, θ4) = min
i=1,2,3,4

∥x− θi∥ − 0.35.

Here, we assume that our state x is a projection of the true
quadruped state onto the x − y plane and constrained to lie
within the state space X = [−1, 2]2. Also, θi is the location
in the x − y plane of one of the 4 stationary obstacles. As
such, our total parameter vector θ ∈ Θ = [−1, 2]8. Then,
our verification problem is very similar to that which we
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had for the robotarium - see if the quadruped coupled with
the controller in [29] can keep positive this candidate barrier
function h for at least K = 150 time-steps with ∆t = 0.1.

To make a probabilistic verification statement in this vein,
we sampled N0 = 50 initial conditions and parameter pairs
(x0, θ) from the uniform distribution over the 0-superlevel set
for the candidate barrier function h U[C]. We recorded the
resulting trajectories for K = 150 time-steps and recorded all
transitions. To be more specific about this process, we recorded
state data at 1000 Hz and recorded as the state xk the sampled
state whose timestamp was nearest to the desired time k∆t.
This yielded N = 7500 transition samples and a calculated
safety decay constant γ∗

N = 0.3931. Furthermore, we expect
the violation probability for our solution V (γ∗

N ) to be upper
bounded by ϵ = 0.0019 with minimum probability 1− 10−6.
This entire procedure required 12.5 minutes of system data.
This is why we claim that we can verify hardware systems
with a high minimum probability and with limited data and
are confident in the validity of our approach based on the
repeatability and validity analyses carried out earlier.

V. CONCLUSION

We propose a barrier-based scenario approach to verify-
ing safety-critical systems that proceeds by first uniformly
sampling initial conditions and parameters and recording the
robot’s resulting state trajectory. By solving a randomized lin-
ear program whose constraints are determined by the sampled
state trajectory, we produce either a probabilistic verification
statement or a counterexample. We showed that our procedure
works across multiple systems and validated our verification
statements in practice as well. In future work, we hope to
extend our analysis to the case where the system dynamics are
corrupted by additive noise and identify a similar approach for
continuous barrier functions as well.
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