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The fractionalization of global symmetry charges is a striking hallmark of topological quantum or-
der. Here, we discuss the fractionalization of subsystem symmetries in two-dimensional topological
phases. In line with previous no-go arguments, we show that subsystem symmetry fractionalization
is not possible in many cases due to the additional rigid geometric structure of the symmetries. How-
ever, we identify a new mechanism that allows fractionalization, involving global relations between
macroscopically many symmetry generators. We find that anyons can fractionalize such relations,
meaning that the total charge carried under all generators involved in the global relation is non-
trivial, despite the fact that these generators multiply to the identity. We first discuss the general
algebraic framework needed to characterize this new type of fractionalization, and then explore this
framework using a number of exactly solvable models with Z2 topological order, including models
having line and fractal symmetries. These models all showcase another necessary property of sub-
system symmetry fractionalization: fractionalized anyons must have restricted mobility when the
symmetry is enforced, such that they are confined to a single line or point in the case of line and
fractal symmetries, respectively. Looking forward, we expect that our identification of the impor-
tance of global relations in fractionalization will hold significance for the classification of phases with
subsystem symmetries in all dimensions.

I. Introduction

Symmetries that act non-trivially on rigid sub-
manifolds of space—subsystem symmetries—are a gener-
alization of global symmetries which have recently come
to prominence in a number of diverse settings. For ex-
ample, generalized gauge theories based on subsystem
symmetries lead to exotic fracton topological order [1–3],
quantum dynamics with subsystem symmetries can lead
to glassy behaviour and anomalous subdiffusive spread-
ing of information [4–7], and field theories having sub-
system symmetries display mixing between long range
and short range physics (UV/IR mixing) [8–11]. On the
quantum information side, certain phases of matter pro-
tected by subsystem symmetries, such as cluster states,
can be used as resources for universal measurement-based
quantum computation (MBQC) [12–16].

In the present work, we are interested in the role that
subsystem symmetries play in the classification of topo-
logical phases of matter. Subsystem symmetry-protected
topological (SSPT) phases of matter—those which are
trivial in the absence of symmetry—have by now re-
ceived considerable attention [13, 17–22], due in part to
their aforementioned ability to perform universal MBQC
and their unique entanglement properties [23–26]. On
the other hand, subsystem symmetry-enriched topolog-
ical (SSET) phases, where the symmetry fractionalizes
on non-trivial bulk excitations of a topologically ordered
system, remain largely unexplored.

In Ref. [27], it was argued that subsystem symmetry
fractionalization cannot occur in fewer than three spatial
dimensions (3D). The basic argument is as follows. Frac-
tionalization of global symmetries occurs when a point-
like topological excitation (anyon) carries a fractional
charge under a certain symmetry operator. Fractional
charges are possible because there are global conservation
laws on the number of anyons in the system which ensure
that the total charge of all excitations always forms a lin-
ear representation of the global symmetry. For example,
in the ν = 1

3 fractional quantum hall effect, anyons come

in multiples of three, so they are allowed to carry 1
3 of

the elementary charge [28]. For subsystem symmetries,
however, there is no constraint on the number of anyons
acted on by a given symmetry generator. This is because
the anyons of a general topological order in two spatial
dimensions (2D) can be moved freely throughout the sys-
tem, and in particular can be freely moved in or out of a
given subsystem. For this reason, it appears as though a
single anyon always transforms under a linear represen-
tation of a subsystem symmetry, and therefore cannot
carry fractional subsystem symmetry charge in 2D.

In 3D and higher, there are several ways around this
argument. For example, fracton topological order has
topological excitations with restricted mobility that can
be described in terms of conservation laws on rigid sub-
systems, allowing fractionalization of symmetries that act
on the same subsystems [22]. Also, topological orders in
3D and higher can have higher dimensional excitations,
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such as the loop-like excitations in the 3D toric code,
which always e.g. penetrate any plane an even number
of times, giving a sort of generalized conservation law
that again allows fractionalization of planar subsystem
symmetries on the loop excitations [27].

In this paper, we show that subsystem symmetry frac-
tionalization is, in fact, possible in 2D. We take advan-
tage of two key observations that the previous argument
does not account for. First, it is possible that the mo-
bility of anyons becomes restricted when subsystem sym-
metries are enforced, giving rise to emergent conservation
laws on subsystems in the presence of symmetry. This
violates the assumption in the previous argument that
anyons can be freely moved in or out of a given sub-
system. Second, we find that this mobility restriction
enables a novel type of fractionalization that is unique
to subsystem symmetries, which involves global relations
between macroscopically many symmetry generators. As
a concrete example, if the subsystem symmetry is gen-
erated by operators that flip all spins along a given row
or column of a square lattice, then these symmetries sat-
isfy a global relation which says that the product of gen-
erators acting on all rows and columns is the identity
operator. Despite this, we find that anyons can carry a
non-zero total charge under the product of all genera-
tors, meaning that this global relation is fractionalized.
We furthermore argue that this is the only type of sub-
system symmetry fractionalization that is possible in 2D
by formalizing the argument given above.

To characterize subsystem symmetry fractionalization
in general, we work with symmetry-localized operators,
which are restrictions of the symmetry to a finite re-
gion, such that no excitations are created on the region’s
boundary. Given a relation in the symmetry group, the
corresponding product of symmetry-localized operators
multiplies to the identity in the bulk of the region. How-
ever, such a product may act non-trivially on the bound-
ary. In particular, for a global relation between subsys-
tem symmetries, this boundary action is equivalent to the
action of a string operator that creates a pair of anyons,
braids them around the boundary of the region, and an-
nihilates them back to vacuum, see Fig. 1. In this way,
we uncover a framework for labelling different classes of
subsystem symmetry fractionalization in terms of maps
between a group of global relations among symmetry gen-
erators and the fusion group of abelian anyons of the
topological order.

After introducing this general framework (Section II),
we explore it with a number of exactly solvable lattice
models having Z2 topological order. We first consider the
example of row and column symmetries described above,
where we give a model realizing each fractionalization
class that is possible in our general framework (Section
III). In this case, a fractionalization class is labeled by a
single anyon type. We show that all particles that braid
non-trivially with the labeling anyon become symmetry-
protected lineons, which can only be moved along either
horizontal or vertical lines under dynamics respecting the

symmetry. We then consider a larger subsystem sym-
metry group which adds symmetries acting along diago-
nal lines (Section IV). This results in a larger group of
global relations, increasing the number of possible frac-
tionalization classes. As a final example, we consider
fractal subsystem symmetries (Section V). We show that
the same concepts of global relations characterize frac-
tionalization here as well, and that fractionalized anyons
become symmetry-protected fractons which appear at the
corners of fractal operators and are immobile when sym-
metry is enforced. Finally, we briefly discuss more gen-
eral settings where subsystem symmetry fractionalization
can occur, and highlight further directions of future re-
search (Section VI).

II. Fractionalization of subsystem symmetries

In this section we develop a framework to describe
subsystem symmetry fractionalization, which allows us
to understand what kinds of fractionalization are pos-
sible. We focus throughout on two-dimensional gapped
systems, and in particular on topologically ordered sys-
tems, i.e. those with anyon excitations. We show that a
more precise version of the argument given in the intro-
duction does indeed constrain what types of fractional-
ization are possible, but also that opportunities for non-
trivial fractionalization still remain.

A. The case of global symmetries

We first give an account of symmetry fractionalization
for global symmetries [28–33], suitable for generalization
to subsystem symmetries. Throughout the paper, by
global symmetries we mean more specifically unitary in-
ternal zero-form symmetries. While the results reviewed
are well-known, some features of our treatment – in par-
ticular, the association between localized relations in the
symmetry group and anyon string operators – have not
appeared previously in the literature to our knowledge.

Let G be the symmetry group, and let U(s) be a
representation acting on the Hilbert space, such that
U(g1)U(g2) = U(g1g2) for any group elements g1 and
g2. A key ingredient for symmetry fractionalization is
the concept of symmetry localization. Consider a region
of space R with the topology of a disc, and with char-
acteristic linear size `R much larger than the correlation
length of the system. We also define the boundary and
interior of R as ∂R and intR = R − R ∩ ∂R as shown
in Fig. 1. The thickness `∂R of the annulus ∂R satisfies
`∂R � `R, while still being much greater than the cor-
relation length. We are interested in localizable states
that “look locally like the ground state” within ∂R, but
may contain excitations in intR or outside R∪∂R. More
precisely, localizable states are those whose reduced den-
sity matrices on all disc-shaped regions within ∂R are
identical to those of a ground state.
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(a)

(b)

(c)

Figure 1. (a) Localization of a global symmetry. Left: Action
of a global symmetry U(s) on a localizable state containing
an anyon (star) inside a finite rectangular region R indicated
by dotted lines. Middle: The symmetry can be localized to
R using an operator VR(s) that acts only in the vicinity of
R. In the interior of R (intR, light shaded region), VR(s)
acts as U(s). Near the boundary of R (∂R, dark shaded re-
gion), VR(s) in general acts different from U(s). Right: A
relation r localized to R gives an operator VR(r) which neces-
sarily acts trivially in intR, but may act non-trivially on ∂R
and intersect the string operators of anyons contained within
R. (b) Localization of a subsystem symmetry. Left: A sub-
system symmetry U(xj) supported on a horizontal line that
crosses R. Middle: The symmetry can be localized by acting
only near the area where the symmetry crosses ∂R. Right:
The operator V (xj)

2 acts non-trivially only near the left and
right boundaries of R such that it does not touch a string op-
erator that exits R through the bottom. (c) Localization of
a fractionalizable relation. Left: The product of all localized
row and column symmetries supported within R gives V (rall).
Middle: The bulk symmetry action cancels out, leaving only
a boundary action. Right: This boundary action is equivalent

to a string operator S
φ(rall)
∂R which braids some abelian anyon

φ(rall) around R, up to corner effects.

We now define an operator VR(g) supported on R∪∂R
that localizes the symmetry U(g) to the region R. Intu-
itively, VR(g) acts like U(g) within intR, while creating
no excitations in ∂R. To construct VR(g), we observe
that U(g) is a product of on-site unitaries, and by taking
the product only over sites within R, we obtain a trun-
cated symmetry operator UR(g) supported on R. This
is not generally a localization of the symmetry, because
acting with UR(g) on a localizable state typically creates

excitations within ∂R.
To construct VR(g), we multiply UR(g) by a local uni-

tary (finite-depth circuit) supported on ∂R, whose effect
is to “clean up” the excitations created by UR(g). This
can only be done if the domain wall excitation created
at the boundary of R is in a trivial superselection sector.
For instance, we cannot construct VR(g) if the symmetry
is spontaneously broken. An obstruction also arises when
anyon excitations are present, if the symmetry g realizes
a non-trivial permutation of anyon types; if R contains
an anyon whose type is changed by g, then acting with
UR(g) leaves behind an anyon in ∂R, which cannot be
removed by acting with a local unitary supported on ∂R.
However, it is believed that the symmetry localization
VR(g) always exists for unbroken symmetries that do not
permute anyon types.

Multiplying two symmetry localizations results in

VR(g1)VR(g2) = ω(g1, g2)VR(g1g2), (1)

where ω(g1, g2) is an operator supported on ∂R. This
and other similar equations hold on the subspace of all
localizable states, and on this subspace the only relevant
data about ω(g1, g2) is its type as an anyon string oper-
ator. In fact, ω(g1, g2) must be the string operator for
an abelian anyon [32, 33]. We note that, on the sub-
space of localizable states, string operators for abelian
anyons must commute with the symmetry localizations
VR(g), because otherwise VR(g) can change the anyon
type contained in R. From this fact and associativity of
multiplication of the VR(g)’s, we obtain

ω(g1, g2)ω(g1g2, g3) = ω(g1, g2g3)ω(g2, g3), (2)

which is the so-called 2-cocycle condition on ω. We there-
fore think of ω as a 2-cocycle valued in the fusion group
of abelian anyons A.

Finally, we account for an ambiguity in the construc-
tion of VR(g). Namely, we are free to modify VR(g) →
λ(g)VR(g), where λ(g) is an (abelian) anyon string op-
erator supported on ∂R. Such modifications are allowed
because VR(g) and λ(g)VR(g) are equally good localiza-
tions of the symmetry g. Under such a transformation of
VR(g), the 2-cocycle ω is multiplied by a 2-coboundary,

ω(g1, g2)→ λ(g1)λ(g2)

λ(g1g2)
ω(g1, g2). (3)

However the cohomology class [ω] ∈ H2(G,A), defined
as the group of cocycles modulo such coboundary trans-
formations, is unchanged. This cohomology class labels
distinct types of symmetry fractionalization for a given
topological order, and is often referred to as a fractional-
ization class in this context.

When we discuss subsystem symmetries, it is conve-
nient to work with generators and relations for the sym-
metry group. To that end, we first discuss how fraction-
alization of a global symmetry can be described in terms
of generators and relations. A general symmetry group
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G can be described by a set of generators s ∈ S and
a set of relations r ∈ R among them, i.e. products of
the generators (and their inverses) that equal the iden-
tity element. More formally, we express G = F (S)/R,
where F (S) is the free group over the set of generators,
and R is a group of relations defined as the smallest nor-
mal subgroup of F (S) containing R. That is, the group
R can be generated by taking arbitrary products of ele-
ments of R and their inverses, and also by conjugating
elements of R by arbitrary generators. Given a repre-
sentation of the group on Hilbert space U(g), for any
relation s1s2 · · · sn = 1 (or more generally any element of
R), we have U(s1)U(s2) · · ·U(sn) = 1.

For some relation r = s1 · · · sn = 1, the operator
VR(r) ≡ VR(s1) · · ·VR(sn) is supported only on ∂R, and
may be a string operator of a non-trivial abelian anyon.
This is potentially a sign of symmetry fractionalization;
if the anyon string type on ∂R is a, and an anyon of
type b lies inside intR, then the relation r acts on the b-
anyon as the phase factor eiΘab , where Θab is the mutual
statistics angle between a and b. However, care must be
taken in concluding non-trivial symmetry fractionaliza-
tion is present, because in general the anyon string type
of VR(r) can change if the VR(si) are redefined according
to the coboundary transformations discussed above.

More generally, we have a homomorphism φ : R→ A.
For r ∈ R, φ(r) is the anyon type of the string appearing
in ∂R for the operator VR(r). The values φ(r) in general
depend on redefinitions of the VR(s) as noted above. In
Appendix A, we explain how the homomorphism φ gives
a 2-cocycle, and thus specifies a fractionalization class
[ω] ∈ H2(G,A).

B. The case of subsystem symmetries

Now we investigate how the above discussion changes
when we consider subsystem symmetries. As a concrete
example to guide our discussion, we consider the case of
line-like subsystem symmetries on an infinite 2D square
lattice. We first write down the subsystem symmetry
group as an abstract group without specifying the geom-
etry of the generators. The group G is generated by the
elements xj and yi where i, j ∈ Z (which correspond to
symmetry actions on row j and column i) subject to the
following relations,

x2
j = 1 ∀j ∈ Z,

y2
i = 1 ∀i ∈ Z,

xixjx
−1
i x−1

j = 1 ∀i, j ∈ Z,

yiyjy
−1
i y−1

j = 1 ∀i, j ∈ Z,

xjyix
−1
j y−1

i = 1 ∀i, j ∈ Z,∏
j

xj
∏
i

y−1
j = 1 .

(4)

Here, the final relation corresponds to the fact that the
product of all lines in both directions is the identity. It is

a global relation, we which define as a relation involving
macroscopically many generators, i.e. the number of in-
volved generators grows (sub)extensively with the system
size. In principle, it is possible that any of the above rela-
tions can fractionalize when acting on an isolated anyon.
However, we have found that the geometric constraints
of line-like symmetries make fractionalization impossible
for all but the final relation.

To introduce geometry explicitly, suppose the genera-
tors U(xj) and U(yi) act only on the sites within row j
and column i, respectively. Let the region R be a finite
rectangle that is much larger than the correlation length
of the system. We assume the symmetry localization of
U(s) to R exists for each generator s, and we denote the
symmetry localization by V (s) instead of VR(s) to sim-
plify the notation. At the end of this section, we discuss
the physical meaning of assuming that symmetry local-
izations exist.

As in the case of global symmetry, we construct V (s)
by first truncating U(s) to UR(s) with support in R.
When UR(s) acts on a localizable state, it can only cre-
ate excitations within a region ER(s), which consists of
the union of all small discs in ∂R in which UR(s) dif-
fers from U(s). We note that ER(s) ⊂ SuppU(s) ∩ ∂R,
where SuppU(s) is the support of U(s), thickened by an
amount on the scale of the correlation length. For subsys-
tem symmetries, in contrast to global symmetries, ER(s)
is generally not all of ∂R. We obtain V (s) from UR(s)
by multiplying with a local unitary supported on ER(s).
This is illustrated in Fig. 1(b) for V (xj), where ER(xj)
consists of two disjoint discs where row j intersects ∂R.
We see right away that V (xj) cannot be multiplied by
an anyon string operator while maintaining its support,
because such a string is supported on all of ∂R. It thus
appears that there is no important ambiguity—and cer-
tainly no ambiguity involving the underlying topological
order—involved in constructing symmetry localizations
for the generators of a linear subsystem symmetry. As a
consequence of this lack of ambiguity we see below that
distinct types of subsystem symmetry fractionalization
are not labeled by cohomology classes.

Now we consider the relation x2
j = 1. The product

V (xj)
2 has support only in two disjoint localized discs on

the left and right edges of R. Similar to the above dis-
cussion on the lack of ambiguity in constructing V (xj),
there is thus no way to associate a string operator on
∂R with the relation x2

j = 1. Moreover, if R contains
an anyon, we can always direct the associated string op-
erator out of R through the top or bottom boundaries,
such that this string is acted on trivially by V (xj)

2, as
shown in Fig. 1(b). Therefore, this relation cannot be
fractionalized. The same argument rules out fractional-
ization of the third relation in Eq. (4), and for the second
and fourth if we swap left and right with top and bot-
tom. For the fifth relation, notice that V (xj) and V (yi)
commute with each other since ER(xj) and ER(yj) do
not intersect, except possibly near a corner of R, if row
j and column i lie near the edges of R. In that case, we
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can route an anyon string out of R while avoiding the
corners, implying there is no fractionalization again.

For the final relation, which we denote as rall since it
is a product of all generators, we cannot use the above
geometric arguments because the symmetry operators in-
volved are in fact global symmetries. That is,

∏
j U(xj)

and
∏
i U(yi) act non-trivially on the entire region R,

so in general V (rall) ≡
∏
j V (xj)

∏
i V (yi)

−1 acts on the
entire boundary of R. If we multiply all truncated line
symmetries V (xj) and V (yi) within R, the symmetry ac-
tion in the bulk necessarily multiplies to the identity, but
the boundary actions from each line may multiply to a
non-trivial operator, as shown in Fig. 1(c). We find that,
interestingly, such a boundary operator can be equiva-
lent to braiding some anyon around R, as in the case of
conventional symmetry fractionalization. More generally,
we see that only some relations r ∈ R are fractionaliz-
able, so we partition R into disjoint subsets of fraction-
alizable relations (Rf ) and non-fractionalizable relations
(Rnf ). We say a relation r = s1 . . . sn is fractionalizable
if ER(r) ≡

⋃
iER(si) ⊃ ∂R, so that V (r) has the support

necessary to contain a string operator. A fractionalizable
relation must necessarily be a global relation, but in gen-
eral not every global relation is fractionalizable [34].

We therefore propose that symmetry fractionalization
for a general subsystem symmetry is characterized by
a homomorphism φ : Rf → A, where Rf is an abelian
group of fractionalizable relations that we define precisely
below. Roughly speaking, Rf is the set of fractional-
izable relations Rf , made into an abelian group. For
r ∈ Rf , the homomorphism φ(r) ∈ A is the anyon whose
string realizes the boundary action of the relation r on
a finite region, as in the fractionalization of global sym-
metries described above. We often refer to the value of
φ(r) as the fractionalization of the relation r. One can
also view φ(r) as a generalization of a twist defect for
relations, which appears at the endpoints of the bound-
ary action V (r) when it is cut open [33, 35, 36]. For
the line symmetries described above, we have only a sin-
gle fractionalizable relation rall, and Rf

∼= Z2, but more
complicated groups of fractionalizable relations are pos-
sible for different geometries of subsystem symmetry, as
we demonstrate in the examples below. In this language,
the information about the topological order enters as the
group A, while the algebraic and geometric information
of the subsystem symmetries enters through Rf .

To define the group of fractionalizable relations more
formally, we let Rnf be the smallest normal subgroup of
F (S) containing the set of non-fractionalizable relations
Rnf . Then we define Rf = R/Rnf . In all the exam-
ples considered in this paper, Rf thus defined is always
abelian. Moreover, a homomorphism φ : Rf → A can
always be extended to a homomorphism φ : R → A
which is trivial on Rnf . Therefore a homomorphism
φ : Rf → A defines a 2-cocycle on the group of sub-
system symmetries valued in A.

Now we are in a position to take note of two important
differences from the fractionaliation of a global symme-

try. First, because φ is trivial on Rnf , only a certain
subgroup of 2-cocycles can be realized. Second, there are
no coboundary transformations, due to the lack of am-
biguity in constructing symmetry localizations discussed
above. Therefore we conjecture that different types of
subsystem symmetry fractionalization are classified by
the subgroup of 2-cocycles that can be realized by homo-
morphisms φ : Rf → A. In fact, this statement is a slight
oversimplication; if two homomorphisms φ (or equiva-
lently their corresponding 2-cocycles) are related by a
relabeling of anyons that is a symmetry of the underly-
ing unitary modular tensor category – such as relabeling
e ↔ m in the toric code – then the corresponding types
of fractionalization should be considered equivalent.

We conclude this section by discussing the physical
meaning of assuming that the symmetry localization
V (s) exists for all generators of the subsystem symme-
try. It may appear we are thus assuming that the sym-
metry does not permute anyons, but we argue in Ap-
pendix B that subsystem symmetries in fact cannot per-
mute anyons. However, we are still making a non-trivial
assumption, because there are models where symmetry
localizations do not exist. A simple example is obtained
by taking the usual 2D toric code on the square lattice
[37], and considering a linear subsystem symmetry gen-
erated by rigid string operators running along the x- and
y-directions; for concreteness, we consider string opera-
tors that transport vertex excitations, which we refer to
as e-particles. If such a string operator S cuts through
a rectangular region R, the truncated operator SR cre-
ates two e particles at the points where S intersects ∂R,
and these non-trivial excitations cannot be removed by
modifying SR near its two endpoints.

In the above toric code example, we view the subsys-
tem symmetry as being spontaneously broken. First we
recall that the toric code has a spontaneously broken
one-form symmetry, of which the subsystem symmetry
discussed above is a “subgroup.” Moreover, on a space
with periodic boundary conditions, the subsystem sym-
metry acts non-trivially within the degenerate space of
ground states, which is a diagnostic of symmetry break-
ing that applies both to conventional global symmetries
and higher-form symmetries.

In fact, we propose that spontaneous symmetry break-
ing for subsystem symmetries can be defined in terms
of symmetry localization, at least in gapped systems.
Namely, we say that a subsystem symmetry is preserved
if symmetry localizations exist for all its generators. Oth-
erwise, we say the symmetry is broken. This definition
is motivated in part by the fact that breaking of a global
symmetry is an obstruction to symmetry localization, be-
cause the restriction of a broken global symmetry to a
region creates a non-trivial domain wall on the bound-
ary. This issue plays an important role in our treatment
of a system with fractal subsystem symmetry, and it is
discussed further in that context (Section V).
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III. Examples with line symmetries

In this section, we present explicit examples of Hamil-
tonians with 2D Z2 topological order which respect line
symmetries along two orthogonal directions, as described
above. After recalling the basic properties of the anyons
in Z2 topological order, we introduce examples where
φ(rall) = a for each anyon a.

A. Z2 topological order

Most of the models discussed in the paper support Z2

topological order, so we briefly recall its basic properties
[37]. The theory has four distinct topological sectors la-
belled by 1, e, m, and ε = e×m. 1-particles correspond
to the topologically trivial excitations. The three non-
trivial excitations, called anyons, each square to 1, each
have a mutual −1 braiding statistic with the other two
anyons, and have fusion rules such that fusing any two
distinct anyons gives the third. These fusion rules are
encoded in the group A = Z2 × Z2. The anyons e and
m exhibit bosonic self-statistics while ε exhibits fermion
self-statistics.

A simple model that captures Z2 topological order is
the toric code Hamiltonian [37]. To write down explicit
commuting projector Hamiltonians, we work with mod-
els on a square lattice with qubits assigned to the sites
and edges. The standard toric code on the square lat-
tice has only edge qubits; we also include the site qubits
to match the degrees of freedom of the upcoming mod-
els with fractionalized subsystem symmetry. We label
sites by an index v = (i, j) and define the unit vectors
x̂ = (1, 0) and ŷ = (0, 1). We also make use of half co-
ordinates to label edges, such that the edge north/south

(east/west) of site v is labelled v ± ŷ
2 (v ± x̂

2 ). The toric
code Hamiltonian is defined as,

HTC = −
∑
v

Xv −
∑
v

Av −
∑
p

Bp (5)

where,

Av =
∏
e3v

Ze, (6)

and,

Bp =
∏
e∈p

Xe, (7)

where e 3 v denotes the four edges incident on site v,
e ∈ p denotes the four edges around a plaquette p, and X
and Z are the standard qubit Pauli operators. Finally,
the term −

∑
vXv puts the site qubits into the trivial

product state
⊗

v |+〉v, where |+〉 = 1√
2
(|0〉+ |1〉).

In HTC , the e-anyons and m-anyons correspond to vi-
olations of Av and Bp, respectively, which are created at

the endpoints of string operators,

Se
γ =

∏
e∈γ

Xe, Sm
λ =

∏
e∈λ

Ze (8)

where γ (λ) is a connected line of edges on the (dual)
square lattice. The fermion ε corresponds to a violation
of both Av and a nearby Bp. The braiding and fusion
rules of the anyons, as described above, can be verified
by the algebraic properties of these string operators.

We consider the linear Z2 subsystem symmetry de-
scribed above in Sec. II, with generators xj and yi corre-
sponding to the action of symmetry on rows and columns,
respectively. The symmetry acts on the quantum degrees
of freedom by the representation,

U(xj) =
∏
i

X(i,j), U(yi) =
∏
j

X(i,j). (9)

HTC trivially commutes with these symmetries. The
symmetries do not act on the anyons in HTC , so there is
no subsystem symmetry fractionalization in this model.
This is clear because the symmetry only acts on the site
qubits, which are decoupled from the edge qubits forming
the Z2 topolocally ordered state.

B. Model with subsystem symmetry
fractionalization

Now, we define a model which has the same Z2 topo-
logical order as HTC but exhibits fractionalization of the
line symmetries. The model is defined by the following
Hamiltonian,

H` = −
∑
v

A`,xv −
∑
v

A`,yv −
∑
p

B`p. (10)

where,

A`,xv = XvZv+ x̂
2
Zv− x̂

2
,

A`,yv = XvZv+ ŷ
2
Zv− ŷ

2
,

(11)

and,

B`p =

[∏
e∈p

Xe

][∏
v∈p

Ze

]
. (12)

The various terms inH` are shown in Fig. 2(a). Notice we
have A`,xv A`,yv = Av. We also observe that H` commutes
with the subsystem symmetries U(g).
H` can be mapped to HTC by a quantum circuit U`

defined as

U` =
∏
v

CZv,v+ x̂
2
CZv,v− x̂

2
, (13)

where CZa,b = |0〉〈0|a ⊗ 1b + |1〉〈1|a ⊗ Zb is the two-
qubit controlled-Z operator. If we use the facts that



7

(a)

(b)

Figure 2. (a) Hamiltonian terms of H` and the corresponding
string operators. Stars indicate the Hamiltonian terms that
are violated by a string operator. (b) Left: A truncated line
symmetry V (yi). V (xj) is similar but rotated 90◦. Right:
The relation V (rall) involving all truncated lines in a 4 ×
4 region R. The sites within R are each acted on by two
line symmetries, so the bulk action cancels out and only the
boundary action remains.

CZabXaCZ
†
ab = XaZb, CZabZaCZ

†
ab = Za, and that CZ

is symmetric about its two inputs, we find,

U`H`U†` = −
∑
v

Xv −
∑
v

XvAv −
∑
p

Bp. (14)

This Hamiltonian is clearly equivalent to HTC up to a lo-
cal redefinition of Hamiltonian terms that preserves the
ground space. The fact that H` and HTC can be related
by a quantum circuit shows that they possess the same Z2

topological order. However, U` is not a symmetric circuit,
i.e. it is not composed of local operations that commute
with the subsystem symmetries U(g). It is shown below
at the end of this section that no such symmetric cir-
cuit can connect HTC and H`, meaning that they are in
different subsystem symmetry-enriched phases of matter.

The excitations of H` come in three elementary types
which we call ex, ey, and m corresponding to violations of
Axv , Ayv, and B`p, respectively. Notice that the local oper-
ator Zv transforms ex into ey, and vice-versa, so ex and ey

are in the same topological sector, namely e. However, Zv
does not commute with the subsystem symmetries, and
we show below that it is impossible to convert ex to ey

with operations that respect the subsystem symmetries.

We can construct string operators for these excitations
by taking the usual toric code string operators and conju-
gating them by U`. The string operator Sm

λ that creates
m-anyons at its endpoints is the same as the one defined
previously for the toric code, while the string operators
for ex/y-anyons have the form,

S`,eγ =
∏
e∈γ

Xe

∏
v∈corners

Zv (15)

where γ is again a path of edges on the lattice, and Z
operators are placed on sites wherever γ turns a corner.
The string operators are depicted in Fig. 2(a). S`,eγ cre-
ates an ex (ey) at each endpoint site if γ enters that site
from the left or right (above or below). If we enforce the
subsystem symmetries then we can only make a pair of ex

(ey) anyons along a single row (column), since the Zv op-
erators at the corners of S`,eγ anti-commute with some of
the symmetry generators. That is, the ex (ey) anyons can
only be moved horizontally (vertically) with symmetric
operators, so we call them symmetry-protected lineons,
where we borrow the terminology lineon from the litera-
ture on fracton topological phases where it describes an
anyon that can only move along a line [38]. These mo-
bility restrictions violate the assumption that anyons are
fully mobile that was used in Ref. [27] and the intro-
duction of this paper to argue against the existence of
subsystem symmetry fractionalization in 2D.

We now describe the nature of the symmetry frac-
tionalization in H` by determining the boundary action
V (rall) of the global relation rall between all row and col-
umn symmetries. Let R be a rectangular region contain-
ing the points v = (i, j) with i ∈ [x0, x1] and j ∈ [y0, y1].
V (xj) and V (yi) can be obtained for this region as prod-
ucts of A`,xv and A`,yv , respectively. Doing this, we obtain,

V (xj) = Z(x0− 1
2 ,j)

Z(x1+ 1
2 ,j)

x1∏
i=x0

X(i,j) (16)

V (yi) = Z(y0− 1
2 ,j)

Z(y1+ 1
2 ,j)

y1∏
j=y0

X(i,j) (17)

for all i ∈ [x0, x1] and j ∈ [y0, y1], while generators out-
side of R simply act as the identity, see Fig. 2(b). We
can interpret these equations in the following way: ap-
plying the line symmetry to a finite interval creates a
pair of m-anyons at each endpoint, as shown in Fig. 3,
which are subsequently annihilated by the Z operators
at the endpoints. Taking a product of all of the localized
symmetries, we obtain

V (rall) ≡
∏
j

V (xj)
∏
i

V (yi)
−1 =

y1∏
j=y0

Z(x0− 1
2 ,j)

Z(x1+ 1
2 ,j)

x1∏
i=x0

Z(y0− 1
2 ,j)

Z(y1+ 1
2 ,j)

. (18)

This operator is equal to Sm
λ where λ is a closed loop

surrounding R, see Fig. 2(b). We may therefore label the
fractionalization in this model by φ(rall) = m.
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Figure 3. Truncated line symmetries create pairs of m-anyons
at the endpoints. Stacking multiple lines can separate these
anyons to the corners of a rectangle.

If the state |ψ〉 contains an e-anyon in region R, we
have V (rall)|ψ〉 = −|ψ〉 due to the mutual braiding statis-
tics between e and m anyons. Therefore the relation be-
tween all row and column symmetries is fractionalized
when acting on an e-anyon. This argument makes it
clear that no local excitation can transform under the
symmetry in this fractional manner: since V (rall) acts
only on the boundary of R, it must act trivially on any
local excitation contained in the bulk of R.

We can get a more fine-grained picture of the frac-
tionalization by calculating the charge carried by a given
e-anyon under each symmetry generator. Consider a sin-
gle ex anyon living in row j∗ of the region R. This anyon
can be created by a string operator Se

γ where γ is a hor-
izontal line of edges on row j∗ with one endpoint inside
R and the other far outside of it. Then, we can com-
pute the charge carried by this anyon under U(g) from
the commutation relation of this string operator and the
localized symmetry operator V (g). Doing this, we find
that this anyon has a charge of −1 under U(xj∗), and
+1 under all other generators. Similarly, an ey-anyon in
column i∗ has a charge of −1 under U(yi∗) and +1 under
all other generators. In both cases, the total charge un-
der the product of all generators is −1, despite the fact
that

∏
j U(xj)

∏
i U(yi) = 1, which again demonstrates

the fractionalization.

We can show more directly that H` belongs to a dis-
tinct SSET phase from HTC by showing that they cannot
be connected by a symmetric circuit. Define the operator
UR =

∏
v∈RXv for a rectangular region R. This operator

can be viewed as restricting the global operator
∏
j U(xj)

(or equivalently
∏
i U(yi)) to the region R. Acting on the

ground state of H` with UR creates m-anyons at the cor-
ners of R, as shown in Fig. 3. Now, Let U =

∏
i ui be an

arbitrary finite-depth quantum circuit, which consists of
a finite number of layers of local, non-overlapping gates ui
where each gate also commutes with all subsystem sym-
metries. Then, we observe that the local gates commute
with UR everywhere except near the corners, since UR
looks locally like a product of subsystem symmetries ev-
erywhere except near the corners [39]. Therefore, the op-
erator UURU† differs from UR only by operators localized
near the corners of R. Such localized operators cannot

change the topological superselection sector at each cor-
ner, so the fact that UR creates m-anyons at its corners
is unchanged by U . Since acting with UR on the ground
state of HTC creates (topologically) trivial excitations at
its corners, we conclude that no symmetric finite-depth
circuit can relate H` and HTC , so they belong to distinct
SSET phases.

C. Relation to SSPT order

We now discuss an alternative method to derive H`

via partially gauging the symmetry of a model with non-
trivial SSPT order. This is analogous to the well known
method of obtaining conventional SET order by partially
gauging SPT order [33, 40–43]. In particular, the first
model of SSET order in 3D was also obtained in this way
[27].

A model of SSPT order that can be gauged to obtain
H` is the 2D square-lattice cluster Hamiltonian HC [44],
which is the prototypical example of SSPT order with
line-like symmetries [13, 17]. It is most naturally rep-
resented on a square lattice with two qubits A and B
per site, where line symmetries flip either all A or all B
qubits along a given row or column. We may therefore re-
gard the cluster Hamiltonian as having SSPT order with
respect to Z2 × Z2 line symmetries [13, 17].

Here, we do not need to consider the full Z2 ×Z2 sub-
system symmetry of the cluster Hamiltonian. Instead, we
focus on a subgroup consisting of the A line symmetries,
and the Z2 global symmetry given by flipping all B qubits
(which is generated by the B line symmetry). We ignore
the rest of the B line symmetry. H` is obtained from HC

by gauging this global symmetry. To accomplish this, we
add new gauge qubits on the edges of the square lattice
and couple them to the original degrees of freedom via
the usual minimal coupling procedure [2, 3, 45, 46]. In
this case, it is possible to use the gauge constraint to dis-
entangle and remove the original B qubits, such that we
are left with the A qubits on the sites of the lattice and
the gauge qubits on the edges. It is straightforward to
confirm that the result of this gauging procedure applied
to HC is exactly H` where the ungauged line symme-
tries acting on the A qubits become the fractionalized
line symmetries in H`.

The symmetry fractionalization in H` can be related
to the SSPT order of HC before gauging, which involves
an interplay of subsystem and global symmetries in 2D
and has not been discussed previously, to our knowledge
(although an example in 3D was discussed in Ref. [27]).
In HC , acting with the A symmetry in a rectangular re-
gion creates B global symmetry charges at the corners of
the region, and vice-versa. This fact is crucial to identify-
ing and classifying the SSPT order [17, 18]. After gaug-
ing, these B symmetry charges become m-anyons (in our
naming convention), and we recover the important fact
that acting with symmetry in a rectangular region on H`

creates m-anyons at the corners, which we used to prove
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(a) (b)

Figure 4. (a) The Hamiltonian terms in Hf . (b) The product
of all line symmetries restricted to the 4 × 4 region R. The
boundary action is equal to the operator V (rall) which can
be identified as a fermionic string operator decorated with Zv
operators on the corners.

that H` is in a non-trivial SSET phase.
The gauging procedure in this subsection applies

equally well to the square lattice cluster model in the
presence of symmetry preserving perturbations. This im-
plies that the phase transition of the square lattice cluster
model under symmetry respecting perturbations maps
directly over to a phase transition of H` driven by the
gauged perturbations. In a similar fashion, the model
H` in the presence of edge perturbations was obtained
in Ref. [47] by stacking 1D Ising chains along rows and
columns and gauging the resulting global Z2 symmetry
that acts on all chains. This reveals that the phase tran-
sition driven by these edge perturbations is equivalent to
a stack of 1D critical Ising chains coupled to a 2D Z2

gauge field.

D. Example with φ(rall) = ε

In the previous section, we gave an example where the
fractionalization pattern is labelled by φ(rall) = m. By
the self-duality of the toric code topological order [37],
there is no meaningful distinction between this example
and one where φ(rall) = e. In this section, we give a
construction where φ(rall) = ε. This is distinct from the
other cases since ε is a fermion, while e and m are bosons.

We consider the following Hamiltonian,

Hf = −
∑
v

Cf,xv +
∑
v

Cf,yv −
∑
p

Bfp (19)

where Bfp is equal to B`p as defined in Eq. (12) and the
other terms are defined in Fig. 4(a). By taking a prod-
uct of Cf,xv , Cf,yv , and Bfp where p is the plaquette above

and to the left of v, we can obtain the term Afv pictured
in Fig. 4(a). Hf commutes with the subsystem symme-
tries U(g) as before. It can also be straightforwardly
checked that Hf can be mapped to HTC using a finite
depth circuit consisting of CZ and CNOT gates where
CNOTa,b = |0〉〈0|a⊗1b+ |1〉〈1|a⊗Xb. The circuit is de-
fined such that Cf,xv is mapped to Xv, A

f
v is mapped to

Av and Bfp to Bp. Therefore, the model has Z2 topolog-

ical order with excitations of Afv and Bfp corresponding
to e and m anyons, respectively.

To check the fractionalization pattern, we calculate
V (rall) as before. By design, a truncated line symme-
try creates a pair of ε-anyons at its endpoints, which can
be seen from the fact that it anti-commutes with both Afv
and Bfp at its endpoints. The explicit localized symmetry
operators V (xj) and V (yi) for the same rectangular re-
gion R defined above can be obtained as products of Cf,xv
and Cf,yv , respectively. We can then calculate V (rall)
which is shown in Fig. 4(b) to be equal to a string oper-
ator for ε winding around the region R, up to additional
Zv operators on the corners of R. This fractionaliza-
tion pattern suggests that both the e and m anyons are
symmetry-protected lineons, while the ε-anyon can move
freely, as can be confirmed by constructing the string op-
erators explicitly. We note that even though the ε string
constructed from V (rall) is decorated with Zv operators
at the corners, it is possible to construct an ε string with-
out such decorations, which is important for understand-
ing that ε-anyons are fully mobile; this can be done by
taking a suitable product of Afv and Bfp operators over a
region R so that all Zv operators cancel.

With this, we have demonstrated that φ(rall) can be
any anyon of the Z2 topological order (with HTC giv-
ing an example where φ(rall) = 1). In Appendix C, we
demonstrate the same for ZN topological order. This
more general setting includes cases where φ(rall) is nei-
ther a boson nor a fermion.

IV. Line symmetries in three directions

The examples studied up to this point have a single
global relation between the subsystem symmetry genera-
tors, and we showed how to construct models where the
fractionalization class is labeled by a single anyon of the
Z2 topological order. In this section, we study models
which have line symmetries in three directions, result-
ing in a richer set of fractionalizable global relations, and
therefore more possible patterns of fractionalization [48].

To add another direction of symmetry, we consider the
same horizontal and vertical symmetries xj and yi on a
square lattice as before, and we now additionally consider
diagonal symmetries dk along a single direction (down
and to the right), where k ∈ Z labels the distinct diago-
nals. These symmetries are represented by,

U(dk) =
∏
i

X(i+k,−i). (20)
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As before, the symmetries act only on qubits residing on
the square lattice sites. The set of non-fractionalizable
relations Rnf includes the first five relations of Eq. (4),
and also

d2
k = 1 ∀k ∈ Z,

dkdld
−1
k d−1

l = 1 ∀k, l ∈ Z,

dkxjd
−1
k x−1

j = 1 ∀k, j ∈ Z,

dkyid
−1
k y−1

i = 1 ∀k, i ∈ Z.

(21)

The fractionalizable global relations can be labelled by
a pair of bits a, b ∈ {0, 1} as follows,

ra,b ≡
∏
j

x2j+a

∏
i

y2i+b

∏
k

d2k+a+b+1 = 1, (22)

so that Rf = {r0,0, r1,0, r0,1, r1,1}. For example, the re-
lation r0,0 says that the product of all lines on all even
rows, even columns, and odd diagonals is the identity.

As described in Sec. II, we construct the group Rf

of fractionalizable relations. It should be noted that
the relations ra,b are not all independent. That is,∏
a,b=0,1 ra,b = 1 is an identity in Rf . As a result, Rf

has three independent generators of order 2, so Rf
∼= Z3

2.

We remark that other global relations that are more
obvious at first glance are already contained in Rf , and
thus do not need to be added separately. For instance,

rxy ≡
∏
j

xj
∏
i

yi = r0,0r1,1. (23)

The same conclusion holds true for the product of all line
symmetries in any two of the three directions; that is,

rxd ≡
∏
j

xj
∏
k

dk = r0,0r1,0 (24)

ryd ≡
∏
i

yi
∏
k

dk = r1,0r1,1. (25)

This observation gives some constraints on the possible
fractionalization patterns. For example, if we wanted to
construct a model where the relation rxy is fractional-
ized, as in Section III, we must necessarily break transla-
tional invariance. By Eq. 23, the anyon φ(rxy) can only
be non-trivial if φ(r0,0) 6= φ(r1,1), since a2 = 1 for all
a ∈ A. This means even rows and columns must be dis-
tinct from odd rows and columns, so the system cannot
be translationally invariant with the smallest unit cell.
We construct an explicit example of this type of frac-
tionalization that breaks translational invariance at the
end of this section. It is interesting to observe that a pre-
viously allowed fractionalization type is no longer possi-
ble in a translationally invariant system, even though the
additional imposition of diagonal symmetries manifestly
respects translation invariance.

(a) (b)

(c)

Figure 5. (a) The Hamiltonian terms in H3`1 . (b) V (ra,b)
has the form of an m-loop for any a, b, so φ(ra,b) = m. (c)
V (r0,0)V (r1,1) has the form of a m2-loop, indicating trivial
fractionalization of this relation.

A. Example 1: φ(ra,b) = m ∀a, b.

We begin with an example where each of the elemen-
tary relations ra,b has fractionalization labelled by the m-
anyon, i.e. φ(ra,b) = m. As a consequence of the above
discussion, rxy, rxd and ryd have trivial fractionalization
since m×m = 1.

We consider the following Hamiltonian for qubits on
the edges and sites of the square lattice,

H3`1 = −
∑
p

Ap −
∑
v

A3`1
v −

∑
v

B3`1
v , (26)

where,

Ap =
∏
e∈p

Ze, (27)

and the other terms are pictured in Fig. 5(a). Note that
H3`1 is naturally defined on the dual lattice compared to
H`, so e-anyons are now associated with plaquettes rather
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Figure 6. Definition of the colour-dependent interactions in
H3`2 . The site indices on the bottom left term illustrate the
relation between colours and site indices, with, e.g., red ver-
tices appearing on even rows and even columns.

than sites, and vice-versa for m-anyons. The same is true
for the rest of the models shown from this point on.

It is straightforward to obtain V (g) for all g = xj , yi, dk
by taking appropriate products of Ap and A3`1

v . Using
these, we can obtain V (ra,b) which is the same for all a, b
as our model is translationally invariant. This is shown
in Fig. 5(b) where R is a 5 × 5 square. We see that
V (ra,b) is a closed string of Z operators corresponding
to an m-loop, so φ(ra,b) = m for all a, b. On the other
hand, relations between all lines in any two directions
give a trivial loop, as demonstrated in Fig. 5(c).

Adding a third direction of symmetry also affects the
mobility of fractionalized anyons. In the case of H3`1 ,
e-anyons come in three types ex and ey and ed which can
move freely along only horizontal, only vertical, or only
diagonal lines. These three anyon types are distinct when
the subsystem symmetries are enforced.

B. Example 2: φ(r0,0) = φ(r1,1) = m,
φ(r0,1) = φ(r1,0) = 1.

In this section, we construct an example where the re-
lations rxd and ryd have non-trivial fractionalization. As
discussed at the beginning of this section, this requires
us to break translational invariance. We therefore label
the plaquettes of the square lattice by four colours (red,
blue, green, yellow) and colour the sites according to the
colour of the plaquette above and to the right. Our con-
vention relating site indices to colours is shown in Fig. 6.
We consider the following Hamiltonian,

H3`2 = −
∑
p

Ap −
∑
c=r,b
g,y

(∑
v∈Vc

B3`2,c
v +

∑
v∈Vc

A3`2,c
v

)
(28)

where Vc is the set of all sites of colour c, Ap is as defined
in Eq. (27), and the colour-dependent terms are defined
in Fig. 6. In the same way as the previous section, it

is straightforward to show that φ(r0,0) = φ(r1,1) = m
while φ(r0,1) = φ(r1,0) = 1. As a consequence, φ(rxd) =
φ(r0,0)φ(r1,0) = m, and similarly φ(ryd) = m. On the
other hand, φ(rxy) = 1.

We can realize other fractionalization types in a similar
manner. Observe that there are two kinds of Bv terms
in H3`2 , one that is decorated by Zv operators and one
that is not. The other fractionalization types involving
only m-anyons can be realized by assigning the decorated
term to an even number of colours, and the un-decorated
to the rest, and then defining A3`2,c

v as Xv along with an
appropriate product of Z operators on edges to ensure
all terms commute. H3`2 is the result of this procedure
when the red and blue sites were given the decorated
term, whereas H3`1 is the result where all sites were given
the decorated term.

V. Fractal subsystem symmetries

The above sections have dealt with subsystem symme-
tries generated by operators with the geometry of lines.
In this section, we consider models with subsystem sym-
metries generated by operators that have fractal geome-
try. We focus on a single example for concreteness, dis-
cussing generalizations in Section V B. Our model with
fractal symmetries is defined by the following Hamilto-
nian for qubits on the sites and edges of the square lattice,

HF = −
∑
p

Ap −
∑
v

AFv −
∑
v

BFv (29)

where Ap is as defined in Eq. (27),

AFv = XvZv− x̂
2
Zv+ x̂

2
Zv− ŷ

2
, (30)

and,

BFv =

[∏
e3v

Xe

]
ZvZv−x̂Zv+x̂Zv+ŷ. (31)

These terms are pictured in Fig. 7(a). The following
circuit maps HF to HTC ,

UF =
∏
v

CZv,v+ x̂
2
CZv,v− x̂

2
CZv,v− ŷ

2
, (32)

hence HF is a model of Z2 topological order.
To describe the subsystem symmetries of this model,

we introduce the language of cellular automata (CA).
We define the set binary vectors q =

⊕
v qv which have

entries qv = 0, 1 for each lattice site v. Then, we can
define symmetry operators as,

U(q) =
∏
v

(Xv)
qv . (33)

U(q) is a symmetry of HF if q represents a valid space-
time history of a certain CA. More precisely, if we define
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(a) (b)

(c)

Figure 7. In these figures, the y-coordinate increases when
moving downwards. (a) Hamiltonian terms of HF . (b) A
fractal symmetry truncated to the sites within the dotted
rectangle. This truncation creates m-anyons along the top
and bottom of the rectangle. (c) A symmetric operator that
creates e-anyons in a fractal configuration. It can be seen that
every row of horizontal edges contains an odd number of X
operators.

the row vectors qj =
⊕

i q(i,j) and a CA matrix f such
that,

(fqj)i = q(i,j) + q(i−1,j) + q(i+1,j) mod 2, (34)

then U(q) is a symmetry if qj+1 = fqj for all j. An ex-
ample of such a symmetry operator is shown in Fig. 7(b).
We can define a generating set of the fractal symmetries
in terms of the operators U(fk) = U(qk) where qk is a
valid space-time history of the CA such that qk(i,0) = δik,

i.e. U(fk) contains a single X in row j = 0. Since f is
reversible, fixing a single row of qk in this way fixes all
of it [49].

While the m-anyons (excitations of BFv ) can be cre-
ated in pairs and freely moved using flexible string oper-
ators composed of Ze operators, this is not the case for
e-anyons (excitations of Ap). In fact, no symmetric string
operators exist for the e-anyons, as opposed to the situa-
tion that occurs in H`, where symmetric string operators
without corners can be constructed. Instead, symmetric
configurations of e-anyons in HF are restricted to appear
at the corners of fractal operators, as shown in Fig. 7(c).
This implies that an isolated e-anyon cannot move at all
without violating the subsystem symmetry or creating
additional excitations, analogous to fracton models such

as Haah’s cubic code [50], hence we call it a symmetry-
protected fracton.

More precisely, we can define the following logical op-
erators,

Se
q =

∏
v

(Xv+ x̂
2
Xv− ŷ

2
Xv+x̂− ŷ

2
)qv . (35)

It is straightforward to check that Se
q commutes with ev-

ery term in HF whenever qj−1 = fqj for all j. It also
commutes with all subsystem symmetries. This opera-
tor has a fractal geometry that is similar to that of the
subsystem symmetries, except the fractal evolves “back-
wards” in space. Now, if we restrict Se

q to a finite strip
of y-coordinates,

Se
q(j0, j1) =

∏
v=(i,j)
j0≤j≤j1

(Xv+ x̂
2
Xv− ŷ

2
Xv+x̂− ŷ

2
)qv (36)

the resulting operator creates some symmetry-respecting
configuration of e-anyons at the top and bottom of the
strip, depending on q, see Fig. 7(c).

A. Subsystem symmetry fractionalization in HF

To understand the symmetry fractionalization in this
model, we need to carefully define our symmetry group.
In the context of symmetry fractionalization, we demand
that the symmetries we consider are not spontaneously
broken. As discussed at the end of Section II, we can
define symmetry breaking in terms of symmetry local-
ization. We say that a symmetry s is preserved if, after
truncating the symmetry to a finite region R, the result-
ing excitations on ∂R can be annihilated using operators
supported on ER(s), defined in Section II as the subset of
∂R where the truncated and non-truncated symmetries
differ locally. More colloquially, for a symmetry to be
preserved, we require that excitations created by a trun-
cated symmetry operator – which must lie within ER(s)
– can be “cleaned up locally.”

According to this definition, the generators U(fk) are
spontaneously broken, as we now show. Truncating
U(fk) to a certain finite rectangular region R creates four
m-anyons on the top and bottom edges of ∂R as shown
in Fig. 7(b). In this case, ER(fk) is contained within
the top and bottom edges of ∂R, and there is no way
to annihilate the single anyon at the top edge by acting
in these areas alone, so this symmetry is spontaneously
broken. In fact, for certain boundary conditions, act-
ing with a fractal generator that spans the entire lattice
can act non-trivially on the ground state subspace. In
comparison, a stack of horizontal line symmetries of H`

truncated to a rectangular region R also creates anyons
at its corners as seen in Fig. 3. However in that case,
the region ER(s) includes a pair of vertical edges, and
a pair of string operators along these edges can remove
the anyons, so the symmetry is preserved. This exam-
ple illustrates why the question of spontaneous symmetry
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breaking for subsystem symmetries is more subtle than
for conventional global symmetries, due to the important
role played by the geometry of generators.

To construct an SSET with unbroken fractal symme-
tries we instead take our subsystem symmetry group to
be generated by fractal pairs represented by the group el-
ements pk ≡ fkfk+1. The corresponding operators U(pk)
make pairs of m-anyons when truncated to a finite re-
gion which can be pairwise annihilated by acting within
ER(pk), so the symmetry is preserved. The new genera-
tors pk are subject to the following relations:

p2
k = 1 ∀k ∈ Z

pkpk′p
−1
k p−1

k′ = 1 ∀k, k′ ∈ Z∏
k

pk = 1
(37)

Using similar reasoning as in Sec. II, we expect that the
first two relations cannot be fractionalized. In short, we
can always choose the region R around an anyon such
that the action of V (pk) on the boundary of R is sparse,
meaning that we can route the string operator out of
R while avoiding the boundary action. On the other
hand, the third relation is a fractionalizable global rela-
tion, which we again denote as rall as it is a product of
all fractal pairs, and it has non-trivial fractionalization
φ(rall) = m, as we now demonstrate.

We demonstrate the fractionalization by showing that
the symmetry charge of the e-anyon is fractional. To
compute this charge, we first localize the symmetry U(pk)
to the region R+y corresponding to the part of the plane
with positive y-coordinate. Define UR+y

(pk) to be the
truncation of U(pk) where all operators acting on sites
v = (i, j) with j < 0 are removed. Acting with UR+y

(pk)
creates two m-anyons located at sites v = (k,−1) and
v = (k + 1,−1). These excitations can be annihilated
using the operator Z(k+ 1

2 ,−1) located on the edge be-

tween the two anyons. Therefore we can define the lo-
calized symmetry operator for the upper-half plane as
V (pk) = Z(k+ 1

2 ,−1)UR+y
(pk).

Now consider a single e-anyon living on a site
v = (i, j∗) with j∗ > 0. We can create this anyon using a
fractal operator of the form defined in Eq. (36) and shown
in Fig. 7(c). This operator anticommutes with V (pk) if
it contains an X operator at position (k + 1

2 ,−1), and
otherwise it commutes. Due to the fact that the cellular
automaton that defines our model has an odd number of
terms, there is always an odd number of X operators ap-
pearing on the horizontal edges in any row of Se

q, as can
be seen in Fig. 7(c). Therefore, this e-anyon has a −1
charge under an odd number of generators U(pk). This
contradicts the fact that

∏
k U(pk) = 1, which demon-

strates the fractionalization of this global relation. Since
the symmetry is fractionalized acting on the e-anyon, we
conclude that φ(rall) = m. This can be verified directly
by taking products of truncated fractal pairs. However,
this is more cumbersome than the previous cases due to
the complicated structure of the fractal symmetries.

B. Generalized fractal subsystem symmetries

In Section III C, we pointed out the fact that H` can be
obtained by partially gauging the symmetry of a model
with SSPT order. The same is true for HF , and we
use this observation to define an infinite family of mod-
els with different geometries of fractal symmetry. In
the same way that H` can be obtained by gauging the
square-lattice cluster Hamiltonian, HF can be obtained
by gauging the Fibonacci cluster Hamiltonian defined in
Refs. [14, 19]. This Hamiltonian again has two qubits
per unit cell and has fractal subsystem symmetries which
generate global symmetries that flip all A or all B qubits.
If we gauge the global symmetry on the B qubits, the re-
sulting model is exactly HF . In Ref. [19], an infinite
family of cluster states with SSPT order under fractal
symmetries were defined using cellular automata, with
the model that results in HF upon gauging being one
example. It is straightforward to check that the above
analysis applies to all of the models in that family which
have a bipartite global symmetry, which is true if and
only if the defining cellular automata has an odd num-
ber of non-zero entries [51]. In such cases we can gauge
the global symmetry on one sublattice to construct an-
other model where the global relation among fractal pair
generators has non-trivial fractionalization.

It is interesting to observe that our model H` with line
symmetries can also be understood in this framework,
despite the fact that the line symmetries seem geometri-
cally distinct from fractal symmetries. The square lattice
cluster state HC can also be defined in terms of cellular
automata on a 45◦-rotated square lattice, although this
requires either the use of quantum cellular automata [15]
or cellular automata where each cell contains two qubits
rather than one. In either case, the natural fractal sub-
system symmetries that arise are cone-like symmetries
pictured in Fig. 8, which one can straightforwardly verify
are indeed symmetries of H`. These cone symmetries are
spontaneously broken in the same way as the fractal gen-
erators U(fk) [52]. The preserved line symmetries defined
in Eq. 9 are created by multiplying pairs of neighbour-
ing cones, e.g. multiplying the operator in Fig. 8 with
its translate one site right (down) gives a line symmetry
acting on a column (row). Therefore, the fractionaliza-
tion of the line symmetries in H` can also be understood
in terms of fractionalization of fractal pairs like we saw
in HF , which helps to unite the phenomena in these two
models. It is interesting to note that all of our exam-
ples respect a larger subsystem symmetry group that is
spontaneously broken (which can be seen explicitly with
an appropriate choice of boundary conditions), and we
essentially restrict to a subgroup that is not broken to
attain the desired behaviour.
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Figure 8. The cone symmetries of H` which can be viewed as
simple fractal symmetries moving diagonally.

VI. Outlook

In this paper, we have studied fractionalization of sub-
system symmetries in Z2 topological order (with some
straightforward generalizations to ZN given in Appendix
C). We showed that the fractionalization class in each of
our examples can be labelled by a map from a group of
global relations among symmetry generators to the fusion
group of abelian anyons. An evident future direction is to
extend our analysis to more general types of topological
order in 2D. As a first step, our results for fractional-
ization in ZN topological order should straightforwardly
extend to any finite abelian group G. From here, one
can use the results of Ref. [53] to obtain fractionalized
models with arbitrary nonchiral abelian topological or-
der, equivalent to the abelian twisted quantum double
models. One topic that was not covered in this paper
is the idea of anomalous symmetry fractionalization. In
the case of global symmetries, certain symmetry frac-
tionalization patterns are anomalous, meaning that they
cannot be realized in strictly 2D, and must instead ap-
pear at the boundary of a 3D bulk system [32, 54, 55]. At
the moment, it is not yet clear if there exist anomalous
patterns of subsystem symmetry fractionalization in 2D.

Our findings are also relevant for topological order in
higher dimensions. While certain types of subsystem
symmetry fractionalization were already known to be
possible in 3D [22, 27], the concept of fractionalization of
a global relation has yet to be explored in 3D. Some first
steps in this direction can be taken by using the relation-
ship between SSPT and SSET order. Namely, by appro-
priately gauging global symmetry subgroups of known
SSPT orders in 3D, one can obtain models of 3D SSET
order, as was done in Ref. [27]. For example, by partially
gauging the 3D model with line symmetries defined in
Ref. [17], one can obtain an interesting model where the

allowed geometry of loop excitations is restricted in the
presence of subsystem symmetries. We expect that the
richness of topological order in 3D and higher, which in-
cludes fracton behaviour and higher-dimensional excita-
tions, should lead to an equally rich landscape of possible
types of subsystem symmetry fractionalization.

In this work we have focused on the fractionalization of
global relations, a natural question is whether a similar
phenomenon can occur for local relations. Such relations
are familiar from the context of higher form symmetries,
where a k-form symmetry satisfies a (k − 1)-form rela-
tion. Preliminary reasoning points to such fractionaliza-
tion neccesarily being trivial, as a truncated (k−1)-form
relation applies an element of the k-form symmetry to
the boundary introduced by truncation. If the k-form
symmetry is respected, such an operator neccesarily cor-
responds to a trivial superselection sector. This differs
from the examples we have introduced in this work where
the boundary operators associated to truncated relations
correspond to topologically nontrivial excitations.

Finally, we comment on the relationship between
anyon condensation and subsystem symmetry fraction-
alization. In the case of global symmetries, it is known
that condensing a fractionalized anyon necessarily re-
quires breaking the corresponding symmetry (otherwise
the ground state would not transform in a well-defined
way under the symmetry) which has interesting effects
on phase transitions out of the phase [56–59]. In the
case of subsystem symmetries, we would also expect that
symmetry breaking is required upon condensing the frac-
tionalized anyon. Investigating such condensation transi-
tions and their relations to previously observed forms of
sub-dimensional criticality [47, 60] remains an interesting
open problem.
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Rev. B 96, 155123 (2017).

[41] D. J. Williamson, N. Bultinck, and F. Verstraete,
(2017), arXiv:1711.07982.

[42] T. Lan and X.-G. Wen, Phys. Rev. X 9, 021005 (2019).
[43] N. Tantivasadakarn, W. Ji, and S. Vijay, Phys. Rev. B

104, 115117 (2021).
[44] R. Raussendorf, D. E. Browne, and H. J. Briegel, Phys.

Rev. A 68, 022312 (2003).
[45] J. Kogut and L. Susskind, Phys. Rev. D 11, 395 (1975).
[46] J. Haegeman, K. Van Acoleyen, N. Schuch, J. I. Cirac,

and F. Verstraete, Phys. Rev. X 5, 011024 (2015).
[47] B. C. Rayhaun and D. J. Williamson, (2021),

arXiv:2112.12735.
[48] We remark that line symmetries in three directions can

also be defined with two vertex qubits per unit cell such
that there is only a single global relation, we instead focus
on the present case as it leads to examples with multiple
global relations.

[49] There are some subtleties on how to define qkj for j <
0 that depend on the boundary conditions, but a valid
choice can always be made [19].

[50] J. Haah, Phys. Rev. A 83, 042330 (2011).
[51] Interestingly the Sierpinkski cluster Hamiltonian, i.e. the

cluster Hamiltonian on a honeycomb lattice, which is ar-
guably the simplest cluster Hamiltonian with fractal sym-
metries, does not fulfill this condition.

[52] In the case of cone symmetries, the m-anyons created at
the corners of a rectangular region cannot be paired up
as in Fig. 3 since the region ER(s) has changed.

[53] T. D. Ellison, Y.-A. Chen, A. Dua, W. Shirley,
N. Tantivasadakarn, and D. J. Williamson, (2021),
arXiv:2112.11394.

[54] A. Vishwanath and T. Senthil, Phys. Rev. X 3, 011016
(2013).

[55] C. Wang and T. Senthil, Phys. Rev. B 87, 235122 (2013).
[56] G.-Y. Sun, Y.-C. Wang, C. Fang, Y. Qi, M. Cheng, and

Z. Y. Meng, Phys. Rev. Lett. 121, 077201 (2018).
[57] Y.-C. Wang, X.-F. Zhang, F. Pollmann, M. Cheng, and

Z. Y. Meng, Phys. Rev. Lett. 121, 057202 (2018).
[58] M. Bischoff, C. Jones, Y.-M. Lu, and D. Penneys, Jour-

nal of High Energy Physics 2019, 62 (2019).
[59] J. Garre-Rubio, M. Iqbal, and D. T. Stephen, Phys. Rev.

B 103, 125104 (2021).
[60] E. Lake and M. Hermele, Phys. Rev. B 104, 165121

(2021).

A. Obtaining the fractionalization class in terms of
generators and relations

In Section II, in reviewing symmetry fractionalization
for global symmetries, we described the symmetry group
G in terms of generators and relations, with the infor-
mation about symmetry fractionalization encoded in a
homomorphism φ : R → A, where R is the group of re-
lations defined in Section II and A is the fusion group

https://doi.org/10.21468/SciPostPhys.6.4.041
https://doi.org/10.21468/SciPostPhys.6.4.041
https://doi.org/10.1103/PhysRevLett.94.040402
https://doi.org/10.1103/PhysRevLett.111.200501
https://doi.org/10.1103/PhysRevLett.111.200501
https://doi.org/10.1103/PhysRevB.95.155133
https://doi.org/10.1103/PhysRevB.95.155133
https://doi.org/10.1103/PhysRevB.100.214301
https://doi.org/10.1103/PhysRevB.100.214301
https://doi.org/10.21468/SciPostPhys.9.4.046
https://doi.org/10.21468/SciPostPhys.10.2.027
https://doi.org/10.1103/PhysRevB.104.235116
https://doi.org/10.1007/JHEP03(2022)016
https://doi.org/10.1007/JHEP03(2022)016
http://stacks.iop.org/1367-2630/14/i=11/a=113016
http://stacks.iop.org/1367-2630/14/i=11/a=113016
https://doi.org/ 10.1103/PhysRevLett.122.090501
https://doi.org/10.1103/PhysRevA.98.022332
https://doi.org/10.1103/PhysRevA.98.022332
https://doi.org/10.22331/q-2019-05-20-142
https://doi.org/10.22331/q-2020-02-10-228
https://doi.org/10.22331/q-2020-02-10-228
https://doi.org/10.1103/PhysRevB.98.035112
https://doi.org/10.1103/PhysRevB.98.235121
https://doi.org/10.1103/PhysRevB.98.235121
https://doi.org/10.21468/SciPostPhys.6.1.007
https://doi.org/10.1103/PhysRevResearch.2.012059
https://doi.org/10.1103/PhysRevResearch.2.012059
https://doi.org/10.1103/PhysRevB.101.165143
https://doi.org/10.1103/PhysRevB.101.165143
https://doi.org/https://doi.org/10.1016/j.aop.2020.168140
https://doi.org/https://doi.org/10.1016/j.aop.2020.168140
https://doi.org/10.1103/PhysRevLett.122.140506
https://doi.org/10.1103/PhysRevLett.122.140506
https://doi.org/ 10.1103/PhysRevB.100.115112
https://doi.org/10.1103/PhysRevB.99.205109
https://doi.org/10.1103/PhysRevB.99.205109
https://doi.org/10.1103/PhysRevB.103.035148
https://doi.org/10.1103/PhysRevB.103.035148
https://doi.org/10.1103/PhysRevResearch.2.033331
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevB.65.165113
https://doi.org/10.1103/PhysRevB.87.104406
https://doi.org/10.1103/PhysRevB.87.104406
https://doi.org/10.1103/PhysRevB.87.155115
https://doi.org/10.1103/PhysRevX.5.041013
https://doi.org/10.1103/PhysRevB.100.115147
https://doi.org/10.1103/PhysRevLett.105.030403
https://doi.org/10.1088/1367-2630/18/3/035006
https://doi.org/10.1088/1367-2630/18/3/035006
https://doi.org/https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/https://doi.org/10.1016/j.aop.2019.167922
https://doi.org/https://doi.org/10.1016/j.aop.2019.167922
https://doi.org/10.1103/PhysRevB.96.155123
https://doi.org/10.1103/PhysRevB.96.155123
http://arxiv.org/abs/arXiv:1711.07982
https://doi.org/10.1103/PhysRevX.9.021005
https://doi.org/10.1103/PhysRevB.104.115117
https://doi.org/10.1103/PhysRevB.104.115117
https://doi.org/10.1103/PhysRevA.68.022312
https://doi.org/10.1103/PhysRevA.68.022312
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/PhysRevX.5.011024
http://arxiv.org/abs/arXiv:2112.12735
https://doi.org/10.1103/PhysRevA.83.042330
http://arxiv.org/abs/arXiv:2112.11394
https://doi.org/10.1103/PhysRevX.3.011016
https://doi.org/10.1103/PhysRevX.3.011016
https://doi.org/10.1103/PhysRevB.87.235122
https://doi.org/10.1103/PhysRevLett.121.077201
https://doi.org/ 10.1103/PhysRevLett.121.057202
https://doi.org/ 10.1007/JHEP02(2019)062
https://doi.org/ 10.1007/JHEP02(2019)062
https://doi.org/10.1103/PhysRevB.103.125104
https://doi.org/10.1103/PhysRevB.103.125104
https://doi.org/10.1103/PhysRevB.104.165121
https://doi.org/10.1103/PhysRevB.104.165121


16

of abelian anyons. In this appendix, we show how to
obtain a 2-cocycle ω, and thus a fractionalization class
[ω] ∈ H2(G,A), given the homomorphism φ.

We first recall some definitions from Section II. We let
S be a set of generators, and R a set of relations (i.e.
finite products of generators and their inverses). The
group G is given as a quotient G = F (S)/R, where F (S)
is the free group over S, and the group of generators R is
the smallest normal subgroup of F (S) that contains R.

Elements of G are cosets of R in F (S), and for each
g ∈ G we choose a representative Γ(g) ∈ F (S) such that
Γ(g) lies in the coset g. That is, Γ(g) is a choice of
presentation of g as a product of generators. We clearly
have

Γ(g1)Γ(g2) = r(g1, g2)Γ(g1g2), (A1)

where r(g1, g2) ∈ R. The function r(g1, g2) satisfies a co-
cycle condition obtained from associativity of multiplica-
tion by considering the product Γ(g1)Γ(g2)Γ(g3), namely

r(g1, g2)r(g1g2, g3) =Γ(g1) r(g2, g3)r(g1, g2g3). (A2)

Here, the superscript denotes conjugation, i.e.
Γ(g1)r(g2, g3) = Γ(g1)r(g2, g3)Γ(g1)−1. Moreover if
we redefine Γ(g)→ Λ(g)Γ(g) for Λ(g) ∈ R, we have

r(g1, g2)→Γ(g1) Λ(g2)−1Λ(g1)−1r(g1, g2)Λ(g1g2) (A3)

We define ω(g1, g2) ∈ A by

ω(g1, g2) = φ(r(g1, g2)). (A4)

We would like to show that ω thus defined satisfies the
2-cocycle condition, and moreover is multiplied by a 2-
coboundary under the transformation given in Eq. A3.
This is easily seen to hold by applying φ to Eq. A2 and
Eq. A3, provided that the homomorphism φ satisfies the
property

φ(r) = φ(frf−1), (A5)

for arbitrary r ∈ R and f ∈ F (S), which we now es-
tablish. The element f is a product of generators and
their inverses, so let VR(f) be the corresponding prod-
uct of symmetry localizations VR(s). Now for a relation
r = s1 · · · sn = 1, we have

VR(s1) · · ·VR(sn) = VR(r), (A6)

where VR(r) is an abelian anyon string operator on ∂R.
Conjugating both sides by VR(f) we have

VR(f)VR(s1) · · ·VR(sn)VR(f)−1 = VR(r), (A7)

where the right-hand side is unchanged because VR(f)
commutes with abelian anyon string operators on ∂R.
This gives the desired property Eq. A5.

B. Subsystem symmetries do not permute anyon
types

Here we give a simple argument that subsystem sym-
metries cannot realize non-trivial permutations of anyon
types. The argument proceeds by contradiction. Let
U(s) be a subsystem symmetry, and let |ψa〉 be a state
with an a-anyon located within SuppU(s). We can work
in an infinite system with no other excitations present,
or in a finite system where all other excitations are far
away, with spatial locations such that they are not trans-
formed by any of the operators introduced, and thus can
be ignored. We assume that in the state |ψb〉 = U(s)|ψa〉,
the a-anyon has transformed into a b-anyon.

Let S be an anyon string operator such that in
that state Sa|ψa〉, the a-anyon has been moved out of
SuppU(s). This is possible for any subsystem symmetry,
including for instance both linear and fractal symmetries.
Note that S is supported in a bounded region containing
the original and final locations of a.

Now we consider the state U(s)S|ψa〉, which contains
an a-anyon, because the a-anyon in S|ψa〉 is not acted on
by U(s). However we also have

U(s)S|ψa〉 = [U(s)SU(s)†]|ψb〉. (B1)

Because [U(s)SU(s)†] has bounded support, the state on
the right-hand side instead contains a b-anyon, and we
have a contradiction.

C. Fractionalization in ZN topological order

In this section, we generalize the results in Section III
to ZN topological order, which is similar to Z2 topologi-
cal order in that e and m form a generating set of anyons,
except now these anyons have order N , eN = mN = 1.
An arbitrary anyon in ZN topological order can there-
fore be labelled by two mod-N integers a, b such that
εa,b = eamb. Then the braiding statistic between two ar-

bitrary anyons εa,b and εa′,b′ is ωab
′+ba′ where ω = e2πi/N

and εa,b has a statistical angle ωab. This statistical angle
is in general different from ±1, so a general εa,b is neither
a boson nor a fermion.

The ZN topological order is realized by the general-
ized ZN toric code. This model is defined on a lattice
with N -dimensional on-site Hilbert space spanned by the
states {|0〉, . . . , |N − 1〉} for which we define the gen-

eralized X and Z operators X =
∑N−1
d=0 |d + 1〉〈d| and

Z =
∑N−1
d=1 ωd|d〉〈d|. The Hamiltonian is then,

HTCN
= −

∑
v

Xv −
∑
v

Av −
∑
p

Bp + h. c. (C1)

whose terms are depicted in Fig. 9(a). The anyon e cor-
responds to an excitation Av = ω, while m corresponds
to Bp = ω. This Hamiltonian commutes with ZN line
symmetries in two directions. These are generated by el-
ements xj and yi which satisfy the same relations as in
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(a) (b)

(c)

Figure 9. (a) The Hamiltonian terms in HTCN . We use the
notation Ō ≡ O−1 for compactness. (b) The Hamiltonian
terms of H(a,b). (c) V (rall) has the form of a loop of εa,b, so
φ(rall) = εa,b.

Eq. (4), except the first two lines are replaced by xNj = 1

and yNi = 1. Such a subsystem symmetry can be repre-
sented by the following operators,

U(xj) =
∏
i

X(i,j), U(yi) =
∏
j

X(i,j). (C2)

We define a family of models having ZN topological or-
der which fractionalize the ZN line symmetries according
to φ(rall) = εa,b as follows,

H(a,b) =−
∑
v

A(a,b)
v −

∑
p

B(a,b)
p

−
∑
v

C(a,b),x
v − ωab

∑
v

C(a,b),y
v + h. c.,

(C3)

where the various terms are depicted in Fig. 9(b). Here,

we explicitly include A(a,b)
v in the Hamiltonian as it can-

not be generated from the other three terms for general
values of a and b. H(a,b) can be constructed with the fol-
lowing principle in mind. By coupling the terms Av and
Bp in HTCN

to symmetry charges Za and Zb we create

the terms A(a,b)
v and B(a,b)

p , respectively. Because of this,
a truncated line symmetry creates a pair of εa,b and its
inverse anyon at each endpoint. V (rall) then multiplies
the truncated lines such that these anyons are stitched
together to create a closed loop, as shown in Fig. 9(c).
We therefore have φ(rall) = εa,b.

One can readily observe that both H` and Hf defined
in the main text are examples of H(a,b), where N = 2
and (a, b) = (0, 1) and (1, 1), respectively. This construc-
tion also straightforwardly generalizes to any topological
order based on a finite abelian group G, as captured by
the G-quantum double model [37].
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