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APPROXIMATE FREE ENERGY FROM THE
〈(∆r)2〉1/2 DISTRIBUTION

The distribution in 〈(∆r)2〉1/2 can be used to estimate
the free energy of jammed hard spheres. Taking the point
of view of the cell model for solid [1], 〈(∆rj)2〉3/2 should
be proportional to the volume of the cell in which sphere
j moves. The Helmholtz free energy of this sphere is

fj = −kT ln
[
Bj〈(∆rj)2〉3/2

v0

]
, (1)

where Bj is some numerical factor determined by the lo-
cal geometry of the cage and v0 is some reference volume,
which can be taken as the cube of the thermal de Broglie
wavelength. For a distribution of cage sizes in a large
sample, assuming Bj = B is the same for all spheres, the
average free energy per sphere is

f = −kT

∫ ∞
0

d∆rp(∆r) ln
[
(∆r)3

σ3

]
, (2)

where, to simplify notation, we have written 〈(∆r)2〉1/2

as ∆r and we have absorbed B into the definition of v0

by setting v0/B = σ3.
Equation (2) can be equivalently derived by taking the

point of view of the Einstein model for the solid, where
each sphere is assumed to be undergoing harmonic mo-
tion in a local potential well.

In table I, we show the results of the free energy for
the jammed structures obtained at the four compression
rates Γ = 0.01, 0.0014, 0.00135, and 0.0009, calculated
according to eq. (2) using the data given in fig. 3 of
the main text. For comparison, we have also calculated

TABLE I: Free energy (in units of kT ) for the jammed struc-
tures (fJS) obtained at the four compression rates Γ = 0.01,
0.0014, 0.00135, and 0.0009, and the corresponding free en-
ergy of FCC and HCP for the same densities calculated ac-
cording to eq. (2).

Γ φ fJS fFCC fHCP fJS - fFCC fHCP - fFCC

0.01000 0.6417 12.9903 8.7210 8.7353 4.2693 0.0143

0.00140 0.6338 9.4572 8.4497 8.4593 1.0075 0.0096

0.00135 0.6324 9.3498 8.4000 8.4114 0.9498 0.0114

0.00090 0.6546 9.8252 9.2101 9.2224 0.6151 0.0123

FIG. 1: The number of crystal-like spheres Nc.s (blue), the
number of crystal-like clusters ncluster (red), and the num-
ber of crystal-like spheres contained in the largest cluster,
Nc.s.max (black), as a function of the inverse of the compres-
sion rate with which the jammed structures are produced.
The symbols represent the averages of 28 parallel samples
formed by different initial conditions at each compression rate.

the free energy of the FCC and HCP for the same corre-
sponding densities.

ANALYSIS OF SIZE AND NUMBER OF
CRYSTAL-LIKE CLUSTERS

In fig. 1 of this supplemental material, we show
the number of crystal-like spheres Nc.s and the num-
ber of crystal-like clusters ncluster, obtained using the
ten Wolde and Frenkel algorithm [2]. Also shown in the
figure is the number of crystal-like spheres contained in
the largest cluster, Nc.s.max. For structures obtained
at smaller compression rates, most of the crystal-like
spheres are contained in the largest cluster. The dom-
inance by the largest cluster occurs near the compression
rates that produce the LDA states, and is related to the
percolation by the crystal-like spheres.
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