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The complex electronic structure and unusual potential energy curve of the chromium dimer have fascinated
scientists for decades, with agreement between theory and experiment so far elusive. Here, we present a new
ab initio simulation of the potential energy curve and vibrational spectrum that significantly improves on
all earlier estimates. Our data support a shift in earlier experimental assignments of a cluster of vibrational
frequencies by one quantum number. The new vibrational assignment yields an experimentally derived
potential energy curve in quantitative agreement with theory across all bond lengths and across all measured
frequencies. By solving this long-standing problem, our results raise the possibility of quantitative quantum
chemical modeling of transition metal clusters with spectroscopic accuracy.

I. INTRODUCTION

Transition metal chemistry plays a pivotal role in
catalysis, biochemistry, and the energy sciences, but the
complex electronic structure of the d-shells challenges
our modeling and understanding of such processes.1–3
Amongst the most complicated of small transition metal
molecules is the chromium dimer, often described as
a grand challenge problem of small molecule quantum
chemistry, and whose unusual bonding and potential en-
ergy curve (PEC) has puzzled scientists for decades.4–13
The Cr−Cr bond in the bare dimer is a formal sextuple
bond and when complexed with ligands, was the first ex-
ample of a quintuple bond.14 Although the formal bond
order is high, the potential energy curve inferred from
photoelectron spectroscopy indicates a short and weak
bond with a narrow minimum around 1.68Å, and an ex-
tended shelf at around 2.5Å.11 The curve takes this form
because the Cr 4s and 3d atomic orbitals are of very dif-
ferent size, with the minimum corresponding mostly to
3d orbital interactions and the shelf to 4s orbital interac-
tions. Beyond this picture, a quantitative understanding
remains lacking. In particular, theoretical predictions
of the binding curve deviate substantially from the ex-
perimentally derived curve, as well as from each other,
while the experimental curve is uncertain at longer bond
lengths. Here we show that a combined analysis from
new numerical simulations using state-of-the-art quan-
tum chemistry methods, together with existing experi-
mental data, yields a definitive picture of the Cr2 poten-
tial energy curve. In particular, our work suggests a reas-
signment of the vibrational subbands in the shelf region,
bringing theory and experiment finally into quantitative
agreement.
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II. THEORY AND BACKGROUND

The complex electronic structure arises from the inter-
play of two types of electron correlation. First, there is
the spin-coupling of the 12 valence electrons in the 3d
and 4s Cr atoms shells; this is termed the static corre-
lation of the system. Because the many-electron wave-
function of the valence electrons is not well captured by
a single Slater determinant, we refer to the electronic
structure as multireference. Second, a large basis is
needed to capture excitations involving non-valence or-
bitals; for example, the formation of the 3d-3d bonds
requires the 3p electrons to move out of the same spatial
region by exciting to higher lying orbitals; such effects
are referred to as dynamic correlation. The problem is
computationally challenging because both the static and
dynamic correlation must be computed sufficiently well
even for a qualitatively reasonable description. For exam-
ple, the valence complete active space self-consistent-field
(CASSCF) method (which treats the valence static corre-
lation exactly but neglects the dynamic correlation) does
not yield a minimum near the equilibrium bond length,
while the gold-standard treatment of dynamical corre-
lation, coupled cluster singles, doubles and perturbative
triples (CCSD(T)) also does not yield a reasonable bond
length, nor does it display a shelf region.

Figure 1 shows computed curves from calculations over
many years; the lack of consensus is striking. Even
when limited to studies from the last decade, there is
a spread of over 0.6 eV in the predicted binding energy
and 0.2−0.34 eV across the whole curve. Experimentally,
while multiple techniques have shed light on the spec-
troscopic constants, information on the full PEC comes
from a photoelectron spectroscopy study of Cr −

2 .10,11
This measured 29 vibrationally resolved transitions, and
by assigning these to specific vibrational quantum num-
bers v, a PEC was derived using the Rydberg-Klein-Rees
(RKR) method. However, the assignments above v = 9
are uncertain (in particular, the assignment of the start-
ing quantum number vprog of a high-lying 20 member
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vibrational progression). Together with non-uniqueness
in the PEC fit, this leads to considerable uncertainty in
the experimental PEC. This is shown by the shaded re-
gion of Figure 2A, which shows the range of experimental
PEC arising from different assignments (vprog = 21−25),
all of which match the observed vibrational levels within
their experimental uncertainty; in the shelf-region the
uncertainty is over 0.1 eV. (Further details in the SI).

Methods

To obtain a more accurate theoretical chromium dimer
PEC, we will combine two sets of calculations starting
from the scalar relativistic exact two-component Hamil-
tonian (X2C) Hamiltonian.15,16 The first set estimates
the exact chromium dimer PEC in a moderate basis
(Dunning’s cc-pVDZ-DK basis, here dubbed PDZ,17 with
a frozen neon core, correlating 28 electrons in 76 or-
bitals). For this, we use data from very large ab ini-
tio density matrix renormalization group (DMRG) cal-
culations (using up to bond dimension 28000 and SU(2)
symmetry), together with selected heat-bath configura-
tion interaction (SHCI) data computed by one of us in
an earlier work.18 The second set of calculations targets
the remaining dynamic correlation in the problem. For
this, we use data computed from multi-reference pertur-
bation theory (using an efficient formulation of the re-
straining the excitation-order Hamiltonian (REPT)19,20
within the language of matrix product state perturba-
tion theory,20–22 starting from the 12 electron, 12 or-
bital valence complete active space) computed using cc-
pVNZ-DK basis sets up to quintuple zeta, as well as un-
restricted CCSD(T) data.18 This dynamical correlation
correction is then extrapolated to the basis set limit. We
perform the simulations with the PySCF and block2 pro-
gram packages.22–25

It is important to estimate the error in these various
contributions. For the PDZ curve, as DMRG and SHCI
provide independent extrapolations to numerical exact-
ness with similar confidence, we take the average of the
DMRG and SHCI data as the PDZ curve, with half the
difference as the estimate of error (εPDZ). For the dy-
namic correlation correction, the CCSD(T) data is ex-
pected to be less accurate than the REPT data due to
the multireference nature of the correlation. Thus we
only use the REPT data for the dynamic correlation cor-
rection, and use half the difference from CCSD(T) as the
estimate of error (εREPT). Finally, the basis set error is
estimated as the standard deviation of the complete ba-
sis set extrapolation fit using the triple, quadruple, and
quintuple zeta bases (εCBS). Taking these three error
contributions as independent, the total error is then the
square root of the quadratic sum. It is important to note
that it is difficult to assert the statistical significance of
these error estimates, however, they provide a useful mea-
sure of accuracy.

Using the new theoretical PEC, we compute the de-

tailed vibrational spectrum by solving the J = 0 vibra-
tional Schrödinger equation. We use this to then reassign
the measured experimental peaks from the photoelectron
spectrum,11 and with these assignments, solve the inverse
Schrödinger equation to derive a new experimental PEC.

III. RESULTS AND DISCUSSION

We show the computed chromium dimer potential en-
ergy curve in Figure 2A. The accompanying error esti-
mates for the PDZ curve, the dynamic correlation correc-
tion, and the complete basis set extrapolation are shown
in Figure 2B. εPDZ is quite small < 0.01 eV, demonstrat-
ing remarkable agreement in the “exact” PDZ energies
from DMRG and SHCI. The basis set extrapolation er-
ror is also small < 0.012 eV. The largest error is from
the estimate of the dynamic correlation error, which is
as large as ∼ 0.034 eV at ∼ 2.0−2.25Å. As discussed
in the SI, this likely reflects the poor performance of the
CCSD(T) method used to estimate the error, and thus
this large error bar is a conservative estimate (other ways
to estimate the error are given in the SI). Overall, we find
good agreement with the existing experimental PEC, and
one that is significantly improved over all previous com-
putations in the literature (the next best match is shown
in Figure 2C, which has substantial disagreement in the
shelf region). Unlike some earlier predictions, no dou-
ble minimum is observed. The largest uncertainties in
the theoretical curve lie outside of the region of the PEC
with large experimental uncertainty; we return to this
point below.

Figure 3 shows spectroscopic constants derived from
the current and earlier PECs, compared to the experi-
mental spectroscopic constants. We find very good agree-
ment with experiment; the improvement in theoretical
predictions over time is shown in the lowest panel. Note,
however, that the spectroscopic constants only measure
the quality of the potential energy curve only near the
minimum. In fact, the other studies with spectroscopic
constants with small mean error can be seen to be as-
sociated with PEC of poor overall shape (see Figure 1),
reflecting a poor description of the full vibrational spec-
trum.

We now more carefully examine the shelf region of the
potential energy curve, where there is the largest devia-
tion from the experimentally derived curve. Ref. 11 con-
tains a progression of 20 vibrational levels starting from
4880 cm−1, with a spacing of approximately 128 cm−1.
Casey and Leopold tried various assignments, ultimately
assigning the first frequency of this cluster to vprog = 24.
The vibrational frequencies for our theoretical potential
energy curve are shown in Figure 4A. With the old as-
signment of vprog, our simulated frequencies of this clus-
ter consistently disagree with the experimental result by
approximately a single energy quantum in the shoulder
region of the potential energy surface (Figure 4B). This
is surprising given the small theoretical estimate of the
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FIG. 1. Some of the simulated potential energy curves (PECs) of the chromium dimer that are available in the literature. The
PECs are labeled by the study’s year. The red curve marks the PEC from this work. The inset shows selected PECs from 2011
onwards. (List of references in SI).

error in this region, and suggests that we should sim-
ply change the assignment from 24–43 to 23–42. This
reduces the root mean square deviation (RMSD) from
113 cm−1 to 19 cm−1 Notably, the experimental vibra-
tional frequencies have a RMSD of 16 cm−1, similar to
the RMSD of the computed frequencies with the new
assignment. (See Table S1 in the SI). The largest dis-
crepancy now occurs for one of the lower states (v = 7),
consistent with the region of largest uncertainty in the
theoretical calculations, between 2.0 − 2.25Å, (see Fig-
ure 4B). Using the new assignment of vprog to solve the
inverse Schrödinger equation leads to a revised estimate
of the experimental PEC shown in Figure 2A. With this
revised PEC, we observe quantitative agreement between
theory and experiment.

IV. CONCLUSIONS

The computational prediction of the ground-state po-
tential energy curve of a diatomic that is quantitatively
consistent with experiment might seem to be a standard
task, but in the case of the chromium dimer it has been a
challenge for decades. Our work shows that this goal can
finally be achieved; as one metric, the average error in
the vibrational spectrum computed from the theoretical
potential energy curve is now comparable to the average
uncertainty of the vibrational peaks measured in exper-
iment. While this arguably brings to a close a storied
problem of computational quantum chemistry, it opens
the door to many others, in particular, the applications
of the theoretical techniques discussed here to quantita-
tive spectroscopic modeling in the quantum chemistry of

transition metal clusters.
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FIG. 2. Theoretical and experimental potential energy curves (PECs) of the chromium dimer. (a) Blue: experimental PEC
from Ref. 11. The blue-shaded area estimates the uncertainty from the experimental PEC fit. Purple: new experimental PEC
from vibrational assignment in this work. Red: computed PEC with error estimates. (b) Estimated simulation errors. εPDZ:
error of “exact” estimate of the polarized double-zeta basis curve. εREPT: estimated error of the dynamic correlation correction.
εCBS: estimated error in the complete basis-set extrapolation. (c) New theoretical and experimental PEC compared with the
next best PEC in the literature from Li et al. (Ref. 18, gray curve).
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FIG. 3. Simulated spectroscopic constants of Cr2 over time: re (equilibrium bond length), De (well-depth), ωe (harmonic
frequency) and ∆G1/2 (fundamental frequency). Blue: most recent experimental result; shaded area, experimental uncertainty.
(The experimental re has no reported uncertainty). The lowest panel shows the evolution of the average absolute percentage
error in spectroscopic constants (in case all four constants are available; error bar shows min/max error). The data for generating
this Figure is shown in the Supplementary Information (Table S5).
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FIG. 4. Vibrational ladder (a): Experimental (left) vibrational frequencies compared with the simulated frequencies (right).
The experimental data lacks values between ∼ 3250 cm−1 and ∼ 4750 cm−1; the original assignment of frequencies with quantum
numbers larger than 9 is not fully certain. (Note that the two measured frequencies labeled in brackets at 4290 and 4570 cm−1

have not definitively been associated with the Cr2 ground state, see Ref. 11). The simulated frequencies enable a new assignment
of the frequencies, shown in red. (b): Vibrational error of the new (old) assignment shown as positive (negative) values, as a
function of the right classical turning point of each state (based on our new experimental PEC). For the 9 lowest vibrational
levels, assiociated with turning points up to 2.1Å, the assignment does not change and the errors are identical. For the 20
higher-lying levels, the old (new) assignment uses vprog = 24(23).
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