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Diffraction of Gaussian Laser Beams by a Semi-Infinite Plane
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Theoretical ana experimental aspects of the diffraction of gaussian laser beams by the straight edge
bounding an opaque plane are investigated. Theoretical analysis is based upon the Kirchhoff scalar wave
theory in the Fresnel limit, assuming an incident electromagnetic field having spatial amplitude and
phase variation appropriate to a fundamental-mode gaussian beam. Experimental observation consisting
of irradiance as a function of position is in good agreement with this theory. Both theoretical and experi-
mental results are found to depend strongly on gaussian-beam parameters.
INDEX HEADINGS: Diffraction; Lasers.

The diffraction of electromagnetic radiation by material
objects is, in principle, a well-understood area of
classical physics. Although attempts to formulate a
rigorous theoretical approach to this phenomenon
suffer from certain fundamental inadequacies,'-4 the
approximations of Kirchhoff and Sommerfeld are valid
in most regions of interest'-; they have been confirmed
to excellent precision for an incident plane wave with
microwave'-" and noncoherent optical sources,12' 13 and
with electron beams.14

Many useful optical sources do not produce beams
that can be approximated by a uniform plane wave.
Therefore, it is of interest to consider modifications to
the plane-wave diffraction theory appropriate to non-
uniform beams. The advent of laser sources evokes new
tests of diffraction theory and suggests a consideration
of the approximations appropriate to this special case.
The unique phase and spatial-amplitude variation
which is characteristic of lasers makes them ideal
sources for diffraction experiments dealing with beam-
size effects. In addition, the high irradiance and low-
beam divergences available greatly simplify the experi-
mental apparatus needed to perform high-accuracy
measurements.
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In this paper we examine theoretical and experi-
mental aspects of the diffraction of finite-size laser
beams by the straight edge bounding an opaque plane.
The resulting irradiance patterns differ significantly,
but in a predictable manner, from the plane-wave
case. In addition to providing quantitative experi-
mental data in agreement with the scalar diffraction
theory, this paper will show that even the qualitative
character of the observed diffraction pattern depends
on beam size and divergence angle.

I. THEORETICAL ANALYSIS

A. Rirchhoff-Fresnel Formulation

The theoretical problem of an adequate formulation
of the generalized diffraction problem has been discussed
elsewhere.'-3 In this paper we employ the well-estab-
lished Kirchhoff-Fresnel scalar analysis,4-7 using an
incident electromagnetic field which is similar to that
of a TEMooq laser mode.

The Kirchhoff-Fresnel formulation expresses the
amplitude of the scalar field behind an aperture in
terms of the integral

-1 ~ delkl r-r'I 147r al a 1g O-Pl1

-UinoQ' ) ds', (1)

where Uia(r') is the scalar amplitude of the incident
field and the integral is taken over the diffracting
aperture (see Fig. 1). A more rigorous solution also
requires that Uin. be a solution to the wave equation

(V2+k 2) Uino= 0. (2)

Following the accepted theory of optical reso-
nators,"'l 8 we take Uina as the field distribution of a

16 G. D. Boyd and J. P. Gordon, Bell System Tech. J. 40, 489
(1961).

16 H. Kogelnik, Appl. Opt. 4, 1562 (1965).
17 G. D. Boyd and H. Kogelnik, Bell System Tech. J. 41, 1347

(1962).
18 A. G. Fox and T. Li, Bell System Tech. J. 40, 453 (1961).

1440

VOLUME 59, NUMBER 11 NOVEMBER 1969



DIFFRACTION BY SEMI-INFINITE PLANE1

fundamental-mode gaussian beam given by""0l

c0 F 1 ikt)
Uis 0f%)=-exp -rkz+0(z)]2 -+ -

c(s) Lc2(z) 2R(z)J

=W( e-ir(r) (3)

The incident beam is assumed to propagate in the
z direction; r= (x2+y2 )i is the distance from the z axis,
k =2r/A is the propagation constant in the medium,
and 3(z) is a phase shift due to the beam geometry.
The radius of the beam (i.e., the spot size) is (z) and
the radius of curvature of the phase front is R(z). co, R,
and f are given by' 6

co2(z)= o[ (-]

R(z)=z 1+

92(z
(Z) = tanglb )1

z

(C)y z) /
yy

(b)

FIG. 1. Coordinate system for diffraction at a straight edge.
(a) Definition of the angles 0 and 0 used in Eq. (8). (b) Definition
of the aperture a-: a- (y>yo, all x). The incident beam travels
toward positive z and has its maximum at x=y=O.

(4)

Substituting Eq. (3) in Eq. (1), taking af as a semi-
infinite half-plane, and going to the Fresnel limit, we

(5) find the field behind the aperture,

U(r ) = [2/(1+4oW)1I eikr/8r(CG)1]
(6)

where b = 27r4o2/X is the beam confocal parameter and z
is measured from the beam waist where co=Co. As the
gaussian beam propagates and expands, its transverse
amplitude variation remains gaussian. The 4 angle of
divergence of the beam is given by tan8=co(z)/z, which
for z>>b/2 is

2coo X
tandc-- = [2X/bir} =

b =0 o
(7)

The function given by Eq. (3) is an approximate
solution to Eq. (2) in the limiting case in which d'4[/dz2

can be neglected. It is valid even when k2 is a quadratic
function of r,

/ k2

\ko
and thus is a good description of the beam from a laser,
since the laser gain is known to vary quadratically
with r.'9 .20

Two difficulties arise in using Eq. (3) as a description
of an experimental laser beam. First, it is necessary to
determine the parameters in Eq. (3) such as coo (or b)
and the distance from the beam waist to the plane of
interest (the diffraction edge), z=Zol. This is discussed
below. Second, there is usually some mixture of higher-
order modes present in laser beams. These difficulties
are not serious, however, and do not affect the validity
of the theory; they merely complicate its experimental
verification.

19 W. R. Bennett, Jr. and J. W. Knutson, Jr., Bull. Am. Phys.
Soc. 9, 500 (1964).

20 W. R. Bennett, Jr., Appi. Opt., Suppl. 2, 3 (1965).
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where the conventional polar coordinates are
as in Fig. 1; yo is the location of the edge with
to the incident beam (centered about x=y=O)

defined
respect
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FIG. 2. Theoretical normalized relative irradiance I vs distance.l
The curves are calculated from Eq. (8) and are labeled corre-
sponding to the gaussian-beam parameters given in Table I.
The arrow at y = 0 defines the location of the geometrical edge.

A k2 sin20 cos2q\NV=B+-11--
2CN 2C

P =N -(MH/2G)+(LI2/4G 2)

Q = (l/\G) - (LH/GI).

The result given by Eq. (8) is normalized to unit
incident flux

X Io U(f) 1 2,,odxdy = 1.f J
To normalize to unit peak irradiance, U(r) as given by
Eq. (8) should be multiplied by [1+%o211'/V2.

From Eq. (8), the diffracted irradiance distribution
has been evaluated to high precision for various cases
of interest using digital-computer techniques. For a
range of incident-beam parameters (shown in Table I),
Fig. 2 illustrates the results of the computations and
compares the quasi-plane-wave case (Case I) with
three finite-beam cases.2 ' Note that each curve is charac-
terized by both the confocal parameter b and the
distance Zo0 . From these two quantities, both the spot
size and divergence angle of the incident beam are
determined. All curves in Fig. 2 are computed for

X=6328 A (He-Ne laser), yo=O, z= 100 cm, 0O_

and

4= 7r/2 (light region) or 0=37r/ 2 (shadow region).

TABLE I. Gaussian-beam parameters for diffraction patterns.
(Theoretical analysis)

Location of Normalized
first maximum irradiance

Case b= 2Lo, (cm) Zo0 (cm) (cm) at y=O

I 34.30 3320 0.0686 0.236
II 1552.0 1480 0.0686 0.225
III 189.3 101.0 0.0584 0.110
IV 34.30 57.00 0.0889 0.0355
V 15.0 15.00 0.1143 0.00529

21 The detail and rapid oscillations in the curves of Fig. 2 can
best be appreciated by referring to the expanded-scale figures
in the experimental section of this paper.

-- (0, (2)

FIG. 3. Schematic of experimental irradiance-measuring ap-
paratus. (a) He-Ne laser. (b) Chopper. (c) Mirror. (d) 5X
telescope. (e) Diffracting edge. (f) Scanning slit. (g) Slit and
detector assembly. (h) Lock-in amplifier. (1) and (2) are locations
1 and 2, respectively, as used in Eqs. (12)-(15) and are 100 cm
apart.

Because each incident beam is normalized to unit
peak irradiance at the edge, the significance of beam
size and rate of divergence on diffraction phenomena
is immediately clear from examination of Fig. 2. The
behavior of the diffraction pattern in the light region is
easily understood by considering the Young theory of
diffraction' along with the classical Huygens construc-
tion. This interpretation is discussed below.

B. Interpretation of Theoretical Results

Using the physical interpretation of diffraction given
by Huygens and Young,', 21 we can take the total
irradiance of the field beyond the screen as

I(?)= ijino(f)+ifdiff(?) 2; geometrical light region
I Vdiff (T) 12; geometrical shadow region. (9)

Thus, if the amplitude of the diffracted field is ap-
proximately equal to that of the incident field, large
spatial irradiance fluctuations may be observed in the
light region.

|0OF 1v

| ~~~ a CI1m

y fC)

FIG. 4. Normalized beam-irradiance profiles measured at the
location of the diffracting edge (z=0, location 1) and compared
to a best-fit gaussian envelope. + =experimental, large beam
(a=0.191 cm); *=experimental, small beam (a=0.045 cm);
-=gaussian fit, y=exp[-y'/a']. The arrow at y=0 defines the
location of the geometrical edge.

22 See K. Miyamoto and E. Wolf, J. Opt. Soc. Am. 52, 615, 626
(1962) for a mathematical formulation of Young's theory.
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Applying this interpretation to the curves of Fig. 2,
we see that in the case of the quasi-plane wave (Case I),
the amplitude of the diffracted field is, at all points in
space, much less than the incident field and only small
irradiance fluctuations occur. For the finite beams,
however, the amplitude of the incident beam may drop
sufficiently rapidly with increasing distance from the
diffracting edge that the diffracted and incident fields
have roughly the same amplitude over a finite spatial
region. In this region, the resultant irradiance as given
by Eq. (9) is driven toward zero at every point where
the phase difference between the diffracted and incident
beam is 1800. This phenomenon is observed in Cases
II-V of Fig. 2.

Note that the symmetry of the irradiance distribution
about the geometrical edge increases as the size of the
incident beam is reduced (i.e., coo is reduced) and hence
the secondary wavelets from the edge of the diffracting
screen play a larger role in the irradiance distribution. 23

It is also interesting to note the change of height of the
first maximum in the light region, as well as its location
and the value of the irradiance at the geometrical
shadow boundary, as the parameters of the incident
beam are varied.

If. EXPERIMENTATION

A. Experimental Apparatus and Techniques

The measurement technique employed in this series
of experiments is shown schematically in Fig. 3. A
He-Ne laser having an unpolarized power output of
approximately 1 mW in the TEMOO mode was used as
a source. The beam was expanded with a 5X telescope.
Irradiances were measured with lock-in techniques with
a 15 pmX0.6-cm scanning slit and an RCA 925 vacuum
photodiode. For convenience, the diffracting edge was
a razor blade. Bennett and Harris13 have shown that
neither the conductivity nor the sharpness of the edge
has any important effect on the irradiance distribution
of the diffraction pattern.

Before we could measure the diffraction patterns, we
had to determine the effective beam parameters of the
incident laser beam. At a fixed z, Eq. (3) gives the
normalized transverse irradiance variation as

I= I U(t) I2= I exp[-ikir2/2q(z)12= exp[-kr2/L(z)],

(10)
where

1 1 1 zrco1(Z)()=----, and L(z)=-. (11)
q (z) R (z) L (z)X

23 From a superficial examination of Fig. 2, it appears that
diffraction in the limit of small beam sizes is not purely an edge
effect as predicted by Huygens' principle. It is possible to show,
however, (see Refs. 6, 7, 22) that, even for small incident beams,
diffraction is an edge effect. The size and rate of expansion of the
beam play ever-increasing roles in determining the exact nature
of the diffraction pattern as the beam size is reduced.

pO7

9 ; INSERT

FiG. 5. Experimental data and theoretical diffraction pattern
for large incident beam (al=0.191 cm and Case II of Table I
and Fig. 2). I is normalized relative irradiance as defined in Eq.
(16). The arrow at y=O defines the location of the geometrical
edge.

R(z) is the radius of curvature of the beam and w(z)
is the spot radius [see Eqs. (4)-(6)].

For homogeneous media, such as free space, Kogel-
nik"' 24 has shown that

q2= qi+Z12 , (12)

where q2 and qi are the beam parameters at z=z2 and
z=zi, respectively, and Z12= (02-Zl).

Defining L(z) by

7rco2(z) 2 7ra2 (z)
L(z)= = ' (13)

X ?v

where a is the gaussian-irradiance half-width at z, we
can use Eq. (11) and Eq. (12) to solve for R1 when L1 ,
L2, and Z12 are known. That is, we must solve the
equation

R14 (L 1
2-LtL 2 +Z1 2

2 ) +R23(2L, 2Z1 2)

+R?2(L 1
4 - L 1

3L 2+ 2L1
2Z32

2)

+Rr(2LP4Z12)+L!Zr22= 0. (14)

The positive, real solution to Eq. (14) is then used with
Li to find the effective beam parameters Lo, (and thus b)
and Zo, at location 1. We find

R1
2L, b

Loj= --
R12+L 1

2  2
(15)

RiL 1
2

Zol=
R12 +L12

FIG. 6. Experimental data and theoretical diffraction pattern
for small incident beam (ai=0.045 cm and Case III of Table I
and Fig. 2). I is normalized relative irradiance as defined in Eq.
(16). The arrow at y=O defines the location of the geometrical
edge.

2' H. Kogelnik, Bell System Tech. J. 44, 455 (1965).
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{a)

tillf
(bi

FIG. 7. Photographs of the fringes corresponding to the experi-
mental data of Figs. 4 and 5: (a) large beam (Fig. 5); (b) small
beam (Fig. 6). The dynamic range has been compressed; see text.

The parameters for the theoretical curves in Figs. 5
and 6 were determined by measuring the irradiance
profile of the laser beam at locations 1 and 2 as defined
in Fig. 3. Gaussian curves fitted to the irradiance
profiles resulted in the values of a necessary to determine
b and Zol. Typical irradiance profiles at the edge
location (location 1, z= 0) plotted together with fitted
gaussian curves are shown in Fig. 4. Equation (8) was
then used to generate the theoretical diffraction
patterns.

Figure 4 shows that the incident-beam profile differs
considerably from a pure gaussian envelope after the
irradiance has dropped by 2 or 3 orders of magnitude.
The longer tail on the actual beam profile is due to a
combination of inhomogeneities in the laser mirrors and
higher-order modes present in the laser beam. The
difficulties that these higher modes introduce into a
comparison of theory with experiment are discussed
below.

The diffracting edge was aligned with the center of
the incident gaussian beam by the following procedure:

(1) The scanning slit was positioned in the center
(maximum value) of the incident laser beam. This
defines the position x=O, y=O, z=100 cm as in
Fig. 1.

(2) The straight edge was inserted into the beam
until the measured normalized irradiance fell to the
normalized value predicted in the theoretical calcu-
lations. Thus the curves in Figs. 5 and 6 are necessarily
matched at y=O. Because the theoretical calculations
assume unit irradiance at the location of the edge
(z=O), the experimental curves are also normalized
to the maximum of the beam at z=0. Thus we have

Imw(y = 0, z = 100 cm)
[Imea(:y = 0)=]nornl

Imcas(y0O z=0)

=lthear.(Y=0, z= 100 cm) (16)

The procedure we used here removes the ambiguity of
edge placement relative to the center of the incident
beam and eliminates the otherwise necessary technique
of employing a one-adjustable-parameter fit of experi-
mental data to theoretical calculations.

Following this alignment procedure, we measured
irradiance as a function of distance from the known
reference point (x= 0, y= 0, z= 100 cm). Irradiance was
measured along a line perpendicular to the axis of the
incident beam rather than on a circle of fixed radius.
The difference between these two procedures is negli-
gible for the small values of y and the large value of z
appropriate to this experiment.

B. Measurements

Figures 5 and 6 show experimental data and theo-
retical curves calculated for the incident beams of
Fig. 4. Experimental data points were taken at or near
the locations of maxima and minima. A smooth curve,
shown dotted, was drawn through these points. Note
the wide dynamic range, 104 of irradiance, achievable
as a result of employing a laser source. The theoretical
diffraction patterns of Figs. 5 and 6 are reproductions
of curves (II) and (III), respectively, of Fig. 2.

In addition to these quantitative measurements, we
determined the fringe positions photographically by
replacing the scanning slit with a lensless, focal-plane-
shutter, 35-mm camera loaded with EG & G XR film.
This film is a three-layer dye-transfer material that is
capable of recording spatial irradiance variations having
dynamic irradiance ranges up to eight orders of magni-
tude. Prints (with compressed dynamic irradiance
range) of the diffraction patterns are shown in Fig. 7
for both the large-beam and small-beam cases. The
well-defined interference fringes that correspond to the
data presented in Figs. 5 and 6 are clearly visible.

C. Errors and Discussion

In view of the inherent high accuracy of lock-in
techniques and the accuracy of the technique used to
position the edge in the beam, the principal experi-
mental errors are due to (1) finite scanning-slit size,
.0015X.6 cm; (2) difficulty of aligning the scanning
slit parallel to the diffracting edge; (3) higher-order
modes and amplitude fluctuations of the irradiance of
the laser source.

The first two of these account for the shallowness of
the undulation of the measured data compared to the
theoretical beam and tend to cause the averaging over
successive fringes that is evident in Figs. 5 and 6.
Reference to Fig. 7, however, shows that the length
of the slit (0.6 cm) did not introduce any error due to
curvature of the fringes. Thus the experimental tech-
nique averages the irradiance in the x direction. The
normalizing technique then compensates for the finite
slit length.
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The third source of error is the most serious, intro-
ducing uncertainty into the determination of relative
irradiance as well as into the determination of equiv-
alent beam parameters for theoretical calculations.
Systematic qualitative disagreement between theory
and experiment at large distances from the geometrical
edge can be understood in terms of the deviation of the
actual incident-beam profiles from those used in the
theoretical calculation. This deviation is caused by the
presence of higher-order modes than TEMooq in the
experimental beam. The physical interpretation dis-
cussed in Sec. IIB is useful here. For example, in the
experimental data of Figs. 5 and 6, spatial irradiance
variations can be seen on top of the measured incident-
beam profiles, as shown in Fig. 4 (including the non-
gaussian tail). These variations arise from the inter-
ference of the incident beam with secondary Huygens
wavelets propagating from the edge.

The quantitative disagreement between theory and
experiment evident in Figs. 5 and 6 is believed to result
from amplitude fluctuations of the incident beam and
from our inability to determine accurately the spot
radius a. The inaccuracy in the determination of a
occured because the incident beam was not a pure
gaussian. This inaccuracy causes the disagreement
between theory and experiment in the location of
fringe maxima and minima. Theoretical diffraction

patterns computed from Eq. (8) are quite sensitive to
the two values of a used to find Zo, and b.

Taking into account all known sources of error, we
estimate our maximum error to be approximately 10%
in the light region and 5% in the shadow region, in
both relative irradiance and in location of the fringes.
Agreement between theory and experiment in the light
region is good. In the geometrical shadow, the agree-
ment is excellent in view of the wide dynamic range of
measured irradiances and indicates that the diffracted
wave is independent of the detailed nature of the
incident beam.

III. CONCLUSION

From these experiments we may conclude that the
scalar Kirchhoff-Fresnel formulation of diffraction
theory is valid to a good approximation for the diffrac-
tion of laser beams of finite size. The theory predicts
the magnitude of the diffraction irradiances as well as
the location of the fringes. Implicit in this formulation,
however, are beam-size effects that must be taken into
account when unexpanded laser beams are used. A
simple physical model based on the Huygens construc-
tion and the Young theory of diffraction is often useful
in understanding diffraction phenomena, particularly
for small beams.
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