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1. Introduction

Recently warped compactifications of M-theory and F -theory have become a fasci-
nating arena of research because among other things it was suggested in [1] that these

compactifications may provide us with a string theoretic realization of the Randall-

Sundrum (RS) scenario [2, 3]. Using a metric with a warp factor Randall and Sun-

drum argued that our four-dimensional world could be described as the world-volume

of a “threebrane”. In the five-dimensional example suggested by Randall and Sun-

drum gravity is localized on the four-dimensional “brane” even if the fifth dimension

is infinitely extended. This was only possible because of an exponential warp factor

in the metric.

Warped compactifications have been known in string theory for a long time (see

e.g. [4, 5, 6]) and thus string theory seems to be the natural framework in which the

RS-scenario could be realized. Indeed, it was suggested in [1] that compactifications

of F -theory on an elliptically fibered Calabi-Yau four-fold [7] provide a realization of
the RS-scenario and the consistency conditions following from supersymmetry can

be obtained from the M-theory compactifications on four-folds considered in [8].

Warped compactifications play also an important role in the description of con-

fining supersymmetric gauge theories and ultimately in the description of QCD. This

is because there is a close relation between warped compactifications and Ramond-
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Ramond backgrounds in string theory. Confining gauge theories can be realized, for

example, as perturbations by 3-form flux of type-IIB string theory on AdS5 × S5.
In this case the resulting supergravity theory has a naked singularity and it was

shown by Polchinski and Strassler [9] that this singularity actually corresponds to

an expanded brane source. The 3-form flux of the supergravity theory corresponds

to a perturbation of the N = 4 gauge theory by mass terms and the resulting gauge
theory has N = 1 supersymmetry [9].
Non-perturbatively, N = 1 supersymmetric gauge theories can be realized by

placing D3-branes at conical singularities of a Ricci-flat six-dimensional cone whose

base manifold is a five-dimensional Einstein space X5. On the supergravity side one

considers type-IIB theory on AdS5×X5 and this is dual to the world-volume theory
of the D3-branes at the singularity. In case that one considers D3-branes on the coni-

fold [10], for example, one would obtain on the worldvolume of the D3-branes a gauge

theory with SU(N) × SU(N) gauge group. Besides considering D3-branes it is also
possible to consider D5-branes wrapped on collapsed 2-cycles at the singularity [11].

This has the effect that the D3-brane charge eventually becomes negative and the

supergravity metric becomes singular. It was argued by Klebanov and Strassler [12]

that this naked singularity of the metric gets resolved in terms of a warped deformed

conifold which is completely non singular. It was realized recently in [13, 14] that the

Klebanov-Strassler model can be obtained as a special case of the solutions derived

in [8] describing compactifications of M-theory on eight-manifolds. This is interest-

ing and one may wonder if there is a similar connection between the models con-

sidered in [8] or a corresponding generalization thereof and the Polchinski-Strassler

model. This would be useful to derive the exact solution of the model considered

in [9].

In this paper we would like to broaden the class of theories that admit non-

vanishing tensor fields. We would like to consider compactifications of M-theory

to four-dimensional Minkowski space on seven-dimensional non-compact manifolds.

These compactifications will involve a warp factor and we will see that we are able to

construct solutions with non-vanishing expectation values for the tensor fields and a

non-constant warp factor while supersymmetry is being preserved.

It has been known for some time that supersymmetry requires that compact-

ifications of eleven-dimensional supergravity to four-dimensional Minkowski space

have vanishing expectation values for the 4-form field strength and a constant warp

factor if the internal manifold is compact and no sources are being considered

[15, 6].

But the argument presented in the previous two papers fails if the internal man-

ifold is non compact or sources are considered as we will see in this paper. We shall

see that in this case one is able to preserve supersymmetry and obtain non-vanishing

expectation values for tensor fields and a non-constant warp factor at the same time.

The sources that we shall be interested in originate from M-theory five-branes wrap-
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ping two-dimensional submanifolds of the internal seven-dimensional space. This has

the consequence that the internal space is non compact. We will derive the explicit

form for the field strength that follows from supersymmetry.

An interesting example of the general class of solutions that we will find here

was considered in [16, 17] where the seven-manifold is a warped product of a four-

dimensional Kähler manifold times a three torus. In this example the M-theory

five-branes are wrapped on 2-cycles of the four-dimensional Kähler manifold. We

will show explicitly that this example solves the equation for the field strength ob-

tained herein.

This paper is organized as follows. In section 2 we consider compactifications of

M-theory to four-dimensional Minkowski space on non-compact seven-manifolds. In

section 2.1 we review the argument which shows why the field strengths are vanishing

and the warp factor is constant for compactifications of M-theory on compact seven-

manifolds. In section 2.2 we consider non-compact seven-manifolds where sources

coming from five-branes wrapping two-dimensional submanifolds of the internal space

are taken into account. We derive the expression for the field strength in four dimen-

sions that follows from supersymmetry and show that the warp factor is non constant

due to the presence of these sources. In section 3 we show that the compactifications

considered by Fayyazuddin and Smith in [16, 17] provide an explicit solution of our

equations. Some concluding remarks are made in section 4 and in appendix A we

list some relevant formulas.

2. M-theory compactifications to d = 4 Minkowski space

In this section we would like to consider compactifications of eleven-dimensional

supergravity on non-compact seven-manifolds and derive the explicit form of the

4-form field strength that follows from supersymmetry.1

2.1 Compact seven-manifolds

Let us first start by reviewing the argument that leads to the conclusion that su-

persymmetry implies that the warp factor is constant and thus the field strengths

have to vanish for compact seven-manifolds [15, 6]. The bosonic part for eleven-

dimensional supergravity lagrangian contains a 3-form C with field strength F and

the dual 7-form ?F

L = 1
κ2

∫
d11x
√
g

(
− 1
2
R− 1

48
FIJKLF

IJKL−

−
√
2

3456
εI1I2···I11CI1I2I3FI4···I7FI8···I11

)
. (2.1)

1For recent work on compactifications on compact seven-dimensional manifolds see [18, 19, 20].
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The complete action is invariant under the supersymmetry transformations

δeI
m =

1

2
η̄ΓmΨI ,

δCIJK = −
√
2

8
η̄Γ[IJΨk] ,

δΨM = ∇Mη +
√
2

288

(
ΓM

PQRS − 8δPMΓQRS
)
FPQRSη . (2.2)

The Einstein equation following from (2.1) takes the form

RMN − 1
2
gMNR + TMN = 0 , (2.3)

where TMN is the energy-momentum tensor of the 4-form field strength F given by

TMN = 4FMPQRFN
PQR − 1

2
gMNFPQRSF

PQRS . (2.4)

In eleven dimensions one could in principle have membranes and five-branes that

couple to the action (2.1) and appear as sources in the equation of motion for C

and Bianchi identify, respectively. Ignoring (for the moment) the presence of these

sources C satisfies the equation of motion

d ? F = −1
2
F ∧ F , (2.5)

and the Bianchi identity

dF = 0 . (2.6)

We now would like to consider a line element of the form:

ds2 = gMNdx
MdxN = ∆−1(y)ηµνdxµdxν + gmn(y)dymdyn . (2.7)

Here ∆(y) is the warp factor that because of Poincaré invariance depends only on

the coordinates of the internal manifold, gmn is the metric of the internal seven-

dimensional space and ηµν is the four-dimensional Minkowski space metric.

In compactifications with a maximally symmetric four-dimensional space-time

the non-vanishing components of the 4-form field strength are

Fmnpq ,

Fµνρσ = fεµνρσ . (2.8)

Here f is arbitrary and will be determined later on and εµνρσ is the antisymmet-

ric tensor of four-dimensional Minkowski space. Taking into account the decom-

position (2.7) of the metric and (2.8) one obtains two equations from the eleven-

dimensional Einstein equation (2.3), one for the external component (i.e. where the
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Ricci-tensor has four-dimensional Minkowski indices) and one for the internal com-

ponent (where the Ricci-tensor has seven-dimensional indices). The equation for the

external component leads to the following equation:

∇m(∆−3∂m∆) = −2
3
∆−2(F 2 + 48∆4f 2) , (2.9)

where the covariant derivative involves the Christoffel connection as usual. Using

Stokes theorem we see that the integral of the l.h.s. of this equation over a compact

manifold vanishes. To conclude that all the expectation values of F actually vanish

one uses the observation that the r.h.s. of eq. (2.9) is negative. Therefore all the

components of F must vanish

FPQRS = 0 . (2.10)

Going back to eq. (2.9) one obtains the Laplace equation

∇m(∆−3∂m∆) = 0 , (2.11)

whose only solution on a compact manifold is

∆ = const . (2.12)

Therefore, we recover the conventional supergravity compactifications in which no

warp factor was taken into account.

2.2 Non-compact seven-manifolds

However, the argument of the previous section fails in a rather interesting way for

non-compact internal seven-manifolds where, for example, M-theory five-branes that

wrap cycles of the seven-manifold are taken into account. For non-compact manifolds

the integral over the l.h.s. of (2.9) is not equal to zero because of boundary terms.

Furthermore, external sources modify the r.h.s. of this equation because these sources

contribute to the energy momentum tensor (2.4) and therefore to the Einstein equa-

tion (2.3). Very generally, we will consider seven-manifolds having a two-dimensional

submanifold on which the five-brane can be wrapped. The five-brane worldvolume is

of the form M4 × Σ, where M4 is four-dimensional Minkowski space and Σ the two-
dimensional submanifold of the seven-dimensional internal space. As we will see in

the following, in this situation it is possible to find non-vanishing expectation values

for antisymmetric tensor fields with unbroken supersymmetry and a non-constant

warp factor.

To find these solutions we will perform a similar analysis as in [8] but now for

non-compact seven-manifolds. Unbroken supersymmetry requires that the transfor-

mations (2.2) are zero. The first two equations are satisfied because in the classical
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background the gravitino vanishes. We therefore only have to consider the super-

symmetry transformation2 of the eleven-dimensional gravitino (2.2). The condition

for unbroken supersymmetry

δΨM = 0 , (2.13)

will be decomposed into the external and internal components as follows:(∇µ +∆−1/2γµT ) η = 0 ,
(∇m +Om) η = 0 . (2.14)

Here we have defined the quantities

T =

√
2

288
(F − if∆2γ5 − 36

√
2γ5∂/ log∆) ,

Om =

√
2

288

(
1

2
ifγm + γ5(γmF − 12Fm)

)
. (2.15)

Furthermore, we have used the notation

F = γpqrsFpqrs ,

Fm = γ
pqrFmpqr , (2.16)

and ∂/ = γm∂m. The eleven-dimensional gamma matrices have been decomposed into

two sets of mutually commuting gamma matrices according to

Γµ = γµ ⊗ 1 ,
Γm = γ5 ⊗ γm , (2.17)

which is appropriate for an 11 = 4+7 split. Furthermore, we have chosen our gamma

matrices to be hermitean and γ5 = γ1γ2γ3γ4 satisfies (γ5)
2 = 1. We will decompose

the eleven-dimensional spinor η according to

η = ε⊗ ξ , (2.18)

where ε is a four-dimensional anticommuting spinor, while ξ is a commuting seven-

dimensional spinor. Without loss of generality we will consider ε to be a positive

chirality spinor γ5ε = ε.

Since we are considering compactifications to four-dimensional Minkowski space

we set

∇µε = 0 , (2.19)

which for maximally symmetric four-dimensional space-time implies that the external

space-time is flat Minkowski. Therefore, from the external component of the gravitino

transformation (i.e. the first equation in (2.14)) one obtains the expression

(F − if∆2γ5 − 36
√
2γ5∂/ log∆)η = 0 . (2.20)

2We will be following the notation and conventions of [6].
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Since the gamma matrices are hermitean one concludes from (2.20)

f = 0 . (2.21)

Therefore, unbroken supersymmetry does not allow external components Fµνρσ for

compactifications to four-dimensional Minkowski space independently if the internal

manifold is compact or not. However, the situation is different for the internal

components Fmnpq which are now constrained to satisfy

Fξ = 36
√
2∂/ log∆ξ . (2.22)

Notice that for compactifications of M-theory on seven-dimensional manifolds the

equations satisfied by the field strengths are rather different than for compactifica-

tions of M-theory on eight-manifolds considered in [8]. In [8] it was found that the

internal components of F satisfy the equation

Fξ = 0 , (2.23)

rather than (2.22). Furthermore it was found in [8] that the external component of

F could be expressed in terms of a derivative of the warp factor rather than having

to vanish as in (2.21).

Using eqs. (2.21) and (2.22) for the field strength it is possible to rewrite the

supersymmetry transformations of the gravitino (2.14) in the following form:

∇̃mξ̃ −
√
2

24
∆3/2Fmpqrγ̃

pqrξ̃ = 0 ,

Fpqrsγ̃
pqrsξ̃ = 36

√
2∆−5/2∂a∆γ̃aξ̃ . (2.24)

Here we have introduced a new metric g̃mn which is related to the metric gmn ap-

pearing in (2.7) by a rescaling with the warp factor

g̃mn = ∆gmn . (2.25)

The gamma matrices are rescaled accordingly γ̃m = ∆
1/2γm. We have also rescaled

the seven-dimensional spinor ξ

ξ̃ = ∆1/4ξ , (2.26)

and used an identity relating covariant derivatives of spinors with respect to confor-

mally transformed metrics that we have included in the appendix. The first relation

in (2.24) guarantees that we can find a spinor whose norm is covariantly constant

∇̃m(ξ̃†ξ̃) = 0 , (2.27)

and therefore we can choose the normalization

ξ̃†ξ̃ = 1 . (2.28)

7



J
H
E
P
1
1
(
2
0
0
0
)
0
2
9

In terms of this spinor we can define a 2-form as

ω̃ab = i∆
−3ξ̃†γ̃abξ̃ , (2.29)

where we have introduced the warp factor for convenience. We shall see in a mo-

ment that the tensor field can be expressed in terms of this 2-form. In general,

seven-dimensional manifolds are not characterized by 2-forms. So for example, a G2
holonomy manifold is characterized by a 3-form Φ and it’s Hodge dual 4-form ?Φ and

not by a 2-form. But we can still expect to find seven-dimensional manifolds with

non-vanishing 2-forms in special cases. Precisely these manifolds will be the interest-

ing ones for which the field strengths have non-vanishing expectation values and the

warp factor is non trivial. In the next section we will consider a seven-manifold that

is a warped product of a four-dimensional Kähler manifold times a 3-torus. In this

case the above 2-form is related to the Kähler form of the four-dimensional Kähler

manifold. This type of compactification was considered in [16, 17]. In this section

we will derive the explicit expression for the expectation value of the tensor field.

A more detailed analysis of the properties of the background geometry will appear

elsewhere [21].

In eleven dimensions a 4-form F is dual to a 7-form ?F . When compactifying on

a seven-manifold to four-dimensional Minkowski space we can define a 3-form field

strength K in the following way:

?F = V4 ∧K . (2.30)

Here V4 = dx
0∧dx1∧dx2∧dx3 is the constant volume element of the four-dimensional

Minkowski space and ? is the Hodge dual with respect to the eleven-dimensional

metric gMN . Using some gamma matrix identities that we list in the appendix and

formulas (2.24) and (2.29) it is possible to show that K can be expressed through

the derivatives of ω̃ab in the following way:

Kabc =
3√
2
∇̃[aω̃bc] . (2.31)

To derive this equation it is useful to take the identity

ξ̃†{T, γ̃abc}ξ̃ = 0 , (2.32)

into account. Here T is defined as in (2.15) with f = 0. Remembering that the

Christoffel connection ΓPMN is symmetric in it’s lower indices we see that K can be

written in the form

K =
1√
2
dω̃ . (2.33)

This is the general solution for K that follows from supersymmetry. It is rather

interesting that the K-field can be determined explicitly in terms of the 2-form (2.29)

rather than through a determining equation as for M-theory compactifications on

8
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eight-manifolds (see [8, eq. (2.52)]). A similar situation appeared in [5, 22], where

compactifications of the heterotic string were considered. In [5] was found that

the H-field could be expressed in terms of a 2-form (see eq. (2.17) of that paper),

while the Yang-Mills field strength satisfies the Donaldson-Uhlenbeck-Yau equation,

which is a determing equation similar as in [8]. The above result for the K-field is

reminiscent of the generalized calibrations considered in [23, 24, 25].

With the expression (2.33) for the K-field and (2.30) it is easy to see that the

above solution satisfies the eleven-dimensional five-brane Bianchi identity (or mem-

brane equation of motion)

d ? F = 0 . (2.34)

Here we have to take into account that because the external components of F vanish

we have the condition F∧F = 0. Since we are considering five-brane sources in eleven
dimensions, the five-brane equation of motion (or membrane Bianchi identity) is no

longer described by eq. (2.6) but rather by an equation of the form

dF = δ . (2.35)

Naively, the five-brane sources involve delta functions that are supported on the five-

brane worldvolume. These naive definition, however, leads to inconsistencies of the

theory in the form of gravitational anomalies and a more careful analysis of the r.h.s.

of eq. (2.35) is in order. This has been done in [26, 27, 28]. We will not enter into a

more detailed discussion of these issues here.

Finally, the five-brane sources will modify the r.h.s. of Einstein’s equation (2.9)

as the energy momentum tensor of the five-brane source has to be taken into account.

Roughly, the external component of this equation takes the form:

∇m(∆−3∂m∆) = −2
3
∆−2F 2 + δ , (2.36)

where the delta functions come from the five-brane energy momentum tensor. There-

fore, if sources are taken into account the warp factor no longer satisfies a Laplace

equation on a compact manifold and the conclusions of section 2.1 are not valid.

At this point we have determined the expectation value for the tensor field that

follows from supersymmetry. Equation (2.36) is an equation for the warp factor,

while (2.35) is a determining equation for the 2-form (2.29). The non-vanishing

component of the tensor field then follows from (2.31). The internal component of

Einstein’s equation will then provide the information on what the possible seven-

dimensional backgrounds are. A detailed analysis of the possible background geome-

tries will appear elsewhere [21]. In the next section we shall consider a particular

background geometry.

9
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3. The Fayyazzudin-Smith manifold

In this section we would like to consider a special seven-dimensional manifold which is

a warped product of a four-dimensional Kähler manifold times a three-torus. We will

consider five-brane sources and the five-brane wraps a 2-cycle of the four-dimensional

Kähler space. This example of seven-manifold gives a supersymmetric compactifi-

cation of M-theory and was considered by Fayyazuddin and Smith in [16, 17]. In

this case the 2-form ω̃ appearing in (2.29) and (2.31) arises naturally in terms of the

Kähler form of the four-dimensional Kähler space.

The rescaled line element considered in this compactification is

ds̃2 = ηµνdx
µdxν + 2gmn̄dy

mdyn̄ +∆3(y)δαβdy
αdyβ , (3.1)

where gmn̄ is the metric of the four-dimensional Kähler space and δαβ is the metric

of the three-torus. gmn̄ and ∆(y) are allowed to depend on both y
m and yα.

The 2-form has the several components. The relevant one is the Kähler form of

the four-dimensional manifold ω̃ = ∆−3J . Using (2.29) we can compute K and get

K =
1√
2
d
(
∆−3J

)
. (3.2)

This is precisely the result obtained in the papers by Fayyazuddin and Smith (see

e.g. [17, eqs. (4)–(6)]) after dualizing and taking a rescaling of F into account. There-

fore the tensor fields of the examples considered in [16, 17] in which the seven-

manifold is a warped product of a four-dimensional Kähler manifold times a three-

torus provide an explicit example of the general class of solutions described in the

previous section.

4. Conclusions and outlook

In this paper we have considered warped compactifications of M-theory on non-

compact seven-manifolds to four-dimensional Minkowski space. Conventional com-

pactifications of M-theory on compact seven-manifolds lead to vanishing expectation

values for the tensor field and a constant warp factor if supersymmetry is imposed.

However, this is not the case for the compactifications considered herein, where it is

possible to preserve supersymmetry while the expectation value of the tensor fields

are non vanishing and the warp factor is not constant. This is due to the presence

of five-brane sources which wrap 2-cycles of the internal seven-dimensional manifold.

We have computed the expression for the field strength following from supersym-

metry explicitly. Furthermore, we have shown that the compactifications considered

in [16, 17] provide a concrete example of our general solutions.
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It would certainly be interesting to see if further examples that solve (2.33) could

be found. In this paper we have seen how to obtain the form of tensor field once

the background geometry is known. But supersymmetry can, of course, teach us

more. A detailed analysis of the properties of the background geometry will appear

elsewhere [21].
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A. Useful formulas and conventions

In this appendix we would like to collect a few useful formulas and we would like to

explain our notation.

• The different types of indices that we use are
• M,N, . . . are eleven-dimensional indices
• m,n, . . . denote seven-dimensional indices
• µ, ν, . . . are the indices of the external space
• n-forms are defined with a factor 1/n!. For example

F =
1

4!
Fmnpqdx

m ∧ dxn ∧ dxp ∧ dxq .

• The gamma matrices ΓM are hermitean while Γ0 is antihermitean. They satisfy
{ΓM ,ΓN} = 2gMN .

• ΓM1...Mn is the antisymmetrized product of gamma matrices
ΓM1···Mn = Γ[M1···ΓMn] ,

where the square bracket implies a sum over n! terms with a 1/n! prefactor.

• Gamma matrix identities that are useful are
[γm, γ

r] = 2γm
r ,

[γmnp, γ
rs] = 12δ[m

[rγnp]
s] ,

{γmnpq, γrst} = 2γmnpqrst − 72δ[mn[rsγpq]t] .
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• Our definition of Hodge ? in d dimensions is

?(dxm1 ∧ · · · ∧ dxmp) = |g|1/2
(d− p)!ε

m1···mp
mp+1···mddx

mp+1 ∧ · · · ∧ dxmd ,

where

εm1m2···md =



0 any two indices repeated

+1 even permutation

−1 odd permutation
• The identity which relates covariant derivatives of spinors with respect to con-
formally transformed metrics is

∇̃Mε = ∇Mε+ 1
2
Ω−1ΓMN(∇NΩ)ε ,

g̃MN = Ω
2gMN .
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