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We can identify TL/[l + FL] .and T“/[w(l + FH)] as the ratio of the
total electric field amplitude transmitted at 2z = d to the transverse
electric field at 2z = 0, for perpendicular and parallel polarized
plane waves, respectively.

If the region 0 < z < d consists of a homogeneous dielectric

slab of permittivity e and we have a semi-infinite region of per-

1’

mittivity e for z > d, then TL/[l + FL] and T”/[w(l + P”)]

2
are given by (22)

T w
L 1
= - - (3.53a)
1+ FL wl cos 6w1 - 1i w2 sin Gwl

T [ €
! v 2 1 (3.53b)

w(l + FH) € W, COS Swl ~ i €W sin Gwl

In case the whole region z > 0 consists of a homogeneous
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dielectric medium of relative permittivity €95 then letting €1 =&

in (3.53) we obtain,

']_‘_L idw2
i (3.54a)
and T NF2 P2 (3.54b)
w(l + FH) v, € '

In the event the permittivity of the medium 2z > 0 varies as a
function of the coordinate 2z, then TL/[l + FL] and T”/[w(l + F“)]
will be obtained by a method described in the next chapter.

Since the semi-infinite region where the antenna radiates is
usually free space, we will henceforth take €y = 1, W, =W in
equations (3.53) and (3.54). Likewise the transmitted fields in the

free space region can be written from (3.52) as

= . T_L R T" ikw(z-d) ik(uxtvy) 9
_]_i‘-_t(z) _[[ EOIPFITE\() + EOp V—;(_]?"—IT)—EX e e k“dudv

(3.55)

. T, N tkw(z-d) ik(uxtvy)
Et(z) = TJ[[{EOP m_e_w - EOI’J ‘i:i—_e_)}e e k“dudv

To find the radiation fields we need to calculate (3.55) for

large kr. A typical field component is of the form
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- ikrf(u,v) 9
g(xr) =—[[g(u,v) e k“dudv (3.56)

where, using spherical coordinates for the space variables, f(u,v)

f(u,v) = cos 0y /1 - u2 - V2 + s5in 8 (cos ¢ u + sin ¢ v) (3.57)

The double integral (3.56) can be readily evaluated for large kr by

becomes

applying twice the method of stationary phase. The point where

0, so that the phase is "stationary", is given by,

fu(u,v) = fv(u,v)

[=
[]

o sin 6 cos ¢
(3.58)
sin 6 sin ¢

<
n

and the result of the integration of (3.55) to first order in 1/kr

turns out to be (25,26)

ikr
e
kr

g(x) = - 2in g(uo, Vo) k2 cos 6 (3.59)

The stationary phase integration of (3.56) is easy to inter-
pret. We see that out of all the plane waveé propagating in directions
determined by u and v, and making up the fields at the observation
point in the region =z > d, only the wave that travels in a radial
direction toward that point contributes significantly to the radiation

field.

In the case of the waveguide aperture radiating through a
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lossless dielectric slab, singularities may appear on the path of
integration, in the integrand of (3.56). Then, an evaluation of the
integral by the method of steepest descent (15,27) reveals that these
singularities, which correspond to surface waves, contribute to the
radiation field only for 6 = n/2, and that for 6 # m/2 the result
of the stationary phase analysis is still wvalid.

The far-zone fields follow from (3.55) and (3.59). Hence-

forth §(6,¢) will be written for g(uo = sin 0 cos ¢, v, = sin 6 sin ¢)

to clearly denote the angular dependence of the far-zone fields. Thus

we have
. T (8) ikr
_ . : L -i8cos® e
E¢(£) = - 2inw Eow(e’¢> if:f?:zgy e k cos 8
(3.60)
- T (8) . ikr
_ . il ~idcosh e
EG(E) = - 2im Eop(6,¢) w(6)(l+FH(6)) e k cos 9§
H¢(_r_) =n Ee(g)
(3.61)

Hy (r) =-n E¢(£)

For easy reference, the expressions for TL/[l + FL] and T”/[w(l + P”)]

can be written down as a function of 6. From (3.53) we have, letting

TL(O) Ve - sin' 6

= (3.62a)
1+T, (8) j\/e—sinze cos(é\/e—sinze)—i cos® sin(éwf;-sinze)




bty

and

T“(G) €
- (3.62b)

w(e)(l+F”(8)) ecosf cos(6\/e—sin29)—i\[é—siﬁzé sin(d\/e—sinze)

The radiation pattern, which is proportional to the angular

dependent part of the far-zone Poynting's vector, can be written as

A 2 TL(B) 2 R 2 T“(G)

2 2
F(8,0)=k"cos Eow(e’¢) 1+ (6) + Eop(e’q’) w(9) (14T (8))

(3.63)

The far-zone fields and the radiation pattern of waveguide-
fed apertures radiating through a dielectric slab into free space are
given by (3.60), (3.61) and (3.63) in connection with (3.62). If the
apertures were radiating directly into free space, i.e. if no dielectric
slab were present, then the far-zone fields and the radiation pattern
would still be given by (3.60), (3.61) and (3.63), but with T/(1+T)=e "%
as is readily evident from (3.54). Thus we see that the dielectric slab
has the effect of multiplying the components of the far-zone fields with
no dielectric slab present by the factors T, /(1 + T, ) or T“/(l + T”)
(given by (3.62) in case of a homogeneous slab) and e-i(SW which depend
on 6 and the parameters of the dielectric medium, provided that the
same aperture field distribution is assumed with or without the dielectric
slab.

To find the far-zone fields and the radiation pattern asso-
ciated with particular configurations the appropriate aperture field
transforms must be evaluated and substituted in (3.60) and (3.63).

By way of example, we will find the radiation pattern of a circular

aperture fed by a circular waveguide. The transform of the aperture



45—
field is given by (3.41), and hence, apart from ignorable constants,

we have

xil(xi{a) Ji (asind)

é (8,¢) = cos ¢
oy k{(xil/oc)2 - sinze]
(3.64)
- Jl(asine)
Eop(e’¢) ="k sin 5 °'M ¢

The radiation patterns for each of the two principal planes, the
xz-plane (¢ = 0, ©6 variable) and the yz-plane (¢ = n/2, 6 variable)

are given respectively by

~ T,(8) 2
2 2 L 2
F(86,0) = k tEOw(G,O)I T—:T?:KES. cos” 6
and (3.65)
- , | T P
F(o,1/2) = k fEOp(e,ﬂ/2)| if:f?ﬁigj

where ﬁow(e,O) and EOP(G,H/Z) can be obtained from (3.64), and

where T/(1 + T) equals eiCSW if the aperture radiates directly into
free space, and is given by equations (3.62) if it radiates through a
homogeneous dielectric slab into free space. It can further be noted

that F(6,0) and F(0,m/2) are proportional to the angular dependent

parts of |E¢(r,6,0)|2 and [Ee(r,e,ﬂ/2)|2 respectively.
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4. REFLECTION AND TRANSMISSION PROPERTIES OF

INHOMOGENEOUS DIELECTRIC SLABS

When a waveguide-fed aperture antenna is covered by an in-
homcgeneous dielectric slab whose permittivity varies in a direction
perpendicular to the slab faces (the z-direction), then the expressions
developed in the previous chapter are adequate to calculate the aperture
admittance of the antenna as well as the radiation pattern, provided the
reflection and transmission coefficients of the inhomogeneous dielectric
slab are known. Accordingly,'the present chapter will be devoted to the
calculation of these coefficients, and related quantities, for inhomo-
geneous dielectric slabs.

If the properties of the dielectric slab vary only in the
direction normal to its plane faces, then the reflection and transmission
coefficients will again depend only on the angle of incidence ¥ and
will be independent of the azimuthal variation of the incidence direction.
Thus with no loss of generality the plane of incidence can be chosen
as the xz plane and the fields taken to be independent of the coordin-
ate y (Fig. 4.1). We then consider a dielectric slab for 0 < z < 4,
whose relative permittivity is given by e(z). We assume the region
z < 0 to be free space, and the region z > d to consist of a homoge-
neous dielectric with relative permittivity €y The permeability is
taken to be equal to that of free space everywhere. We further suppose that

a plane wave traveling in the region z < 0 1is incident on the inhomo-
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geneous dielectric slab with an angle of incidence given by ¥, and is
reflected by it. There will be a right traveling (transmitted) and a
left traveling (reflected) wave in the inhomogeneous dielectric slab,
as well as a transmitted plane wave in the region z > d. Our aim is
to find two quantities related to the reflection and transmission
coefficients, which are of interest in this report, without solving
for the fields themselves.

The differential equations satisfied by the reflection and
transmission coefficients in an inhomogeneous medium can be derived by
the method of invariant imbedding (28,29,30). We will choose instead
a purely mathematical way (31) which gets at the desired equations in a
clear and straightforward manner, and has the added advantage of
obtaining directly equations for the two quantities of primary interest,
the input admittance and the ratio of the total electric field amplitude
at the right face of the slab to the transverse field at the left face.
The two cases of polarization must be treated separately. Accordingly,
first the case of the electric field polarized perpendicular to the
plane of incidence will be treated, and then the case of the electric

field polarized in the plane of incidence will be discussed.

A. Perpendicular Polarization

In this case, keeping in mind that I“-L and T are respect-
L
ively the reflection and transmission coefficients of the slab,
ikpx
b

W =2cos X, p = sin ¥, W, = €9 - p2, and letting A(x) = e the

fields in the homogeneous regions can be written down in the following

fashion:
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Ey(x,z) = (eisz + Fle_isz) Ax),

H (x,2) = -n w(e™* - 1 &%) a), (4.1)

H (x,2) = n p(eZ 4 1 & THVE) p(x).

For z > d,

isz(z—d)

E (x,2z) = T, e Ax),

Y isz(zj-d)

Hx(x,z) = -T;n w,e A(x), (4.2)
isz(z—d)

Hz(x,z) = Tnpe A(x).

The fields in the inhomogeneous dielectric slab can now be
defined in a form similar to (4.1). Interpreting P,(z) and RL(z) as

the amplitudes of the transmitted and reflected waves in this region,

and letting w(z) =\ /e(z) - p2, we can write for 0 < z < d,

Ey(x,Z) = (P, (2) + R (2)) A(x),
H (x,2) = -n w(2) (P (2) - R (2)) A(x), (4.3)
Hz(x,z) = np (P, (2) +R (2)) A(x).

Note that Ey and Hz are related through Maxwell's equation

ikHz =7 aEy/ax. Substituting equations (4.3) into Maxwell's equations

BHX BHZ
32 " 3% =—ikn E(Z)Ey (4.4)
a
and n SEX-= —ikHX (4.5)
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we find,
9 rw(z) (P - R)] - ikw’(z) (P +R) =0 (4.6)
dz 1 i L L )
and 4 +R)-ike(z) (P -R) =0 4.7)
dz L 1 L L

Eliminating first dRL/dz and then dPL/dz between equations (4.6) and

(4.7) it is found that Pl(z) and Rl(z) satisfy the following pair of
coupled equations:
dp
L 1 dw(z) _ -
T ikw(z) PL + 2w (Z) P (PL RL) =0 (4.8)
dR
1 . 1 dw(z) _ _
a;—-+ ikw(z) RL 7w (2) 1z (Pl RL) =0 (4.9)
Furthermore, it follows from the continuity of the tangential
fields at z =0 and 2z = d, that
1+ r. = PL(O) + RL(O) (4.10a)
w(l - Fl) = w(0) (PL(O) - RL(O)) (4.10b)
and
BL(d) + RL(d) =T (4.11a)
(4.11b)

w(d) (Pl(d) - RL(d)) = WZTL

Since the amplitude of the incident wave was taken as unity,

P (2)

is also the transmission coefficient at a point

z, while
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Rl(z)/PL(z) = FL(z) is the reflection coefficient at the point =z.
The equation that the reflection coefficient TL(Z) satisfies can be

obtained from (4.8) and (4.9), and turns out to be a Riccati equation

dr
L 1 dw(z) Con2y
Gz - 2wz dz WL T - iZle(2)T, (4.12)

As a boundary condition we have

1 w(d) + v, : :

which directly follows from (4.11). Also the relation between FL(O),
and the reflection coefficient of the inhomogeneous dielectric slab FL,

is from (4.10),

[w - w()] + [w +w(0)] T (0)

I W T W] + v = w(0)] T,(0) (4.14)
An equation for the input admittance normalized to the
admittance of free space,
H P -R
X 4 L
Yini = T hE © w(z) R +R, (4.15)
y
is also easily found from (4.6) and (4.7) to be
. dy,
i Ting 02 20, (4.16)
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The boundary condition is yinlﬂd) =Wy, and the input admittance of

the slab is given by vy,

((0) = w(l-T /14T ).

As already mentioned the transmission coefficient satisfies

equation (4.8):

dPL
iz - hl(z) P_L(z) (4.17)
where hl(z) = ikw(z) - E;%;S-égéél (1 - FL(z)) (4.18)

The solution of (4.17) is trivial once FL(z) is known from equation
(4.12),
z
éhl(z) dz
P (z) =P (0) e (4.19)

The boundary condition at z = 0 becomes from (4.10a) or (4.10b).

P (0) = 2u (4.20)
[v + w(0)] + [w - w(0)IT (0)
Finally, the transmission coefficient of the entire slab is given from

(4.11a) or (4.11b) by

T 2w(d)

L wd) +w

; Pl(d) (4.21)

or combining (4.19) and (4.21) by
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d
I'h (z)dz
_ 2w(d) o L
TL = ;ZET—I—;_ PL(O) e (4.22)

2

P(z) is the amplitude of the right-traveling wave at the
point 2z when a wave of unit amplitude is incident on the left face
of the dielectric slab. It will be convenient to define yet another
function related to the transmission coefficient. Let T{(z) be
the amplitude of the wave transmitted through the right face of the
dielectric slab when a wave of unit amplitude is incident at the point

z. Then, by definition,

P(z) T(z) = T (4.23)

The equation satisfied by Tl(z) is from (4.17) and (4.23),

dT_L

-7 = h (2 T (2) (4.24)

and the boundary condition at z = d becomes from (4.11) and (4.23)

_ _2w(d)
TL(d) TOR™ v , (4.25)
Hence,
d
I b (2) dz
TL(z) = TL(d) e (4.26)

The transmission coefficient of the entire slab is given from (4.10) and

(4.23) by
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- 2w
LT T w] + v - w(0)1T_(0) T (0 (4.27)

which checks, as expected with (4.22).

The ratio of the total electric field amplitude at the right
face of the slab to that at the point =z inside the slab is given
by TL(Z)/{I + fL(z)]. For radiation pattern calculations it is of

interest to find the equation that this quantity satisfies in the in-

homogeneous slab. First noting that

T, (2) T,
147, (2) P (2 +R(2) (4.28)

we have from (4.28) and (4.7)

d T, (2) T, (2)
G\ T+ P %@ T3 e =0 (4.29)
and the appropriate boundary condition is from (4.11la) and (4.23)
T, (d)
T+r@ 1 (4.30)
L
The the solution for (4.29) becomes
§
T, (2) ik |y, ,(z)dz
L L
e 270 (4.31)

1+7T,(2)
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Since, from (4.10a) and (4.23)

TL(O) T_L
I+r (0 1+r1 ° (4.32)
L L
we finally obtain
§
Tl _ 1kO yinl(z)dz (4.33)
1+T € .

As a partial check, we may apply equations (4.16) and (4.33),
with which we are most interested, to the case of a homogeneous slab
with relative permittivity €1 for 0 <z < d, and a homogeneous semi-
infinite region of relative permittivity €9 for z > d. In this
case w(z) = € - p2 =W for 0 < z <d, and equation (4.16) can
be directly integrated, with the boundary condition y(d) = Wye

Writing y for YinL Ve have

y(z)

if ——2-§L~§=k[dz,
y - W

v(d) 1 d

which, upon integration, becomes

tan—lZ;EQ - tan—l Xiﬁl.= k (d-2z)w
1wl iwl 1

and solving this latter equation for y(z) we have
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y(d) - iw

tan k(d—z)wl
y(z) = w1 w

1
- iy(d) tan k(d—z)wl

1

which, setting y(d) = Wy checks for y(0) with (3.27a).

To calculate (4.33) we rewrite y(z) as

y{(d) cos k(d=z)wl - iw, sin k(d=z)wl
y(z) = Y1 w, cos k(d—z)wl - iy(d) sin k(d—z)w1
Letting
u =w, cos k(d—z)wl - iy(d) sin k(d-—z)wl
we have
du R ,
dz = ikwl [y(d) cos k(d—z)wl - iw, sin k(d—z)wl]
then
d u(d) w
i%/'y(z) dz = du _ 1n p- 1
0 §(0) u 1 cos kdw1 - iy(d) sin kdwl
T, w1
Hence = T "
1+7T, Wy cos kdwl - 1w2 sin kdwl

which checks with (3.53a).

B. Parallel Polarization

In the case of the electric field polarized in the plane of
incidence, the fields in the homogeneous regions can be written down

as follows:
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ikwz —-ikwz

Ex(x,z) =w (e + Tye ) Ax) ,
Ez(x,z) = -p(eisz - F“e—isz) Ax) , (4.34)
Hy(x,z) = n(eisz - T”e—isz) A(x)

v, isz(z—d)
Ex(x,z) = T e Ax) ,
\ €2
1kw2(z—d)
E (x,2) = - —2= T e Ax) , (4.35)
€2
1kw2(z—d)
Hy(x,z) = 7 \/€2 T, e A(x) |

The meaning of the symbols used above and in the following
paragraph should be clear from our treatment of the previous case.
We then define the fields in the inhomogeneous dielectric

slab, 0 < =z < d, as

E (x,2) = 22 (B (2) + R () AGK)

\Je(z)

- —E— (=) - R (2)) AR) , (4.36)
\Je(2)

n \/e(z) (ﬁl(Z) - R”(Z)) A(x)

Ez(x,z)

H (x,2z)
y



Note that H and E
y z
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are related through Maxwell's equation

—ikne(z)EZ = BHy/ax. Substituting equations (4.36) into Maxwell's

equations

and

we find,

and

from which it follows that ﬁl(z)

pair of ¢

dPH
dz

dz

9z 90X

dz

\/e(z)

N AR
2 ikn e(z)EX

ik H
y

2
4 [—-————W(” (B, + P”)] ik L (2) (Pj- R

(4.37)

(4.38)

) =0 (4.39)

%; {\/EZES(P“ ~ &lﬁ -—ikw(z)\/e(z)(PH + %l) =0, (4.40)

oupled equations

1

-— + ikW(Z)P” + m

1

From the continuity of the tangential fields at =z

2w(z)

dz

dw(z)

dz

dw(z)

and &l(z) satisfy the following

1
By + Ry - 575

1
@)+ R - 705

z = d we have the boundary conditions

w(0)

\Ve(®)

(2, (0) + R, (0))

de (z) _
de(2) _
4z P” =0 (4.42)
= 0 and
(4.43a)
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1-T) =\/e(® (P“(O) - Ry(0)) (4.43b)
and
Y2
) (B (d) + Ry (d)) = T (4.443a)
e(d) \/ €2
Ve(d)  (By(d) - Ry(d)) = \/E; T, (4.44b)

The reflection coefficient Pn(z) = R”(z)/P”(z) satisfies a

Riccati equation, which can easily be obtained from (4.41) and (4.42):

rf - 1 - 12ke(2)Ty (4.45)

ari __e(z) d | w(z)
dz  2w(z) dz| e(z)

subject to the boundary condition,

v, w(d)
e, ¢€(d)
@ =5 @ (4.46)

which directly follows from (4.44). The reflection coefficient of the
inhomogeneous dielectric slab Tis follows from the relation between

F“(O) and Iy in equation (4.43), and is

(55 - 55+ v n
e (4.47)
LS A o
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The equation for the normalized input admittance,

Hy e By TR/
Yinl ~ 7 E_ = W(z) P+t R (4.48)

can easily be obtained from (4.39) and (4.40). It is

g_dyinu - wz(z) 2
k dz e(z) inl

- e(2) (4.49)

The boundary condition is y“(d) = €2/W2’ and the input admittance of
the slab is given by yin(O) = 1/w (1-Ty/14Ty) .
Since the incident electric field has unit amplitude the

transmission coefficient is given by the same equation as (4.41),

dP“
Tz - M@ By (4.50)
where
hy(2) = 1ku(2) - 5oy THE (14 1 () + 5y HE T () (4.5D)

With the knowledge of F“(z) from equation (4.45) PH(Z) can
readily be found. The boundary condition at z = 0 is from (4.43a) or

(4.43b),

P, (0) = 1 2w (4.52)

\VE© [Z’%g% M WJ + [Zggg - WJ Iy (0
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and

?h”(z) dz
P (z) = P (0) e° (4.53)

The transmission coefficient of the entire slab is given from

(4.44a) or (4.44b) by

2w(d
Ty = /e() - e(d) P (d) (4.54)
\/82 2 + ¥ d)
2 e (d)

As in the previous case, it is convenient to introduce the
function T(z) defined by equation (4.23). The equation satisfied by

T“(z) is from (4.50) and (4.23)

aT

- EEH = h,(2) T, (2) (4.55)

and the boundary condition at z =d is from (4.44b) and (4.23)

2w(d)
T, (@) = ME e(d (4.56)
\/ 2
Z' d)
Hence
d
|(z) dz
T“(z) = T”(d) e? (4.57)

The transmission coefficient of the entire slab is then given from
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(4.43) and (4.23) by

T, = = al T, (0) (4.58)

e (0) [38’—((—8-3—+{I + [—‘é’%— w:l r, 0

The ratio of the total electric field amplitude at the right
face of the slab to the transverse field at the point z inside the
slab is.given by “JZZZ§7W(Z) [T“(z)/l + F”(z)]. The equation satisfied
by this quantity can be written directly from (4.39) if we first note

that

Ty (z) T”
T+T,(  P,@ + Ry (4.59)

Then we have

4 Ve@ NP e e B o

dz| w(z) 1+7T;(2) /* TG T P Ve TR @)

(4.60)
The appropriate boundary condition is from (4.443)
-,/e(d) T“(d) —'\182
w(d) 1+ T (d) - v, (4.61)
The solution of (4.60) then becomes
le w2 (2)
Vez) _ Tit® Ve Ik TEE) Yin () 4z
e (4.62)

w(z) 14Tz~ w,
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From (4.43a) and (4.23) we have

N T (0 T
£ (0) ! ! (4.63)

w(0) 1+r1,0) w(l+rTp "’

hence we finally obtain

d 2
] W (2)
T“ =‘V €, 1k0 () yin”(z) dz (4.64)
w(l + F") W, €

Again, as in the previous case, we will apply equations (4.49)

and (4.64) to the case of a homogeneous dielectric slab of relative

permittivity €1 and thickness d, adjacent to a semi-infinite region

of relative permittivity €. We can directly integrate equation (4.49)

with w(z) = Wy for 0 < z < d, and boundary condition y(d) = 52/w2.

Writing now y for Yiny® Ve have

y(2z) z
€1 d
i ———JL———E = k-]’dz
w [
1 2 1 d
y(d v -
Y1

which, upon integration, becomes

n—l _L(_d_)__ — tan—l __Zg_%_)___ = k(d—z)wl

ta i(el/wl) i(sl/wl)

and, upon solving this latter equation for y(z), we obtain,
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€1 y(d) - i (el/wl) tan k(d—z)wl

B T E D - 1 y(@ tan k@a)wy

which, setting y(d) = ez/wz, checks for y(0) with (3.27b).

To calculate (4.64) we rewrite y(z) as

(o) = El.y(d) cos k{d-z)wy - i(e;/wy) sin k(d-z)w;
W, (el/wl) cos k(d—z)wl - i y(d) sin k(d—z)wl
Letting
u = (el/wl) cos k(d—z)wl - iy(d) sin k(d—z)wl
we have
%§'= ikwl[y(d) cos k(d—z)wl - i(elwl) sin k(d—z)wl] ,
then
d 2 u(d)
. - du _ ,_ u(d)
ik ) y(z)dz = jﬂ mlle 1n 2(0)
0 u(0)
= 1n €1/w1
(sl/wl) cos kdw, - 1 y(d) sin kdw
Hence TH £ !
nc ———- = - -
w(l + F“) 2 €)W, COS kdw1 - ie,w; sin kdwl

which checks with (3.53b).
Direct integration of equations (4.16) and (4.49) is possible
only for a few special ¢(z). In general, numerical methods must be used,

which, in the present case, are fortunately quite simple.
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A few remarks should now be made concerning some of the results
obtained in this chapter. First, if the permittivity e(z) 1is dis-
continuous at ome or more points in the inhomogeneous medium care must
be exercised in the calculation of the reflection and transmission
coefficients., Separate expressions must be written for the fields in
each section of the medium where the permittivity is continuous, and the
expressions for the tangential fields must be matched at the points of
discontinuity of e(z), in exactly the same way as was done at the
boundaries of the inhomogeneous medium.

However .
’ Ylnl

[Ve(z)/w(z)] [T“(z)/l + Fu(z)] are all continuous functions of =z

(z), yinu(z)’ [TL(Z)/l +>FL(Z)] and also

even if ¢(z) 1is not, since the former two are the ratio of the tangential
magnetic to the tangential electric field at the point 2z in the medium,
and the latter two are proportional to the reciprocal of the tangential
electric field at the point z. Thus the calculation of these quantities
presents an additional advantage over the calculation of the reflection
and transmission coefficients.

If the inhomogeneous dielectric medium is a plasma there may
be one or more points where €(2z) = 0. (Then the plasma frequency eguals
the frequency of the electromagnetic waves). In such a case the solution
of equation (4.49) may require some ingenuity. Suppose that e(zo) = 0,
and, assuming that the first derivative of e(z) does not vanish at

Z s €(z) can be written near z as

c(z) = £ s (27 2) 782 = 2) (4.65)
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In a small interval of =z near 2y 2, - Az < z < 2, + Az, the

differential equation (4.49) can be written as (writing y for yinn)’
., 2 2
dy _ ikp y2 or dy _ ikp dz (4.66)
dz a(z-z ) 2 a (z-z ) '
o y o
which can be directly integrated on this interval to give
0 if z <z <z + Az
| l o o
2 z—~2
1 1 _ ikp 0 .
y(z) y(z0 + Az) a In Az + (4.67)

Tk 2
T—fL' if z - Az <z < z
a o o

Thus, the solution around the point zo can be found from (4.67),
provided that the solution at z, + Az is previously calculated.

In particular,

2
1 _ 1 Tkp
y(zO - Az) y(zo + Az) + lal (4.68)

The effect of the point z on the admittance is seen to be the addition,
"in series", of a real admittance. Furthermore, it can easily be checked
that at the point z, v vanishes, while dy/dz becomes infinite.

Finally, it should be mentioned that if only the differential
equations for the input admittances were of interest, they could be
obtained in an even more direct and simple manner by making use of the

fact that
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9in, g_[ " o dy, _d H
dz dz \nE ! dz dz nEX

and making direct use of Maxwell's equations. The formulation presented
in this chapter is preferred simply because it enables us to derive the

equations for the other related quantities of interest as well.
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5. RESULTS AND CONCLUSIONS

The main concern of the present report has been the presentation of
a method of analyzing waveguide-fed aperture antennas of arbitrary cross-
section and radiating into inhomogeneous media. However, it has been
deemed useful t hould
in themselves have some practical interest. Accordingly, the admittance
and the radiation pattern of a circular aperture antenna fed by a circular
waveguide and radiating into an inhomogeneous plasma slab has been cal-
culated for a few interesting inhomogeneity profiles. Besides being of
practical value, the circular aperture antenna presents a computational
advantage over the rectangular, since the admittance expression contains
a single rather than a double integral.

An inhomogeneous plasma slab of thickness d has been con~

sidered with the relative permittivity given by

(v/w)(wp/w>2 £(z)

(w /w)2 f(z)
P + 1

(5.1)
1+ (v/w)? 1+ (v/w)?

e(z) =1 -

where wpz, the square of the peak plasma frequency, is proportional

to the peak electron density in the plasma slab, and the electron density
normalized to its peak value is given by the function £(z), while the
losses in the plasma are taken care of by an empirical collision
frequency wv.

In the present report the plasma slab is chosen to have an
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inhomogeneous boundary layer for 0 < z < dl and is homogeneous for
dl < z < d. Three different electron density profiles have been chosen

for the boundary layer region 0 < z < d These are,

1°

a) a convex parabolic profile,

f(z) = z (2d1 - Z)/dl2 >

b) a linear profile,

f(z) = z/dl .

c) a concave parabolic profile,

£(z) = zz/dlz,

while f(z) =1 for d1 < z <d for all three cases (Fig. 5.1). The
homogeneous plasma slab for which f(z) =1 for 0 < z < d, has also
been considered.

First, the calculations on the admittance of the circular
aperture antenna are presented. For the inhomogeneous slabs, the
input admittances YinL(p) and Yin”(p) have been calculated by
numerically solving the differential equations (4.16) and (4.49) as a
function of p, while for the homogeneous case they are given by
expressions (3.27). These results have been used in the numerical
integration of expression (3.42). It is easy to see that, at least
for the homogeneous plasma slab, the integrand of (3.42) is of the

order of p—3 for large p, and hence it is possible to soon terminate

the integration without appreciable error. The integrand has been
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homogeneous profile
convex parabolic profile

linear profile

O O mw »

concave parabolic profile

Fig. 5.1 Electron density profiles
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checked for possible surface wave poles and such poles have been account-
ed for although their effect is mnegligible in the range of parameters
under consideration.

The dominant mode of the circular waveguide is the TEll
mode. The aperture radius a has been chosen such that ka = a = 37n/4,
which is just below the cutoff of the next propagating mode (TMOl).

The slab thickness has always been chosen to be kd = § = 2.

The aperture admittance, Y, is normalized to the characteristic

admittance of the waveguide dominant mode, »Yo = ﬁ\/g— (xll'/u)z.

We have computed the real as well as the negative of the imaginary part
of (Y/Yo) = g - ib, called the normalized conductance, g, and the
normalized susceptance, b, respectively. g and b are plotted
against (wp/w)2 in steps of 0.1 for 0.1 <(wp/w)2 < 1 (underdense
plasma), and in steps of 1.0 for 1 < (wp/w)2 < 10 (overdense plasma).
(Figs. 5-2 to 5-5). There is a discontinuity in the scale of the
horizontal axis at (wp/w)2 = 1. The point (wp/w)2 = 0 corresponds
always to the aperture radiating into free space. The value of (Y/Yo)
at that point (not shown on the figures) is found to be 1.156 + i 0.043,
which checks with previous calculations of this quantity (13).

Figures 5-2 and 5-3 compare the aperture admittance obtained
from each of the three inhomogeneity profiles and from the homogeneous
slab, when the plasma is lossy with v/w = 0.4. The thickness of thé
boundary layer is given by 61 = kdl = (1/20)8§ in Fig. 5-2 and by
61 = (1/10)8 4in Fig. 5-3. It is seen that the susceptance of a plasma
with an inhomogeneous boundary layer is substantially decreased over

the homogeneous slab. The least change occurs in the concave parabolic
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Fig. 5.2 Admittance of a circular aperture antenna
coated with an inhomogeneous plasma slab
(v/w = 0.4, §, = 1/20 6)
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Fig. 5.3 Admittance of a circular aperture antenna
coated with an inhomogeneous plasma slab
(v/w = 0.4, 61 = 1/10 §)
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case where the "air gap" is the least and the greatest in the convex
parabolic case where the "air gap'" is the largest. The change in the
conductance is appreciable only for (wp/w)2 > 0.7 and it seems to
be quite insensitive to the inhomogeneity profile. Comparing Fig. 5-2
with Fig. 5-3 it is seen that increasing the boundary layer thickness
to 61 = (1/10)8 makes the decrease of the susceptance in the presence
of "air gap" even more pronounced.

Figures 5~4 and 5-5 apply for an almost lossless plasma with
v/w = 0.025. In Fig. 5-4 61 = (1/20)8, while in Fig. 5-5 61 = (1/10)8.
The general behaviour of the curves is similar to those for v/w = 0.4.
In particular, the susceptance is seen to be relatively independent of
the collision frequency. The conductance decreases with decrease in
collision frequency. However, it does not approach zero as the losses
become vanishingly small in an inhomogeneous overdense plasma. This
is due to the fact that at the point where the permittivity vanishes
a real susceptance is added "in series" to Y , as was pointed out
at the end of chapter 4.

Finally, the normalized aperture admittance Y/YO, and the

reflection coefficient, I', of the dominant mode electric field are

related by
1-7T
(Y/Yo) =177 (5.2a)
1- (Y/Yo)
and T = T—:F—(—Y—/Y_o)‘ (5.2b)

Hence our knowledge of (Y/YO) yields readily information about T.

In Figure 5-6 ]P|, which is a measure of the power reflected back
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into the waveguide, is plotted against (wp/w)2 for each case of

(v/w) and § Only the results for the homogeneous slab and the

1°
inhomogeneous plasma with a concave parabolic profile have been shown.
For the two other profiles, the results fall between the ones shown.
It can be concluded that the existance of an "air gap" as well as an
increase in the collision frequency results in a decrease in IFI.
It can also be noted that for an overdense plasma with low losses iFl
is insensitive to changes in (wp/w)z.

Next, the radiation pattern of the circular aperture antenna
is discussed. Only the principal planes (the xz-plane, and the yz-plane)
have been considered, and the ratio of the power radiated at 6 = 0

to that radiated in any direction in these planes is calculated in

decibels. Thus for the xz-plane (¢ = 0, 6 variable) we have plotted

F(0,0) E, (r,0,0)
_ . o -
10 log)g Fs,00 ~ 20 o810 E, (r,e,O))’

while for the yz-plane (¢ = w/2, & variable)

F(0,n/2) Ee(r,O,n/Z)
10 logyy F(o.n72y - 20 1984 E,(r,6,1/2)

is plotted against 6. F(8,0) and F(8,m/2) are given by (3.65).
Again, we have always taken o = 3T/4 and 6 = 2.

Fig. 5.7 shows the radiation patterns of a circular aperture
antenna radiating into free space. The yz-plane radiation pattern shows

that as © approaches m/2 the electric field in that plane does
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Fig. 5.7 Radiation pattern of a circular aperture

antenna radiating into free space

(a) in yz-plane (b) in xz-plane.
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not vanish, as it does in the xz-plane., This is to be expected since it
represents the normal field on the conducting ground plane. However, it
is found that even a thin dielectric layer over the aperture drastically
reduces the yz-plane radiation near 6 = 7/2 making it approach zero.

In Fig. 5-8 the antenna radiates into a lossless plasma, while
in Fig. 5.9 the plasma is lossy with v/w = 0.4. 1In both cases we have
chosen (wp/m)2 = 1/2. The yz-plane radiation changes slightly according
to the inhomogeneity, while the xz-plane radiation is insensitive of the
shape of the electron density profile., When the antenna radiates into
a lossless plasma the radiation patterns have a wedge-~like shape with a
maximum near 45° and a sharp decrease of radiation at greater angles.
This fact can be explained simply by remembering Snell's law. Since the
plasma has a real positive permittivity smaller than that of free space,
there exists a maximum permissible angle for plane waves refracted in
the free space region. For (wp/w)2 = 1/2, this angle is 45°. When
the plasma becomes lossy this fact isno longer true, the peaks disappear
and the curves become smoother with the maximum at 6 = 0.

For (wp/w)2 > 1 the radiation in all directions is very
weak, since the waves in the plasma are exponentially damped. In this
case the shape of the radiation patterns would be smooth with no peaks,
quite similar to Fig. 5.9.

The varlous advantages of the present method of analyzing
aperture antennas have been discussed at length in the course of the
report. One main advantage, as regards the numerical computation of
the results, should be mentioned here. The time for obtaining numerical

solutions of linear second order differential equations has been
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90°

-

ed with a lossless inhomogeneous plasma slab (v/w = 0)

(wp/w)2 = 1/2 (a) in yz-plane, (b) in xz-plane.
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Fig. 5.9 Radiation pattern of a circular aperture antenna coat-
ed with a lossy plasma slab (v/w = 0.4) (w /w)2 =1/2
(a) in yz-plane, (b) in xz-plane. P
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eliminated in the present formulation. In this report we deal with non-
linear first order equations which require a far less time for solution
by a computer, than linear second order equations.

We will conclude with a discussion of the possiblé extensions
of the method presented. First, the method could be extended to other
than planar geometries. A treatment of cylindrical geometry, for example,
would be particularly useful for the discussion of plasma covered
cylindrical antennas, and would be quite straightforward to carry out.
Second, the method could be used to apply to media other than the ones
discussed in this report, such as turbulent, moving and anisotropic media.
A medium whose contitutive parameters are functions of all three space
coordinates would be harder to treat, and an extension of this method

to such media may or may not be possible.
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