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Warped compactifications of M-theory and F -theory have attracted recently
much attention in connection to confining gauge theories [1, 2, 3, 4, 5] and the string

theoretic realization of the Randall-Sundrum scenario [6, 7], suggested in [8]. In [9]

the conditions for unbroken supersymmetry for compactifications on Calabi-Yau 4-

folds were found. These are manifolds that admit two covariantly constant spinors.

It has recently been shown that the model considered by Klebanov and Strassler [3]

can be obtained from the general type of solutions presented in [9].

From this perspective it is rather interesting to understand the physics of warped

compactifications ofM-theory.1 In this note we would like to describe compactifica-
tions of M-theory on Spin(7)-holonomy manifolds. These are eight-manifolds that
admit only one covariantly constant Majorana-Weyl spinor which arises from the the

decomposition 8c → 7⊕ 1. Therefore these compactifications will give rise to N = 1
theories in three dimensions while the models considered in [9] had an N = 2 super-

symmetry. These theories are interesting because they cannot be obtained from a

compactification of any supersymmetric four-dimensional theory on an S1. In fact,

a theory with N = 1 in d = 4 would yield an N = 2 theory in three-dimensions [14].

Spin(7)-holonomy manifolds can be treated in a similar way as the Calabi-Yau

4-fold case considered in [9] so we will be brief here and use the notations and

conventions of [9].

To derive the conditions following from unbroken supersymmetry we start with

the supersymmetry transformation of the gravitino in eleven-dimensional supergrav-

ity

δΨM = ∇Mη − 1

288
(ΓM

PQRS − 8δPMΓQRS)FPQRSη = 0 . (1)

We make the following ansatz for the metric

gMN(x, y) = ∆
−1(y)

(
gµν(x) 0

0 gmn(y)

)
, (2)

where x are the coordinates of the external space labeled by the indices µ, ν, . . . and

y are the coordinates of the internal manifold labeled by m,n, . . . ∆ = ∆(y) is the

warp factor.

The eleven-dimensional spinor η is decomposed as

η = ε⊗ ξ , (3)

where ε is a three-dimensional anticommuting spinor and ξ is an eight-dimensional

Majorana-Weyl spinor. Furthermore we make the decomposition of the gamma ma-

trices

Γµ = γµ ⊗ γ9 ,
Γm = 1⊗ γm , (4)

1Warped compactifications on 4-folds have been further considered in [10, 11, 12] and [13].
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where γµ and γm are the gamma matrices of the external and internal space re-

spectively. We choose the matrices γm to be real and antisymmetric. γ9 is the

eight-dimensional chirality operator which anti-commutes with all the γm’s.

In compactifications with maximally symmetric three-dimensional space-time

the non-vanishing components of the 4-form field strength F4 are

Fmnpq arbitrary

Fµνρm = εµνρfm , (5)

where Fmnpq and fm will be determined from the conditions following from unbroken

supersymmetry and εµνρ is the Levi-Civita tensor of the three-dimensional external

space. The external component of the gravitino supersymmetry transformation is

given by the following expression

δψµ = ∇µη − 1

288
∆3/2(γµ ⊗ γmnpq)Fmnpqη +

+
1

6
∆3/2(γµ ⊗ γm)fmη + 1

4
∂n(log∆)(γµ ⊗ γn)η , (6)

where we have used a positive chirality eigenstate γ9ξ = ξ. Considering negative

chirality spinors corresponds to an eight-manifold with a reversed orientation [15].

Since we would like to compactifyM-theory to three-dimensional Minkowski space
we impose the condition

∇µε = 0 . (7)

The external component of supersymmetry is then reduced to the equation

Tξ = 0 with T = Fmnpqγ
mnpq − 48(fn − ∂n∆−3/2)γn . (8)

Taking into account that ξ is Weyl we conclude that the external component of F4
can be expressed in terms of the warp factor

Fµνρm = εµνρ∂m∆
−3/2 , (9)

while the internal component of F4 (which we denote by F ) is constrained to satisfy

Fmnpqγ
mnpqξ = 0 . (10)

The analysis of the internal components of supersymmetry can be performed as

in [9]. We find that in terms of the transformed quantities

g̃mn = ∆
−3/2gmn ,

ξ̃ = ∆1/4ξ , (11)

the internal component of the gravitino transformation is given by

∇̃mξ̃ + 1
24
∆−3/4Fmξ̃ = 0 . (12)
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The metric g̃mn describes the Spin(7)-holonomy manifold. These manifolds are Ricci

flat and they admit one covariantly constant spinor which satisfies

∇̃mξ̃ = 0 . (13)

Therefore we see that F has to satisfy

Fmnpqγ̃
npqξ̃ = 0 . (14)

Note that the condition (14) is actually stronger than (10).2 However it can be shown

that if F is self-dual then (14) is equivalent to (10).

The proof that F is self-dual goes as follows. From (14) we obtain the equation

Fmnpq ξ̃
T{γ̃npq, γ̃abc}ξ̃ = 0 . (15)

To further evaluate (15) we note that we can construct covariantly constant p-forms

in terms of the eight-dimensional spinor ξ̃

ωa1...ap = ξ̃
T γ̃a1...ap ξ̃ . (16)

Since ξ̃ is Majorana-Weyl (16) is non-zero only for p = 0, 4 or 8 (see [17]). The

Spin(7) calibration is then given by the closed self-dual 4-form

Φmnpq = ξ̃
T γ̃mnpqξ̃ . (17)

If we would have considered negative chirality spinors this form would be anti-self-

dual [18]. Taking this definition of the calibration into account and (15) we obtain

Fmnpq =
3

2
Fabm[nΦpq]

ab . (18)

By considering the quantity

Fmnpq ξ̃
T{γ̃abcd, γ̃mnpq}ξ̃ = 0 , (19)

we can derive the condition

?Fmnpq + Fmnpq = 3Fab[mnΦpq]
ab , (20)

where by ? we mean the Hodge dual with respect to the metric of the eight-dimen-

sional internal space. Antisymmetrizing the right hand side of (18) over the indices

(mnpq) and comparing with (20) we see that F satisfies the self-duality condition

F = ?F . (21)

This self-duality condition can also be obtained from the equation of motion of F by

using the explicit form of the external component of F4 [16].

2This equation has been noticed before in [16].
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Taking this self-duality condition into account, we next would like to show that

the constraint (14) coming from the internal component of supersymmetry is equiv-

alent to the condition (10). For this purpose a useful identity to consider is

FmF
m = −1

8
F2 − 3Fmnpq (Fmnpq − ?Fmnpq) , (22)

where F = Fmnpqγ̃
mnpq. Since F is self-dual the second term on the right hand

side (22) vanishes. Equation (22) then implies that (14) is satisfied if and only

if (10) is fulfilled.

To see the conditions imposed by (10) on our flux we note that Fierz rearrange-

ments imply

Fmnpqγ̃
mnpq ξ̃ = FmnpqΦ

mnpq ξ̃ − FmnprΦsmnpγ̃rsξ̃ . (23)

The condition for unbroken supersymmetry states that the left hand side of (23)

vanishes. After multiplying this equation by ξ̃T we get

F ∧ Φ = 0 . (24)

Vanishing of the second term on the right hand side of (23) then implies

ωrsγ̃
rsξ̃ = 0 , (25)

where we have defined a 2-form ω as

ω =
1

2
FmnprΦs

mnpdxr ∧ dxs . (26)

The spinors γ̃rsξ̃ are not independent [19]. To satisfy (25) ω has to obey the self-

duality constraint
1

2
Φrspqωpq = λω

rs , (27)

with λ = 1. But by taking the relation

ΦmnptΦqrst = 6δ
mnp
qrs − 9δ[m[q Φnp]rs] (28)

and the definition of ω into account it is easy to see that ω satisfies (27) with λ = −3.
Therefore we conclude

ω = 0 . (29)

Equations (21), (24) and (29) are the determining equations for F . They are the

necessary and sufficient conditions for (14) to be satisfied.

After imposing the self-duality condition (20) takes the form

Fmnpq =
3

2
Fab[mnΦpq]

ab . (30)

By contracting this equation with Φnpqr it is possible to show that (30) is equiv-

alent to (24) and (29). Therefore this is another way of expressing the condition
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for unbroken supersymmetry. In this form the condition for unbroken supersymme-

try is similar to the one satisfied by Yang-Mills fields Fmn for which the following
equivalence relation holds [20]

Fmn = 1
2
ΦmnpqFpq ⇐⇒ Fmnγ̃mnξ̃ = 0 . (31)

The determining equation for the warp factor is the fivebrane Bianchi identity

which after using our solution for F4 takes the same form as in [9]

d ? d log∆ =
1

3
F ∧ F − 2

3
(2π)4X8 . (32)

For compactifications of M-theory on Spin(7)-holonomy manifolds we can ex-
pect to find non-vanishing expectation values for F4 independently of the fact that

the manifold is compact or not. This is different than the situation considered in [21]

in which compactifications of M-theory on seven-dimensional manifolds were con-
sidered and which only had non-vanishing expectation values for F in the case that

the internal manifold was non-compact.

For a compact Spin(7)-holonomy manifold K8 we can integrate (32) and obtain

the relation ∫
K8
F ∧ F + 1

12
χ = 0 , (33)

where χ is the Euler number of the eight-manifold [9, 22].

To summarize we have found the following conditions for unbroken supersym-

metry for compactifications of M-theory on manifolds with Spin(7) holonomy to
three-dimensional Minkowski space: the internal components of F4 obey the con-

straints (21), (24) and (29), the external components of F4 are determined in terms

of the warp factor by (9) and the warp factor can then be obtained from equation (32).

Concrete examples of compact Spin(7)-holonomy manifolds have been construc-

ted in [23] (see also [24] for further discussion). A non-compact example was discussed

recently in [25]3 and was constructed in [17]. In this case the explicit form of the

metric is known and it takes the form of a quaternionic line bundle over a 4-sphere:

ds28 = α(r)
2dr2 + β(r)2(σi − Ai)2 + γ(r)2dΩ24 , (34)

where σi are left-invariant 1-forms of SU(2), A
i are SU(2) Yang-Mills potentials on

the unit 4-sphere whose metric is dΩ24. We will be following the notation of [25] and

refer the reader to this work for further details.

In [25] an explicit computation of F was done. In the following we would like

to show that this solution satisfies our equations. This solution is anti-self-dual.

This would correspond to choosing spinors with negative chirality (i.e. which satisfy

γ9ξ̃ = −ξ̃) instead of the positive chirality spinors that we have used here. To show
3See also [16].
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that equation (24) is satisfied we need the explicit forms of Φ and F . They are

given by

Φ = f ′1dr ∧ ε(3) − (f1 + g1)Y(4) + g′1dr ∧X3 − 6g1Ω(4) , (35)

with

f1 =
1

5
c1(1− 6z)z−6/5 and g1 = c1z

−6/5 , (36)

while F is given by

F = f ′2dr ∧ ε(3) − (f2 + g2)Y(4) + g′2dr ∧X3 − 6g2Ω(4) , (37)

with

f2 =
1

5
(z − 6)z1/5 and g2 = z

1/5 . (38)

Using this explicit forms for F and Φ it is easy to see that F ∧ Φ is proportional to
the quantity

g1f
′
2 + g2f

′
1 + g

′
1(f2 + g2) + g

′
2(f1 + g1) , (39)

which vanishes after using (36) and (38). In the same way it is possible to show that

the 2-form ω vanishes. This is easily seen in the orthonormal basis êI introduced

in [17].

A superpotential in terms of the calibration describing compactifications on

Spin(7)-holonomy manifolds has been conjectured in [12]. It would be interesting

to see if the conditions for unbroken supersymmetry obtained in this paper can ac-

tually be derived from the superpotential presented in [12].
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