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A general analysis and experimental validation of transmission wavefront shearing interferometry for
photoelastic materials are presented. These interferometers applied to optically isotropic materials pro-
duce a single interference pattern related to one phase term, but when applied to photoelastic materials,
they produce the sum of two different interference patterns with phase terms that are the sum and dif-
ference, respectively, of two stress-related phase terms. The two stress-related phase terms may be se-
parated using phase shifting and polarization optics. These concepts are experimentally demonstrated
using coherent gradient sensing in full field for a compressed polycarbonate plate with a V-shaped notch
with good agreement with theoretical data. The analysis may be applied to any wavefront shearing
interferometer by modifying parameters describing the wavefront shearing distance. © 2009 Optical
Society of America
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1. Introduction

Wavefront shearing interferometry is a well-
established optical technique for measuring many
optical, material, and mechanical properties such
as wavefront slope characterization [1], surface de-
formation [2], and even fracture of materials [3–6].
Shearing interferometry essentially is the interfer-
ence of a coherent wavefront with a copy of itself
“sheared” or translated by a distance dshear; this tech-
nique is self-referencing and hence is insensitive to
rigid body motion [2–5]. The general analysis of
the interference pattern for standard wavefront
shearing interferometers depends only on the wave-
front characteristics and the distance dshear. Once the
parameters for producing the sheared wavefront and
interfering the two wavefronts are characterized for
a particular shearing method, then the analysis may
be detailed for that method. With several methods to
produce the wavefront shearing, the choice of shear-
ing interferometer depends on the requirements of

the application such as measurement sensitivity or
compactness.

An important consideration for the analysis is how
the wavefront is formed. For techniques that involve
transmission through a material of interest, the
shape and optical properties of the material are con-
sidered (e.g., a spherical wavefront emanating from
an optically isotropic plano–convex lens.) In the case
of a deformed material that is originally planar,
thickness and refractive index variations in the ma-
terial result in optical path differences that may be
related to stresses. A general analysis of the optical
path difference in this case was previously completed
for the method of caustics [7–9]. Though not a wave-
front shearing interferometry technique, the method
of caustics, which has been used for large stress gra-
dient applications, does consider optical path differ-
ences due to a deformed sample, resulting in a
shadow spot in the far field. The method of caustics
gives only a point measurement, which motivated
the development of coherent gradient sensing
(CGS), capable of measuring full-field stress or dis-
placement gradients when used in transmission or
in reflection, respectively [3,4]. CGS is a wavefront
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lateral shearing interferometer that achieves shear-
ing by a pair of amplitude gratings; sensitivity ad-
justment is achievable through choice of grating
line density, separation between the gratings, and
light wavelength. Previously, CGS in transmission
has been used only for optically isotropic materials
[3,4,6]. CGS in reflection has been used for opaque
isotropic materials [3,4], for materials with reflective
coatings [3,4,10], and for composite materials [5,11].
No previous studies have considered CGS in trans-
mission for optically anisotropic materials.
Taking inspiration from the method of caustics ap-

plied to photoelastic materials, this paper presents
what is to our knowledge the first general analysis
of an initially planar wavefront transmitted through
a photoelastic material, in terms of electric field and
optical path difference, for a general wavefront
shearing interferometer; the analysis is then specifi-
cally applied to CGS. The analysis may easily be
modified for any wavefront shearing interferometer
by changing the experimental parameters related to
the distance dshear.
This study demonstrates that the resultant inter-

ference pattern is no longer a simple function of a sin-
gle phase term related to the sum of principal
stresses, denoted φsum, as in the case of optically iso-
tropic materials. Due to the optical anisotropy from
the stress birefringence, the interference patterns
from the x and y coordinates of the electric field,
Ex and Ey, respectively, are no longer equivalent.
Considering the interference patterns along the
orthogonal principal axes of the photoelastic speci-
men, denoted Iimage

1 and Iimage
2 , the phase terms of

these distinct interference patterns, φ1 and φ2, are
φsum þ φdiff and φsum − φdiff , respectively, where φdiff
is related to the difference of principal stresses. Thus,
φdiff obscures the desired phase information, φsum,
due to the optical anisotropy of the material. φdiff
is zero for an optically isotropic material and there-
fore is not an issue for isotropic materials. For a gen-
eral incident electric field, wavefront shearing
interferometry for photoelastic materials results in
an image that is the superposition of Iimage

1 and
Iimage
2 , which is too complicated to analyze by itself.
The desired phase φsum may be recovered by using
phase shifting and polarization optics. These con-
cepts are demonstrated using CGS for a compressed
polycarbonate thin plate with a V-shaped side notch
with good agreement between experimental and
theoretical data.

2. Experimental Method and Analysis of Full-Field
Phase Data

A. Experimental Method

The CGS method starts with an incident plane wave
of a collimated laser beam that transmits through a
transparent sample or that reflects off an opaque
sample. The working principle of CGS to laterally
shear an incident wavefront, shown in Fig. 1 for hor-
izontal shear, is the same for both transmission and

reflection. Tippur et al. [3,4] give a full description of
the CGS working principle. The main concept of CGS
is that the dshear of the interfered wavefronts is due to
diffraction through a pair of Ronchi gratings, G1 and
G2, each with pitch p, separated by distance Δ

∼

such
that the desired wavefronts Eð0;�1Þ and Eð�1;0Þ are se-
parated by a lateral shearing distance dshear ¼ γΔ

∼

in
the x − z or y − z plane and propagate at the same an-
gle γ relative to the z axis upon leaving grating G2.
The diffracted waves transmit through a filtering
lens, which separates the corresponding diffraction
orders into horizontal diffraction spots at the focal
plane of the filtering lens. An aperture at this focal
plane selects either the þ1 or −1 diffraction order,
meaning only the wavefronts Eð0;�1Þ and Eð�1;0Þ propa-
gate to the image plane. In Subsection 2.B, analysis
of the first-order diffraction shows how the interfer-
ence pattern may be related to the first x and y deri-
vatives of principal stresses based on assumption of a
small dshear.

B. Analysis

1. Electric Field Description of the
Transmitted Wavefront

Assuming a coherent plane wave of monochromatic
light propagating along the z axis, the electric field
of the wavefront at z ¼ zo is given by

Fig. 1. Working principle for horizontal shearing transmission
coherent gradient sensing.
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Einðx; y; tÞ ¼ Exðx; y; tÞ̂ıþ Eyðx; y; tÞĵ; ð1aÞ

Exðx; y; tÞ ¼ Ax exp½jðkzo − ωtþ ϕxÞ�; ð1bÞ

Eyðx; y; tÞ ¼ Ay exp½jðkzo − ωtþ ϕyÞ�; ð1cÞ

where Ex and Ey are the amplitudes, Ax and Ay are
constants, λ is the wavelength, k ¼ 2π=λ is the wave-
number, ω is the angular frequency, and ϕx and ϕy are
arbitrary constant phase terms. If the plane wave
propagates through a transparent material with re-
fractive index no and nominal thickness h, then the
resulting electric field magnitudes of this perturbed
wavefront in the x and y directions after the sample
material at z are

Esample
x ðx; y; tÞ ¼ Ax exp½jðkz − ωtþ ϕx

þ kðno − 1Þhþ kΔSxðx; yÞÞ�; ð2aÞ

Esample
y ðx; y; tÞ ¼ Ay exp½jðkz − ωtþ ϕy

þ kðno − 1Þhþ kΔSyðx; yÞÞ�; ð2bÞ

where ΔSxðx; yÞ and ΔSyðx; yÞ are the optical path
differences at each point ðx; yÞ along the x and y di-
rections, as further described in Subsection 2.B.2.

2. Photoelastic Effect in Transparent Materials

In general, a plane wave transmitted through a ma-
terial experiences some change in optical path length
due to both variation in refractive index, Δnðx; yÞ,
and variation in thickness, Δhðx; yÞ, in the transmit-
ting media. Along a given axis a, the optical path dif-
ference is expressed as

ΔSaðx; yÞ ¼ hΔnaðx; yÞ þ ðno − 1ÞΔhðx; yÞ: ð3Þ

A full explanation of the optical path difference may
be found in [7]. These variations from an initially
uniform material can be related to stresses in the
material. First, a transparent material that experi-
ences stress-induced birefringence, also known as
the photoelastic effect, has variations in refractive
index along the three principal optical axes such that

Δn1 ¼ n1 − no ¼ Aσ1 þ Bðσ2 þ σ3Þ; ð4aÞ

Δn2 ¼ n2 − no ¼ Aσ2 þ Bðσ1 þ σ3Þ; ð4bÞ

Δn3 ¼ n3 − no ¼ Aσ3 þ Bðσ1 þ σ2Þ; ð4cÞ

where σi, i ¼ f1; 2; 3g, are the principal stresses and
A and B are the two absolute photoelastic constants
of the transparent material. These equations are
known as the Neumann–Maxwell stress optic law
[12–14]. In this analysis, the p̂3 principal direction

is assumed to be along the z axis. Second, the thick-
ness change in a linear elastic material is related to
the principal stresses by Hooke’s law:

Δh ¼
�σ3
E

−
ν
E
ðσ1 þ σ2Þ

�
h; ð5Þ

where E is Young’s modulus, ν is the Poisson
ratio, σ3 ¼ 0 for plane stress, and Δh ¼ 0 for plane
strain.

Substituting Eqs. (4a), (4b), and (5) into Eq. (3) re-
sults in the following two equations for optical path
length difference along the p̂1 and p̂2 principal
directions in terms of the sum and difference of prin-
cipal stresses:

ΔS1ðx; yÞ ¼ Ch½ðσ1 þ σ2Þ þ gðσ1 − σ2Þ�; ð6aÞ

ΔS2ðx; yÞ ¼ Ch½ðσ1 þ σ2Þ − gðσ1 − σ2Þ�; ð6bÞ

such that C ¼ ½ðAþ BÞ=2� − ½ðν=EÞðno − 1Þ� and g ¼
ðA − BÞ=½Aþ B − 2νðno − 1Þ=E� for plane stress and
C ¼ ½ðAþ BÞ=2� þ νB and g ¼ ðA − BÞ=ðAþ Bþ 2νBÞ
for plane strain. For optically isotropic (nonbirefrin-
gent) materials, A ¼ B, resulting in g ¼ 0; thus, in
this case, ΔS1ðx; yÞ ¼ ΔS2ðx; yÞ ¼ ΔSðx; yÞ. For opti-
cally anistropic (birefringent) materials, A ≠ B; thus,
ΔS1ðx; yÞ ≠ ΔS2ðx; yÞ in general.

3. Electric Field of the Transmitted Wavefront

The incident wavefront given in Eq. (1) may be writ-
ten in the orthogonal principal coordinate system at
each point ðx; yÞ, such that

Ein
p ðx; y; tÞ ¼ E1ðx; y; tÞp̂1 þ E2ðx; y; tÞp̂2; ð7aÞ

E1ðx; y; tÞ ¼ Exðx; y; tÞ cosðαÞ þ Eyðx; y; tÞ sinðαÞ; ð7bÞ

E2ðx;y; tÞ ¼ −Exðx;y; tÞsinðαÞþEyðx;y; tÞcosðαÞ; ð7cÞ

p̂1 ¼ cosðαÞ̂iþ sinðαÞĵ; ð7dÞ

p̂2 ¼ − sinðαÞ̂iþ cosðαÞĵ; ð7eÞ

where α is the angle between the Cartesian and the
principal coordinate systems. The effect of transmis-
sion through a birefringent plate is the gain of a
phase of kΔS1;2 along the principal directions, result-
ing in a transmitted wavefront in the principal coor-
dinate system of

Esample
p ðx; y; tÞ ¼ E1ðx; y; tÞ exp½jkΔS1ðx; yÞ�p̂1

þ E2ðx; y; tÞ exp½jkΔS2ðx; yÞ�p̂2: ð8Þ
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4. Analysis of Interference Pattern

As described in Subsection 2.A, the interference of
wavefronts Eð0;�1Þ and Eð�1;0Þ is the interference of
two identical wavefronts E�1 that are separated by
distance dshear, as written in Eqs. (9) for the lateral
shearing of the electric field in the x direction with
the electric field in the principal coordinate system:

Eimage
p ðx; yÞ ¼ Eimage

1 ðx; yÞp̂1 þ Eimage
2 ðx; yÞp̂2; ð9aÞ

Eimage
1 ðx; yÞ ¼ E�1

1 ðx; yÞ þ E�1
1 ðxþ dshear; yÞ; ð9bÞ

Eimage
2 ðx; yÞ ¼ E�1

2 ðx; yÞ þ E�1
2 ðxþ dshear; yÞ; ð9cÞ

E�1
1 ðx; yÞ ¼ A�1

x cosðαÞ exp½jðkz − ωtþ ϕx

þ kΔS1ðx; yÞÞ�
þ A�1

y sinðαÞ exp½jðkz − ωtþ ϕy

þ kΔS1ðx; yÞÞ�; ð9dÞ

E�1
2 ðx; yÞ ¼ −A�1

x sinðαÞ exp½jðkz − ωtþ ϕx

þ kΔS2ðx; yÞÞ�
þ A�1

y cosðαÞ exp½jðkz − ωtþ ϕy

þ kΔS2ðx; yÞÞ�; ð9eÞ

where constants A�1
x < Ax and A�1

y < Ay due to dif-
fraction. The resulting irradiance (intensity) of the
interfered wavefronts, Iimage, in Eqs. (10), is the
superposition of the irradiance of the E1 component,
Iimage
1 , and the irradiance of the E2 component, Iimage

2 ,
since the principal directions are orthogonal:

Iimage ¼ hEimage
1 Eimage�

1 it þ hEimage
2 Eimage�

2 it
¼ Iimage

1 þ Iimage
2 ; ð10aÞ

Iimage
1 ¼ 2ðA�1

x Þ2 cos2ðαÞ þ 2ðA�1
y Þ2 sin2ðαÞ þ 4A�1

x A�1
y cosðαÞ sinðαÞ cosðφx − φyÞ

þ f2ðA�1
x Þ2 cos2ðαÞ þ 2ðA�1

y Þ2 sin2ðαÞg cos½kΔS1ðx; yÞ − kΔS1ðxþ dshear; yÞ�
þ f2A�1

x A�1
y cosðαÞ sinðαÞfcos½ϕx − ϕy þ kΔS1ðx; yÞ − kΔS1ðxþ dshear; yÞ�

þ cos½ϕy − ϕx þ kΔS1ðx; yÞ − kΔS1ðxþ dshear; yÞ�g; ð10bÞ

I2image ¼ 2ðA�1
x Þ2 sin2ðαÞ þ 2ðA�1

y Þ2 cos2ðαÞ − 4A�1
x A�1

y cosðαÞ sinðαÞ cosðφx − φyÞ
þ f2ðA�1

x Þ2sin2ðαÞ þ 2ðA�1
y Þ2cos2ðαÞg cos½kðΔS2ðx; yÞ − kðΔS2ðxþ dshear; yÞ�

þ 2A�1
x A�1

y cosðαÞ sinðαÞfcos½ϕx − ϕy þ kΔS2ðx; yÞ − kΔS2ðxþ dshear; yÞ�
þ cos½ϕy − ϕx þ kΔS2ðx; yÞ − kΔS2ðxþ dshear; yÞ�g: ð10cÞ

Therefore, the resultant image is the following:

Iimage ¼ 2ðA�1
x Þ2 þ 2ðA�1

y Þ2
þ f2ðA�1

x Þ2 cos2ðαÞ þ 2ðA�1
y Þ2 sin2ðαÞ

þ 2A�1
x A�1

y cosðαÞ sinðαÞ cosðϕx − ϕyÞg
× cos½kðΔS1ðx; yÞ −ΔS1ðxþ dshear; yÞÞ�
þ 2ðA�1

x Þ2 sin2ðαÞ þ 2ðA�1
y Þ2 cos2ðαÞ

− 2A�1
x A�1

y cosðαÞ sinðαÞ cosðϕx − ϕyÞg
× cos½kðΔS2ðx; yÞ −ΔS2ðxþ dshear; yÞÞ�: ð11Þ

The shearing distance is usually small compared
to the field of view of the image (L ×W), so the phase
terms of Iimage

1 and Iimage
2 , denoted φ1;2ðx; yÞ, can be

related to the derivatives of ΔS1;2. For
ðdshear=fL;WgÞ ≪ 1,

φ1;2 ¼ kðΔS1;2ðx; yÞ −ΔS1;2ðxþΔx; yÞÞ

≈ kdshear
∂ΔS1;2ðx; yÞ

∂x
: ð12Þ

Substituting ΔS1;2 from Eqs. (6a) and (6b) into
Eq. (12) connects the phase terms of the interference
patterns to stresses:

φ1;2 ¼ kdshearCh

�
∂ðσ1 þ σ2Þ

∂x
� g

∂ðσ1 − σ2Þ
∂x

�
: ð13Þ

The equation for the image may be written in terms
of two phases, one related to σ1 þ σ2 and the other
related to σ1 − σ2 as follows:

Iimage ¼ Io þ I1o cos½φsum þ φdiff � þ I2o cos½φsum − φdiff �;
ð14aÞ

Io ¼ 2ðA�1
x Þ2 þ 2ðA�1

y Þ2; ð14bÞ
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I1o ¼ 2ðA�1
x Þ2cos2ðαÞ þ 2ðA�1

y Þ2sin2ðαÞ
þ 2A�1

x A�1
y cosðαÞ sinðαÞ cosðϕx − ϕyÞ; ð14cÞ

I2o ¼ 2ðA�1
x Þ2sin2ðαÞ þ 2ðA�1

y Þ2cos2ðαÞ
− 2A�1

x A�1
y cosðαÞ sinðαÞ cosðϕx − ϕyÞ; ð14dÞ

φsum ¼ kdshearCh
∂ðσ1 þ σ2Þ

∂x
; ð14eÞ

φdiff ¼ kdshearChg
∂ðσ1 − σ2Þ

∂x
: ð14f Þ

Since the intensity contains a sum of two sinusoids
with the same frequency k, then Eq. (14a) may be
written as a single interference pattern with a phase
that is the sum of φsum and a compound phase φc:

Iimage ¼ Io þ Ic cos½φsum þ φc�; ð15aÞ

Ic ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I21o þ I22o þ 2I1oI2o cosð2φdiff Þ

q
; ð15bÞ

φc ¼ arctan
�ðI1o − I2oÞ sinðφdiff Þ
ðI1o þ I2oÞ cosðφdiff Þ

�
: ð15cÞ

A similar result for the y direction shearing may be
obtained from the previous analysis, except the deri-
vatives are with respect to y instead of x.
For the specific case of CGS, dshear is Δ

∼

λ=p,
with k ¼ 2π=λ, such that Eqs. (14e) and (14f) become
the following:

φsum ¼ 2πΔ
∼

Ch
p

∂ðσ1 þ σ2Þ
∂x

; ð16aÞ

φdiff ¼
2πΔ

∼

Chg
p

∂ðσ1 − σ2Þ
∂x

: ð16bÞ

For linearly elastic, optically isotropic materials
with g ¼ 0, then φdiff ¼ 0, which leads to the classic
result for image irradiance, Iisotropic ¼ Iof1þ
cos½φsum�g, where the phase term of the interference
pattern is related only to the derivative of the sum of
principal stresses [4]. As shown above, unlike opti-
cally isotropic materials, photoelastic materials pro-
duce complicated interference patterns that are
difficult to interpret. Fortunately, phase shifting
methods in conjunction with incident polarized light
allow for the recovery of φsum, and thus the x or y de-
rivative of σ1 þ σ2, in full field.

C. Phase Separation and Interpretation

1. Four-Step Phase Shifting

The phase shifting interferometry technique used for
CGS in this study is a four-step technique with π=2
phase steps, induced by a lateral shift of p=4 in one
Ronchi grating in the direction of the dominant lat-
eral shearing, resulting in four phase shifted inter-
ference patterns. For an optically isotropic
material, the resultant intensities, which are func-
tions of a single phase term φ, are I1 ¼
Ioð1þ cosðφÞÞ, I2 ¼ Ioð1þ cosðφþ π=2ÞÞ, I3 ¼ Ioð1þ
cosðφþ πÞÞ, and I4 ¼ Ioð1 −þ cosðφþ 3π=2ÞÞ. The ori-
ginal phase map, φ, is related to these intensities by

φ ¼ arctan
�
I4 − I2
I1 − I3

�
¼ arctan

�
sinðφÞ
cosðφÞ

�
: ð17Þ

This equation yields a “wrapped” phase map with
discontinuities of height hd ¼ 2π since the range of
an arctanðÞ formula is 2π when the signs of the nu-
merator and denominator are known. The full range
of φ is determined by unwrapping the phase term
from the arctanðÞ formula, as described in Section 3.

For optically anisotropic materials for a general in-
itial electric field, from Eq. (15), the four phase
shifted images are

I1 ¼ Io þ Ic cos½φsum þ φc�; ð18aÞ

I2 ¼ Io þ Ic cos
h
φsum þ φc þ π

2

i
; ð18bÞ

I3 ¼ Io þ Ic cos½φsum þ φc þ π�; ð18cÞ

I4 ¼ Io þ Ic cos
h
φsum þ φc þ 3π

2

i
: ð18dÞ

The phase map of φsum þ φc may be recovered using
the typical arctanðÞ formula similar to Eq. (17) such
that

φsum þ φc ¼ arctan
�
I4 − I2
I1 − I3

�

¼ arctan
�
Ic sinðφsum þ φcÞ
Ic cosðφsum þ φcÞ

�
; ð19Þ

but Eq. (19) is indeterminate when Ic ¼ 0, so this
equation is true only for Ic ≠ 0. Specifically polarized
input electric fields allow for separation of φsum from
φc, as discussed below.

2. Two Methods for Determination of the First
Derivative of σ1þσ2
The first method to recover φsum involves capturing
images from a pureEx ı̂ input electric field and from a
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pure Eyĵ input electric field. From Eq. (15), for Ax ¼
Ao and Ay ¼ 0, and thus A�1

x ¼ A�1
o and A�1

y ¼ 0, the
image is

IEx ¼ IExo þ IExc cos½φEx�; ð20aÞ

φEx ¼ φsum þ φαd; ð20bÞ

IExo ¼ 2ðA�1
o Þ2; ð20cÞ

IExc ¼ IExo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2ð2αÞsin2ðϕdiff Þ

q
; ð20dÞ

φαd ¼ arctan½cosð2αÞ tanðϕdiff Þ�; ð20eÞ

where φαd is a compound phase related to α and φdiff .
Similarly, for Ax ¼ 0 and Ay ¼ Ao, and thus A�1

x ¼ 0
and A�1

y ¼ A�1
o from Eq. (15), the image is

IEy ¼ IEyo þ IEyc cos½φEy�; ð21aÞ

φEy ¼ φsum − φαd; ð21bÞ

IEyo ¼ 2ðA�1
o Þ2; ð21cÞ

IEyc ¼ IEyo
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2ð2αÞsin2ðϕdiff Þ

q
: ð21dÞ

If phase shifted images for these two configurations
are taken for the same field of view for the same
deformation state in the sample, then the φEx and
φEy fields are calculated by Eq. (19). For both of
these fields, Eq. (19) does not hold forffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2ð2αÞsin2ðϕdiff Þ

p
¼ 0, but this is likely true

for only a few points in the field of view. Since
IExc and IEyc are always nonnegative, then Eq. (19)
can express the absolute sign of the numerator
and denominator separately for each configuration,
and the height discontinuity of the wrapped
phases is hd ¼ 2π, as explained in Subsection 2.C.1.
After unwrapping these fields, φsum may be
separated from the other phase, meaning
φsum ¼ ðφEx þ φEyÞ=2. Additionally, φαd ¼ ðφEx−

φEyÞ=2 ¼ arctan½cosð2αÞ tanðϕdiff Þ�. Subsection 2.C.3
describes possible configurations of polarization
optics to achieve this case.
Another possible method for determining φsum re-

quires only one set of phase shifted images. If the in-
put electric field is circularly polarized such that
Ax ¼ Ay ¼ Ao=

ffiffiffi
2

p
, ϕx ¼ ϕy � π=2, and consequently

A�1
x ¼ A�1

y ¼ A�1
o =

ffiffiffi
2

p
using polarization optics, then

the image given in Eq. (15) may be simplified to

Icirc ¼ Icirco þ Icircc cos½φsum�; ð22aÞ

Icirco ¼ 2ðA�1
o Þ2; ð22bÞ

Icircc ¼ Icirco cos½φdiff �: ð22cÞ

If phase shifted images for this configuration are
analyzed using Eq. (19), then φsum is determined by

φsum ¼ arctan
�
I4 − I2
I1 − I3

�

¼ arctan
�
sinðφsumÞ cosðφdiff Þ
cosðφsumÞ cosðφdiff Þ

�
: ð23Þ

This equation is only true for ðx; yÞ coordinates where
cosðφdiff Þ ≠ 0, since the argument of the arctanðÞ is in-
determinate where cosðφdiff Þ ¼ 0. Since cosðφdiff Þ is in
the numerator and the denominator, the argument to
the arctanðÞ formula in Eq. (23) cannot express the
absolute sign of the numerator and denominator se-
parately, so an arctanðÞ algorithm that gives values
from −π=2 to π=2 should be used. Thus, the wrapped
phase term from this formula should have disconti-
nuities of height hd ¼ π instead of 2π. If the other
arctanðÞ algorithm that gives values from −π to π
is used, then the wrapped phase term is incorrect.
After unwrapping, with the full range of φsum from
wavefront shearing in the x direction and Eq. (16a),
the full-field x derivative of σ1 þ σ2 may be deter-
mined by

Ch
∂ðσ1 þ σ2Þ

∂x
¼ � p

2πΔ
∼ φsum: ð24Þ

3. Polarization Optics

Polarization optics such as a linear polarizer, λ=2
plate, and λ=4 plate allow for manipulation of the in-
put electric field. A general schematic of configura-
tions useful here is shown in Fig. 2. To obtain pure

Fig. 2. Polarization optics before the transparent sample: two
configurations with either a λ=4 or λ=2 plate before the sample.
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Ex ı̂ or Eyĵ fields with only a simple change required
to switch between the two inputs, a polarizer and a
λ=2 plate are used; this combination of optics also
gives the same range of intensity for both input
types, allowing for optimization of the intensity for
the experimental equipment, helping to prevent
camera saturation. The objective is to start with
either pure Ex ı̂ or Eyĵ after the polarizer at
ρ ¼ mπ=2, m integer, then maintain that field
through the λ=2 plate with ξ ¼ ρ for the first image,
and then obtain the opposite field by setting the λ=2
to ξ ¼ ρ� ð2nþ 1Þπ=4, n integer.
To create circularly polarized light, the collimated

laser beam passes through a polarizer with polariza-
tion axis at angle ρ to the x axis and then through a
λ=4 plate with fast axis at angle ξ to the x axis with
ρ − ξ ¼ �π=4. Other combinations of optics can pro-
duce the desired equal amplitudes of the Ex and
Ey fields, but for clarity and simplicity, these two con-
figurations are considered here. Table 1 gives the
specific polarization optic configurations used in this
study, stating the angles of the optics, the amplitudes
of the electric field components, and the resultant
phase term of the interference pattern in Eq. (15).

3. Experimental Validation

The experimental validation was performed on a
12:7mm × 12:7mm square plate with thickness h ¼
1:0mm and with a 60° V-notch cut out of the side of
the plate, as shown in Fig. 3. The depth of the V-
notch, d, is 6:35mm, and the V-notch opening width,
w, is 7:34mm. The plate is polycarbonate, which is a
thermoplastic polymer that is highly photoelastic,
with absolute photoelastic constants A ¼ −2:45 ×
10−11 m2=N and B ¼ −9:38 × 10−11 m2=N [9]. This
plastic has a Young’s modulus of E ¼ 2:3GPa,
Poisson ratio of ν ¼ 0:36, and refractive index of
no ¼ 1:586. The specimen is from a polycarbonate
sheet with residual stress due to forming, deter-
mined to be σresid11 ≈ 1:59MPa, σresid22 ≈ −1:9MPa, and
σresid12 ≈ −0:1MPa. This residual stress is assumed
to be constant throughout the material.
In the following example, the sample is com-

pressed by 14:5N (1:14MPa) along the y axis. The
experimental optical parameters are the following:
the monochromatic CCD camera is an IMPERX
IPX-1M48-L with a 1000 × 1000 pixel chip; the field
of view is 3:77mm × 3:77mm; the image resolution is
3:8 μm; the Ronchi grating pitch, p, is 1mm=40; the
grating separation, Δ

∼

, is 12:48mm; the wavelength
of light from the linear polarized He–Ne laser is
632:8nm; and the lateral shearing distance, dshear,

is 313 μm. Williams [15] presented a derivation of
the stress fields of a thin plate with an “angular
corner” cut out of it under uniaxial tensile load with
various boundary conditions. Here, the derivation is
applied to a thin plate with a 60° V-shaped notch un-
der uniaxial compression and is combined with the
measured residual stress to obtain the theoretical
stress fields and theoretical α.

Figure 4 shows the experimental and theoretical
images of I1 for horizontal shear of the configuration
shown in Fig. 3. In Figs. 4(a) and 4(c), the images for
the pure Ex ı̂ and pure Eyĵ fields, respectively, have
interference fringes with good fringe contrast be-
cause IExc and IEyc vary little in the field of view.
The image in Fig. 4(e) of the jExj ¼ jEyj fields
using the λ=4 plate method shows discontinuous
fringes, evidence of Icircc ¼ Icirco cosðφdiff Þ modulating
cosðφsumÞ. Clearly, these interference patterns cannot
yield the desired phase terms as they are but require
phase shifting. Figures 4(b), 4(d), and 4(f) are the the-
oretical images for the pure Ex ı̂, pure Eyĵ, and jExj ¼
jEyj input fields, which compare well to the experi-
mental fields in shape and fringe density. The slight
differences in shape for jθj > π=2 in these images are
most likely due to slight differences in the theoretical
and experimental α, which is affected by residual
stress. The slightly larger lobes near θ ¼ 0 are mostly
likely due to slightly higher applied stress on this
side because of nonuniform compressive loading. De-
spite these slight differences due to experimental
error and residual stress in the material, near
θ ¼ 0, the experimental image from the pure Ex ı̂ in-
put has the expected wider lobe, the experimental
image from the Eyĵ input has the expected narrower
lobe, and the experimental image from the jExj ¼ jEyj
input field indicates the same interference beading
as the theoretical image.

Figure 5 includes the experimental and theoretical
wrapped phase fields for φEx and φEy. The general
three-lobed shape in each experimental field com-
pares well with the theoretical fields, though the dif-
ferences between the theoretical and experimental
are most likely due to slightly nonuniform compres-
sive loading of the sample. The experimental and
theoretical wrapped phase field for the φsum from

Table 1. Polarization Optic Configurations Used in This Study

ρ of
Polarizer

ξ of λ=4
Plate

ξ of λ=2
Plate jExj jEyj

Phase
Determined

0 π=4 – Ax=
ffiffiffi
2

p
Ax=

ffiffiffi
2

p
φsum

0 – 0 Ax 0 φsum þ φαd
0 – π=4 0 Ax φsum − φαd

Fig. 3. Schematic of a compressed polycarbonate plate with a side
V-notch.
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Eq. (23) from the λ=4 plate method and the theoreti-
cal cosðφdiff Þ field are shown in Fig. 6. In Fig. 6(a), the
fringes have regions in a four-lobed clover leaf
pattern with greater noise and scatter, which
corresponds to regions near cosðφdiff Þ ¼ 0 boundaries
found in Fig. 6(c), which is expected since Eq. (23) is
indeterminate for cosðφdiff Þ ¼ 0. The theoretical
wrapped φsum field in Fig. 6(b) does not have these
poor contrast regions because the synthetic data

have exact cancellation of the cosðφdiff Þ in the
arctanðÞ formula.

The wrapped phase terms are unwrapped using a
weighted preconditioned conjugate gradient method,
a robust two-dimensional phase unwrapping method
for interferometric fringes with noise developed by
Ghiglia and Romero [16]. To reduce unwrapping
errors, a weight function considers the reliability
of the wrapped phase information from experimental

Fig. 5. (Color online) Experimental and theoretical wrapped phase maps (in radians) with the V-notch masked in white: (a) experimental
φEx ¼ φsum þ φαd, (b) theoretical φEx ¼ φsum þ φαd, (c) experimental φEy ¼ φsum � φαd, and (d) theoretical φEy ¼ φsum � φαd.

Fig. 4. Experimental and theoretical images for horizontal shear with good comparison: (a) experimental IEx ¼ IExo þ IExc cos½φsum þ φαd�,
(b) theoretical IEx ¼ IExo þ IExc cos½φsum þ φαd�, (c) experimental IEy ¼ IEyo þ IEyc cos½φsum − φαd�, (d) theoretical IEy ¼ IEyo þ IEyc cos½φsum − φαd�,
(e) experimental Icirc ¼ Icirco þ Icirco cos½φdiff � cos½φsum�, and (f) theoretical Icirc ¼ Icirco þ Icirco cos½φdiff � cos½φsum� (note: the V-notch region is
masked in white in the theoretical images).
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data and physical boundaries. The reliability condi-
tion considers pixelwise differences in phase in the
wrapped phase term; differences of size h or nearly
zero receive a weight of close to one since the
wrapped phase term is expected to be either contin-
uous or have a jump of h, while differences of h=2 are
considered unreliable and given a weight of zero. The
following formula is applied to each pixel to develop
the weight function W, where Δψk is the wrapped
phase difference between the kth nearest neighbor
of the ði; jÞ pixel [17]:

Wi;ĵ ¼
Y8
k¼1

1
2

�
cos

�
2π Δψk

h

�
þ 1

�
: ð25Þ

Additionally, physical boundaries and regions in the
field with no photoelastic material, as with the V-
notch in the example, are given a weight of zero.
Based on a priori knowledge of the experiment,
the weight of regions with high concentrations of
fringes that cannot be resolved with the given pixel
resolution are also set to zero to reduce unwrapping
errors near these regions.

Figure 7 shows the unwrapped φEx and φEy fields
for experimental and theoretical data. The precondi-
tioned conjugate gradient method successfully un-
wraps the phase discontinuities in these fields; the
data from the air in the V-notch region do not propa-
gate into the polycarbonate data due to the weight
function; unwrapped φEx and φEy, like the theoretical
fields, have a general monotonic increase or decrease
as r → 0 toward the notch tip.

Figure 8(a) is the experimental φsum determined by
ðφEx þ φEyÞ=2, and Fig. 8(b) is the unwrapped experi-
mental φsum from the λ=4 plate method. In compar-
ison, qualitatively, the φsum field from the λ=4 plate
method does not agree with the theoretical field in
Fig. 8(c) as well as φsum from the pure Ex ı̂ and pure
Eyĵ fields agrees with the theoretical field; some
minor unwrapping errors are evident in Fig. 8(b)
near the cosðφdiff Þ ¼ 0 regions in the four-lobed clover
leaf pattern seen in Fig. 6(c). Additionally, the experi-
mental φαd in Fig. 8(d) from the ðφEx − φEyÞ=2 has a
four-lobed clover leaf pattern like the theoretical φαd
field in Fig. 8(e).

One measure of the global error is the root mean
square deviation (RMSD) normalized by the range

Fig. 7. (Color online) Experimental and theoretical unwrapped phase term from the pure Ex ı̂ and pure Eyĵ fields (in radians) with the V-
notch masked in white: (a) experimental φEx, (b) theoretical φEx, (c) experimental φEy, and (d) theoretical φEy.

Fig. 6. (Color online) Wrapped phase maps from λ=4 plate method (in radians) with the V-notch masked in white: (a) experimental φsum
for cosðφdiff Þ ≠ 0, (b) theoretical φsum, and (c) theoretical cosðφdiff Þ field with its four-lobed clover leaf pattern.
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of experimental data, denoted NRMSD. Only data
points not masked by the notch mask are considered
here. Table 2 reports the error analysis of several
fields. The NRMSD is low for each of the fields, with
the largest error in the φEy at only 2.1%. As is evident
in Figs. 9(a) and 9(b), which show the difference be-
tween the theoretical and the two experimental φsum
fields, the greatest errors are close to the notch tip,
which is understandable since the stress derivative
changes so rapidly near the notch tip that the small
dshear assumption, which allows the phase to be re-
lated to stress derivatives in Eq. (13), breaks down.
The unwrapping errors due to the cosðφsumÞ ¼ 0 re-
gions are in the four-lobed clover leaf pattern in
Fig. 9(b), leading to a slightly higher NRMSD for
the φsum from the λ=4 plate method than for the
φsum from the pureEx ı̂ and pureEyĵ fields data. Both
methods of determining φsum give reasonable global
error, though the pure Ex ı̂ and pure Eyĵ fields meth-
od does seem to better confine the error near the
notch tip and is not affected the cosðφdif f Þ issue. An-
other benefit of the pure Ex ı̂ and pure Eyĵ fields
method is the determination of φαd, which has low

error as well; the difference between the theoretical
and experimental φαd is shown in Fig. 9(c), confining
the error to near the notch tip. The excellent agree-
ment of the experimental data with theoretical data
in this example demonstrates that the use of polar-
ization optics and phase shifting can successfully ex-
tract phase data from complicated interference
images that have physical meaning in terms of stress
in the photoelastic material, as explained in the pre-
vious analysis in Subsection 2.B.

Fig. 8. (Color online) Experimental and theoretical phase maps of φsum and φdiff (in radians) with the V-notch masked in white:
(a) experimental φsum ¼ ðφEx þ φEyÞ=2, (b) experimental φsum from the λ=4 method, (c) theoretical φsum, (d) experimental
φαd ¼ ðφEx � φEyÞ=2, and (e) theoretical φαd.

Table 2. Error Analysis for Various Experimental Fields for
Horizontal Shear

Phase
RMSD
(Rad)

Data
Range (Rad)

NRMSD
(No Units)

φEx 0.73 49.14 0.015
φEy 0.52 34.05 0.015
φsum from λ=4 method 0.72 34.57 0.021
φsum ¼ ðφEx þ φEyÞ=2 method 0.57 38.94 0.015
φαd ¼ ðφEx − φEyÞ=2 method 0.26 17.85 0.015
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4. Conclusions

Wavefront shearing interferometry, specifically co-
herent gradient sensing (CGS), is used to analyze
a wavefront transmitted through a photoelastic ma-
terial. A detailed analysis of the transmitted wave-
front properties, of the lateral shearing, and of the
resulting interference patterns is provided for a gen-
eral wavefront shearing interferometer, with some
specialization for CGS. Phase information related
to stress gradients in a deformed photoelastic mate-
rial may be extracted from the complicated interfer-
ence pattern by the use of polarization optics and
phase shifting. This is experimentally validated
using CGS on a compressed polycarbonate plate with
a V-notch. Using this general analysis, stress infor-
mation may be obtained in full-field for photoelastic
materials with input electric field polarization con-
trol and any phase shifting transmission wavefront
shearing interferometry.
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