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Numerical relativity has recently yielded a plethora of results about kicks from spinning mergers which

has, in turn, vastly increased our knowledge about the spin interactions of black hole systems. In this work

we use black hole perturbation theory to calculate accurately the gravitational waves emanating from the

end of the plunging stage of an extreme mass ratio merger in order to further understand this phenomenon.

This study focuses primarily on spin induced effects with emphasis on the maximally spinning limit and

the identification of possible causes of generic behavior. We find that gravitational waves emitted during

the plunging phase exhibit damped oscillatory behavior, corresponding to a coherent excitation of

quasinormal modes by the test particle. This feature is universal in the sense that the frequencies and

damping time do not depend on the orbital parameters of the plunging particle. Furthermore, the observed

frequencies are distinct from those associated with the usual free quasinormal ringing. Our calculation

suggests that a maximum in radiated energy and momentum occurs at spin parameters equal to a=M ¼
0:86 and a=M ¼ 0:81, respectively, for the plunge stage of a polar orbit. The dependence of linear

momentum emission on the angle at which a polar orbit impacts the horizon is quantified. One of the

advantages of the perturbation approach adopted here is that insight into the actual mechanism of radiation

emission and its relationship to black hole ringing is obtained by carefully identifying the dominant terms

in the expansions used.
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I. INTRODUCTION

As the field of numerical relativity matures, the gravita-
tional wave community gains insight into the most dy-
namic regions of spacetime [1]. Possibly the most
spectacular strong field event in gravity, namely, that of a
binary black hole merger, has recently yielded a series of
interesting results related to the spins of the holes involved
in the collision. A particular highlight is the discovery of
the so-called superkick configuration, where the spin in-
teraction drastically changes the trajectory of the resultant
black hole [2–4]. The body of knowledge relating to spin-
ning compact objects has greatly increased as a result,
inviting analytic explanations. Important analytic strides
in this regard have been made [5–10].

The evolution of a black hole binary proceeds through
three stages: the inspiral on a quasistable orbit, the plunge
and merger, and the final ringdown stage. It is in the plunge
and merger where the strong field fully nonlinear attraction
of general relativity completely dominates the dynamics.

Of these three stages, the first and third have been care-
fully understood analytically. The first stage, during which
the slow inspiral over a long time scale results in the
emission of huge amounts of gravitational radiation that
dominate the observed signal, has been extensively mod-
eled [11,12]. The final stage, where the highly distorted
black hole approaches a Kerr black hole via quasinormal
ringing, is also carefully understood in terms of vacuum
black hole perturbation theory [13–16].

The dynamics of the intermediary phase of plunge and
merger, where the binary transitions from a system de-
scribed by several parameters related to the two black holes
to a resultant system described by far fewer parameters
(namely the spin, mass, and position of the resultant single
black hole), has been less thoroughly explored. This tran-
sition should by its very nature display universal behavior.
The interest in this phase of the binary evolution is three-
fold. First, the transition from inspiral to ringdown marks a
turning point in the amplitude of the gravitational wave-
form and is essential for the production of accurate tem-
plates for observation. Second, it is thought that the
plunging phase strongly influences the final kick velocity
attained by the final black hole. Third, this phase gives us
the opportunity to probe highly nonlinear/non-Newtonian
events such as horizon formation and the merger process
itself, to which currently only numerical relativity gives
access.
The first issue can be addressed by attempting to ex-

trapolate waveforms produced for the first and third stages
to bridge the chasm of understanding present in the second
stage. A method which extends the post-Newtonian (PN)
approximation into this regime while leaning on numerical
relativity results was proposed in [8,9], however it is
mentioned there that the uncertainty due to the plunging
stage remains considerable. The amount of linear momen-
tum emitted during the plunge stage is expected to be
significant in comparison to that emitted during inspiral,
making the contribution from the final plunge stage to the
final velocity of the kicks of the black hole important.
Furthermore, this statement also implies that the position
in the orbit at which a binary merges strongly influences
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the end result. While the kick velocities resulting from spin
interactions can be modeled effectively by fitting formulas
which treat the strong field interactions as an effective
black box [2–4,7], a careful understanding of the interac-
tions that produce them and the precise connection to
gravitational radiation still remains somewhat elusive. A
constructive formalism for treating and understanding
strongly nonlinear effects in the highly dynamic regions
of spacetime during the plunge and merger phases is in its
early stages of development. Subtle details, exhibited in the
waveform and dynamics during the merger phase, such as
the antikick observed by [17] give us further clues as to
dynamics that require explanation. As numerical relativity
now takes the lead in ushering in a new stage in our
analytic exploration of the Einstein field equations, we
can begin to build our intuition about how interactions
between the compact object take place and develop the
tools for describing them.

In this paper, we study gravitational waves emitted from
the end of the plunging phase of a small black hole falling
into a spinning black hole. The purpose of the calculation is
to obtain a physical understanding of the origin of the
radiation emitted and to identify possible causes of univer-
sal behavior. We explore the extreme mass ratio case via
black hole perturbation theory. This approach is used for
two reasons. First, it makes the problem analytically trac-
table at minimal computational cost. Second, it gives in-
sight into the physical mechanism by which the radiation is
produced by the plunging phase of the black hole merger
and directly relates that picture to the resulting gauge
invariant radiation quantities computed at infinity.

The proposed model allows the effect of spin to be
explored by considering the background spacetime to be
a Kerr black hole with mass M and spin a. The second
smaller black hole is modeled as a point particle moving on
a geodesic orbit described in Sec. II. Past studies in which
black hole perturbation theory is applied to a
Schwarzschild black hole have indicated that an important
contribution to the energy radiated during an infall has its
origin just outside the event horizon [18]. It is on this
region we will focus. Since we are interested in the plung-
ing phase of the orbit, we make use of the near-horizon
approximation, which is introduced in Sec. II. Features of
the final stage of the plunge that influence the emitted
radiation are identified in Sec. III and Appendix B. The
Teukolsky formalism is used to compute the gravitational
waveform from the end of the plunging stage in Sec. III,
and to compute the energy and momentum fluxes in
Secs. IV and V, respectively. Numerical explorations on a
Kerr background within the perturbation framework have
indicated that spin enhances the radiation emission [19,20].
This was understood in the context of the lower damping
rates of the quasinormal modes in the presence of spin [13].
In our work, the spin enhancement effect is carefully
quantified analytically during the end of the plunge phase.

Our work aims at analytically quantifying features of the
transition from the plunge to the ringdown phase which
cannot be captured by extending purely post-Newtonian
results [21]. The analysis presented here does not extend
into the regime of free quasinormal ringing observed when
a highly distorted black hole approaches Kerr in the ab-
sence of an external source. This is due to the fact that the
perturbing second black hole is still present and therefore a
source of waves.
A possible concern about modeling the end of the black

hole plunge in the extreme mass ratio limit with first order
perturbation theory is that the problem has been oversim-
plified by ignoring nonlinear perturbations and employing
the point particle approximation for the smaller black hole.
However, it should be observed that the dynamical time
scale associated with the small black hole is comparatively
short, making the equilibration process of internal pertur-
bations of the small black hole rapid and thus justifying the
point particle approximation. A huge advantage of the
model is that it takes into account the fully relativistic
frame-dragging effect on the orbit in the vicinity of the
event horizon. A further advantage is that it allows for the
exploration of the maximally spinning black hole limit.
This is a case of particular theoretical interest which can
only be explored by taking a limit within this analytic
perturbation framework. Finally, the perturbation formal-
ism implicitly takes into account the horizon deformation
of the background spacetime, although care has to be
exercised when dealing with a source that crosses the event
horizon, as is shown in Appendix A. It is hoped that with
the rapid advance of numerical simulations into the ex-
treme mass ratio regime, the predictions of our model will
soon be numerically tested.
The analysis presented in this paper allows us to identify

the following effects. At the end of the plunging stage just
before the small black hole passes through the event hori-
zon, the radiation is dominated by a peculiar feature in-
dicative of the ergoregion. This feature is best described as
follows. In its own reference frame, the small black hole
passes through the event horizon in finite time; however, to
a distant observer it remains a radiating mirage stuck on the
event horizon and dragged into motion at a tremendous
speed, emitting gravitational waves. In practice, it is not
the mirage emitting gravitational waves, but the nonlinear
perturbed gravitational field that has stored up energy and
angular momentum and is slowly leaking them out to the
observer at infinity. The frequency and damping rate dis-
play universal behavior in that the earlier details of the
orbital trajectory are irrelevant; only the position at which
the small black hole crosses the horizon matters. The
emitted radiation has a frequency and damping rate analo-
gous to quasinormal ringing but at a frequency distinct
from it. Pretorius [1] gave a heuristic description of the
sinusoidal bobbing motion observed in the numerical
simulations of two black holes in the so-called superkick
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configurations in terms of a frame-dragging phenomenon.
He mentions that the position in the orbit where the merger
takes place ultimately determines the magnitude and di-
rection of the kick. While the magnitude of the kick cannot
be accurately accounted for by the extreme mass ratio
analysis of the plunge phase of the orbit, the dependence
of the radiated linear momentum on the angular position on
the horizon at which the small black hole enters can, and is
calculated in Sec. V. We conclude the paper with possible
observational and analytic implications in Sec. VI.

Throughout this paper, geometrized units, such as G ¼
c ¼ 1 are used.

II. ORBITAL DESCRIPTION OF PLUNGING
OBJECT

In this section we describe the nature of the orbit in the
final plunging phase. The rapid time scale on which the
dynamics of the plunging phase occurs, implies that the
orbital evolution of the small black hole is well approxi-
mated by a geodesic in the background Kerr geometry,
ignoring the radiation reaction effect. Since our focus is on
the late plunging phase, we then further specialize the orbit
to the near-horizon region, also referred to as the near-
horizon limit.

The geodesic equations describing the trajectory of a
freely falling test particle in the Kerr geometry can be
expressed in Boyer-Lindquist coordinates ft; r; �; �g using
the equations [22]�

dr

ds

�
2 ¼ RðrÞ;

�
d�

ds

�
2 ¼ �ð�Þ; (2.1)

where

RðrÞ ¼ ½Eðr2 þ a2Þ � aLz�2 � �½ðaE� LzÞ2 þ r2 þ C�;

�ð�Þ ¼ C� cos2�

�
a2ð1� E2Þ þ

�
L2
z

sin2�

��

and

d�

ds
¼ �

�
aE� Lz

sin2�

�
þ a

�
ðEðr2 þ a2Þ � aLzÞ; (2.2)

dt

ds
¼ �

�
aE� Lz

sin2�

�
asin2�þ r2 þ a2

�
ðEðr2 þ a2Þ

� aLzÞ: (2.3)

In the above expressions, the constants of motion for a
particular orbit are denoted E, Lz, and C for energy,
azimuthal angular momentum, and Carter constant respec-
tively; furthermore, the function � is defined to be � ¼
r2 � 2Mrþ a2 and the affine parameter s is related to the
proper time � by s ¼ R

d�=�, with � ¼ r2 þ a2cos2�.
To facilitate understanding of the radiation content ema-

nating from the orbit just before the test mass falls into the
horizon, we further specialize these equations to the near-

horizon limit. Denote the radial position of the event

horizon by r ¼ rþ ¼ Mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � a2

p
. The quantitative

features of an in-falling orbit in the near-horizon region
(r � rþ) can be adequately described by approximating
the geodesic equations (2.1) and (2.2) by

dr

ds
¼ �2MrþðE��HLzÞ þOðr� rþÞ; (2.4)

d�

ds
¼ � ffiffiffiffiffiffiffi

�0

p þOð�� �0Þ; �0 ¼ �ð�0Þ; (2.5)

d�

ds
¼ a

�
ðE��HLzÞ rþ

r� rþ
þOððr� rþÞ0Þ; (2.6)

dt

ds
¼ 2Mrþ

�
ðE��HLzÞ rþ

r� rþ
þOððr� rþÞ0Þ; (2.7)

where �H ¼ a
2Mrþ

is the horizon’s angular velocity, �0 is

the polar angle at which the particle falls into the horizon,

and the dimensionless constant � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ða=MÞ2p

.
The geodesic in the near-horizon limit has the following

analytic solution:

r ¼ rþð1þ e��ðt�t0Þ=rþÞ; dr

dt
¼ ��

r� rþ
rþ

; (2.8)

� ¼ �0 �
ffiffiffiffiffiffiffi
�0

p
e��ðt�t0Þ=rþ

2MðE��HLzÞ ;

d�

dt
¼ � �

ffiffiffiffiffiffiffi
�0

p ðr� rþÞ
2Mr2þðE��HLzÞ

;

(2.9)

� ¼ �Hðt� t0Þ þ�0;
d�

dt
¼ �H; (2.10)

where t0 and �0 are integration constants. This approxi-
mation holds for t� t0 � rþ.
Note that the well-known gravitational time dilation

effect is clearly manifest in terms of the singular behavior
of Eq. (2.7). While the particle passes through the event
horizon in finite proper time in its own local reference
frame, it appears to a distant observer who describes the
particle motion in terms of coordinate time to be slowing
down infinitely as it approaches the event horizon. As a
result, the motion in the radial and polar directions be-
comes frozen onto the event horizon at their entering
positions. If the central black hole has no spin, this particle
will cease to be a source of gravitational waves during the
final stages of the plunge to the order of approximations
made.
If the central black hole is spinning, however, Eq. (2.10)

indicates that the motion in the azimuthal angle does not
slow down. Instead the frame-dragging effect ‘‘pulls’’ the
particle into motion around the black hole with an azimu-
thal angular velocity that approaches the horizon angular
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velocity. The particle motion around a spinning black hole
in the final stage of the plunge is thus, from the perspective
of a distant observer, entirely dominated by this azimuthal
motion which is insensitive to the previous details of the
orbital evolution and characterized only by the mass and
spin of the central object. This effect is highly relativistic,
it cannot be captured by an analysis based on a post-
Newtonian expansion, and is the cause of strong gravita-
tional wave emission during the plunging phase of a spin-
ning black hole. This statement will be made explicit in
Sec. III.

While the constants such as E, Lz, and C describing
orbital motion do not enter directly into the description of
the final stages of the plunging orbit itself, they do make
their appearance in the dominant terms of the perturbation
theory (see Appendix A) and are thus required for explicit
evaluation. To this end, we have selected three plunging
orbits for explicit evaluation: the co-rotating and counter-
rotating plunging trajectories from the innermost stable
circular orbit (ISCO) in the equatorial plane (i.e. C ¼ 0
and �0 ¼ �=2), and the orbit plunging from the polar
ISCO with the vanishing z component of the angular
momentum (i.e. Lz ¼ 0). The constants of motion charac-
terizing these orbits can be calculated by writing down the
condition that the orbit remains circular, namely, by requir-
ing that Rðr; E; Lz; CÞ ¼ dRðr; E; Lz; CÞ=dr ¼ 0 at the
ISCO radius r ¼ rISCO. The additional condition that the
orbit remains stable adds the equation
d2Rðr; E; Lz; CÞ=dr2 ¼ 0. If one further assumes that the
orbit is either polar or equatorial, namely, that C ¼ 0 or
Lz ¼ 0, then the three equations allow the three unknowns,
E, Lz, and r ¼ rISCO, to be expressed in terms of the black
hole mass M and spin a.

Figure 1 depicts the ISCO radius r ¼ rISCO, orbital
energy E, and azimuthal angular momentum Lz as func-

tions of the spin coefficient q ¼ a=M. Because of spin-
orbit coupling, the orbital energy of the ISCO depends
strongly on the spin coefficient when the orbit lies in the
equatorial plane. When the orbit is co-rotating/counter-
rotating, the spin-orbit coupling works as a repulsive/at-
tractive force that stabilizes/destabilizes the orbit with
respect to the gravitational attraction of the background
black hole. As a result, the radius of the co-rotating/
counter-rotating ISCO becomes smaller/larger when com-
pared to the ISCO in the nonspinning limit. This effect is
displayed in the first panel of Fig. 1. For the polar orbit
which corresponds to the superkick configuration, the or-
bital energy of ISCO depends weakly on the spin coeffi-
cient. It turns out that only the E and Lz orbital parameters
ultimately enter the waveform calculation in Sec. III.
However, for completeness, the Carter constant C in the
case of the plunge from the polar ISCO orbit can be found
in terms of energy E and r ¼ rISCO to be

C ¼ E2 ða2 þ r2ISCOÞ3ð3r2ISCO � a2Þ
8ðr2ISCO � a2Þ3 :

III. GRAVITATIONALWAVES EMITTED DURING
THE FINAL STAGE OF THE PLUNGE

The gravitational waves emitted at infinity can be com-
puted using the black hole perturbation theory expressed
using the Teukolsky formalism. The radiation contained in
the resulting waves is expressed in terms of the Newman-
Penrose curvature scalar �4:

�4ðr ! 1Þ ¼ 1
2ð €hþ � i €h�Þ; (3.1)

where hþ=� represents the wave polarization and the

double dot indicates two time derivatives.
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Initially it may appear that, due to its bewildering com-
plexity, the full waveform calculation of a plunging orbit
within the context of black hole perturbation theory may
best be attempted numerically by means of direct integra-
tion of the Teukolsky equation as was done in [18–20,23].
However, it turns out that identifying the dominant terms
and spin effects in the calculation analytically is particu-
larly insightful. Furthermore, in the rapidly spinning case,
it is highly likely that numerics will not be able to capture
the final stages of the plunge and that this regime is thus
only accessible via analytic perturbation theory. The full
Teukolsky machinery is summarized in gory detail in
Appendix A. This section highlights the aspects that
make the problem tractable analytically, the approxima-
tions made, and the results obtained.

The scalar �4 can be expanded in terms of its Fourier-
harmonic components as

�4 ¼ 1

ðr� ia cos�Þ4
Z

d!
X
‘m

e�i!tþim�R‘m!ðrÞS‘m!ð�Þ;

(3.2)

where R‘m!ðrÞ and S‘m!ð�Þ are the radial and angular
Teukolsky functions, respectively. The influence of the
motion of the point particle as it plunges into the black
hole enters the radial Teukolsky equation as a source term.
The particular solution to the radial Teukolsky equation
can be found by means of evaluating an integral containing
a Green’s function constructed from an expansion of ho-
mogeneous solutions to the Teukolsky equation. The fact
that we are only interested in the solution at r ! 1 sim-
plifies the expression given in Appendix A to

R‘m!ðr ! 1Þ ! r3ei!r�

2i!Bin
‘m!

Z 1

rþ
drRin

‘m!�
�2T‘m!

! r3ei!r�Z‘m!; (3.3)

where Bin
‘m! is a mode dependent constant, T‘m! the source

term related to the stress-energy tensor describing the
particle motion, and Bin

‘m! is the homogeneous in-going

Teukolsky function with asymptotic behavior

Rin
‘m! !

�
Btrans
‘m!�

2e�ikr� for r ! rþ
Bref
‘m!r

3ei!r� þ Bin
‘m!r

�1e�i!r� for r ! 1 :

(3.4)

In the above equation, k ¼ !�ma=2Mrþ and r� is the
tortoise coordinate defined by ðdr�=drÞ ¼ ðr2 þ a2Þ=�.

The nature of the problem, with the point particle on the
final stages of the plunging orbit, requires that this source
integral need only be evaluated near the horizon to capture
the essential features of the radiation emitted during this
phase. Thus the asymptotic form of Rin

‘m! given in Eq. (3.4)

can be used. It is useful to observe that in this region � �
2�Mðr� rþÞ.

The dominant contribution to the source term results the
rapid frame-dragging motion observed when the particle is

frozen onto the horizon at the angle of impact �0. This
contribution is contained in the Tmm component of the
stress-energy tensor projected along the tetrad legs, defined
in Appendix A. The dominant scalings of the other com-
ponents of the source term on the event horizon for a
plunging orbit are written out in full in Appendix B.
With these approximations, the function Z‘m! entering

the asymptotic form of the radial Teukolsky function (3.3)
can be evaluated to be

Z‘m! ¼ ~Z‘m!

Z
dtei!t�im� r� rþ

rþ
e�ikr� f1þOð�HÞÞg;

(3.5)

~Z‘m! ¼ �

ffiffiffiffi
2

�

s
1

2i!

Btrans
‘m!

Bin
‘m!

�3M

rþðE��HLzÞ
�

�
1� 2i

krþ
�

� 2

�
krþ
�

�
2
��

aE� Lz

sin2�0

�
2

� rþ � ia cos�0
rþ þ ia cos�0

sin2�0S‘m!ð�0Þ: (3.6)

where �H ¼ ðr� rþÞ=rþ.
Using the solution to the geodesic equations specialized

to the region near the event horizon (2.8), (2.9), and (2.10)
to evaluate � along the orbit and r� ! ðrþ=�Þ lnðr� rþÞ,
the t integral of (3.5) becomesZ 1

T
dt ei!t�im�Hte�ð�=rþÞðt�t0Þeikðt�t0Þ

¼ i

2
eikð2T�t0Þ�ð�=rþÞðT�t0Þ 1

!�m�H þ i �
2rþ

; (3.7)

where the lower bound of the integration, T, must be

chosen so that e�ð�=rþÞðT�t0Þ 	 1, thus, ensuring the valid-
ity of the near-horizon expansion.
From Eq. (3.7) it becomes clear that the emitted radia-

tion is strongly peaked at the frequency! ¼ m�H � i �
2rþ

.

Taking this into account, the asymptotic form of the cur-
vature scalar �4 is

�4ðr ! 1Þ ¼ ��
eð�t0=2rþÞ

r

�X
‘m

½e�i!ðt�r�Þþim�S‘m!ð�Þ~Z‘m!�; (3.8)

where the sum is evaluated at an angular frequency of! ¼
m�H � i �

2rþ
. This result represents a decaying spectrum

of gravitational waves with frequency around ! ¼ m�H

being damped in a manner that admits a quality factor of

Q ¼ jmjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ða=MÞ2p �

a

M

�
: (3.9)

The analytic results characterizing the gravitational
waves from the plunging phase of the orbit yields the
following observations. First, the frequency and quality
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factors of the observed radiation differ from the well-
known quasinormal ringing modes of black hole perturba-
tion theory. The quasinormal ringing that is observed and
expected to follow most binary black hole collisions can be
characterized as damping modes associated with vacuum
perturbations. The quasinormal ringing is often associated
with the relaxation of perturbations of the stationary black
hole horizon. The origin of the radiation described by Eq.
(3.8) is somewhat different. It is produced by perturbations
coherently induced by the particle still present on the
horizon. The damping behavior is primarily due to the
fact that the particle falls through the horizon and ceases
to be a source of perturbation. For a quantitative compari-
son with the least damped (l ¼ m ¼ 2) quasinormal mode,
one can make use of a fitting formula suggested by
Echeverria [14] that gives the quality factor and frequency
of this mode as a function of spin to be

QQN ¼ 4ð1� aÞ�0:45fQðaÞ; (3.10)

!QN ¼ ½1� 0:63ð1� a0:3Þ�ffðaÞ; (3.11)

where fQ and fa are functions of order unity as the spin

factor ranges from 0 to 1, i.e. fQ 2 ½1:05; 0:95� and fa 2
½1:02; 0:97�. Note that for the spin factor a=M < 0:97, both
the frequency and quality factor of the quasinormal mode
exceed those predicted by the driven motion of the plung-
ing phase. As a result, the moment the particle ceases to be
observable and thus to serve as a source driving the radia-
tion, the quasinormal ringing effect will rapidly begin to
dominate the observables. In the region of very high spin
(a=M > 0:97) the two effects of quasinormal ringing and
radiation driven by particle motion on the horizon become
almost indistinguishable. In the low spin limit the differ-
ence between the frequency and quality factor of the
quasinormal ringing and those associated with the radia-
tion during plunge phase begin to differ considerably.
However, it should also be noted that in this limit, our
assumption that the dominant term in the stress-energy
tensor expansion is the frame dragging induced rotation
breaks down.

Second, while the small particle is plunging, the radia-
tion emitted broadcasts features of the background space-
time, namely, Kerr, rather than features reminiscent of its
orbital trajectory. The spectrum peak at around !
m�H

is determined entirely by the constants describing the Kerr
black hole without any reference to the orbital constants of
the plunge. As argued in Sec. II, the frame-dragging effect
accelerates the rotational velocity of the particle around the
spin axis of the black hole. The origin of the universal
value of the frequency peak can thus best be explained as
the frame-dragging effect compensating for the gravita-
tional time dilation effect of the radiation.

Third, the quality factor associated with the radiation
emitted during the plunging phase approaches infinity in
the maximally spinning limit. The radiation emitted during

the plunge in this limit may provide a sensitive means of
estimating the spin of a rapidly rotating black hole. The
quality factors for the radiation of gravitational waves with
(m ¼ 2) for a series of spin parameters are tabulated below.

a=M 0.95 0.97 0.98 0.99 0.995 0.998 0.9999

Q 6.08 7.98 9.85 14.04 19.92 31.58 141.41

The large quality factor obtained for the rapidly spinning
limit can be used to explain the enhanced emission of
gravitational energy and momentum from the plunge ob-
served in the numerical studies made within the Teukolsky
perturbation framework [19,20]. The feature that the qual-
ity factor approaches infinity in the maximally spinning
limit may appear to endanger the assumptions made earlier
regarding the insignificance of radiation reaction on the
orbit. For if a mode at a finite frequency lasts an infinitely
long time, it will radiate an infinite amount of energy. It
should be noted that the quasinormal modes of Kerr dis-
play a similar feature. In the past, it was feared that this
infinite quality factor in the case of quasinormal modes
implied the instability of the Kerr black hole, however this
turns out not to be the case [13,15]. The resolution of this
conundrum with respect to the current problem is explored
in Sec. IV
Fourth, the relevant expansion parameter near the hori-

zon of the black hole is �H ¼ ðr� rþÞ=rþ. In the analysis
performed in this section, only the leading order terms
were retained. This approach is now justified by the fol-
lowing argument. Suppose one goes one step further, and
computes the higher order terms of the orbit and stress
energy. This will give rise to additional terms proportional

to
R1 dt ei!t�im�Hte�nð�=rþÞðt�t0Þeikðt�t0Þ / 1

!�m�Hþinð�=2rþÞ
which enter the calculation for the radial Teukolsky func-
tion, Eq. (3.5), where n ¼ 2; 3; � � � . This suggests that the
curvature perturbation in the plunging phase can more
generally be written as

�4ðr ! 1Þ ¼ 1

r

X
‘m;n¼1;2;���

½e�i!ðt�r�Þþim�S‘m!ð�Þ ~X‘m!�;

(3.12)

where the frequency ! entering the expression is different
for every mode and given by! ¼ m�H � in �

2rþ
. Note that

in the above equation, the damping factor has been en-
hanced by a factor of n and so the dynamics described thus
far are truly the dominant behavior, since all higher order
terms are more strongly damped.

IV. ENERGY FLUX

The picture presented thus far is that of a small body
falling into the central black hole on a dynamical time
scale with respect to proper time, which for sufficiently
extreme mass ratios, is assumed to be well short of the
radiation reaction time scale. This justifies the assumption
that gravitational radiation backaction on the orbit is neg-
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ligible and that the particle plunges on a geodesic
trajectory.

In Eq. (3.9) of Sec. II, it was shown that for rapidly
spinning black holes, the quality factor becomes very large
in the maximally spinning limit. This fact could possibly
indicate that the gravitational wave emission at the horizon
angular frequency for a maximally rotating black hole may
be considerable and last for a long period of time. If this
were the case, it would nullify the assumptions previously
made regarding the geodesic trajectory of the plunging
black hole.

In this section, we calculate the gravitational energy flux
during the final stage of the plunge and estimate the
maximum amount of energy the particle can emit during
the plunging phase. In doing so, we check the validity of
the assumptions made and explore the possibility of direct
detection of this stage of the orbit.

The gravitational energy flux at infinity can be expressed
as

dE

dt
¼ lim

r!1

�
r2

16�

Z
d�

��������
Z t

dt�4

��������2
�

! �2

8
e�ð�=rþÞðt�t0�r�ÞX

‘m

j ~Z‘m �!m
j2

j �!mj2
; (4.1)

where �!m ¼ m�H � i �
2rþ

is used. The total energy radi-

ated from t� r� ¼ T to t� r� ¼ 1 is given by

�E ¼ �2

8
e�ð�=rþÞðT�t0Þ rþ

�

X
‘m

j ~Z‘m �!m
j2

j �!mj2

¼ �

16
�2 �

5M2

rþ
e�ð�=rþÞðT�t0Þ

�
aE� Lz

sin2�0

�
4

ðE��HLzÞ2

� sin4�0
X
‘m

jS‘m �!m
ð�0Þj2

j �!mj4
��������Btrans

‘m �!m

Bin
‘m �!m

��������2

: (4.2)

Equation (4.2) can be evaluated by using the analytic
expressions for the homogeneous Teukolsky functions in
the low-frequency limit given in Appendix C. It can be
observed that the relative contribution of higher ‘ modes
converge very rapidly; in fact, they fall off superexponen-
tially, allowing us to consider only the ‘ ¼ 2 modes. So
doing we have

�E � �

1024
�2 �

11M2

r7þ
e�ð�=rþÞðT�t0Þ

�
aE� Lz

sin2�0

�
4

ðE��HLzÞ2
sin4�0

�
�
8

45
þ

�
32

15
� 8

5
sin2ð�0Þ

��
a

�M

�
2

þ
�
128

15
� 8sin2ð�0Þ þ 4

5
sin4ð�0Þ

��
a

�M

�
4

þ
�
512

45
� 56

5
sin2ð�0Þ þ 4

3
sin4ð�0Þ

��
a

�M

�
6
�
: (4.3)

In the maximally spinning limit, the scaling behavior of the
total radiated energy with respect to the quality factor can
be expressed as

�E / �5 / Q�5: (4.4)

This suggests that even though gravitational waves could
be emitted for an extremely long time at a finite frequency
in the maximally spinning limit, the wave amplitude of this
radiation is suppressed and the resultant total energy radi-
ated small. This shows conclusively that if the mass ratio is
sufficiently extreme, the backaction due to the emission of
gravitational waves is negligible. The approximation of the
spacetime geometry by the linear metric perturbation the-
ory remains valid, as does the assumption that the in-falling
particle moves on a geodesic orbit. This result further
implies that it will be difficult to observe highly relativistic
dynamics of the particle orbiting just outside the horizon in
the maximally spinning case because of the strong sup-
pression of the wave amplitude.
The observed suppression of the wave amplitude in the

maximally spinning case can be explained using the radial
Teukolsky equation (A5). Near the horizon the homoge-
neous radial Teukolsky equation (A5) becomes

ðr�rþÞ ddr
�

1

r�rþ
dR‘m!

dr

�
þðkrþÞ2þ2i�ðkrþÞ

�2ðr�rþÞ2
R‘m!¼0:

(4.5)

The pole in the potential has a coefficient of ��2. As a
result, in the maximally rotating limit (� ! 0) it becomes
increasingly difficult for radiation originating from a
source near the horizon to propagate outward and reach
infinity. The potential barrier in the Teukolsky equation
thus produces a suppression effect that competes with the
high quality factor of emitted radiation described in Sec. II
and ultimately dominates as the black hole becomes maxi-
mally spinning. The competition between these two effects
result in a spin coefficient less than unity at which the
maximum amount of energy is radiated during a plunge.
This feature is present in all orbits explored.
Figure 2 displays the total energy radiated during the

plunging stage of orbits originating from ISCO. The factor

e�ð�=rþÞðT�t0Þ present in Eq. (4.3) is weakly dependent on
the orbital trajectory and set to unity for simplicity.
Figure 2 plot (a) shows the energy radiated if the original
orbit is equatorial. The nonzero z component of the angular
momentum (Lz) results in finite energy being radiated in
the limit of zero spin, i.e. a=M ¼ 0. As the background
spin increases from zero, the radiated energy of the co-
rotating plunging orbit decreases. This effect is due to an
effective decrease in the angular momentum resulting from
the frame dragging of the background black hole—the
factor of ðaE� LzÞ4 in Eq. (4.3) makes this apparent. In
the counter-rotating case, the same effect results in a net
increase in energy radiated as spin increases from zero. As
the spin further increases, the competition between the
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increasing quality factor associated with the radiation and
the suppression effect due to the effective potential barrier,
described in the previous paragraph, sets in. A maximum in
radiated energy is achieved at a=M ¼ 0:7 and a=M ¼ 0:72
for the co-rotating and counter-rotating cases, respectively.

Figure 2 plot (b) shows the energy radiated from the end
of the plunging phase when the particle plunges from a
polar ISCO orbit. The azimuthal angular momentum (Lz)
vanishes for this case and the resultant energy radiated
approaches zero in the limit of zero spin, a=M ¼ 0. As
we increase the spin of the background black hole, an
effective angular momentum represented by the factor
ðaE� LzÞ4 in Eq. (4.3) comes into play and the radiated
energy increases. For particles plunging from a polar orbit,
the radiation suppression effect noted in the equatorial case
is also observed for high spin factors and a maximum in
radiated energy is reached. This peak occurs at a spin factor
of a=M ¼ 0:87 when the impact angle with the horizon is
�0 ¼ �=6 or �0 ¼ �=3 and at a=M ¼ 0:86 when the
impact angle is �0 ¼ �=2. The best fit to the slopes of
the three energy profiles in Fig. 2 plot (b) for the range of
spin factor between 0:7< a=M < 0:8 is found to be �E ¼
3:22� 10�6ða=MÞ � 18:94� 10�6 for �0 ¼ �=6, �E ¼
1:24� 10�5ða=MÞ � 7:20� 10�6 for �0 ¼ �=3, and
�E ¼ 0:87� 10�5ða=MÞ � 5:89� 10�6 for �0 ¼ �=3.

In the case of a particle plunging from a polar orbit, the
radiated energy is dependent on the angle made with the
spin axis when the particle impacts the horizon. The an-
gular dependence of the radiated energy is displayed in
Fig. 3 for various values of spin parameter.

Observe that the maximum in radiated energy does not
occur when the particle falls in on the equatorial plane,
�0 ¼ �=2, but that it occurs instead for impact angles of
�0 ¼ 1:07 and �0 ¼ 2:06. One would naively expect to
find that the radiated energy is largest in the configuration
where the particle has maximum orbital velocity v when it
impacts the horizon, namely, on the equatorial plane at
�0 ¼ �=2. An initial scaling argument would be that the

energy radiated is roughly proportional to the square of the
metric perturbation which in turn is proportional to the
square of the stress-energy tensor of the source term T /
v2 / ð!rÞ2sin2�0. This effect is indeed displayed by the
appearance of the factor of sin4�0 in Eq. (4.3). The energy
emission is, however, complicated by the angular pattern
resulting from the spin-2 nature of gravitational waves,
which is described by spheroidal harmonics that enter Eq.
(4.3). The origin of the double maxima in the emitted
energy can be explained by focusing on the ð‘mÞ sum of
Eq. (4.2). Making use of Eq. (C5), to evaluate the ratio
Btrans=Bin, the sum can be expressed as
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FIG. 3 (color online). Total energy radiated during the plung-
ing phase of a particle originating on a polar ISCO as a function
of impact angle with the horizon. Radiation for background Kerr
black holes with spin parameter ða=MÞ ¼ 0:8, 0.9, 0.99 are
plotted.
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X
‘m

j �!mj6jS‘m �!m
j2; (4.6)

with Re½ �!m� ¼ m�H. The dominant contribution to the
sum in Eq. (4.2) and thus the radiated energy is made by
modes with the largest jmj value for a given ‘. If we
consider the contribution from (‘ ¼ 2) modes using the
low-frequency result in Appendix C, the �0 dependence
becomes

sin 4ð�0Þfð1� cosð�0ÞÞ4 þ ð1þ cosð�0ÞÞ4g;
which has two maxima at �0 ¼ 1:06 and �0 ¼ 2:08 and a
local minima at �0 ¼ �=2, and thus accurately explains the
�0 dependence observed in Fig. 3.

V. LINEAR MOMENTUM FLUX

During the evolution of a typical binary system, the
longest period of time is spent in the inspiral phase. It is
during this phase that most of the gravitational energy is
emitted. By comparison to the inspiral phase the energy
flux, computed in Sec. IV, emitted during the plunging
phase is insignificant. The situation is very different
when one considers the linear momentum flux. The net
linear momentum emission during the inspiral phase is
small, because the binary orbit gradually progresses
through a series of quasistable circular orbits resulting in
nearly isotropic momentum emission. As a result, the
momentum emitted during the plunging stage is important

and may be comparable to that emitted during the inspiral-
ing phase [10]. In this section we quantify the linear
momentum flux carried away by gravitational waves dur-
ing the final plunge phase of a spinning black hole.
The emitted linear momentum flux is given by

dPi

dt
¼ lim

r!1

�
r2

16�

Z
d�ni

��������
Z t

�1
dt�4

��������2
�

!�2

8
e�ð�=rþÞðt�t0�r�Þ X

‘m;‘0m0

e�iðm�m0Þ�Hðt�r�Þ

�!mð �!m0 Þ�
1

2�

�
Z
d�nie

iðm�m0Þ�S‘m �!m
ðS‘0m0 �!m0 Þ� ~Z‘m �!m

ð ~Z‘0m0 �!m0 Þ�;
(5.1)

where ni ¼ ðsin� cos�; sin� sin�; cos�Þ.
The z component of the momentum flux, dPz=dt, van-

ishes near the horizon. This is yet another manifestation of
the phenomenon discussed in Sec. II, where the particle is
frozen onto the horizon due to the time dilation effect and
its motion is dominated by the velocity component in the�
direction. In the near-horizon expansion of the source term
given in Appendix B, at the leading order only, the particle
motion in the x and y directions are taken into account and
the net emission of z-linear momentum vanishes as a result.
The calculated total linear momentum carried away by

gravitational waves during the period T < t� r� <1 is

�ðPx þ iPyÞ ¼ �

16
�2 �

5M2

rþ
e�ð�=rþÞðT�t0Þ�i�HT

1� i a
2�M

�
aE� Lz

sin2�0

�
4

ðE��HLzÞ2
sin4�0

X
‘‘0m

1

�!2
mðð �!m0 Þ�Þ2 S‘m �!m

ð�0ÞðS‘0m0 �!m0 ð�0ÞÞ�

�
�Btrans

‘m �!m

Bin
‘m �!m

��Btrans
‘0m0 �!m0

Bin
‘0m0 �!m0

�� Z �

0
d�sin2ð�ÞS‘m �!m

ð�ÞðS‘0m0 �!m0 ð�ÞÞ�;

where we setm0 ¼ mþ 1. To facilitate explicit evaluation, the analytic expressions for the Teukolsky functions in the low
frequency given in Appendix C are used. The resulting expression is

�ðPx þ iPyÞ � �
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: (5.2)

The momentum radiated during the final plunging phase
of an orbit originating at ISCO on the equatorial plane is
plotted in Fig. 4(a). Analogous to the radiated energy of the
same orbit, Fig. 2(a), the linear momentum plotted here
displays a finite value in the limit of a nonspinning Kerr
background hole due to the orbital angular momentum of
the plunging particle. The momentum radiation further

displays features reminiscent of the radiated energy, in
that the radiated momentum decreases for the co-rotating
plunge and displays an increase at first followed by a
decrease for the counter-rotating plunge as the background
spin increases from zero. A feature distinct from those
displayed by the radiated energy in Fig. 2(a) is that no
local maxima of the radiated momentum is apparent. This
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is due to the factor 1=ð1� iða=2�MÞÞ which comes from
the time integration of the momentum flux. This can be
better understood by observing that in Eq. (5.1), the mo-
mentum flux displays damped oscillatory behavior and for
large spin, the oscillation frequency becomes high. When
taking the integral to obtain the total radiated momentum,
the positive and negative parts of the integrand cancel,
resulting in a small value for the integral. This stands in
contrast to the radiated energy where the integrand is a
positive decaying function without any oscillatory
behavior.

The oscillatory behavior of the momentum flux made
explicit in Eq. (5.1) indicates that the linear momentum
flux is emitted in various directions in the x=y plane. This
feature is to be expected if the particle is in effect pulled
into orbit around the black hole as it plunges and so the
radiated momentum has an oscillatory nature that will
reflect the horizon velocity of the final black hole. A
similar process was alluded to in Fig. 14 in the second
reference of [9] to explain the antikick phenomena ob-
served in [17].

The momentum radiated during the final stages of
plunge from a polar ISCO is shown in Fig. 4(b).
Analogous to the radiated energy plotted in Fig. 2(b), the
radiated momentum increases from zero as the background
spin increases. The radiated momentum reaches a maxi-
mum at a=M ¼ 0:82, when the in-falling angle is �0 ¼
�=6 or �0 ¼ �=3 and at a=M ¼ 0:81 when the in-falling
angle is �0 ¼ �=2. As the spin factor ranges over 0:55<
a=M < 0:75, the radiated momentum can be fitted by
�P ¼ 1:23� 10�7ða=MÞ � 5:65� 10�8 for �0 ¼ �=6
�P ¼ 0:95� 10�6ða=MÞ � 4:12� 10�7 for �0 ¼ �=3,
and �P ¼ 0:94� 10�6ða=MÞ � 3:62� 10�7 for �0 ¼
�=3.

The dependence of the radiated momentum on the an-
gular position at which the particle impacts the horizon

during a plunge from a polar orbit is show in Fig. 5. The
angular profiles of the radiated momentum (Fig. 5) and
those of the radiated energy (Fig. 3) differ slightly. The
features of the local minimum at �0 ¼ �=2 and the two
maxima off the equatorial plane are robust. For the case of
radiated momenta, the maxima occur at �0 ¼ 1:33 and
�0 ¼ 1:82. Following an argument similar to that em-
ployed in the case of the radiated energy, the observed
behavior can be explained by analyzing the �0 dependence
of the ð‘‘0mÞ sum in the first line of Eq. (5.2). The domi-
nant functional behavior is found to be

sin 5ð�0Þfð1� cosð�0ÞÞ3 þ ð1þ cosð�0ÞÞ3g;
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which admits maxima at �0 ¼ 1:35 and �0 ¼ 1:79 and a
local minima at �0 ¼ �=2.

VI. CONCLUSION

This paper explores the dynamics of the final stages of
the plunge of a small black hole into a Kerr black hole and
characterizes the resulting gravitational radiation, using
perturbation theory. The purpose of this exploration is to
gain analytic understanding of the features which dominate
the dynamics of this transition phase of the merger process
before the onset of quasinormal ringing and to identify any
universal features. Our analysis strives to highlight the
effects of the spin of the central black hole on the resulting
gravitational waveform and momentum flux while building
an intuitive picture of the processes responsible for their
origin. It should be noted that all graphs plotted in this
paper and comments made are relevant only to radiation
emanating from the so-called near-horizon region during
the plunging phase.

In Sec. III, it was found that the waveform resulting from
the plunging phase can be expressed as

hðtÞ ¼ X
n;m¼1;2���

hðm;nÞe�i!ðm;nÞt; (6.1)

where the frequencies entering the expansion take on the
universal form !ðm;nÞ ¼ m�Ht� in�=ð2rþÞ. Therefore,

the time dependence of the emitted radiation is entirely
determined by the characteristics of the massive central
black hole. This waveform describes the transition period
between radiation dominated by the inspiral and radiation
dominated by the free quasinormal ringing. The inspiral
stage broadcasts the characteristic frequencies of the orbit-
ing particle and is strongly affected by the constants of
motion describing the orbit. The quasinormal ringing
phase is characterized by the frequencies and damping
rates associated with free vacuum perturbations of an
excited Kerr black hole as it settles down to equilibrium.
The frequencies that enter expression (6.1) can be ascribed
to neither of the two preceding scenarios. They describe a
state of forced oscillation distinct in frequency from free
quasinormal ringing but are at the same time devoid of any
characteristic identifying the source of the perturbation. In
fact, the source can be best described as a reluctant mirage
on the horizon—a mirage dragged into motion and then
retained for distant observation by an all-dominating
frame-dragging effect. The frequency associated with
!ðm;nÞ originates from the azimuthal motion of the orbit

on the horizon, which is entirely determined by parameters
of the background black hole. The method by which this
mirage is stripped of its identity while it in essence passes
through the event horizon and is assimilated into the large
black hole is described in mathematical detail in Sec. II.

The wave amplitude hðm;nÞ still retains characteristics of
the source and depends on the orbital constants. The damp-
ing rate associated with !ðm;nÞ indicates that the radiation

corresponds to a decaying part of the waveform. A feature
that this frequency shares with the quasinormal mode
frequencies is the existence of a high quality factor in the
maximally spinning limit a=M ! 1, for example, Q ¼
14:04 for a=M ¼ 0:99 and Q ¼ 141:41 for a=M ¼ 0:99.
A more detailed comparison between the least damped
quasinormal mode frequency and !ð2;1Þ is given toward

the end of Sec. III.
The gravitational flux of energy and linear momentum

originating from the plunging phase is computed in
Secs. IV and V, respectively. Orbits plunging from ISCO
in the equatorial plane (i.e. C ¼ 0) and from a polar ISCO
(i.e. Lz ¼ 0) have been considered. In general, the follow-
ing characteristics can be identified. The rapid increase in
quality factor is counteracted by a term in the amplitude
hðm;nÞ that rapidly approaches zero as spin approaches

maximality. This ensures that all forms of radiation ap-
proach zero in the limit of maximal spin and that the total
emitted energy and momentum during this phase remain
finite. This effect further ensures that a maximum in emit-
ted energy as a function of spin is attained in all cases
considered. For the plunge from an equatorial orbit the
maximum in radiated energy occurs around a=M ¼ 0:7
and for the plunge from polar orbit the maximum occurs
for a spin parameter around a=M ¼ 0:86.
The plunge from a polar ISCO orbit is of particular

interest because it can be used as a toy problem to illumi-
nate some of the features observed in numerical simula-
tions of black hole mergers in superkick configurations. In
particular, the dependence of the emitted linear momentum
on the angle �0 made with the rotation axis when the
particle enters the horizon is computed in this paper.
Contrary to expectation, it was found in Sec. V that the
produced profile does not have a simple sinusoidal depen-
dence on angle, but rather that it is complicated by the spin-
2 nature of gravitational radiation, as displayed in Fig. 5.
The radiated linear momentum originating from a polar

plunge reaches a maximum with respect to the spin pa-
rameter at around a=M ¼ 0:86. While the origin of this
peak is well understood within the context of our model,
the question remains as to, whether the peak is an artifact
of linear perturbation theory and our underlying assump-
tions or whether one will find its counterpart in numerical
simulations. We also find that the radiated energy and
linear momentum can be fitted by linear functions of
a=M in the domain 0:7< a=M < 0:8 and 0:55< a=M <
0:75, respectively.
A final observation regarding the computed momentum

flux of Sec. V Eq. (5.1) is the existence of oscillatory
behavior with a frequency we now consider characteristic
of a plunging event involving spin. The introduced phase
implies that the linear momentum flux is emitted in various
directions in the x=y plane, consistent with our picture of a
miraged particle stuck on the event horizon radiating mo-
mentum in a manner that reflects the velocity of the final
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black hole while it slowly recedes from view. This could
provide a heuristic explanation of the origin of the antikick
phenomenon observed in [17] and is suggestive that the
antikick is indicative of the final merger event.
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APPENDIX A: TEUKOLSKY FORMALISM

This appendix summarizes the Teukolsky formalism
used in the derivation of theWeyl scalar�4 which contains
the radiation content of the perturbed spacetime with a
prescribed source term.

The scalar �4 can be decomposed into its Fourier-
harmonic components as follows:

�4 ¼ 1

ðr� ia cos�Þ4
X
‘m

Z
d!e�i!tþim�R‘m!ðrÞS‘m!ð�Þ;

(A1)

where S‘m!ð�Þ and R‘m!ðrÞ represent the angular and
radial Teukolsky functions, respectively. The angular func-
tion obeys the angular Teukolsky equation for s ¼ �2,
explicitly,

1

sin�

d

d�

�
sin�

dS‘m!

d�

�
�US‘m! ¼ 0; (A2)

where the potential U is given by

U ¼ a2!2sin2�þ ðm� 2 cos�Þ2
sin2�

� 4a! cos�þ 2

� 2ma!� �; (A3)

and � denotes the eigenvalue of S‘m!. The angular
Teukolsky function is normalized so thatZ �

0
sin�d�jS‘m!j2 ¼ 1: (A4)

The radial Teukolsky function in turn satisfies

�2 d

dr

�
1

�

dR‘m!

dr

�
� VR‘m! ¼ T‘m!; (A5)

where the potential V is defined to be

V ¼ �K2 þ 4iðr�MÞK
�

þ 8i!rþ � (A6)

and the function K ¼ ðr2 þ a2Þ!�ma. The source term
T‘m! contains the effect of the stress-energy tensor per-
turbing the background spacetime. The relationship be-

tween the source term and the stress-energy tensor is
given by

T‘m! ¼ 4
Z

d�dt	�5 �	�1ðT1 þ T2Þe�im�þi!t S‘m!ffiffiffiffiffiffiffi
2�

p ;

(A7)

T1 ¼ �1
2	

8 �	L�1½	�4L0ð	�2 �	�1TnnÞ�
� 1

2
ffiffi
2

p 	8 �	�2L�1½	�4 �	2Dþð	�2 �	�2��1T �mnÞ�;
(A8)

T2 ¼ �1
4	

8 �	�2Dþ½	�4Dþð	�2 �	T �m �mÞ�
� 1

2
ffiffi
2

p 	8 �	�2Dþ½	�4 �	2��1L�1ð	�2 �	�2T �mnÞ�;
(A9)

where we use 	 ¼ ðr� ia cos�Þ�1, �	 ¼ ðrþ ia cos�Þ�1,
and the operators Dþ ¼ @r þ iK=�, and Ls ¼
@� þ m

sin� � a! sin�þ s cot�. The terms Tnn, T �mn, and

T �m �m denote the tetrad components of the stress-energy
tensor. In this paper, a point particle was used as the source
of the metric perturbation. The stress-energy tensor asso-
ciated with a point particle can be expressed as

T�
 ¼ �

�sin�

�
dt

d�

��1 dz�

d�

dz


d�
�ðr� rðtÞÞ

� �ð�� �ðtÞÞ�ð���ðtÞÞ; (A10)

where � is the mass of the particle. Using the geodesic
equations (2.1) and (2.2), the source term can be simplified
to

Tlm! ¼ �
Z

dtei!t�im��2½@2rfA �m �m 2�ðr� rðtÞÞg
þ @rfðA �mn1 þ A �m �m 1Þ�ðr� rðtÞÞg
þ ðAnn0 þ A �mn0 þ A �m �m 0Þ�ðr� rðtÞÞ�; (A11)

where

Ann0 ¼ �2ffiffiffiffiffiffiffi
2�

p
�2

Bnn	
�2 �	�1Ly

1 f	�4Ly
2 ð	3SÞg; (A12)

A �mn0 ¼ 2ffiffiffiffi
�

p
�
B �mn	

�3

�
ðLy

2SÞ
�
iK

�
þ 	þ �	

�

� a sin�S
K

�
ð �	� 	Þ

�
; (A13)

A �m �m 0 ¼ � 1ffiffiffiffiffiffiffi
2�

p 	�3 �	B �m �mS

�
�i

�
K

�

�
;r
� K2

�2
þ 2i	

K

�

�
;

(A14)

A �mn1 ¼ 2ffiffiffiffi
�

p
�
	�3B �mn½Ly

2Sþ ia sin�Sð �	� 	Þ�; (A15)
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A �m �m 1 ¼ � 2ffiffiffiffiffiffiffi
2�

p 	�3 �	B �m �mS

�
i
K

�
þ 	

�
; (A16)

A �m �m 2 ¼ � 1ffiffiffiffiffiffiffi
2�

p 	�3 �	B �m �mS; (A17)

and

Bnn ¼ 1

4�3 _t

�
Eðr2 þ a2Þ � aLz þ �

dr

d�

�
2
; (A18)

B �mn ¼ � 	

2
ffiffiffi
2

p
�2 _t

�
Eðr2 þ a2Þ � aLz þ �

dr

d�

�

�
�
i sin�

�
aE� Lz

sin2�

��
; (A19)

B �m �m ¼ 	2

2� _t

�
i sin�

�
aE� Lz

sin2�

��
2
: (A20)

Here the operator Ly
s is defined by Ly

s ¼ @� � m
sin� þ

a! sin�þ s cot�, indices have been dropped from the
angular Teukolsky function, i.e. S ¼ S‘m! and _t ¼
dt=d� ¼ ð1=�Þðdt=dsÞ.

For a given source the particular solution of the radial
Teukolsky equation can be found by means of a Green’s
function method. To this end, define two homogeneous
solutions to the radial Teukolsky equation which satisfy
the boundary conditions

Rin
‘m! !

�
Btrans
‘m!�

2e�ikr� for r ! rþ
Bref
‘m!r

3ei!r� þ Bin
‘m!r

�1e�i!r� for r ! 1 ;

(A21)

Rup
‘m! !

�
C
up
‘m!e

ikr� þ Cref
‘m!�

2e�ikr� for r ! rþ
Ctrans
‘m!r

3ei!r� for r ! 1 ;

(A22)

in these expressions k ¼ !�ma=2Mrþ and r� is the
tortoise coordinate defined by ðdr�=drÞ ¼ ðr2 þ a2Þ=�.
In terms of homogeneous solutions the particular solution
of the radial Teukolsky function can be expressed as

R‘m! ¼ 1

W‘m!

Rup
‘m!

Z r

rþ
drRin

‘m!�
�2T‘m!

þ 1

W‘m!

Rin
‘m!

Z 1

r
drR

up
‘m!�

�2T‘m!; (A23)

where the Wronskian W‘m! is given by W‘m! ¼
2i!Bin

‘m!C
trans
‘m!. Of particular interest for the purposes of

gravitational wave extraction is the nature of the solution at
infinity,

R‘m!ðr ! 1Þ ! r3ei!r�

2i!Bin
‘m!

Z 1

rþ
drRin

‘m!�
�2T‘m!

¼ r3ei!r�Z‘m!: (A24)

In the event that the source term is a point particle moving
along a geodesic, such as the scenario considered in this
paper, the function Z‘m! can be expressed as

Z‘m! ¼ �

2i!Bin
‘m!

Z
dtei!t�im�ðtÞ

� ½X‘m! þ X‘m!1 � X‘m!þ�; (A25)

where

X‘m! ¼
�
Rin
‘m!fAnn0 þ A �mn0 þ A �m �m 0g

� dRin
‘m!

dr
fA �mn1 þ A �m �m 1g þ d2Rin

‘m!

dr2
A �m �m 2

�
r¼rðtÞ

;

(A26)

X‘m!1 ¼ lim
rðtÞ!1

ei!t�im�ðtÞ
�
Rin
‘m!fA �mn1 þA �m �m1g

�
�
i

�
!
dt

dr
�m

d�

dr

�
Rin
‘m! þ 2

dRin
‘m!

dr

�
A �m �m2

�
dt

dr
;

(A27)

X‘m!þ ¼ lim
rðtÞ!rþ

ei!t�im�ðtÞ
�
Rin
‘m!fA �mn1 þA �m �m1g

�
�
i

�
!
dt

dr
�m

d�

dr

�
Rin
‘m! þ 2

dRin
‘m!

dr

�
A �m �m2

�
dt

dr
;

(A28)

the terms (A27) and (A28) appear as the boundary terms
when Eq. (A24) is integrated by parts. If the source particle
orbit is bound within the radial domain, namely, some-
where between infinity and the horizon, these terms vanish.
For the source under consideration in the present paper,

care has to be exercised since the orbit crosses the horizon
and the term (A28) may contribute to the integral. It is,
however, found that this term too vanishes, which is rea-
sonable since no waves propagate from the horizon out to
infinity.

APPENDIX B: LEADING ORDER BEHAVIOR OF
SOURCE TERMS

The source terms generated by a particle plunging on a
geodesic orbit near the horizon of a black hole display the
following leading order behavior when expanded with
respect to distance from the horizon

Bnn ! Oððr� rþÞ3Þ; B �mn ! Oððr� rþÞ2Þ; (B1)

B �m �m ! � a2�EISCO

4Mrþ
sin2�0

ðrþ � ia cos�0Þ2
r� rþ
rþ

þOððr� rþÞ2Þ; (B2)
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Ann0 ! Oðr� rþÞ; A �mn0 ! Oððr� rþÞ0Þ; (B3)

A �m �m 0 ! � �a2EISCO

4
ffiffiffiffiffiffiffi
2�

p
Mr2þ

�
i
krþ
�

þ
�
krþ
�

�
2
�

� rþ � ia cos�0
rþ þ ia cos�0

sin2�0S
1

r� rþ
þOððr� rþÞ0Þ; (B4)

A �mn1 ! Oðr� rþÞ; (B5)

A �m �m 1 ! i
�a2EISCO

2
ffiffiffiffiffiffiffi
2�

p
Mr2þ

krþ
�

rþ � ia cos�0
rþ þ ia cos�0

sin2�0S

þOðr� rþÞ; (B6)

A �m �m 2 ¼ �a2EISCO

4
ffiffiffiffiffiffiffi
2�

p
Mr2þ

rþ � ia cos�0
rþ þ ia cos�0

sin2�0Sðr� rþÞ

þOððr� rþÞ2Þ: (B7)

Note that the dominant contribution of the particle’s geo-
desic motion enters the source terms by means of B �m �m.
This term dominates due to the rapid azimuthal velocity
induced by the frame-dragging effect.

APPENDIX C: TEUKOLSKY FUNCTIONS IN THE
LOW-FREQUENCY LIMIT

This appendix summarizes the analytic considerations
required to compute the functional form of homogeneous
Teukolsky functions in the low-frequency limit.

1. Angular Teukolsky functions

The solutions to the angular Teukolsky equation (A2)
are also known as spin-weighted angular spheroidal func-
tions. The analytic structure of these functions was studied
in [24]. By expanding the spin-weighted spheroidal func-
tions in terms of Jacobi polynomials the angular Teukolsky
equation can be reduced to three-term recurrence relations
that are given by Eqs. (21–24) of [24]. The solutions of the
recurrence relations were shown, in Eq. (25) of [24], to
converge very rapidly with respect to an expansion in
frequency, i.e. with respect to expansion parameter a!.
As a result, in the low-frequency limit, Jacobi polynomials
accurately capture the analytic behavior of the spin-
weighted spheroidal harmonics.

To leading order in the low-frequency limit, the angular
Teukolsky functions can thus be well approximated by
spin-weighted spherical harmonics. It is this approxima-
tion that is adopted in this paper to aid computational
simplicity. In particular we have

S‘m!ð�Þ ! �2Ylmð�; 0Þ; � ! ð‘� 1Þð‘þ 2Þ; (C1)

where ‘ � jmj and ‘ ¼ 2; 3; � � � . The low ‘, spin-weighted
spherical harmonics used in the computation are now given

� 2Y2�2ð�; 0Þ ¼ 1

8

ffiffiffiffi
5

�

s
ð1� cos�Þ2; (C2)

� 2Y2�1ð�; 0Þ ¼ 1

4

ffiffiffiffi
5

�

s
sin�ð1� cos�Þ; (C3)

� 2Y20ð�; 0Þ ¼ 1

4

ffiffiffiffiffiffiffi
15

2�

s
sin2�: (C4)

2. Radial Teukolsky functions

The properties of the solutions to the radial Teukolsky
equation used to aid calculation are briefly summarized in
this section. The analysis of the analytic structure of the
radial Teukolsky equation was first performed by Leaver
[25] and further developed by Mano et al. [26]; it is this
reference to which the reader should refer for a treatment
more detailed than the synopsis given here.
The approach adopted in the analysis is to expand the

homogeneous solutions in terms of two different series
expansions, each strongly convergent at a particular bound-
ary condition. Near the horizon hypergeometric functions
were used (refer to Sec. 2 of Ref. [26]) to capture the
behavior of ingoing and outgoing waves and implement
the boundary condition on the horizon. An expansion in
Coulomb functions was then used to give an asymptotic
expression at infinity, and to fix the boundary condition of
no ingoing waves (refer to Sec. 3 of Ref. [26]). These two
expansions were then matched in the interior to obtain a
solution valid over the whole domain obeying the appro-
priate boundary conditions on both boundaries (refer to
Sec. 4 of Ref. [26]).
Following an approach similar to that employed in the

case of the angular Teukolsky function, the radial
Teukolsky equation can be reduced to three-term recur-
rence relations valid for both expansions. Once again the
solution to the three-term recurrence relations shows very
rapid convergence with respect to a low-frequency expan-
sion. In particular the expansion parameter � ¼ 2!M is
introduced.
In the calculation performed in this paper, the ratio of the

incoming wave amplitude Bin to the amplitude of the
transmitted wave Btrans as defined in Eq. (A21) is required.
Using [26] the ratio of these wave amplitudes can be
obtained in terms of a power series expansion in �. The
rapid convergence of the expansions employed in [26] with
respect to � allows us to consider only the leading order
term in the expansion to make a quantitative estimate of the
required ratio. The wave amplitude ratio so calculated is
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Btrans

Bin
¼ i1�‘2‘þ3!5e�iðm=2Þðq=�Þ ln�ð��Þ‘�2

� ð‘þ 2Þ!ð‘� 2Þ!
ð2‘Þ!ð2‘þ 1Þ!

�ð‘þ 1þ im q
�Þ

�ð3þ im q
�Þ

ð1þOð�ÞÞ;
(C5)

where q ¼ a=M and � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
. The factorials in the

denominator of Eq. (C5) cause the computed ratio to
decrease very rapidly as ‘ increases. As a result only the
lower ‘ contributions need be considered. Specifically, the

lowest two terms contributing to the expression are com-
puted to be�

Btrans

Bin

�
‘¼2

¼ �i
4

15
!5e�iðm=2Þðq=�Þ ln�ð1þOð�ÞÞ; (C6)

�
Btrans

Bin

�
‘¼3

¼ � 2

945
!5ð��Þe�iðm=2Þðq=�Þ ln�

�
3þ im

q

�

�
� ð1þOð�ÞÞ: (C7)
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