
ar
X

iv
:0

81
0.

54
15

v2
  [

he
p-

th
] 

 1
7 

N
ov

 2
00

8

THREE-DIMENSIONAL TOPOLOGICAL FIELD

THEORY AND SYMPLECTIC ALGEBRAIC

GEOMETRY I

ANTON KAPUSTIN, LEV ROZANSKY, AND NATALIA SAULINA

Abstract. We study boundary conditions and defects in a three-
dimensional topological sigma-model with a complex symplectic
target space X (the Rozansky-Witten model). We show that bound-
ary conditions correspond to complex Lagrangian submanifolds in
X equipped with complex fibrations. The set of boundary con-
ditions has the structure of a 2-category; morphisms in this 2-
category are interpreted physically as one-dimensional defect lines
separating parts of the boundary with different boundary condi-
tions. This 2-category is a categorification of the Z2-graded derived
category of X ; it is also related to categories of matrix factoriza-
tions and a categorification of deformation quantization (quanti-
zation of symmetric monoidal categories). In the appendix we
describe a deformation of the B-model and the associated category
of branes by forms of arbitrary even degree.
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1. Introduction

Topological field theory (TFT) provides a bridge between quantum
field theory with its nonrigorous path-integrals and rigorous mathe-
matics. Two-dimensional topological field theories have been studied
in great detail, mostly in connection with mirror symmetry. Three-
dimensional topological field theories are much less understood, with
the exception of the Chern-Simons gauge theory [41]. But Chern-
Simons theory is a rather degenerate example of a 3d TFT. It has
no nontrivial local observables or boundary conditions; the only topo-
logical observables are Wilson loops which are localized on closed 1-
dimensional submanifolds. Our experience with 2d TFT teaches us
that a theory is much more interesting and nontrivial when one can
define it on a manifold with boundaries.
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In this paper we study a 3d TFT of a geometric nature which admits
nontrivial boundary conditions. This theory is a topological sigma-
model which was introduced by E. Witten and the second author in [32].
We will call it the RW model. The target manifold for such a model
must be a hyper-Kähler manifold X, or more generally a holomorphic
symplectic manifold. This theory is closely related to the B-model with
target X and reduces to it upon compactification on a circle. We will
see that it admits a variety of boundary conditions which are analogous
to topological branes in the B-model.

There are several reasons to study this model. Firstly, it is rich
enough to elucidate the general structure of 3d TFT. The original def-
inition of a TFT in arbitrary dimension given by M. Atiyah [1] did
not allow for boundaries; neither did it allow for defects of higher codi-
mension (such as Wilson loops in Chern-Simons theory). It was real-
ized in mid 90’s that such a generalization is rather intricate and is
most conveniently formulated in the language of category theory. In
two dimensions examples of the resulting structure are provided by A
and B-models associated to Calabi-Yau manifolds [42, 13], and more
abstractly by Calabi-Yau A∞ categories [26, 10]. The structure of 3d
TFT is even more complex and requires higher category theory (see e.g.
[14, 2, 11]), but concrete examples have been sparse. The path-integral
for the RW model can be regarded as a heuristic tool for constructing
such an example, or rather, a class of examples.

Another mathematical reason to study the RW model with bound-
aries is its relationship with the problem of “deformation quantization”
of the derived category of coherent sheaves on a complex manifold, re-
garded as a symmetric monoidal category. This relationship will be
explained below. We also find a close connection between RW theory
and categorified algebraic geometry [36, 4]. Namely, in the case when
the target space of the RW model has the form T ∗

Y , where Y is a com-
plex manifold, the 2-category of boundary conditions is very similar to
the 2-category of derived categorical sheaves on Y as defined in [36].
This will discussed in detail in the follow-up paper [23].

Finally, a physical motivation to study the RW model is its connec-
tion with the 3d mirror symmetry of K. Intriligator and N. Seiberg
[17]. This is a conjectural duality between 3d gauge theories with
N = 4 supersymmetry. An N = 4 d = 3 theory can be twisted into a
3d topological field theory, and in some special cases the twisted the-
ory turns out to be equivalent to the RW model (with a noncompact
target space X). Understanding the RW model thus represents a step
towards understanding 3d mirror symmetry.
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Here is a brief summary of the results of the paper. We show that
the simplest topological boundary conditions in the RW model with
target X correspond to complex Lagrangian submanifolds of X. More
generally, we show how to associate a boundary condition to a fibration
over a complex Lagrangian submanifold Y whose fiber is a Calabi-Yau
manifold Z. One should think of this fibration as a B-model with tar-
get Z fibered over Y . This already points to a connection with derived
algebraic geometry, which we discuss in section 4. Even more gener-
ally, one might consider fibering over Y a deformation of the B-model
by forms of even degrees. For example, if the form is a holomorphic
function on Z, one gets a fibered Landau-Ginzburg model. We argue
that such a generalization is necessary if we want the set of boundary
conditions to be closed with respect to some natural operations.

The set of boundary conditions for the RW model with target X
should be thought of as the set of objects of a 2-category. The set
of morphisms from one boundary condition to another is interpreted
physically as the set of topological defects of real dimension one sep-
arating one boundary condition from the other. We call such defects
boundary line operators; they are similar to Wilson line operators in
Chern-Simons theory and in the twisted N = 4 d = 4 gauge theory
considered in [24]. Boundary line operators corresponding to a pair of
boundary conditions form a category; we show that it is closely related
to a Z2-graded version of the derived category of coherent sheaves.
In certain cases, including the case when X = T ∗

Y for some complex
manifold Y , one can promote Z2-grading to Z-grading.

If the two boundary conditions coincide, the corresponding category
of boundary line operators has a monoidal structure, i.e. an associative
tensor product. Physically, the composition of line operators arises
from fusing them together. This composition is noncommutative in
general. It is a deformation of the usual tensor product of holomorphic
vector bundles on Y .

Let us say a few words about the organization of the paper. In section
2 we study boundary conditions in the RW model. In section 3 we
study surface operators, line operators, and point operators. In section
4 we discuss the algebraic interpretation of the 2-category of boundary
conditions in the RW model. We argue that it is best expressed in
the language of categorified algebraic geometry as discussed recently
in [36, 4]. In the appendix we review the B-model and introduce a
generalization of the B-model which we call the curved B-model. The
category of branes for the curved B-model plays a central role in this
paper and is a deformation the Z2-graded derived category of coherent
sheaves.
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In the second part of this paper [23] we will reformulate our results
in the language of the Atiyah-Segal axiomatic approach to Topological
Field Theory. We will also discuss the relationship between the RW
model and categorified algebraic geometry.

A. K. would like to thank Alexei Bondal, Dennis Gaitsgory, David
Ben-Zvi, David Nadler, Dan Freed, Andrei Mikhailov, and Dima Orlov
for discussions. L. R. would like to thank Dima Arinkin, David Ben-
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and to the Banff International Research Station for hospitality. The
work of A. K. and N. S. was supported in part by the DOE grant DE-
FG03-92-ER40701. The work of L. R. was supported by NSF grant
DMS-0808974.

2. Topological boundary conditions in the RW model

2.1. Review of the RW model. Let M be a Riemannian 3-manifold
with local coordinates xµ, µ = 1, 2, 3, and X be a hyper-Kähler man-
ifold X of complex dimension dimCX = 2n. The fields of the theory
are

(1) bosonic: φI , φĪ , fermionic: ηĪ , χI
µ.

where I, Ī = 1, . . . , 2n, µ = 1, 2, 3. Bosonic fields φI(x), φĪ(x) de-
scribe a map φ from M to X (in complex coordinates). The fermionic
fields χI

µ are components of a 1-form χI on M with values in φ∗(TX),
where TX is the holomorphic tangent bundle of X. The fermionic
field ηĪ is a 0-form on M with values in the complex-conjugate bundle
φ∗(TX). BRST transformations of the fields are

(2) δQφ
I = 0, δQφ

Ī = ηĪ , δQη
Ī = 0, δQχ

I = dφI .

This transformation is nilpotent, δ2
Q = 0, and is a derivation of the

algebra generated by fields and their derivatives. The cohomology of
δQ is called the algebra of topological observables.

The BRST invariant action consists of two parts:

(3) S =

∫

M

L =

∫

M

L1 +

∫

M

L2,
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where

L1 = δQ

(

gIJ̄χ
I ∧ ∗dφJ̄

)

= gIJ̄ dφ
I ∧ ∗dφJ̄ − gIJ̄χ

I ∧ ∗∇ηJ̄ ,(4)

L2 =
1

2
ΩIJ

(

χI ∧ ∇χJ +
1

3
RJ

KLM̄χ
I ∧ χK ∧ χL ∧ ηM̄

)

.(5)

Here ΩIJ is the holomorphic symplectic form on X, star denotes the
Hodge star operator on forms on M with respect to a Riemannian
metric hµν , and the covariant derivatives are defined using the pull-
back of the Levi-Civita connection:

∇ηJ̄ = dηJ̄ + ΓJ̄
ĪK̄dφ

Ī ∧ ηK̄ ,

∇χJ = dχJ + ΓJ
IKdφ

I ∧ χK .

(From now on, we will omit the sign ∧ when writing the exterior prod-
uct of forms on M .) Finally, RJ

KLM̄
denotes the curvature tensor of

the Levi-Civita connection on X:

RJ
KLM̄ =

∂ΓJ
KL

∂φM̄
, ΓI

JK = (∂JgKM̄) gIM̄ .

Note that only the BRST exact piece Lbulk
1 depends on the choice of

the metric hµν on M . Therefore the partition function and correlators
of BRST-invariant observables are independent of the metric. In other
words, the theory is a topological field theory.

Correlators of BRST-invariant observables are called topological cor-
relators. As usual, any topological correlator involving a BRST-exact
observable vanishes. Thus one may regard topological correlators as
multilinear functions on the BRST cohomology, i.e. on the algebra of
topological observables. The algebra of local topological observables
for the RW model is isomorphic to

(6) ⊕pH
p(OX).

Indeed, given a (0, p)-form ωĪ1...Īp
we let

Oω =
1

p!
ωĪ1...Īp

ηĪ1 . . . ηĪp.

Then the BRST-operator acts by

δQ (Oω) = O∂̄ω,

and therefore the BRST cohomology is isomorphic to the Dolbeault
cohomology. The algebra structure is given by the ordinary exterior
product of forms.1

1This analysis is classical, but we will show below that no quantum corrections
are possible.
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The term L2 in the Lagrangian depends only on the holomorphic
symplectic form Ω on X. Thus topological correlators do not depend
on the Kähler form of X and are holomorphic functions of Ω. In fact,
it is not necessary to require the (1, 1) form gIJ̄ to be closed, and the
theory makes sense when X is a not-necessarily-Kähler complex sym-
plectic manifold. The action is a bit more complicated since the natural
connection in the non-Kähler case is not the Levi-Civita connection.
To simplify formulas, in the rest of the paper we will assume that X
is hyper-Kähler. However, all the results hold for arbitrary complex
symplectic manifolds.

As a consequence of BRST symmetry, the path-integral computing
topological correlators localizes on BRST-invariant field configurations.
These can be determined by requiring the BRST variations of fermionic
fields to vanish. From δQχ

I = dφI it follows that the path-integral
localizes on constant maps to M . The contribution of a particular map
is given by the ratio of certain determinants (the Ray-Singer torsion)
times the sum of Feynman diagrams; the Feynman rules are explained
in detail in [32]. The correlator is obtained by integrating over the
moduli space of constant maps to X, i.e. over X.

In addition to BRST symmetry, the theory also has a Z2 symmetry
which multiplies all fermionic fields by −1. If the Lagrangian contained
only the L1 term, this Z2 could be extended to a U(1) symmetry, so that
the field χ has U(1) charge −1 and η has charge +1. This symmetry is
broken by L2 down to Z2. One can formally restore it by assigning the
holomorphic symplectic form Ω charge +2. We will call this symmetry
the ghost number symmetry.

The ghost number symmetry has interesting consequences for the
dependence of the partition function on the symplectic form Ω. If
the measure in the path-integral were invariant under ghost number
symmetry, one could conclude that the partition function is invariant
under a rescaling of Ω and therefore, by holomorphy, independent of
Ω. As a matter of fact, because of fermionic zero modes the measure
has charge 2n(b1(M) + 1) [32], so under the rescaling

Ω 7→ λ2Ω

the partition function scales as

Z(M) 7→ λ2n(b1(M)+1)Z(M).

As explained in [32], this scaling implies that for a particular M only
a finite number of Feynman diagrams may contribute to the partition
function.
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From the physical viewpoint, it is convenient to redefine

Ω 7→ ~
−1Ω, gIJ̄ 7→ ~

−1gIJ̄ ,

so that the action (3) is proportional to ~−1 and one can interpret ~ as
the Planck constant. The above discussion of ghost number symmetry
can be restated by saying that topological correlators of observables
with a fixed ghost number receive contributions only from a particular
order in the ~-expansion. In what follows, we will often deal with
observables which do not have a definite ghost number. Correlators of
such observables are formal power series in ~. However, for target X
of a fixed dimension no problems with convergence arise, since higher
powers of ~ are accompanied by higher powers of fermionic fields, and
there is only a finite number of the latter.

2.2. Reduction of the RW model on a circle. If M = S1 × Σ,
where Σ is a two-dimensional oriented manifold, the RW model reduces
to the B-model on Σ with target X [33]. Indeed, since the model is
topological, we may assume that the size of the circle is very small,
Fourier-expand all the fields on the circle and retain only the constant
modes. The field ηĪ becomes a 0-form on Σ. If we denote by x3 the
coordinate on S1, the 1-form field χI can be expanded as

χI = χI
Σ + χI

3dx
3,

where χI
Σ is a pull-back of a 1-form ρI on Σ. As for the field χI

3, it
becomes a 0-form on Σ. We can define

θI = ΩIJχ
J
3 .

Note that since ΩIJ has ghost number 2, the fields θI and ηĪ have
ghost number 1, while ρI has ghost number −1. Thus the ghost number
symmetry of the RW model becomes the usual ghost number symmetry
of the B-model.

The BRST transformation restricted to constant Fourier modes read

δφI = 0, δφĪ = ηĪ ,(7)

δηĪ = 0, δθI = 0,(8)

δρI = dφI .(9)

These are the BRST transformations of the B-model with target X. It
is easy to check that the action of the RW model also reduces to the
action of the B-model. In what follows we will often use the known
properties of the B-model as a guide to understanding the RW model.

The above analysis of the reduction was classical. In the quantum
theory, instead of setting nonconstant Fourier modes to zero, one has
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to integrate over them in the path-integral. This could induce correc-
tions to the action of the B-model. However, using the ghost number
symmetry, it is easy to show that no such corrections are possible, and
the above classical result is exact. Indeed, infinitesimal deformations
of the B-model with target X are parameterized by even elements of
the Z2-graded vector space

⊕p,qH
p(ΛqTX).

Since the RW model on S1×Σ has ghost number symmetry, the action
of the reduced model also should preserve this symmetry. This implies
that possible deformations of the B-model must have p + q = 2. On
the other hand, the class in question must be constructed from the
curvature of X, which is an element of H1(Ω1 ⊗ EndTX), and the
symplectic form Ω. The curvature has ghost number 0, Ω has ghost
number 2. The deformation of type (q, p) must be a polynomial of
degree p in the curvature (to match the cohomological degree) and
of degree 0 in Ω (to have zero ghost number zero). But then it is
impossible to contract the holomorphic indices to get a section of ΛqTX

with q ≥ 0. Hence no quantum deformation of the classical result is
possible.

The reduction of the RW model to the B-model has a further sub-
tlety, which becomes apparent when one compares the partition func-
tion of the RW theory on S1 × Σ and the partition function of the
B-model on Σ [33]. When Σ is a torus, they are both equal to the Eu-
ler characteristic of X. For g(Σ) > 1 both partition functions vanish
because of zero modes for the fermionic field χ. But while the partition
function of the B-model vanishes for g(Σ) = 0, the partition function
of the RW theory is equal to

∫

X

f(RX),

where f(RX) is a certain characteristic class of X. To explain this
disagreement, note that the action of the B-model can be modified by
a term

∫

Σ

R(2)O,

where R(2) is the curvature 2-form representing 2π times the Euler
class of Σ and O is any BRST-invariant local operator built from fields
η and θ. We can choose R(2) so that it is concentrated at a single
point on Σ. Then, when Σ is a sphere, the partition function of the
deformed B-model is the same as the expectation value of the operator
e4πO in the undeformed B-model. Note further that observables in
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the B-model can be identified with forms on X using the isomorphism
Ω : TX → T ∗

X . Thus if we set 4πO = logf(RX), we can reproduce
the partition function of the RW theory on S1 × Σ. This curvature-
dependent correction to the action of the B-model is again a quantum
effect.

2.3. Complex lagrangian submanifolds. First we will look for BRST-
invariant boundary conditions for the sigma-model which do not involve
additional degrees of freedom on the boundary.

Suppose the boundary is locally given by the equation x3 = 0, and
the interior of M is x3 > 0. Let us temporarily regard x3 as the
time coordinate. Then from the point of view of the canonical formal-
ism, the space of fields and their conjugate momenta at x3 = 0 is an
infinite-dimensional symplectic manifold. A boundary condition then
corresponds to a choice of a Lagrangian submanifold in this symplectic
manifold. The equations defining the submanifold must be local in the
x1, x2 directions, to ensure that the boundary condition is local. Upon
quantization, this Lagrangian submanifold will become what is known
as the boundary state. We also require the Lagrangian submanifold to
be BRST-invariant.

On the other hand, one could also consider x1 as the time coor-
dinate.2 Then the space of fields and their conjugate momenta on
the hypersurface x1 = 0 must have a well-defined symplectic structure.
This provides an additional constraint on allowed boundary conditions.

To apply the canonical formalism, it is convenient to choose local
coordinates in the collar neighborhood of ∂M so that the metric on
TM |∂M has the form

hαβdx
α ⊗ dxβ + dx3 ⊗ dx3,

where the indices α, β take values in the set {1, 2} and label the coor-
dinates on the boundary. If we regard x3 as the time coordinate, the
momenta conjugate to φI and φJ̄ are

πφI =
∂Lbulk

∂(∂3φI)
= vol∂MgIJ̄∂3φ

J̄ − 1

2
ΩKJΓJ

ILχ
KχL|∂M(10)

πφJ̄ =
δLbulk

δ(∂3φJ̄)
= vol∂M

(

gIJ̄∂3φ
I − gIK̄ΓK̄

J̄L̄ χ
I
3 η

L̄
)

(11)

Here vol∂M is the volume form of the induced metric:

vol∂M =
√
hdx1dx2, h = det hαβ.

2In this paper we will only consider the boundary conditions which do not break
rotational invariance on the boundary, so one could equally well take any other
direction along the boundary as the time.
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The symplectic form on the space of fields can be read off the boundary
part of the variation of the bulk action

(12) −
∫

∂M

[

πφIδφI + πφK̄δφK̄ − vol∂M gIJ̄χ
I
3 δη

J̄ − 1

2
ΩIJχ

IδχJ

]

.

This expression defines a 1-form on the space of fields whose exterior
differential is the symplectic form.

The simplest boundary condition restricts the map φ : M → X so
that ∂M is mapped to some submanifold Y ⊂ X. Such boundary
conditions are called D-branes in the B-model. Every BRST-invariant
boundary condition in the RW model gives, upon reduction on a circle,
a BRST-invariant boundary condition in the B-model with the same
target. It is well-known that Y corresponds to a BRST-invariant D-
brane in the B-model only if it is a complex submanifold. Thus we may
assume that Y is complex.

We will now show that in the RW model Y has to be a Lagrangian
submanifold with respect to the holomorphic symplectic structure ΩIJ .
We may assume without loss of generality that locally Y is given by
the equations

φI = 0, I = 2n−m+ 1, . . . , 2n.

Here m is the complex codimension of Y . Let us adopt the convention
that lower-case unprimed indices range from 1 to 2n−m, while lower-
case primed indices range from 2n−m + 1 to 2n. Then the equation
of the submanifold Y can be concisely written as

(13) φi′ = 0,

and BRST-invariance requires

(14) η ī′ = 0, χi′

α = 0.

But since the Poisson bracket of the fields χI
1 and χI

2 is given by the
inverse of the holomorphic symplectic form Ω (if we regard x3 as the
time coordinate), the last equation implies that Y must be Lagrangian
with respect to Ω. One can express the boundary conditions on the
fields ηJ̄ and χJ

α more invariantly by saying that the vector fields η and
χα, α = 1, 2, are tangent to Y .

It is convenient from now on to assume that local coordinates φi, φi′

have been chosen so that the symplectic form Ω is off-diagonal:

Ω = Ωjk′dφjdφk′

.

The matrix inverse to Ωjk′ will be denoted Ωk′j.
To complete the determination of boundary conditions, let us now

regard x1 as the time coordinate. With respect to x1, the momentum
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conjugate to ηj̄ is gj̄K

√
hh1βχK

β . Since the fields χj
β , β = 1, 2, are

unconstrained on the boundary, the same should be true about ηj̄. On
the other hand, with respect to x3 the field ηj̄ is canonically conjugate
to gīJχ

J
3 , so we need to require

(15) gīJχ
J
3 = 0.

In other words, the vector field χ3 must be orthogonal to TY with
respect to the Hermitian metric. Finally, since the bosonic fields φi

and φī are unconstrained, we must require their conjugate momenta
(10,11) to vanish on the boundary:

(16) πφi = 0, πφī = 0.

One can verify that these boundary conditions are BRST-invariant.3

We would like to stress that boundary conditions involving non-
Lagrangian holomorphic submanifolds of X are not allowed in the RW
model, even though they correspond to valid topological branes in the
B-model. The only way to avoid this restriction is to break explicitly
the diffeomorphism invariance on the boundary.

So far the discussion was purely classical. We will see later that on
the quantum level one has to require Y to be a Calabi-Yau manifold
to make sure that the measure in the path-integral is BRST-invariant.

2.4. Deformations of boundary conditions. We can find more
general boundary conditions for the RW model by deforming the ones
we constructed above. To deform a boundary condition, one adds a
boundary term to the action and simultaneously modifies the BRST
transformations of the fields by terms localized on the boundary, so
that the whole action is BRST-invariant.

A systematic way to construct such a deformation is the descent pro-
cedure [40]. Let O be an even (i.e. bosonic) local topological observable
on the boundary. Its descendants O(1) ∈ Ω1(M) and O(2) ∈ Ω2(M) are
defined by

dO = δQO(1) + . . . , dO(1) = δQO(2) + . . . ,

3When checking the BRST-invariance of the first condition in (16) one has to
use the equation of motion for χi

3

(17) −giJ̄vol∂M∇3η
J̄ + Ωij′

(

∇χj′ +
1

2
Rj′

klm̄χkχlηm̄

)

= 0,

where all fields and the covariant derivative are restricted to the boundary.
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where dots denote terms proportional to equations of motion. Now
consider adding to the action a boundary term

Sbulk 7→ Sbulk + ǫ

∫

∂M

O(2).

where ǫ is a formal parameter. It follows from the definition of O(2)

that the modified action is BRST-invariant up to terms proportional
to equations of motion. The latter can be removed by modifying the
BRST transformations of bulk fields by terms proportional to the delta-
function localized on the boundary. In general, O(2) is not invariant
with respect to modified BRST transformations so one has to correct
the boundary action further by terms of order ǫ2. Luckily, in all cases
of interest to us this is not necessary, and the procedure stops here.

It is easy to see that local topological observables on the boundary
are of the same form as in the bulk, i.e. they have the form

1

p!
ωī1...̄ip η

ī1 . . . η īp,

for some (0, p)-form ω on Y . On the classical level the BRST oper-
ator again acts as the Dolbeault operator and therefore the space of
boundary topological observables is isomorphic to

(18) ⊕n
p=0H

p(OY ).

The Z2-grading is given by pmod2. In what follows we will denote
pmod2 by p̂. Thus the even subspace of H•(OY ) will be denoted

H 0̂(OY ), and the odd subspace will be denoted H 1̂(OY ). On the clas-
sical level, the algebra structure is given by the usual exterior product.
We will show later that the algebra of boundary observables is not
modified by quantum corrections.

Infinitesimal deformations of the boundary condition are parameter-
ized by H 0̂(OY ). An element of this space can be represented by a
∂̄-closed inhomogeneous form W of even degree. The corresponding
observable can be thought of as an even function W (φ, η) of bosonic
variables φi, φī and fermionic variables η ī satisfying

(19) η ī ∂W (φ, η)

∂φī
= 0.

More invariantly, one can say that W is a function on the odd tangent
bundle ΠT̄Y annihilated by the odd vector field

∂̄ = η ī ∂

∂φī
.
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We will call this function a curving on Y . The origin of this terminology
will become clear later.

Next we construct the descendants ofW . Let ∂i and ∂ī denote partial
derivatives with respect to φi and φī respectively. We first note that
the equation (19) implies

∂j̄W = η ī∂ī

∂W

∂ηj̄
= δQ

∂W

∂ηj̄
, ∂ī

∂W

∂ηj̄
− ∂j̄

∂W

∂η ī
= δQ

∂2W

∂η ī∂ηj̄
.

Using these relations, we find

W (1) = χi∂iW + dφī∂W

∂η ī
,

(20)

W (2) =
1

2
χiχj∇̂i∂jW + χidφj̄∂i

∂W

∂ηj̄
+

1

2
dφīdφj̄ ∂2W

∂η ī∂ηj̄
− vol∂MΩk′iAK

k′∂iWgKJ̄∂3φ
J̄ .

(21)

Here ∇̂ is the covariant differential with respect to the induced metric
on Y and AK

k′ is defined by

(22) Ai′

k′ = δi′

k′ , Ai
k′ = −gk′j̄ ĝ

j̄i,

where ĝj̄i is the matrix inverse to gij̄ . The matrix AK
k′ represents the

unique bundle map A : NY → TX |Y which splits the exact sequence

(23) 0→ TY → TX |Y → NY → 0.

and identifies NY with the orthogonal complement of TY . The splitting
A is nonholomorphic, and in general no holomorphic splitting exists;
some consequences of this are described in the next subsection.

The descendants satisfy

δQW
(1) = dW, δQW

(2) = dW (1) + Ωk′i∂iWAK
k′

δSbulk

δχK
3

.

We define the boundary action as

Sbry =

∫

∂M

W (2),

and modify the BRST transformation for χ3 by a boundary term:

(24) δQ,Wχ
K
3 = ∂3φ

K − δ(x3)A
K
k′Ωk′i∂iW.

Then the total action is BRST-invariant up to a total derivative on the
boundary:

δQ,W (Sbulk + Sbry) =

∫

∂M

dW (1).



14 ANTON KAPUSTIN, LEV ROZANSKY, AND NATALIA SAULINA

It is instructive to look at a couple of special cases. If W is a degree-0
form, then it is simply a holomorphic function on Y . The boundary
action simplifies to

(25) Sbry =

∫

∂M

(1

2
∇̂i∂jWχiχj − vol∂MΩk′i∂iWAK

k′gKJ̄∂3φ
J̄
)

The first term in this action is reminiscent of the Landau-Ginzburg
deformation of the B-model (see Appendix), with W playing the role
of the superpotential. We will see later on that this is more than a
mere similarity.

If W has degree 2, then it corresponds to a ∂̄-closed (0, 2) form Bīj̄

on Y :

W =
1

2
Bīj̄η

īηj̄ .

The corresponding boundary action is similar to the deformation of the
B-model by a (0, 2) B-field. To make the similarity more obvious, let
us recall that X and therefore Y are Kähler manifolds. If we assume
in addition that Y is compact, then the Dolbeault cohomology class of
B contains a closed 2-form, and therefore we may assume without loss
of generality that B is closed. Then the boundary action simplifies to

Sbry =

∫

∂M

φ∗B

In the context of 2d sigma-models such a term in the bulk action is
known as the B-field. In 3d sigma-model it deforms the boundary
action instead. Note that in this case no modification of the BRST
transformation is necessary.

Finally, we need to consider deformations of the boundary action
corresponding to geometric deformations of the Lagrangian submani-
fold. An infinitesimal deformation of Y corresponds to a holomorphic
section ξ of the normal bundle NY . The symplectic form identifies
NY with T ∗

Y ; the requirement that the deformed submanifold be La-
grangian is equivalent to ∂(Ωξ) = 0. Thus infinitesimal deformations
are in one-to-one correspondence with closed holomorphic 1-forms on
Y . Locally, such a form can be integrated to a holomorphic function
W on Y . This suggests that an infinitesimal deformation of the La-
grangian submanifold corresponding to a 1-form α can be described by
the boundary action (25) where ∂W is replaced by α times a constant
factor.

To prove this statement, note that the variation of the boundary
action contains a peculiar term

−
∫

∂M

vol∂MΩk′i∂iWAK
k′gKJ̄δ(∂3φ

J̄).
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To cancel such a term by a boundary term in the variation of the bulk
action, we must assume that the field φK has a step-like discontinuity
on the boundary:

(26) lim
x3→0+

φK(x1, x2, x3) = φK(x1, x2, 0) + AK
k′Ωk′i∂iW.

Therefore deforming the boundary action by W is equivalent to de-
forming Y along a normal vector field

ξk′

= Ωk′i∂iW.

We can describe this result a bit differently by introducing local
Darboux coordinates qi, pi, i = 1, . . . , n, so that the symplectic form is
Ω = dqidpi and the undeformed Lagrangian is given by the equations
pi = 0. Given a holomorphic function W on Y , we define a deformed
Lagrangian submanifold Ỹ by

pi =
∂W

∂qi
, i = 1, . . . , n.

In symplectic geometry, the function W is known as the generating
function of the Lagrangian Ỹ . We have shown above that on the infin-
itesimal level the boundary condition corresponding to Ỹ is equivalent
to the deformation of Y by the generating function W .

It is tempting to extend this result from infinitesimal to finite defor-
mations and identify the superpotentialW with the generating function
of the deformed Lagrangian submanifold Ỹ . But such an identification
appears problematic because the generating function depends on the
choice of Darboux coordinates, while W does not. The likely resolution
is that the superpotential deformation is not well-defined beyond lead-
ing order in W , and the additional choices one has to make to define
it amount to a choice of local Darboux coordinates. Such ambiguities
in perturbation theory typically arise from short-distance divergences
which require renormalization.

2.4.1. Obstructions. While classically adding a descendant 2-form to
the boundary action preserves BRST-invariance, this is not necessar-
ily true on the quantum level beyond first order in the deformation.
Consequently, at second order in W one may have an obstruction to
deformation. An analogous phenomenon is well-known in the context
of B-branes: deformations of complex submanifolds, holomorphic vec-
tor bundles or more general objects of the derived category of coherent
sheaves may be obstructed. A less-known case where such obstructions
occur is the B-model itself, in the case when the target manifold is not
compact and Kähler. (One can show that the deformation theory of
compact Kähler Calabi-Yau manifolds is unobstructed [7, 35, 34]). We
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will see below that the situation for boundary deformations in the RW
model is similar to that in the B-model: if Y is compact and Kähler,
the deformation theory is unobstructed, while in general there are ob-
structions.

As shown above, geometric deformations of Y are essentially a special
case of deformations by means of a curving W . A geometric counter-
part of our result is a theorem proved by C. Voisin [37] which implies
that deformations of complex Lagrangian submanifolds in a complex
symplectic manifold are unobstructed in the compact Kähler case.

One difference between deformations of the B-model and boundary
deformations of the RW model is that in the latter case obstructions
arise from the external geometry of Y in X. It is well-known that in
the real case the formal neighborhood of a submanifold is isomorphic
to the total space of its normal bundle. In the complex case this is
no longer the case. To describe the difference, consider again a short
exact sequence of sheaves (23). It defines a class [β] ∈ Ext1(NY , TY ) =
H1(TY ⊗N∗

Y ) which measures the failure of the exact sequence to split
holomorphically. This cohomology class also describes the leading de-
viation of the complex geometry of the neighborhood of Y in X from
the geometry of the total space of the holomorphic vector bundle NY .
To be more concrete, let xi, i = 1, . . . , dimC Y denote local complex
coordinates on Y and zα, α = 1, . . . , codimCY, denote complex linear
coordinates on the fibers of NY with respect to some local trivialization
eα. Then to leading order in z the difference between the ∂̄ operator
on the neighborhood of Y and the ∂̄-operator on the total space of NY

is

(27) zαβi
αk̄dx

k̄∂i,

where

βi
αk̄
eαdxk̄∂i

is a Dolbeault representative of [β]. From the differential-geometric
viewpoint, it can be represented by the second fundamental form of Y .

An equivalent description of this class using Cech cohomology goes
as follows. Let us choose local coordinates xi, zα on a neighborhood
Ŷ of Y so that Y is given by zα = 0, α = 1, codimCY . The normal
bundle of Y is spanned by partial derivatives along zα at zα = 0. On an
overlap of two charts we have two sets of coordinates xi, zα and x̃i, z̃α.
We consider a section of Hom(NY , TY ) given by

∂x̃i

∂zα

(

dzα ⊗ ∂

∂x̃i

)

.
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It defines a cocycle β with values in Hom(NY , TY ). If Ŷ happens to be
isomorphic to NY , one can choose the coordinates xi on all charts so
that on double overlaps x̃i depends only on xi and not on zα; then the
cocycle β is trivial.

In the case when Y is a complex Lagrangian submanifold of a com-
plex symplectic manifold X, NY is isomorphic to T ∗

Y , and the class [β]
can be regarded as an element of H1(TY ⊗ TY ). Moreover, an easy
computation in holomorphic Darboux coordinates shows that [β] be-
longs to H1(Sym2 TY ), i.e. one can assume that βij

k̄
= βji

k̄
. A particular

Dolbeault representative of [β] is given by

(28) βij

k̄
= Ωk′i∂k̄A

j
k′ .

Note that Aj
k′ does not transform as a tensor, but its ∂̄-differential does,

so the form β is not necessarily exact.
The description of the formal neighborhood of Y can be extended

to all orders in the normal coordinates. Let us choose local Darboux
coordinates xi, pi such that Y is given by pi = 0. In such coordinates the
transition functions must arise from a generating function on an overlap
of two coordinate charts, which upon Taylor expansion in powers of pi

can be regarded as a holomorphic section of

⊕ℓ SymℓTY .

In addition, the Taylor expansion must start with quadratic terms, so
that in new coordinates Y is still given by the equation pi = 0. Thus
the transition functions can be encoded in an element of

⊕ℓ≥2H
1(SymℓTY ).

We will denote by [β(ℓ)] the ℓth homogeneous component of this class.
The class [β] we considered before is the same as [β(2)]. Note that
multiplying the symplectic form Ω by a factor λ2 requires multiplying
the coordinates pi and the generating function by the same factor.
Hence the class β(ℓ) has ghost number 2− 2ℓ. This will be useful later
on.

Let us now explain how the obstruction arises at second order in W .
The key observation is that adding W to the action modifies the BRST
transformation not only of χK

3 , but also of χi
1,2 and φi. Indeed, one can

easily see that unless we modify the BRST transformation of φi, the
BRST transformation (24) does not satisfy δ2

Q,Wχ3 = 0. We can rectify
this by letting

δQ,Wφ
i(x3) = −θ(−x3)βij

k̄
∂jWηk̄,



18 ANTON KAPUSTIN, LEV ROZANSKY, AND NATALIA SAULINA

where θ(x) is a unit step-function, i.e. θ(x) = 1 if x ≥ 0 and θ(x) = 0
if x < 0. Then

∂3δQ,Wφ
i = δ(x3)βij

k̄
∂jWηk̄,

and we see that δ2
Q,Wχ3 = 0. Alternatively, we can derive this formula

from (26), (28) and

lim
x3→0+

δQ,Wφ
i(x1, x2, x3) = 0.

Since Ωk′i is implicitly proportional to the Planck constant, we should
regard this as the leading quantum correction to the BRST transforma-
tion. Similarly, one can determine quantum corrections to the BRST
variations of the fields χi

1,2.
Note that the variation of the bulk action is unaffected by the modifi-

cations in the BRST transformations of the fields φi, χi
1,2, because these

modifications are concentrated on the boundary and the momenta con-
jugate to these fields vanish on the boundary. But the curving W is no
longer BRST-invariant:

δQ,WW = −βij

k̄
ηk̄∂iW∂jW.

Similarly, W (2) is no longer BRST-invariant up to total derivatives and
the equation of motion for χK

3 . To rectify this, let us replace W with
a power series in the Planck constant W = W0 +W1 + . . ., where the
term Wn is of order ~n. Then BRST invariance requires W0 to satisfy
(19), while W1 must satisfy

(29) ∂̄W1 = β(dW0, dW0).

This equation has solutions if and only if the cohomology class

(30) [β(dW0, dW0)] ∈ H 1̂(OY )

is trivial. This is the leading obstruction to the boundary deformation
corresponding to W0.

An alternative derivation of the same result goes as follows. Consider
the path-integral with a boundary insertion

W (0)

∫

∂M

W (2).

Naively, since the BRST-variation of W (2) is a total derivative, and W
is BRST-invariant, this expression is also BRST-invariant. But because
of possible short-distance singularities when the insertion point of W (2)

approaches 0, one should be more careful. Let Dǫ ⊂ ∂M be a small
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disk centered at 0. One can define the above product as the limit

lim
ǫ→0

W (0)

∫

∂M\Dǫ

W (2).

The BRST-variation δQ of this expression is

(31)

∮

W (1)W (0),

where integration is over a small circle on ∂M centered at 0. If the
operator product of W (1) and W is singular, this expression may be
nonzero. In fact, as shown in appendix C, there is a singularity in the
boundary operator product of the fields χi|∂M and δφj, where δφj is
a deviation of φj from its classical background value. If z is a local
complex coordinate on ∂M , the singularity in the OPE is

χi
z(z, z̄)δφ

j(0) ∼ C

z
βij

k̄
ηk̄ + . . . ,(32)

χi
z̄(z, z̄)δφ

j(0) ∼ −C
z̄
βij

k̄
ηk̄ + . . . ,(33)

where C is a constant. Therefore the operator product (31) is propor-
tional to

(34) βij

k̄
ηk̄∂iW∂jW.

If this form vanishes identically, there is no obstruction at second order
in W . More generally, if the form does not vanish but is a trivial class
in ∂̄-cohomology, we can restore BRST-invariance at second order by
writing W = W0 +W1 + . . . as above and requiring W1 to satisfy (29).

If Y is compact and Kähler, we can choose a representative of the
Dolbeault cohomology class [W0] which is annihilated by ∂ (namely, the
harmonic representative). This implies that the Dolbeault cohomology
class of ∂W0 is trivial, and therefore the obstruction (34) is trivial.

Let us compare this physical obstruction to the one arising from
deformation theory of complex Lagrangian submanifolds. As shown by
Kodaira [25], all obstructions to deforming a complex submanifold Y
of a complex manifold X take values in H1(NY ). In the case when
Y is Lagrangian, we have NY ≃ T ∗

Y , and obstructions take values in
H1(Ω1

Y ). If we want the deformed manifold to be Lagrangian, we must
require that the holomorphic 1-form α on Y corresponding to ξ is ∂-
closed. Then a somewhat lengthy computation shows that the first
obstruction is the Dolbeault cohomology class of

∂(β(α⊗ α)) ∈ Ω1,1
Y .
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In the situation considered above, α = ∂W , where W is a holomorphic
function, and we see that the obstruction to deforming the submanifold
is ∂ of (30). In the compact Kähler case, the obstruction vanishes, in
agreement with [37]. Note that the geometric problem of deforming
a complex Lagrangian submanifold is a special case of the physical
problem of deforming the boundary condition in the RW theory: in
the former case ∂W is a closed holomorphic 1-form, while in the latter
case it is a ∂ and ∂̄-closed form of type (1, 0̂).

Deforming Y as a submanifold of X may deform the complex struc-
ture of Y . In general, an infinitesimal deformation of the complex
structure of Y is described by a class [µ] ∈ H1(TY ). Its Dolbeault
representative µ is called a Beltrami differential. Given a Beltrami
differential, we can deform the ∂̄ operator on Y by letting

∂̄new = ∂̄ − µ(∂).

It is easy to see that the Beltrami differential µ corresponding to a
normal vector field ξ on Y is

µ = β(ξ),

where we regard β a section of Hom(NY , TY ) ⊗ Ω0,1
Y . Therefore the

deformation of the ∂̄ operator on Y corresponding to a curving W is

∂̄new = ∂̄ − βij

k̄
dxk̄∂jW∂i.

The corresponding modification of the BRST transformation for the
fields φi and φī is

δQ,Wφ
ī = η ī, δQ,Wφ

i = −βij

k̄
∂jWηk̄.

This is precisely what we found above for the BRST transformation of
the fields φī, φi evaluated at x3 = 0.

2.5. Calabi-Yau fibrations.

2.5.1. Boundary degrees of freedom. In the case of a two-dimensional
sigma-model, an important class of boundary conditions arises from
vector bundles on the target space or its submanifolds. These bound-
ary conditions involve extra degrees of freedom on the boundary and
therefore are not really conditions but boundary terms in the action
which describe interactions between bulk and boundary degrees of free-
dom.

A systematic way to deduce the existence of such boundary condi-
tions in the 2d sigma-model is to consider first boundary degrees of
freedom completely decoupled from the bulk. Such degrees of freedom
are described by ordinary quantum mechanics; in the topological case,
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this means that states are described by elements of a finite-dimensional
vector space, or a graded vector space, while observables are arbitrary
linear operators on this space. If the vector space has dimension n,
this corresponds to a trivial rank-n vector bundle on the brane. Next
one considers deformations which introduce interactions between bulk
and boundary degrees of freedom. It turns out that the most general
such deformation corresponds to a complex of vector bundles over the
brane; in the B-model BRST-invariance requires the vector bundles
to be holomorphic and the differential to commute with the ∂̄ opera-
tor. This line of thought eventually leads one to identify D-branes in
the B-model with objects of the bounded derived category of coherent
sheaves.

Let us apply the same strategy to the RW model. If the boundary de-
grees of freedom are decoupled from the bulk, they must be described
by a two-dimensional topological field theory. Since the bulk theory
resembles the B-model, it is very natural to consider a B-model with
a Calabi-Yau target Z living on the boundary of M . Recall that in
general a deformation of a B-model is described not in terms of clas-
sical geometry but by an A∞ Calabi-Yau category [26, 10]. To keep
the discussion concrete, we will limit ourselves to a particular class of
deformations, namely the ones involving even ∂̄-closed forms of type
(0, p). As discussed in the appendix, the case p = 0 corresponds to
a superpotential deformation, while the case p = 2 corresponds to a
B-field. The advantage of this class of topological field theories is that
they can be described by a relatively simple explicit action. More gen-
eral deformations involving forms with values in polyvector fields are
possible, but the corresponding deformations are difficult to write down
in a closed form [42].

Calabi-Yau sigma-model with target Z deformed by a holomorphic
function W on Z is known as a Landau-Ginzburg model. Of course,
in order for a nonconstant superpotential W to exist, Z must be non-
compact. This does not cause any problems provided the critical set of
W is compact, and the resulting topological field theory is very similar
to a B-model with a compact target space. There is one important
distinction though: while the ordinary B-model is usually regarded as
Z-graded (the grading is provided by the vector R-charge), the Landau-
Ginzburg model is only Z2-graded.4 For this reason, it is natural to

4Note that if one sets W = 0 in the Landau-Ginzburg model, one recovers not
the usual B-model with a noncompact target Z, but its Z2-graded version. In
particular, the resulting category of B-branes is not the bounded derived category
of Z, but the derived category of 2-periodic complexes of OZ -modules with coherent
cohomology.
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consider, along with the superpotential deformation, deformations by
arbitrary even (0, p) forms, p > 0. It is convenient to combine all these
deformations into an inhomogeneous even form on Z; BRST-invariance
requires it to be ∂̄-closed. We will call such a form the curving, and the
corresponding 2d TFT the curved B-model; its properties are discussed
in section B. Since the RW model is Z2-graded, it is very natural to
consider coupling it to a curved B-model on the boundary.

We are thus led to consider boundary degrees of freedom correspond-
ing to a curved B-model with a Calabi-Yau target Z. Allowing inter-
actions between bulk and boundary degrees of freedom amounts to
deforming the boundary action by descendants of local operators of
the form

(35) WY ·WZ ,

where WY ∈ ⊕rH
r(OY ) is a boundary topological observable con-

structed from the restrictions of bulk degrees of freedom, and WZ is a
topological observable constructed from boundary degrees of freedom.
For example, if the boundary degrees of freedom are described by the
ordinary B-model with a Calabi-Yau target Z, WZ is an element of
⊕p,qH

p(ΛqTZ). In general, the only constraint on the local operator
(35) is that it must be even. One can think of such a deformation as
an even element of the vector space

(36) ⊕s,rH
s(ΛrT v

Y),

where Y = Y × Z is regarded as a trivial fibration with base Y and
fiber Z, and T v

Y is the vertical tangent bundle of Y , i.e. the bundle of
vector fields tangent to the fibers.

In particular, elements of the subspace

H1(T v
Y)

correspond to infinitesimal deformations of the product Y × Z into a
general complex fibration with base Y . We conclude that in general
boundary degrees of freedom can be thought of as taking values in the
fiber of such a fibration.

We will begin by constructing a BRST-invariant boundary action for
such degrees of freedom. Then we will consider a class of deformations
of the boundary action parameterized by the subspace

⊕sH
s(OY).

More general deformations corresponding to graded components of the
vector space (36) with r > 0 also exist, but are more difficult to describe
in a closed form.
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2.5.2. The Ehresmann connection. To write down a boundary action
which is invariant under a change of local coordinates on Y , we need
to discuss connections on complex fibrations. Let the boundary ∂M
be mapped to the total space of the fibration p : Y → Y. The map p
is assumed to be holomorphic, and a fiber of p is a Calabi-Yau m-fold.
As before, Y is a complex Lagrangian submanifold of a hyper-Kähler
target space X. Let

(37) φA, A = 1, . . . , n+m,

be local complex coordinates on the fibration Y → Y so that

(38) φi, i = 1, . . . , n,

are local complex coordinates on the base Y , while

(39) φa, a = n+ 1, . . . , n+m

are local complex coordinates on the fiber.
A vector field on Y is called vertical if it is tangent to the fibers of

p, i.e. it belongs to the kernel of dp. In local complex coordinates, a
vertical (1, 0) vector field ξ has the form

ξa ∂

∂φa
,

where the functions ξa may depend on both base and fiber coordinates.
Vertical vector fields form a smooth complex subbundle of TY which
we denote T v

Y . The quotient vector bundle TY/T
v
Y will be denoted T h

Y ;
it is naturally isomorphic to p∗TY .

A 1-form on Y is called horizontal if it annihilates vertical vector
fields. In local coordinates a horizontal (1,0)-form has the form

αi dφ
i.

The bundle of horizontal (1,0)-forms is a subbundle of T ∗
Y which we

denote T ∗h
Y .

An Ehresmann connection on a smooth fibration Y is a splitting of
the tangent bundle TY into a sum

(40) T v
Y ⊕ T h

Y .

We will assume that this splitting is complex, i.e. respects the complex
structure of the bundles. Such a splitting always exists. We do not
assume that the splitting is holomorphic, since a holomorphic splitting
rarely exists. In local coordinates the splitting ξ 7→ (ξv, ξh) is described
by

(41) ξv =
(

ξa − V a
i ξ

i
) ∂

∂φa
, ξh = ξi ∂

∂φi
,
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and similarly for vector fields of type (0, 1). Given an Ehresmann
connection (V a

i , V
ā
ī
), we can define a horizontal vector field on Y as a

vector field which belongs to T h
Y . Any vector field ψ on the base Y is

lifted uniquely to a horizontal vector field ψh on Y .
We define the covariant derivative of a section

s : Y → Y , s : (φi, φī) 7→ sa(φi, φī)

along a vector field ξ = (ξi, ξ ī) on Y by local formulas

(42) (∇ξs)
a = ξi∇is

a + ξ ī∇īs
a = ξi (∂is

a − V a
i ) + ξ ī∂īs

a.

Note that the covariant derivative in the (0, 1) direction coincides with
the ordinary derivative. This happens because we assumed that the
Ehresmann connection is compatible with the complex structure of TY
and as a consequence the mixed component of the connection V a

ī
is

zero.
In the theory of Ehresmann connections, the Lie algebra of vertical

vector fields plays the same role as the Lie algebra of the gauge group
in Yang-Mills theory. Thus we should think of V a

i dφ
i as components of

a horizontal 1-form on Y with values in vertical vector fields. Similarly,
the curvature of the Ehresmann connection is a horizontal 2-form with
values in vertical vector fields. In our case, it only has (1, 1) and (2, 0)
parts:

Ra
ij̄ = ∂j̄V

a
i + V b̄

j̄ ∂b̄V
a
i(43)

Ra
ij = ∂jV

a
i − ∂iV

a
j + V b

j ∂bV
a
i − V b

i ∂bV
a
j .(44)

2.5.3. An affine connection on the fibration. To construct a boundary
action, we will need a Kähler metric on the fibers of Y (actually, a Her-
mitian one would suffice) and an affine torsion-free connection on the
vector bundle TY compatible with the complex structure. In principle,
any such connection would do, and the topological correlators can be
shown not to depend on the choice. But to minimize the geometric
input, it is convenient to construct the affine connection starting from
the fiberwise Kähler metric, the Kähler metric on the base Y , and an
Ehresmann connection on Y . Note that we do not require the total
space of the fibration to be Kähler: that would be an unnecessary and
rather strong restriction.

The vector bundles T v
Y and T h

Y have natural connections. The connec-
tion on T h

Y is a pull-back of the Levi-Civita connection of the induced
metric on Y . The corresponding Christoffel symbols are

Γ̂i
jk = Γi

jk − Ai
i′Γ

i′

jk,
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where Ai
i′ is defined by (22). Thus if ξ is a horizontal vector field and

ζ is an arbitrary vector field, we define

(45) ∇ζξ
i = ζA∂Aξ

i + Γ̂i
jkζ

jξk.

In order to describe the affine connection on T v
Y , it is convenient to split

ζ according to (41) and define covariant derivatives ∇v
a for ζa

v ∈ T v
Y and

∇h
i for ζ i

h ∈ T h
Y separately:

(46) ∇v
bξ

a
v = ∂bξ

a
v + γa

bcξ
c
v, ∇h

i ξ
a
v = ∂iξ

a
v + (LV ξv)

a

i ,

where the Lie derivative LV along the vector field V a
i is defined as

(47) (LV ξv)
a
i = V b

i ∂bξ
a
v − ξb

v∂bV
a
i .

Hence if ξv is a vertical vector field, then its total covariant derivative
is

(48) ∇βξ
a
v = ∂βξ

a
v + γa

bc∇βφ
bξc

v − (∂bV
a
i )
(

∂βφ
i
)

ξb
v.

Since both components (40) of TY have canonical affine connections,
they define a canonical affine connection on TY . It is given by

(49) ∇̃Bξ
A = ∂Bξ

A + ÃA
BCξ

C,

where

Ãi
jk = Γ̂i

jk, Ãi
bk = Ãi

jc = Ãi
bc = 0, Ãa

bc = γa
bc,(50)

Ãa
kb = Ãa

bk = −γa
bcV

c
k − ∂bV

a
k ,(51)

Ãa
jk = −∂jV

a
k + V c

k ∂cV
a
j + γa

bcV
b
j V

c
k + V a

i Γ̂i
jk.(52)

This connection has torsion:

(53) T A
BC = ÃA

BC − ÃA
CB,

whose only non-zero components are

(54) T a
jk = Ra

jk.

Hence a modified connection

(55) AA
BC = ÃA

BC −
1

2
T A

BC ,

is torsion-free. Its components are

Ai
jk = Γ̂i

jk, Ai
bk = Ai

jc = Ai
bc = 0, Aa

bc = γa
bc,(56)

Aa
kb = Aa

bk = −γa
bcV

c
k − ∂bV

a
k ,(57)

Aa
jk = 1

2
Ra

jk + γa
bcV

b
j V

c
k + V a

i Γ̂i
jk.(58)
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2.5.4. BRST transformations of boundary degrees of freedom. We con-
sider the following fields on ∂M :

bosonic: φA, φĀ ∈ Map(Σ,Y), FA ∈ Γ
(

φ∗TY ⊗ Λ2T ∗
Σ

)

,

(59)

fermionic: H Ā ∈ Γ
(

φ∗T̄Y
)

, PA ∈ Γ (φ∗TY ⊗ T ∗
Σ) , θa ∈ Γ

(

φ∗T v ∗
Y

)

.

(60)

The fields are essentially those of the B-model with target Y . Note
though that instead of a fermionic 0-form taking value in the pull-back
of T ∗

Y , we have a field θa taking value in the pull-back of the quotient
bundle T v ∗

Y = T ∗
Y/T

∗h
Y . The bosonic field FA is an auxiliary field. The

BRST transformations are taken to be
(61)

δQφ
A = 0, δQφ

Ā = H Ā, δQH
Ā = 0, δQP

A = dφA, δQθa = 0,

and for the auxiliary field

(62) δQF
A = ∇PA +

1

2
RA

BCD̄P
BPCHD̄.

In the latter formula the covariant derivative and its curvature are those
of (56-58): since the connection has zero torsion, the BRST transfor-
mation satisfies δ2

QF
A = 0. In fact, δQ is nilpotent when acting on any

field, not just FA.
Next we need to restrict the fields on the boundary so that for fixed

values of the bulk fields they describe a B-model whose target is a fiber
of Y . We impose the following projection conditions:

(63) H ī = η ī|∂M , P i = χi|∂M , F i = vol∂MΩij′AK
j′ gKJ̄∂3φ

J̄ .

The unrestricted parts of the fields can be parameterized by their
projections to T vY . Hence we introduce the fields

(64) ηā = H ā − V ā
ī η

ī, ρa = P a − V a
i χ

i, fa = F a − V a
i F

i.

Their BRST transformations can be computed to be

(65) δQφ
a = 0, δQφ

ā = ηā + V ā
ī η

ī, δQθa = 0

(66)

δQη
ā = − (∂b̄V

ā
ī ) ηb̄η ī+

1

2
Rā

īj̄η
īηj̄, δQρ

a = ∇φa−Ra
ij̄η

j̄χi−(∂b̄V
a
i ) ηb̄χi,
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(67) δQf
a = ∇ρa +Ra

ij̄dφ
j̄χi + (∂b̄V

a
i )∇φb̄χi +

1

2
Ra

bcd̄ρ
bρcηd̄

−∇c

(

∂d̄V
a
j

)

χjρcηd̄−1

2
∇j (∂d̄V

a
k )χjχkηd̄+

(

−∇cRa
jl̄+
(

∂cV
b̄
l̄

)

(

∂b̄V
a
j

)

)

χjρcη l̄

+
1

2

(

−∇jRa
kl̄

+(∂b̄V
a
k )Rb̄

l̄j

)

χjχkη l̄−vol∂M

(

(∂b̄V
a
i ) ηb̄+Ra

ij̄η
j̄
)

Ωij′AK
j′ gKJ̄∂3φ

J̄ .

To compute the BRST transformation of fa we first used (62) for BRST
transformations of F a and F i and then substituted the projected ex-
pressions (63). In (65-67) we used

∇φa = dφa − V a
i dφ

i,

while the other covariant derivatives are defined as follows:

∇ρa = dρa + γa
bc

(

∇φb
)

ρc −
(

∂cV
a
j

) (

dφj
)

ρc +
1

2
Ra

kj

(

dφk
)

χj,(68)

∇c

(

∂d̄V
a
j

)

= −∂c∂d̄V
a
j + γa

bc∂d̄V
a
j ,

(69)

∇j (∂d̄V
a
k ) = ∂j∂d̄V

a
k − Γ̂i

jk∂d̄V
a
k + (LV ∂d̄Vk)

a

j ,

(70)

(LV ∂d̄Vk)
a
j = V b

j ∂b∂d̄V
a
k −

(

∂d̄V
b
k

)

∂bV
a
j ,

(71)

∇cRa
jl̄ = ∂cRa

jl̄ + γa
bcRb

jl̄,(72)

∇jRa
kl̄ = ∂jRa

kl̄ − Γ̂i
jkRa

il̄ + (LVRkl̄)
a

j ,(73)

(LVRkl̄)
a
j = V b

j ∂bRa
kl̄
−Rb

kl̄
∂bV

a
j .

(74)

Note that if the Ehresmann connection is zero, V a
i = 0, then the equa-

tions (65-67) become BRST transformations of the B-model with target
space Z.

2.5.5. The boundary action. Now we can construct a covariant and
BRST-invariant boundary action Sbry =

∫

∂M
Lbry which for trivial

Ehresmann connection becomes the usual action of B-model:

(75) Lbry = Lbry
1 + Lbry

2 ,

(76) Lbry
1 = δQ

(

Vbry
1

)

, Vbry
1 = gab̄ρ

a ∧ ∗∇φb̄,
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(77)

Lbry
1 = vol∂Mh

αβ

[

gab̄ (∇αφ
a)
(

∇βφ
b̄
)

−gab̄ρ
a
α∇βη

b̄+(∇īgab̄)
(

∇αφ
b̄
)

η īρa
β

+
(

Rb̄
īj∂αφ

j +Rb̄
īj̄∂αφ

j̄ +
(

∂cV
b̄
ī

)

∇αφ
c
)

gab̄η
īρa

β − gab̄Ra
ij̄

(

∇αφ
b̄
)

ηj̄χi
β

− gab̄ (∂c̄V
a
i )
(

∇αφ
b̄
)

ηc̄χi
β

]

(78) Lbry
2 = −θaδQf

a.

BRST variation of the boundary action (75-78) is given by

(79) δQLbry = Ωij′
(

(∂b̄V
a
i ) ηb̄ +Ra

ij̄η
j̄
)

θaA
K
j′
δSbulk

δχK
3

.

Let us modify BRST transformation of the bulk field χK
3 in the follow-

ing way:

(80) δ̃Qχ
K
3 = ∂3φ

K − δ(x3)A
K
j′ Ω

j′iθa

(

(∂b̄V
a
i ) ηb̄ +Ra

ij̄η
j̄
)

.

Then the total action Stot =
∫

M
Lbulk +

∫

∂M
Lbry is BRST invariant,

and moreover Lbulk
1 combines with the last term in Lbry

2 into

δ̃Q
(

Vbulk
1

)

,

so that the dependence of Stot on the metric on M enters only through
BRST-exact terms.

The boundary term in the BRST variation of χK
3 is proportional to

(∂b̄V
a
i ) ηb̄ +Ra

ij̄η
j̄ = ∂ĀV

a
i H

Ā

The tensor

Fa
iĀ = ∂ĀV

a
i

is a ∂̄-closed section of Ω0,1(T v
Y ⊗ T h∗

Y ), and its cohomology class has a
simple geometric meaning: it is the Atiyah class of the fibration Y →
Y , i.e. an obstruction to the existence of a holomorphic Ehresmann
connection.

The Atiyah class also corrects the boundary BRST variations of other
fields. Let us consider the field φI . The boundary action (78) contains
a term proportional to ∂3φ

J̄ , therefore ∂3φ
I has a delta-function singu-

larity on the boundary:

∂3φ
I = δ(x3)AI

k′Ωk′jθaH
ĀFa

jĀ.
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This means that φI itself has a step-like discontinuity on the boundary.
Using (28) we find

(81) δ̃Qφ
i = θ(−x3)βij

k̄
Fa

jĀθaη
k̄H Ā.

This should be regarded as the leading quantum correction to the
BRST variation of φi.

Once the BRST transformations for φi are modified, covariance with
respect to holomorphic changes of coordinates on Y requires one to
modify BRST transformations for φa. In mathematical terms, one
needs to lift the cohomology class [βF ] ∈ H2(T h

Y⊗T v
Y) to H2(TY⊗T v

Y).

That is, we would like to find a ∂̄-closed section of TY⊗T v
Y⊗Ω0,2

Y whose
image under the projection TY → T h

Y is the section

βij

k̄
Fa

jĀ∂i ⊗ ∂a ⊗ dφk̄ ∧ dφĀ ∈ Ω0,2(T h
Y ⊗ T v

Y).

From the short exact sequence

0→ T v
Y → TY → T h

Y → 0

we see that there is an obstruction for doing this taking values in
H3(T v

Y ⊗ T v
Y).

To write the obstruction and the modified transformation law for φa

more explicitly, we will adopt the following notation. We will regard
inhomogeneous forms of type (0, p) as functions on the odd tangent
bundle of Y , i.e. as functions of odd fields H Ā, and will keep this
dependence implicit. Thus βij will mean βij

k̄
ηk̄, and Fa

j will mean

Fa
jĀ
H Ā. Then the most general covariant transformation law for φa

can be written as
δ̃Qφ

a = V a
i β

ijF b
j θb + ρa,

where ρa is a section of T v
Y depending on other fields. Requiring δ̃2

Qφ
a =

0 we find that ρa has the form

ρa = ρabθb,

where ρab satisfies

(82) ∂̄ρab = βijFa
i F b

j .

This means that the cohomology class of

(83) βijFa
i F b

j ∈ Ω0,3(Λ2T v
Y),

must be trivial. This cohomology class is an obstruction for coupling
the B-model with target Y and the RW model with target X.

If the obstruction vanishes, then one picks a particular solution ρab

of (82) and defines the modified BRST transformation laws for φa by

(84) δ̃Qφ
a =

(

ρab + V a
i β

ijF b
j

)

θb.
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One may always choose ρab to be antisymmetric.
BRST transformations of the fields θa and PA also need to be cor-

rected to ensure that the boundary action is BRST-invariant. In effect,
this amounts to a further deformation of the boundary B-model. We
will not pursue this issue here.

2.5.6. Boundary local observables. Local observables on the boundary
are constructed in complete analogy with the B-model:

Oω = ωa1...ar

Ā1...ĀsH
Ā1 . . .H Āsθa1

. . . θar
, ω ∈ Ω0,s

(

ΛrT v
Y

)

.

On the classical level, the BRST operator acts by

δQOω = O∂̄ω.

Thus we may identify the classical algebra of boundary topological
observables with

(85) ⊕s,rH
s(ΛrT v

Y)

As discussed above, the BRST differential receives quantum correc-
tions. Eqs. (81) and (84) tell us how the BRST variation of φA is
modified to leading order in the Planck constant. Since we have not
computed how the BRST variation of θa is modified, we will only con-
sider the observables which do not depend on θa. More precisely, we
expand an observable W into a Taylor series in the Planck constant,
W = W0+W1 + . . . , where Wk is of order ~k, and require W0 to depend
only on φA, φĀ and H Ā. Then BRST-invariance requires W0 to satisfy

∂̄W0 = 0,

while W1 satisfies

∂̄W1 + βijF b
j θb∇iW0 + ρab∂aW0θb = 0.

From this equation we see that W1 must have the form W1 = ψaθa,
where ψa is an element of Ω0,1̂(T v

Y) satisfying

(86) ∂̄ψa = −βijFa
j∇iW0 + ρab∂bW0.

It follows from (82) that the right-hand-side of (86) is ∂̄-closed and

therefore defines a class in H 0̂(T v
Y). For the equation (86) to admit

solutions, this cohomology class must be trivial. One can interpret
this mathematically by saying that there is a spectral sequence which
converges to the quantum algebra of boundary observables whose first
term is given by (85) and the action of the first differential on the
subspace with r = 1 is given by the right-hand-side of (86).
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2.5.7. Deformations of the boundary action. Infinitesimal deformations
of the boundary action correspond to even elements of the algebra
of boundary observables. Let us again consider an observable W =
W0 + W1 + . . . such that W0 does not depend on θa. On the classical
level, we may drop all the terms except W0, and the BRST invariance
requires W0 to satisfy ∂̄W0 = 0. The corresponding deformation of the
boundary action is obtained by applying the descent procedure. The
results are very much like in subsection 2.4, with Y replaced with the
total space of Y :

W (1) = PA∂AW + dφĀ ∂W

∂H Ā
,

(87)

W (2) =
1

2
PAPB∇A∂BW + PAdφB̄∂A

∂W

∂H B̄
+

1

2
dφĀdφB̄ ∂2W

∂H Ā∂H B̄

(88)

− vol∂MΩk′i (∂iW + V a
i ∂aW )AK

k′gKJ̄∂3φ
J̄ .(89)

The descendants satisfy

δQW
(1) = dW, δQW

(2) = dW (1)+∂aW
δSbry

δθa

+Ωk′i (∂iW + V a
i ∂aW )AK

k′

δSbulk

δχK
3

.

We define the deformed action to be

Stot def =

∫

M

Lbulk +

∫

∂M

Lbry +

∫

∂M

W (2).

and modify the BRST transformation for the fields χK
3 and θa:

δ̃Q,Wχ
K
3 = ∂3φ

K − δ(x3)A
K
k′Ωk′iθaH

ĀFa
iĀ − δ(x3)AK

k′Ωk′i (∂iW + V a
i ∂aW ) ,

(90)

δ̃Q,Wθa = −∂aW.

(91)

Then the total action is BRST-invariant up to a total derivative:

δ̃Q,WS
tot def =

∫

∂M

dW (1).

In particular, if we take W to be a holomorphic function on Y , the
deformed action describes a family of Landau-Ginzburg models fibered
over Y , with the superpotential depending both on the fiber and base
coordinates. In general, we will call W the curving, since in section
B the B-model deformed by an even inhomogeneous ∂̄-closed form is
called the curved B-model.
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As discussed above, for a given W0 there are obstructions for finding
W1,W2, ..., satisfying the requirements of BRST invariance. However
even if all these obstructions vanish, there may be an obstruction to
extending an infinitesimal deformation W = W0 +W1 + . . . to a finite
deformation already at second order in W . This is a quantum effect
which arises because adding W (2) to the action necessitates a change
in the BRST transformations of fields on the boundary. As in section
2.4.1, we can determine the modification of the BRST transformation
of φi by noting that φI has a discontinuity at x3 = 0:

∂3φ
K = δ(x3)AK

k′Ωk′j
(

−Fa
j θa +∇jW0

)

Then the BRST variation of φi is given by

δ̃Q,Wφ
i = θ(−x3)βij

(

Fa
j θa −∇jW0

)

.

(We replaced W with W0 because we are only interested in leading
quantum corrections to BRST transformations). It is easy to see that

this ensures δ̃2
Q,Wχ

K
3 = 0. One can also check that δ̃2

Q,Wφ
i = 0.

Once the BRST transformation of φi has been modified, covariance
with respect to changes of coordinates requires us to modify the BRST
transformation of φa. The most general covariant BRST variation is

δ̃Q,Wφ
a = V a

i δ̃Q,Wφ
i + ρa

W ,

where ρa
W is a field-dependent and possibly W -dependent section of T v

Y .

Requiring δ̃2
Q,Wφ

a = 0, we find that ρa
W must have the form

ρa
W = ρab

W θb + ψa
W ,

where ρab
W and ψa

W are independent of θa and satisfy

∂̄ρab
W = βijFa

i F b
j ,(92)

∂̄ψa
W = ρab∂bW0 − βijFa

i ∇jW0.(93)

Comparing these equations with (82) and (86) we see that particular
solutions are obtained by letting

ρab
W = ρab, ψa

W = ψa.

We now found the leading quantum corrections to BRST transforma-
tions of φA including terms linear in W0. The obstruction quadratic in
W0 arise from the requirement that W be BRST-invariant with respect
to these corrected transformations. This requirement implies that W1

must have the form
W1 = ψaθa + w,

where w is independent of θa and satisfies

∂̄w = −2ψa∂aW0 + βij∇iW0∇jW0.
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The right-hand-side of this equation is ∂̄-closed, thanks to (86) and the

antisymmetry of ρab. Thus it defines a cohomology class in H 1̂(OY)
which is an obstruction for the existence of w. This is the first obstruc-
tion for extending an infinitesimal deformation W to a finite deforma-
tion; as expected, it is quadratic in W .

2.6. Reduction on a circle in the presence of boundaries. Let
M = S1×Σ, where the Riemann surface Σ has a nonempty boundary.
Since the dimensional reduction of the RW model is the B-model with
the same target, every boundary condition in the RW model gives rise
to a boundary condition for the B-model. In this subsection we will
determine which B-branes can be obtained in this way.

First let us consider the case without boundary degrees of freedom,
i.e. when Y = Y . Let S1 be parameterized by x2 ∈ [0, 2π). The
reduction to a 2d field theory occurs in the limit when the circumference
of S1 goes to zero, i.e. h22 → 0. We decompose the 1-form χ into
components along Σ and S1:

χI = χI
Σ + χI

2dx
2,

Reduction along S1 amounts to requiring all fields to be independent
of x2, so χI

Σ is a pull-back of a 1-form ρI on Σ. We also define

θI =

∫

ΩIJχ
J
2dx

2.

The reduced model also contains fields ηĪ , φI and φĪ . Their BRST
transformations are

δφI = 0, δφĪ = ηĪ , dρI = dφI , δθI = 0.

These are the BRST transformations of the B-model. On the boundary
∂Σ the bosonic fields φI , φĪ take values in Y ⊂ X, while the conjugate
momenta satisfy

πφi =
∂Lbulk

∂ (∂3φi)
= 0, πφī =

∂Lbulk

∂
(

∂3φī
) = 0.

The fermionic fields satisfy the boundary conditions

η ī′ = 0, θi = 0, gīJρ
J
3 = 0, ρi′

1 = 0.

These are precisely the boundary conditions for a B-brane correspond-
ing to the submanifold Y ⊂ X.

In general, when boundary degrees of freedom are present, we have to
perform the reduction both for bulk and boundary degrees of freedom.
For simplicity, let us consider the case when the fiber of Y is compact.
If the bulk fields are fixed, the space of states of boundary degrees of
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freedom is the space of states of the curved B-model whose target is the
fiber of Y . If the fiber is Kähler, this space is the de Rham cohomology
of the fiber, with the natural Z2 grading (see section B). As one varies
the boundary values of the bulk fields, these Z2-graded vector spaces
fit into a vector bundle which can be described as fiberwise de Rham
cohomology. This vector bundle is flat, the flat connection being the
Gauss-Manin connection. We conclude that a Lagrangian submanifold
Y equipped with a fibration Y whose fibers are compact and Kähler
reduces to a B-brane Y equipped with a flat vector bundle (the fiberwise
de Rham cohomology of Y).

2.7. Reduction on an interval. We have explained above that the
RW theory with target X on S1 × Σ is equivalent to the B-model
with the same target on Σ. We can also consider the RW model on
a manifold of the form I × Σ, where I is an interval. The boundary
of this 3-manifold is a disjoint union of two copies of Σ, so we can
choose two different boundary conditions corresponding to two com-
plex Lagrangian submanifolds Y1, Y2 equipped with fibrations Y1,Y2

over them. In this situation the RW theory must reduce to some 2d
topological field theory on Σ. In this subsection we will determine this
theory. This will enable us in the next section to identify the categories
of line defects separating different boundary conditions.

2.7.1. Identical submanifolds at the two ends. Since the general case
is rather complicated, we will first consider some special cases. The
simplest case is Y1 = Y2 = Y , and the boundary degrees of freedom are
absent: Y1 = Y2 = Y . The boundary conditions restrict the bosonic
fields to the submanifold Y . If we expand all bosonic fields into Fourier
series on the interval I, then all the modes for φi′ will be massive, while
the constant mode for φi will be massless. The masses of the massive
modes are of order 1/

√
h33, so in the limit h33 → 0 one can set φi′ = 0

and assume that the fields φi are constant on I. Similarly, the massless
fermionic fields are constant modes of η ī, χi

1,2, and

(94) θi =

∫

Ωij′χ
j′

3 dx
3.

These are the fields of the B-model with target Y . It is easy to check
that the BRST transformations and the action are also those of the
B-model with target Y .

The above derivation of the effective 2d theory was classical; now let
us analyze possible quantum corrections. As in the case of the circle
reduction, on the quantum level it is not correct simply to set non-
constant modes to zero: one must integrate them out, and this could
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induce corrections to the effective 2d theory. We will now show that
ghost number symmetry does not allow any such corrections. Quan-
tum corrections would deform the B-model while preserving the ghost
number symmetry and therefore would take values in

(95) ⊕p+q=2H
p(ΛqTY ).

The corresponding class must be built from the curvature tensor of Y ,
which represents a class in H1(Ω1 ⊗ EndTY ), and the classes β(ℓ) ∈
H1(SymℓTY ), ℓ ≥ 2, describing the formal neighborhood of Y . Con-
sider a monomial which contains m curvature tensors and the classes
β(ℓi), i = 1, . . . , N . The integers p and q in (95) are given by

p = m+N, q =
∑

i

ℓi −m.

Since p+ q = 2, we must have
∑

i

ℓi +N = 2.

But since ℓi ≥ 2 ∀i and N > 0, this equality cannot be satisfied.
The quantum B-model with target Y is anomalous unless Y is a half-

Calabi-Yau manifold, i.e. unless the square of the canonical line bundle
KY is trivial. Since a consistent 3d topological field field theory must
reduce to a consistent 2d topological field theory, we conclude that
the RW model on a 3-manifold with boundary is anomalous unless Y
is a half-Calabi-Yau manifold. In fact, it is easy to see that the RW
model is anomalous unless Y is a Calabi-Yau manifold. Consider the
path-integral on a ball D3 on whose boundary we specify a boundary
condition associated to Y . The bosonic zero modes are φi, φī, i =
1, . . . , n, the fermionic zero modes are η ī, i = 1, . . . , n, and a BRST-
invariant measure

ωi1...indφ
i1 . . . dφindφ1̄ . . . dφn̄dη1̄ . . . dηn̄

requires a choice of a holomorphic volume form ωi1...in on Y . Thus KY

must be trivial.

2.7.2. Including the curving. Now let us keep Y1 = Y2 = Y1 = Y2 =
Y , but allow for nontrivial curvings W1 and W2 on Y1 and Y2. An
important difference compared to the previous case is that the field φK

has step-like discontinuities at x3 = 0 and x3 = 1:

lim
x3→0+

φK(x1, x2, x3)− φK(x1, x2, 0) = AK
k′Ωk′i∂iW1,(96)

lim
x3→1−

φK(x1, x2, x3)− φK(x1, x2, 0) = AK
k′Ωk′i∂iW2.(97)
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As a consequence, the field φI on the interval (0, 1) will not be constant
either, even in the limit when its length goes to zero. To determine the
reduced model, a convenient short-cut is to focus on BRST transfor-
mations of the fields. The action of the B-model will be determined by
these BRST transformations uniquely, up to BRST-exact terms.

The bosonic fields of the reduced model are

φi
0 =

∫ 1

0

φidx3, φī
0 =

∫ 1

0

φīdx3.

The fermionic 0-form fields are

η ī
0 =

∫ 1

0

η īdx3, θi =

∫ 1

0

Ωik′χk′

3 dx
3.

The fermionic 1-form fields are

ρi =

∫ 1

0

χi
Σdx

3.

The BRST variations of the fields are

δQ,Wφ
i
0 = 0, δQ,Wφ

ī
0 = η ī

0,(98)

δQ,Wη
ī
0 = 0, δQ,Wθi = −∂i(W1 −W2),(99)

δQ,Wρ
i = dφi

0,(100)

where W1,2 are regarded as functions of φi
0, φ

ī
0, and η ī

0.
The field content and BRST transformations of the reduced model

appear to be the same as in the curved B-model with target Y and
curving W1 −W2. But on the quantum level there are corrections to
this statement which originate from the fact that in general the formal
neighborhood of Y differs from T ∗

Y . Indeed, the fields φi′ have discon-
tinuities at x3 = 0, 1, and since the transition functions for φi depend
on the values of φi′ , this affects the transition functions for φi

0, i.e. the
complex structure of the target of the B-model. To leading order in
φi′, this modification of the complex structure of Y is represented by
a Cech 1-cocycle with values in TY which represents the cohomology
class [β(ξ)], where β ∈ H1(TY ⊗N∗

Y ) is defined by the exact sequence
(23), and ξ is the normal vector field on Y specifying the discontinuity
of φi′.

In our case ξ is given by

ξk′

= Ωk′i∂iW,

where W is either W1 or W2 depending on whether we take x3 = 0
or x3 = 1. In the limit h33 → 0 we may assume that φi′ depends
linearly on x3, so the deformation of the transition function for φi

0 is
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the average of the deformations at x3 = 0 and x3 = 1.5 The conclusion
is that the reduced theory is a B-model whose target is a deformation
of Y corresponding to the cohomology class

[

1

2
β(∂(W1 +W2)

]

.

Note that since W1,2 are not simply functions, but ∂̄-closed (0, 0̂)-
forms, ξ is not really a normal vector field but a ∂̄-closed section of
Ω0,0̂(NY ). Consequently, the class above takes values not in H1(TY ),

but in H 1̂(TY ), and the modified “transition functions” are not holo-
morphic functions but invertible ∂̄-closed inhomogeneous forms of type
(0, p) with even p. If desired, one can make a change of field variables
φi

0, φ
ī
0 and η ī

0 which eliminates such strange “transition functions”, but
at the expense of modifying the BRST transformations for φi

0. If β is a
Dolbeault representative of [β], the corresponding modification of the
BRST transformation for φ0 will read

δφi
0 = −1

2
βij∂j(W1 +W2)

Since the curvings W1,W2 depend on the fields ηj̄
0, the right-hand-side

of this formula may contain arbitrary odd powers of ηj̄
0.

2.7.3. Including the fibrations. The next case is Y1 = Y2 = Y , but the
fibrations Y1,Y2 are otherwise arbitrary. We also allow for curvings W1

and W2 on Y1 and Y2. For simplicity we will neglect the effects of the
class β, i.e. the discussion will be classical. As before, in the 2d limit
the bosonic fields φi′ vanish, while the boundary degrees of freedom at
x3 = 0 and x3 = 1 are not affected by the reduction. Thus the reduced
theory will be a sigma-model with target Y1×Y Y2, where ×Y denotes
the fibered product. The map from Σ to Y1×Y Y2 can be described by
the bosonic fields φA = (φi, φa1

1 , φ
a2

2 ).
Let π1 and π2 be the projections from Y1×Y Y2 to Y1 and Y2, respec-

tively, and p12 be the projection from Y1 ×Y Y2 to Y . The fermionic
fields of the reduced model come from the boundary fermionic fields
and the constant Fourier modes of the bulk fields. The former give rise

5For W1 6= W2, we cannot assume that φi′ is independent of x3 because such an
ansatz would not satisfy the boundary conditions.
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to

ηā1

1 ∈ Γ(φ∗π∗
1T̄

v
Y1

), ρa1

1 ∈ Γ(φ∗π∗
1T

v
Y1
⊗ T ∗

Σ), θ1a1
∈ Γ(φ∗π∗

1T
v∗
Y1

),

(101)

ηā2

2 ∈ Γ(φ∗π∗
2T̄

v
Y2

), ρa2

2 ∈ Γ(φ∗π∗
2T

v
Y2
⊗ T ∗

Σ), θ2a2
∈ Γ(φ∗π∗

2T
v∗
Y2

).

(102)

The latter give rise to the 0-form

η ī ∈ Γ(φ∗T̄Y ),

the 1-form

ρi ∈ Γ(φ∗TY ⊗ T ∗
Σ)

which is the constant Fourier mode of the component of χi along Σ,
and the 0-form

θi =

∫

Ωij′χ
j′

3 dx
3 ∈ Γ(φ∗T ∗

Y ).

Their BRST transformations are

δQ,Wφ
ā1

1 = ηā1

1 + V ā1

1̄i
η ī, δQ,Wφ

a1

1 = 0,

δQ,Wη
ā1

1 = −
(

∂b̄1
V ā1

1̄i

)

ηb̄1
1 η

ī +
1

2
Rā1

1̄ij̄
η īηj̄, δQ,Wθ1a1

= −∂a1
W1,

δQ,Wρ
a1

1 = ∇φa1

1 −Ra1

1ij̄
ηj̄ρi −

(

∂b̄1V
a1

1i

)

ηb̄1
1 ρ

i,

δQ,Wφ
ā2

2 = ηā2

2 + V ā2

2̄i
η ī, δQ,Wφ

a2

2 = 0,

δQ,Wη
ā2

2 = −
(

∂b̄2V
ā2

2̄i

)

ηb̄2
2 η

ī +
1

2
Rā2

2̄ij̄
η īηj̄, δQ,Wθ2a2

= ∂a2
W2,

δQ,Wρ
a2

2 = ∇φa2

2 −Ra2

2ij̄
ηj̄ρi −

(

∂b̄2V
a2

2i

)

ηb̄2
2 ρ

i,

δQ,Wρ
i = dφi, δQη

ī = 0,

(103) δQ,Wθi =
(

∂b̄1V
a1

1i η
b̄1
1 +Ra1

1ij̄
ηj̄
)

θ1a1
+
(

∂b̄2V
a2

2i η
b̄2
2 +Ra2

2ij̄
ηj̄
)

θ2a2

− (∂iW1 + V a1

1i ∂a1
W1) + (∂iW2 + V a2

2i ∂a2
W2) .

These transformations look complicated, but this is an artefact of us-
ing a nonholomorphic trivialization of the tangent bundle of Y1×Y Y2. If
we assemble the fields ηā1

1 , η
ā2

2 , η
ī into a single field ηĀ ∈ Γ(φ∗T̄Y1×Y Y2

),
the fields ρa1

1 , ρ
a2

2 , ρ
i into a single field ρA ∈ Γ(φ∗TY1×Y Y2

⊗ T ∗
Σ) and the

fields θ1a1
, θ2a2

, θi into a single field θA ∈ Γ(φ∗T ∗
Y1×Y Y2

), and use the
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holomorphic coordinate trivialization, we find

δQ,Wφ
Ā = ηĀ, δQ,Wφ

A = 0,

δQ,Wη
Ā = 0, δQ,WθA = −∂A(W1 −W2),

δQ,Wρ
A = dφA.

These are the BRST transformations of the curved B-model with tar-
get Y1 ×Y Y2 and the curving π∗

1W1 − π∗
2W2. Presumably, quantum

corrections further deform this result.

2.7.4. Different submanifolds, trivial fibrations. Now let us allow Y1

and Y2 to be different, but assume that there are no boundary degrees
of freedom, i.e. Y1 = Y1 and Y2 = Y2. The classical vacua of the RW
theory on S1×Σ are constant field configurations satisfying the bound-
ary conditions. Since the left and right boundaries must be mapped
to Y1 and Y2, respectively, the set of classical vacua is Y12 = Y1

⋂

Y2.
An obvious guess for a 2d field theory with this set of classical vacua
is the B-model with target Y12. However, if Y12 is not an embedded
submanifold, it is not clear what this means. Even if Y12 is an embed-
ded submanifold (e.g. when Y12 consists of several isolated points), the
naive guess is not always correct. This happens because in general the
directions transverse to Y12 do not correspond to massive degrees of
freedom.

To make a more intelligent guess, let Σ = S1 × R. Then one can
determine the quantum space of states by first reducing the RW theory
on S1. As discussed above, reduction on S1 yields a B-model with
target X on I×R. The boundary conditions correspond to Lagrangian
submanifolds ι1 : Y1 →֒ X and ι2 : Y2 →֒ X. The space of states of this
B-model is

(104) ⊕pExtp
X (ι1∗OY1

, ι2∗OY2
) .

More precisely, this is the space of boundary-changing operators. Let
us compute this space when Y12 = Y1

⋂

Y2 consists of a single point
r ∈ X. In the neighborhood of r we can choose complex Darboux
coordinates pi, q

i so that Ω = dqidp
i, Y1 is given by the equations

pi =
∂F1(q)

∂qi
,

and Y2 is given by the equations

pi =
∂F2(q)

∂qi
,
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for some holomorphic functions F1(q), F2(q) on an open set U in a
vector space V ≃ Cn. The functions F1, F2 are called generating func-
tions of the Lagrangians Y1 and Y2. The intersection of Y1 and Y2 is
the critical set of F1 − F2; by assumption r ∈ U is the only critical
point of F1−F2 in U . Given a choice of Darboux coordinates, we may
identify an open neighborhood of r with an open neighborhood of the
zero section in T ∗

U and regard the intersections of Y1 and Y2 with this
neighborhood as Lagrangian submanifolds of T ∗

U .
It is obvious physically and can be proved mathematically that the

Ext groups depend only on the behavior of Y1 and Y2 in an arbitrarily
small open neighborhood of r. Therefore to compute the Ext groups
we can use a local Koszul resolution for a submanifold Y1 of T ∗

U :

ΛnV ⊗O α−−−→ Λn−1V ⊗O α−−−→ · · · α−−−→ V ⊗O α−−−→ O,
where O = OT ∗

U
, and α is a contraction with a section of V ∗⊗O given

by (pi − ∂iF1)dq
i. Applying Hom(−, ι2∗OY2

) to the Koszul resolution,
we get a complex

ΛnV ∗ ⊗ Γ(U)
β←−−− · · · β←−−− V ∗ ⊗ Γ(U)

β←−−− Γ(U),

where β is exterior product with an element of V ∗ ⊗ Γ(U) given by
(∂iF2 − ∂iF1)dq

i, and Γ(U) = H0(U,OU). The cohomology of this
complex is nonvanishing only in the left-most term and is isomorphic
to the vector space

ΛnV ⊗ (Γ(U)/A)

where A is the ideal generated by partial derivatives of F2 − F1. The
factor ΛnV is unimportant, since the Lagrangian submanifolds Y1 and
Y2 are equipped with holomorphic volume forms, which give a natural
isomorphism ΛnV ≃ C.

The vector space Γ(U)/A is the Jacobi ring of F1 − F2 and is most
naturally obtained in the Landau-Ginzburg model with target U and
superpotential W = F1 − F2. This suggests that reduction on the
interval produces such a Landau-Ginzburg model.

If n is odd, the vector space (104) is purely odd. The same is also
true for the space of states of the Landau-Ginzburg model with an
odd-dimensional target. In fact, the choice of absolute grading in both
cases is ambiguous: if instead of Ext groups one considers Tor groups,
and instead of the space of states for the Landau-Ginzburg model one
considers the space of local operators, one gets the Jacobi ring of F1−F2

with even grading for all n. This ambiguity is discussed in more detail
in section 2.7.6.

We will now argue that when Y1 and Y2 intersect at an isolated point,
the RW theory on I × Σ reduces to the Landau-Ginzburg model on U
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with the superpotential F1 − F2. We have seen above that this is true
in the case Y1 = Y2. In general, we observed in subsection 2.4 that a
deformation of the Lagrangian submanifold by means of a generating
function F is equivalent, to first order in F , to adding a boundary
superpotential F and modifying the BRST transformation of χk′

3 by
boundary terms:

δQχ
k′

3 = ∂3φ
k′ − δ(x3)Ω

k′j∂jF1 + δ(x3 − 1)Ωk′j∂jF2.

Hence to first order in F1, F2 the field θi defined by (94) transforms as

δQθi = −∂i(F1 − F2).

This is exactly the right transformation law for the Landau-Ginzburg
model with superpotential F1 − F2. After dropping the term involving
∂3φ

i′, the boundary action (25) gives the following contribution to the
action of the 2d field theory on Σ:

∫

Σ

1

2
∇̂i∂j(F1 − F2)ρ

iρj .

This is the Landau-Ginzburg deformation of the B-model action with
the superpotential W = F1−F2 (see section B for a brief review of the
Landau-Ginzburg model). This proves our statement to leading order
in F1, F2.

To complete the argument, we use the ghost number symmetry. We
note that F1 and F2 both have weight 2 under this symmetry, just like
Ω. The fields η and θ have weights +1, while the fields ρ have weight
−1. Terms of higher order in F1, F2 must be at least quartic in ρ. But
since ρ is a 1-form and the action must be a 2-form on Σ, no such terms
are possible.6

Next we generalize this result to the case when Y12 = Y1

⋂

Y2 is
arbitrary. For simplicity we will neglect the quantum corrections arising
from the nontrivial external geometry of Y12. Without loss of generality
we may assume that Y12 is connected. We choose an open neighborhood
K of Y12 and a Lagrangian submanifold U of K containing Y12. We
require that in the neighborhood of any r ∈ Y12 there exist Darboux
coordinates pi, q

i, i = 1, . . . , n so that U is given by the equations pi =
0, i = 1, . . . , n, and Lagrangian submanifolds Y1 ⊂ K and Y2 ⊂ K are
described by generating functions F1 and F2. Obviously, the generating
functions F1, F2 are constant on Y12.

6The topological character of the theory implies that the part of the action which
is not BRST-exact cannot depend on the metric on Σ.
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As before, locally the reduction of the RW model gives the Landau-
Ginzburg model with target U and the superpotential W = F1 − F2.

7

Unlike in the previous case, the critical points of this superpotential
are not necessarily isolated; rather, the critical set is Y12. It remains to
check that F1−F2 is a globally-defined holomorphic function on U . We
note that F1 and F2 are defined up to an additive constant, so d(F1 −
F2) is a well-defined closed holomorphic 1-form on U . We also know
that this form vanishes on Y12 ⊂ U and therefore its class in H1(Y12)
vanishes as well. By taking a sufficiently small U , we can always ensure
that the restriction map H1(U) → H1(Y12) is an isomorphism; then
d(F1 − F2) can be integrated to a holomorphic function on U defined
up to an additive constant.

This answer simplifies in the case when Y12 is a submanifold of X
and the intersection of Y1 and Y2 is clean. This means that for any
r ∈ Y12 we have

TrY1

⋂

TrY2 = TrY12.

This implies that F1−F2 are Morse-Bott functions on U , with Y12 being
the critical submanifold. As explained in section B, in such a situation
the Landau-Ginzburg model with target U and superpotential F1−F2

is equivalent to the B-model with target Y12. More precisely, this is true
if n−dimY12 is even; if n−dimY12 is odd, the Landau-Ginzburg model
with target U and superpotential F1− F2 is equivalent to the Landau-
Ginzburg model with target Y12 × C and superpotential x2, where x
is an affine coordinate on C. (While the Landau-Ginzburg model with
target C and superpotential x2 is trivial on the closed worldsheet Σ,
this is not true when Σ has boundaries, see section B.2).

2.7.5. Different submanifolds, nontrivial fibrations. The most general
case is a combination of all of the above. We have two fibrations Y1 and
Y2 over complex Lagrangian submanifolds Y1 and Y2 whose intersection
is a not-necessarily-smooth Y12. For simplicity when discussing reduc-
tion we will neglect quantum corrections coming from the nontrivial
external geometry of Y . We also need to choose an open neighborhood
K ⊃ Y12 and a Lagrangian submanifold U containing T and contained
in K such that locally there exist Darboux coordinates such that U is
given by the equation pi = 0, while Y1

⋂

K and Y2

⋂

K are given by
the equations pi = ∂iF1 and pi = ∂iF2. The differential d(F1 − F2)
is a globally-defined closed holomorphic 1-form on U which can be in-
tegrated to a holomorphic function on U defined up to an additive
constant.

7Quantum corrections could deform this result.
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As before, if we neglect quantum corrections, one can replace K
with an infinitesimal neighborhood of the zero section of T ∗

U which we
continue to call K. We have the projection κ : T ∗

U → U which identifies
Y1

⋂

K and Y2

⋂

K with U . We can use κ to push the fibrations Y1 and
Y2 to U ; we will call the resulting fibrations U1 and U2. The curvings
W1 and W2 are push forward to curvings WU1

and WU2
on U1 and U2,

respectively.
We can view Ys equipped with a fibration Ys as a deformation of

U equipped with Us. The deformations are described by generating
functions Fs, s = 1, 2. If we neglect the deformations altogether, the
reduced theory will be the curved B-model with target U1 ×U U2 and
curving π∗

1WU1
−π∗

2WU2
, where πs, s = 1, 2 denotes the projection from

U1 ×U U2 to Us. To first order in F1, F2, we get an extra piece in the
transformation law for θi:

δ̃Q,Wθi = δQ,Wθi − ∂i(F1 − F2),

where δQ,W denotes the BRST-variation (103). Then in the holomor-
phic coordinate trivialization we get

δ̃Q,WθA = −∂A(W1 + F1 −W2 − F2).

This is the BRST transformation for the curved B-model with the
target U1 ×U U2 and the curving

π∗
1WU1

− π∗
2WU2

+ p∗12(F1 − F2),

where p12 is the projection U1 ×U U2 → U . The modification of the
boundary action due to F1, F2 gives the following correction to the
action of the reduced theory:

∫

Σ

1

2
∇̂i∂j(F1 − F2)ρ

iρj .

This is the Landau-Ginzburg deformation corresponding to the super-
potential p∗12(F1 − F2).

When considering reduction on S1 × Σ, we found that for a curved
worldsheet Σ the action of the reduced theory contains a dilatonic
coupling not usually present in the B-model. Such terms could also
arise in the case of reduction on the interval. We leave the analysis of
such terms to future work.

2.7.6. The grading ambiguity. The above discussion of dimensional re-
duction brings out a subtlety in the quantization of the RW model
with boundaries: the absolute Z2-grading on the space of states is not
well-defined if the complex dimension of X is not divisible by four, i.e.
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if n is odd. The underlying reason is that for odd n there is no com-
pletely canonical choice of a BRST-invariant measure on the space of
χ zero modes. For simplicity, let us assume that the boundary condi-
tion on ∂M is given by a complex Lagrangian submanifold Y ; then the
zero modes of χ normal to Y take values in H1(M, ∂M), and the zero
modes tangent to Y take values in H1(M). The BRST-invariant mea-
sure involves volume forms onH1(M) andH1(M, ∂M) raised to the nth

power. If n is odd, changing the orientation of H1(M) or H1(M, ∂M)
results in a change of sign of the BRST-invariant measure.

One can explain this ambiguity in a different way. Let Σ be an
oriented 2-manifold with a boundary. Given a complex Lagrangian
submanifold Y , the RW model attaches to Σ a vector space with a
well-defined relative Z2 grading. To define an absolute grading, it is
sufficient to specify a distinguished vector whose grading is defined
to be even. One can attempt to define such a distinguished vector
by picking an oriented 3-manifold M whose boundary is split by a 1-
manifold into Σ and Σ′, where Σ′ is some oriented 2-manifold with the
same boundary as Σ. Given such M , one can consider the path-integral
for the RW model on M with the boundary condition corresponding
to Y specified on Σ′. This gives a state in the vector space associated
to Σ. This procedure works if different choices of M produce vectors
which have the same relative grading. For odd n it turns out that this
is not true, and consequently there is no canonical choice of absolute
grading.

As an example, consider Σ = S1× I, where the boundary conditions
on the two components of the boundary are identical and given by a
Lagrangian submanifold Y in X. If we reduce the theory on a circle,
we obtain a B-model with target X on an interval, with boundary con-
ditions corresponding to a B-brane Y . Its space of states is H•(Λ•NY ).
It is a Frobenius algebra; in particular, it has a trace function which is
nonvanishing only on the component Hn(ΛnNY ), where n = dimC Y .
It is natural to regard this component as even; this determines an abso-
lute Z2 grading. From the three-dimensional viewpoint, this absolute
grading corresponds to taking the 3-manifold M to be a solid torus
whose boundary S1 × S1 is glued from two annuli Σ and Σ′.

On the other hand, if we reduce the theory on an interval, we obtain a
B-model with target Y on a circle. Its space of states is H•(Λ•TY ). It is
again a Frobenius algebra, with a trace function which is nonvanishing
only on the component Hn(ΛnTY ). It is therefore natural to regard
this component as even. From the three-dimensional viewpoint this
definition of absolute grading corresponds to M being a solid cylinder
whose boundary is glued from an annulus Σ and two disks.
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Now, since Y is Lagrangian, we have NY ≃ T ∗
Y , and since Y is a

Calabi-Yau manifold, we have ΛpNY ≃ Λn−pTY . Thus the two vector
spaces are naturally isomorphic as ungraded vector spaces, but the
“natural” Z2 gradings agree only for even n.

Note that when Σ has no boundary, the grading ambiguity does not
arise [32]. While there is more than one way to “fill” Σ with a 3-
manifold M such that ∂M = Σ, all these ways correspond to the same
grading on the vector space attached to Σ.

3. Topological defects

3.1. Surface operators. A surface operator in a 3d TFT is a topo-
logical defect of codimension 1. One can reduce to a large extent the
study of surface operators to a study of boundary conditions using
the “folding trick”: if the location of the surface operator is given by
x3 = 0, one can identify the region x3 < 0 with x3 > 0 by means of the
parity-reversing involution x3 7→ −x3 and regard the surface operator
as a boundary condition for a TFT which is a product of the original
TFT and the parity-reversed TFT.

In the case of the RW model, parity-reversal is equivalent to replacing
Ω with −Ω. If X is a complex symplectic manifold with a holomorphic
symplectic form Ω, let X∗ denote the same complex manifold with the
holomorphic symplectic form −Ω. Thus a surface operator for the RW
model with target X is the same as a boundary condition for the RW
model with target X∗ ×X.

Among all surface operators, there is a special one, corresponding to
the diagonal ∆ ⊂ X∗ ×X. It is obviously a Lagrangian submanifold,
thanks to the relative minus sign between the symplectic forms of the
two factors. The boundary conditions for this surface operator say that
all fields and the first derivatives of bosonic fields vary continuously
across x3 = 0. Such a surface operator is equivalent to no surface
operator at all, so we will refer to it as the invisible surface operator.

One can generalize the notion of a surface operator by considering
the situation when the TFTs for x3 > 0 and x3 < 0 are not necessarily
isomorphic. For example, they could be RW models with different
target spaces X1 and X2. Such a surface operator is equivalent to
a boundary condition for the RW model with target X∗

1 × X2. The
usual boundary condition is a special case of such a generalized surface
operator corresponding to X1 = {pt}, X2 = X.

One important difference between boundary conditions and surface
operators is that the set of surface operators has a monoidal structure
(i.e. an associative multiplication with a unit object). Indeed, if we
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Figure 1. Fusion of surface operators.

consider two surface operators located at x3 = 0 and x3 = ǫ, by taking
the limit ǫ → 0+ one gets another surface operator (Fig. 3.1). In
the topological theory it is not really necessary to take the limit, since
changing ǫ can be effected by a diffeomorphism of M . The invisible
surface operator is the identity object for this monoidal structure.

One can also compose generalized surface operators, if we regard
them as morphisms in a category whose objects are holomorphic sym-
plectic manifolds, so we only consider composition when the “target”
of the first surface operator is the same as the “source” of the second
one. In fact, as explained below, the set of generalized surface opera-
tors between a fixed pair of holomorphic symplectic manifolds itself has
the structure of a 2-category. Thus holomorphic symplectic manifolds
are objects of a 3-category. This is discussed in more detail in [?].

In symplectic geometry one sometimes considers the “symplectic cat-
egory” whose objects are symplectic manifolds and morphisms are La-
grangian correspondences, i.e. a morphism between X1 and X2 is a
Lagrangian submanifold in X∗

1 ×X2 [39, 3]. This is not a true category
because the composition of morphisms is defined only when Lagrangian
submanifolds have a clean intersection [15, 38]. The category of sur-
face operators on the other hand is well-defined by construction, i.e.
compositions of morphisms are always defined. However, it is not easy
to compute this composition in general. Neither is it obvious that the
set of surface operators that we constructed is closed with respect to
composition, although we believe this to be the case.

To compare the “symplectic category” and the category of surface
operators, note that objects of the former are also objects of the lat-
ter. Now consider two Lagrangian correspondences Y12 ⊂ X∗

1 ×X2 and
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Y23 ⊂ X∗
2 × X3. Let ∆X2

denote the diagonal in X2 × X∗
2 . The com-

position Y12 ◦ Y23 in the “symplectic category” is defined as the image
of

(105)
(

Y12 × Y23

⋂

X∗
1 ×∆X2

×X3

)

⊂ X∗
1 ×X2 ×X∗

2 ×X3

under the projection to X∗
1 ×X3. When the intersection (105) is clean,

its image is a Lagrangian submanifold in X∗
1 ×X3 [15, 38]. In general,

the fiber of the projection over a point in the image may have dimension
greater than zero. It is zero-dimensional precisely when the intersection
is transverse.

On the other hand, we may consider the composition of Y12 and Y23

as generalized surface operators. The intersection (105) is precisely
the space of classical vacua on Σ = R2

x1,x2
with the insertion of sur-

face operators at x1 = 0 and x1 = ǫ. If the intersection is clean, the
projection to X∗

1 × X3 defines a fibration over its image whose fiber
describes degrees of freedom living on the composite surface operator
with the bulk fields fixed. Thus if the intersection is clean but not
transverse, the composition of Y12 and Y23 as generalized surface oper-
ators is described not by the Lagrangian submanifold Y12 ◦ Y23, but by
a fibration over it. Only in the case of transverse intersection do the
two compositions agree.

We conclude this section by considering the composition of general-
ized surface operators in the case when the corresponding Lagrangian
correspondences need not intersect cleanly. For simplicity, let X1 =
pt, X2 = C2n with coordinates q1, . . . , qn, p1, . . . , pn, Ω = dqidpi and
X3 = C2n with coordinates q̃1, . . . , q̃n, p̃1, . . . , p̃n, Ω̃ = dq̃idp̃i. Sup-
pose further that Y12 ⊂ X2 is given by the generating function f(q)
and Y23 ⊂ X∗

2 ×X3 is given by the generating function F (q, q̃). Since
X1 = pt, the generalized surface operator corresponding to Y12 is simply
a boundary condition for the RW model with target X2. The fusion of
the surface operator Y23 with this boundary condition produces a new
boundary condition for the RW model with target X3.

Imagine now that the boundary is located at x3 = 0, and the surface
operator Y23 is located at x3 = ǫ > 0. The degrees of freedom of the
RW model with target X2 on the interval [0, ǫ] should be thought of
as boundary degrees of freedom for the new boundary condition. As
for fields of the RW model with target X3 on the half-line x3 > ǫ, they
should be kept fixed. Now we can appeal to the results of section 2.7
and conclude that the boundary degrees of freedom for the new bound-
ary condition are described by a Landau-Ginzburg model with target
Cn

q and the superpotential W = f(q) − F (q, q̃). This superpotential
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Figure 2. Line operator C is a morphism between sur-
face operators B1 and B2.

depends on the fields q̃, so in the end we get a trivial fibration over
the Lagrangian submanifold Cn

q̃ with fiber Cn
q and the superpotential

f(q)− F (q, q̃).

3.2. Line operators.

3.2.1. Generalities. A line operator in a 3d TFT is a topological defect
of codimension two. The corresponding one-dimensional submanifold
can be in the interior of M , can split the boundary of M , or can
split a two-dimensional submanifold on which a surface operator is
inserted. The last case is the most general one, since one can regard a
boundary line operator as a line operator on a surface operator between
X1 = {pt} and X2 = X, and one can regard the “bulk” line operator
as a line operator on the invisible surface operator in M .

Note that the submanifold corresponding to a line operator may
separate the “worldsheet” of the surface operator into two disconnected
pieces, so that one may have different surface operators on the two
sides of the line operator (Fig. 3.2.1). One may regard line operators
as morphisms in a category whose objects are surface operators. Since
surface operators themselves form a category, one can think of line
operators as 2-morphisms in a 2-category whose objects are complex
symplectic manifolds and whose 1-morphisms are surface operators. In
fact, the set of line operators separating two fixed surface operators has
the structure of a C-linear category, with morphisms corresponding
to point operators separating different line operators. Thus this 2-
category is really a 3-category. Its objects are holomorphic symplectic
manifolds, its 1-morphisms are generalized surface operators, its 2-
morphisms are line operators on generalized surface operators, and its
3-morphisms are point operators.
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Figure 3. Boundary line operators in 3d TFT corre-
spond to branes in the effective 2d TFT obtained by
reducing 3d TFT on an interval.

3.2.2. Line operators on the boundary. The study of line operators can
be reduced to a large extent to the study of branes in 2d TFT. Without
loss of generality, we may consider line operators on the boundary ofM ,
since line operators on a surface separating RW models with targets
X1 and X2 are equivalent to line operators on the boundary of the
RW model with target X∗

1 ×X2. Let us further suppose that the line
operator is a morphisms between boundary conditions corresponding to
curved fibrations (Y1,W1) and (Y2,W2) over Lagrangian submanifolds
Y1 and Y2 respectively. Let M be D2 × R, where the unit disc D2 is
regarded as space and R as time. We will further assume that there
are two marked points r0, r1 on ∂D2, and two line operators located at
{r0} × R and {r1} × R. In the limit when D2 becomes an infinitely
narrow oval, the RW model on such M reduces to a 2d TFT on I ×R,
and the line operators become boundary conditions for this 2d TFT
(see Fig. 3.2.2). Point operators located on line operators become
boundary-changing operators in the 2d TFT, so the category of line
operators is equivalent to the category of branes in the 2d TFT.

In the case of the RW model, the effective 2d TFT was determined
in subsection 2.7. It is simple to describe it in the classical approx-
imation in the case when Y1 = Y2 = Y . On the classical level the
reduced theory is a curved B-model with target Y1×Y Y2 and the curv-
ing π∗

1W1 − π∗
2W2, where πs is the projection from Y1 ×Y Y2 to Ys. In

what follows we will not show the curving explicitly and will write Ys

instead of (Ys,Ws). We will also denote by Y∗
s the pair (Ys,Ws). Thus

the category of branes in the effective 2d TFT is the curved derived
category of Y1 ×Y Y∗

2 . Here it was assumed that the orientation of the
part of the boundary corresponding to Y1 agrees with the orientation
of the line operator, so we should regard this category as the category
of morphisms from the 1-object Y2 to the 1-object Y1. The category of
morphisms from Y1 to Y2 is the curved derived category of Y∗

1 ×Y Y2.
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If the class [β] ∈ H1(TY ⊗ N∗
Y ) is nonvanishing, quantum corrections

may deform the target of the reduced theory; for example, as explained
in section 2.7, without fibrations the leading deformation is described
by the Beltrami differential µ = β

2
(∂W1 + ∂W2). We also showed in

section 2.7 that if Y1 = Y2 = Y, and W1 = W2 = 0, the classical an-
swer is exact. That is, in this special case the category of boundary
line operators is exactly the Z2-graded derived category of Y .

Another simple case is when fibrations are absent and Y1 and Y2

intersect over a finite set {p1, . . . , pℓ} ⊂ X. In this case the reduced
2d TFT is a Landau-Ginzburg model whose target is a union of open
sets Uk ⊂ Cn, k = 1, . . . , ℓ, with superpotentials W1, . . . ,Wℓ. The
superpotential Wk on Uk is determined by the local geometry of Y1 and
Y2 in a neighborhood of pk: given a holomorphic symplectomorphism
from this neighborhood to TU∗

k , Wk is given by F1 −F2, where F1 and
F2 are the holomorphic generating functions on Uk corresponding to Y1

and Y2, respectively.
Instead of utilizing the known results about branes in curved B-

models, one can analyze the category of line operators on the boundary
more directly. For definiteness, let us consider the case Y1 = Y2 = Y ; as
explained in subsection 2.7, this entails no real loss of generality, since
the general case can be reduced to this one. Let us show explicitly how
to construct a boundary line operator given an object of the curved
derived category of Y1×Y Y∗

2 . For simplicity, we will do on the classical
level, i.e. neglecting boundary corrections to BRST transformations
originating from the second fundamental form of Y .

We consider a connected component Σ of ∂M and a one-dimensional
submanifold γ ⊂ Σ which splits Σ into Σ1 and Σ2. We will assume that
the orientation of γ agrees with the orientation of Σ1 and disagrees with
the orientation of Σ2. The boundary condition on Σs is described by
the fibration Ys, equipped with the curving Ws ∈ H0,0̂(Ys), s = 1, 2.
The BRST variation of the part of the boundary action coming from
Σs is

δQS
bry
s =

∫

Σs

(

Ωk′iAK
k′

(

Fa
siĀθaH

Ā
s

δSbulk

δχK
3

+∇iWs

δSbulk

δχK
3

)

+ dW (1)
s

)

,

where W
(1)
s is given by (87) with W replaced with Ws. The BRST

transformation of χK
3 involves boundary terms as in (80); thanks to

these boundary terms the BRST variation of the total action is

(106) δQ,W (Sbry
1 + Sbry

2 + Sbulk) =

∫

γ

(

W
(1)
1 −W (1)

2

)

.
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Here W1 −W2 is regarded as a ∂̄-closed form of type (0, 0̂) on Y12 =
Y1 ×Y Y2. This BRST variation must be canceled by the BRST varia-
tion of the line operator on γ.

Now consider an object of the curved derived category of Y12. It is a
pair (E,D), where E is a smooth Z2-graded vector bundle on Y12 and
D is an odd differential operator on Ω0,•(E) satisfying (122). The re-
strictions of the fields φA, H Ā and PA to γ define a map Φ : γ → ΠT̄ ∗

Y12

and a fermionic 1-form ρA on γ with values in the pull-back of TY12
.

The BRST operator δQ acts on the space of pairs (Φ, ρA). As explained
in section B.2, given an object (E,D) of the curved derived category
of Y12 one can construct a function exp(−Sγ) on the space of pairs
(Φ, ρA) whose BRST variation is the right-hand-side of (106). This
function is the supertrace of the holonomy of a certain connection on
Φ∗(E) constructed from D and the fields Φ and ρA. We take exp(−Sγ)
as the line operator corresponding to (E,D).

The function exp(−Sγ) greatly simplifies in the case when Y1 =
Y2 = Y , and (E,D) is a holomorphic vector bundle on Y . Then the
line operator takes the form

TrHolγ

(

Aidφ
i + Aīdφ

ī + Fij̄χ
iηj̄
)

,

where (Ai, Aī) are components of a connection 1-form on E, and Fij̄ is
the curvature of this connection.

3.2.3. Fusion of line operators on the boundary. In the case Y1 = Y2 =
Y , the category of line operators is the category of endomorphisms
of the object Y in the 2-category of boundary conditions. Therefore it
has a monoidal structure realized physically by fusing the line operators
on the boundary. The invisible line operator is the unit object with
respect to this monoidal structure. Mathematically, it is represented
by the “fibered diagonal” ∆Y in the fibered product Y×Y Y . Note that
the curving vanishes on ∆Y , so presumably this is a valid object of the
curved derived category (see [22] where this is explained in the special
case of the Landau-Ginzburg model).

As explained above, to any line operator on the boundary described
by the fibration Y one can associate a boundary condition in the curved
B-model with target Y∗×Y Y (classically) or its deformation (quantum-
mechanically). From this viewpoint, the monoidal structure on the
category of line operators is not natural. Nevertheless, there is a purely
two-dimensional interpretation of this monoidal structure. Consider a
a 3-manifold M = R×Σ where Σ is a disc. On the boundary of M we
specify a boundary condition described by Y and insert a line operator
which is located at a point on the boundary of Σ. Consider squashing
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Figure 4. Boundary line operators in 3d TFT also cor-
respond to bulk line operators in the effective 2d TFT
obtained by reducing 3d TFT on an interval.

Σ into an interval (see Fig. 3.2.3). According to section 2.7, the RW
model reduces to the curved B-model on I × R with target Y∗ ×Y

Y (more precisely, its deformation), and the boundary line operator
becomes a bulk line operator in the B-model located at a point in
the interior of I. Fusing boundary line operators in the RW model
obviously reduces to fusing bulk line operators in the B-model.

The category of bulk line operators in a curved B-model with target
Z is equivalent to the curved derived category of Z∗ × Z where Z∗

denotes Z with the opposite curving. The monoidal structure is given
by the convolution product. Equivalently, an object of the curved
derived category of Z∗ × Z can be thought of as a functor from the
curved derived category of Z to itself, and the monoidal structure is
given by the composition of such functors. This monoidal structure is
not symmetric (i.e. it is noncommutative).

Bulk line operators of the reduced theory which originate from bound-
ary line operators in the parent RW theory on an interval form a
monoidal subcategory in the curved derived category of Z∗×Z, where
Z is a deformation of Y∗×Y Y . In general, there is no reason to expect
this monoidal subcategory to be symmetric.

The curved derived category of Y∗ ×Y Y has an obvious monoidal
structure given by the convolution product. Equivalently, we can think
of an object of the curved derived category of Y∗×Y Y as a functor from
the curved derived category of Y to itself, and the obvious monoidal
structure is given by the composition of such functors. It is easy to see
that on the classical level this is the right monoidal structure. We will
now argue that it receives quantum corrections which depend not only
on the geometry of Y , but also on the way Y is embedded into X.

To simplify the discussion, we will consider in detail the case Y = Y
and vanishing curving. In this case the category of boundary line op-
erators is simply the Z2-graded derived category of Y , and the obvious
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monoidal structure is given by the tensor product of vector bundles on
Y . This monoidal structure is symmetric and the unit object is the
trivial rank-one bundle on Y . It is obvious that fusion of line operators
on the classical level corresponds to tensoring the corresponding vector
bundles. We would like to determine the leading quantum correction
to this result.

The most straightforward way is to evaluate the product of boundary
line operators in perturbation theory; in section C we do it to leading
order in ~. In this section we will take an indirect route which is less
computationally demanding. Let (E,D) be an object of the Z2-graded
derived category of Y , i.e. E is a smooth Z2-graded vector bundle on
Y and K is an odd differential operator on Ω0,•(E) satisfying (122)
with W = 0. We can represent the operation of tensoring with (E,D)
by an object of the Z2-graded derived category of Y × Y , namely the
push-forward of (E,D) from the diagonal in Y × Y . An infinitesimal
deformation of this functor corresponds to an infinitesimal deformation
of the corresponding object on Y × Y . The latter are classified by odd
elements of the endomorphism vector space of δ∗(E,D), where δ is the
diagonal embedding of Y into Y × Y . This space is isomorphic to the
cohomology of D on the space Ω0,•(End(E))⊗ Λ•TY (this is proved in
the same way as in the usual derived category).

We can determine the leading-order deformation without any com-
putations as follows. The boundary line operator corresponding to a
pair (E,D) is the holonomy of a certain superconnection N defined
by (117). This superconnection depends on the restrictions of various
fields to the 1-dimensional submanifold γ ∈ ∂M . Quantum corrections
to the composition of line operators are obtained by expanding the holo-
nomy ofN in a power series in the fields and evaluating the contractions
of fermionic and bosonic fields. The contractions arise from interactions
and therefore must involve the curvature of Y , the second fundamen-
tal form of Y ⊂ X, and their derivatives. From the algebro-geometric
viewpoint the curvature represents an element of H1(Ω1

Y ⊗EndTY ) (the
Atiyah class of the tangent bundle of Y ), while the second fundamental
form β represents an element of H1(TY ⊗N∗

Y ) determined by the exact
sequence (23). For a Lagrangian submanifold one has N∗

Y ≃ TY , and
[β] ∈ H1(Sym2TY ). The leading term in the expansion of the holonomy
of N is proportional to the curvature of D, i.e.

F = ∇D +D∇ ∈ Ω1
Y ⊗ Ω0,•(End(E)).

The form F is D-closed and can be regarded as a representative of the
Atiyah class of the object (E,D) in the Z2-graded derived category.
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These considerations uniquely determine the leading deformation to
be

β F ∈ TY ⊗ Ω0,•(End(E)),

where denotes a contraction between a holomorphic bi-vector field
and a holomorphic 1-form. This class is odd, as required, and D-closed
(because β is ∂̄-closed and F is D-closed). Thus it defines a leading
deformation of the pushforward of (E,D) from Y to Y × Y .

It remains to check whether the coefficient of the leading deformation
is really nonzero (the normalization of the coefficient is unimportant).
This is done in section C by evaluating the OPE of the Wilson loops
to leading order in β. As a preparation, let us make the deformation of
the monoidal structure a bit more explicit in the case when (E,D) is
a holomorphic vector bundle on Y . Then F is the ordinary curvature
of E, and the deformation corresponds to an element

[β F ] ∈ H2(TY ⊗ EndE).

Thus if E1 and E2 are two holomorphic vector bundles on Y , the com-
position of the corresponding line operators will be the smooth vector
bundle E12 = E1 ⊗ E2 equipped with a differential operator

D12 = ∂̄ + β (F1 ∧ F2)

on Ω0,•(E1 ⊗ E2). Here ∂̄ is the ordinary ∂̄-operator on E1 ⊗ E2 and
F1 and F2 are curvature forms of E1 and E2. Note that the quantum
correction to ∂̄ changes sign under the exchange of E1 and E2 which
means that the deformed monoidal structure is not symmetric. Note
also that the correction is a (0, 3) form on Y , so the composition of
line operators corresponding to holomorphic line bundles is no longer
a holomorphic line bundle but a more general object of the Z2-graded
derived category of Y .

If the class [β] vanishes, then to leading order in the Planck constant
the monoidal structure of the category of boundary line operators is not
deformed. However, it is likely that at higher orders in the Planck con-
stant the monoidal structure will be affected by the geometry of higher-
order infinitesimal neighborhoods of Y in X. For example, at quadratic
order in the Planck constant we have a class [β ′] ∈ H1(Sym3TY ) which
likely deforms the associativity morphism in the category of boundary
line operators. We will see an example of this below.

To conclude this section we will show that the invisible line operator
on Y (i.e. the unit object in the category of boundary line operators
on Y ) does not receive quantum corrections. On the classical level,
the unit object is the structure sheaf OY . A quantum correction would

correspond to an element µ ∈ H 1̂(OY ) which has ghost number 1. This
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element must be constructed from the curvature tensor of Y and the
classes β(ℓ) ∈ H1(SymℓTY ). Suppose µ contains m curvature tensors as
well as classes β(ℓi), i = 1, . . . , N . Ghost number symmetry implies

m+N +
∑

i

(2− 2ℓi) = 1.

Hence N = m + 1 mod2. This also ensures that the cohomological
degree of µ is odd, as required.

Now we note that the action of the RW theory has a parity symmetry
if we require all fields to be parity-even and Ω to be parity-odd. The
boundary condition corresponding to Y is parity-invariant, and so is
the invisible line operator on the boundary. Thus the class µ must be
parity-even. By definition, β(ℓ) contains Ω−1 raised to the power ℓ− 1
and so its parity is ℓ− 1 mod 2. This implies

∑

i

ℓi = N mod2

and therefore
∑

i

ℓi = m+ 1 mod2.

But then it is impossible to contract all holomorphic indices to get an
element of H 1̂(OY ). Thus the invisible line operator is undeformed.

3.2.4. Line operators in the bulk. The monoidal 2-category of surface
operators in the RW model has a unit object: the invisible surface
operator. Its category of endomorphisms is the Hochschild cohomology
of the 2-category of surface operators. From the physical viewpoint, it
should be thought of as the category of line operators in the bulk.

Since the invisible surface operator is represented by the diagonal
∆ →֒ X × X with a trivial curving, the category of line operators in
the bulk is the Z2-graded derived category of X. An object of this
category can be represented by a Z2-graded smooth vector bundle E
on X equipped with a differential operator D on Ω0,•(E) satisfying
D2 = 0 and the Leibniz rule

D(ω ∧ σ) = ∂̄ω ∧ σ + (−1)degZ2
ω ω ∧Dσ, ∀ω ∈ Ω0,•(X), ∀σ ∈ Ω0,•(E).

The operator D is called a ∂̄-superconnection. One can get such an
object from a complex of holomorphic vector bundles by letting D =
∂̄ +K, where K is the differential in the complex. This generalizes the
observation of [32] that one can define a BRST line operator for any
holomorphic vector bundle on X.

If we take E to be trivial rank-one vector bundle, then the Wilson
line operator is simply the identity operator, i.e. it is invisible.
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The category of bulk line operators has a monoidal structure ob-
tained by fusing the operators together. The invisible line operator is
the unit object; it corresponds to the structure sheaf OX . The second
fundamental form for the diagonal in X∗×X vanishes, so to leading or-
der in the Planck constant the monoidal structure is undeformed. But
already at second order in the Planck constant we expect corrections,
since the the second-order infinitesimal neighborhood of the diagonal
is not isomorphic to the second-order infinitesimal neighborhood of the
zero section in T ∗

X [18]. The deviation is parameterized by the Atiyah
class of TX , which can be regarded as an element of H1(Sym3TX).
Such a correction cannot affect the tensor product itself (i.e. cannot
affect the isomorphism class of E1 ⊗ E2), but it can affect the asso-
ciativity morphism which tells us how to identify (E1 ⊗ E2)⊗ E3 and
E1 ⊗ (E2 ⊗ E3). Thus at quadratic order in the Planck constant we
expect a correction to the associativity morphism proportional to the
contraction of this class with the Atiyah classes of the three objects
involved.

The deformation of the associativity morphism is related to the fact
that the category of bulk line operators is a braided monoidal one,
with a nontrivial braiding [32, 31]. The braided structure comes about
because diffeomorphisms of a disc with marked points (at which line
operators are inserted) act functorially on the category which TQFT
associates to such a disk, and diffeomorphisms isotopic to identity act
trivially. On the classical level, the braiding is trivial, but at linear
order in the Planck constant a nontrivial braiding appears proportional
to the Atiyah classes of the two objects involved [32, 31].

3.2.5. The categorified boundary-bulk map. In the 2d TFT, there is a
boundary-bulk map which sends an object of the category of branes to a
local operator. This maps factors through the K-theory of the category
of branes and can be regarded as a homomorphism from the K-theory
to the additive group of the space of local operators. Pictorially, it is
represented by a disc 1-correlator with an insertion of a bulk operator,
or equivalently by an annulus whose inner boundary component is a cut
boundary, and the outer boundary component is the brane boundary.

In 3d TFT the same geometric structure corresponds to a map which
sends an object of the 2-category of boundary conditions to a bulk line
operator. One can interpret it as a categorified version of the Chern
character. Let us determine it for boundary conditions in the RW
model.

Consider first the case when the boundary condition is described by
a complex Lagrangian submanifold Y . Let (E,D) be an object of the
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Z2-graded derived category of X. We need to compute the vector space
associated to a disc with an insertion of the bulk line operator (E,D)
and the boundary condition Y . The bosonic zero modes parameterize
Y , while the fermionic zero modes are components of η tangent to Y .
The Hilbert space of the zero modes is therefore the space of smooth
sections of Ω0,•(E|Y ), and the vector space associated to the punctured
disc is the cohomology of Ω0,•(E|Y ) with respect to D. This means
that the line operator corresponding to Y is simply the structure sheaf
of Y pushed forward to X.

To determine the answer for a fibration Y over Y , note that one
can deform the disc so that it looks like the surface of a cigar. One
can then imagine the circumference of the cigar shrink to zero size.
In this limit the boundary condition corresponding to Y reduces to a
boundary condition in the B-model with target X, and therefore the
boundary-bulk map is simply reduction on a circle. Reduction on a
circle for boundary conditions in the RW model has been described in
section 2.6. Namely, given a fibration Y with compact fibers we take
the flat vector bundle on Y given by the fiberwise de Rham cohomology
and push it forward to X.

3.2.6. Line operators corresponding to submanifolds in the target space.

In the case of the B-model one can define a boundary condition cor-
responding to an arbitrary complex submanifold Y in the target space
X. It is believed that the resulting brane corresponds to an object
of the derived category of X which is the pushforward of OY to X.
Such an object has a resolution by locally free sheaves, and therefore
is isomorphic to a certain complex of holomorphic vector bundles on
X. Thus as far as the B-model is concerned, it is sufficient to consider
branes corresponding to complexes of holomorphic vector bundles on
X.

If X is a complex symplectic manifold, we can use the resolution
of ι∗OY to construct a line operator in the RW model with target X.
Different resolutions will correspond to isomorphic line operators, but
this is far from obvious from our construction of line operators. It is
interesting to ask whether in the RW model there is an alternative
description of the same line operator which is manifestly independent
of the choice of resolution. By analogy with the B-model, one expects
that such a line operator will be defined by the condition that φ maps
the support γ of the line operator to Y .

In this section we will describe a candidate for such a line operator
in the RW model. Since it appears unnatural to impose conditions on
φ on a codimension-two submanifold, we will regularize the problem
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by excising a tubular neighborhood M of γ and will define the line
operator by imposing suitable boundary conditions on fields on the
boundary of M\M.

We will use cylindrical coordinates in the neighborhood of γ: (r, ϕ, t),
r ∈ [0,∞), ϕ ∈ [0, 2π), t ∈ R so that M is given by r < r0. In
a topological field theory, one can assume r0 to be arbitrarily small,
since the correlators do not depend on it. Keeping this in mind, we
will impose conditions at r = r0 which are nonlocal in the ϕ-direction
but local in the t-direction. This nonlocality will not matter when we
take r0 to be very small.

Near r = r0 we can expand each field into a Fourier series, for ex-
ample φI =

∑

n∈Z
φI

n(r, t)einϕ, etc. To ensure that the limit r0 → 0 is
non-singular we will require
(107)

φI
n = 0, φĪ

n = 0, ηĪ
n = 0, ΛχI

t,n−χI
ϕ,n = 0, n 6= 0, I, Ī = 1, . . . , 2n

where the parameter Λ−1 has mass dimension one. These conditions
do not depend on the submanifold Y .

To write down the conditions for the constant Fourier-modes, sup-
pose that Y is locally defined by the equations φi′ = 0, i′ = k+1, . . . , 2n.
We may use φi, i = 1, . . . , k, as local coordinates on Y . We will require
(108)

φi′

0 = 0, φī′

0 = 0, η ī′

0 = 0, Λχi′

t,0 − χi′

ϕ,0 = 0, i′, ī′ = k + 1, . . . , 2n,

(109)
πi,0 = 0, πī,0 = 0, gJīχ

J
r,0 = 0, gJīχ

J
ϕ,0 = 0, i, ī = 1, . . . , k.

Here πi and πī are canonical momenta for φi and φī, if regard r as the
time coordinate. The system of constraints (107-109) is BRST invariant
and ensures that ∂M is mapped to the k-dimensional submanifold Y .

In particular, if Y = X, the limit r0 → 0 of these conditions simply
says that all fields are smooth at r = 0. This means that this line
operators is trivial, or invisible.

3.3. Point operators. Let us make a few remarks about point opera-
tors, i.e. operators localized at points. A more standard name for them
is local operators. The most general case is when such an operator is
inserted at a joining point of two line operators. The space of such
operators is the space of morphisms in the category of line operators.
As explained above, the categories of line operators arising in the RW
model are all equivalent to curved derived categories of certain com-
plex manifolds, so in this way we get a complete description of point
operators and their algebra. Let us give a few examples.
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Consider first a boundary condition corresponding to a fibration Y
over a Lagrangian submanifold Y . A point operator on such a boundary
can be thought of as sitting on an invisible line operator, which is
represented by the fibered diagonal in Y ×Y Y . The space of such line
operators is the endomorphism algebra of the structure sheaf of the
fibered diagonal ∆Y which on the classical level is isomorphic to

(110) ⊕rExtr(O∆Y
,O∆Y

) ≃ ⊕p,qH
p(ΛqT v

Y).

As discussed above, there may be nontrivial quantum corrections to this
result due to nontrivial external geometry of Y ; thus (110) is merely
the first term in a spectral sequence which converges to the quantum
algebra of boundary observables.

In the special case Y = Y , (110) reduces to

(111) ⊕pH
p(OY ),

which agrees with section 2.4. In this case no quantum corrections
are possible. Indeed, we have shown above that in this case neither
the category of boundary line operators nor the unit object receive
quantum corrections. Hence the endomorphism algebra of the unit
object is also uncorrected.

Our last example is a point operator in the bulk, which can be
thought of as sitting on an invisible line operator in the bulk. The
category of bulk line operators is equivalent to the Z2-graded derived
category of X. The invisible line operator corresponds to the structure
sheaf of X, so the space of point operators is

⊕pExtp(OX ,OX) = ⊕pH
p(OX).

This agrees with [32]. Again, no quantum corrections are possible.
The algebra of local observables in any N -dimensional Z2-graded

TFT is a supercommutative algebra with a Lie bracket of degree N −
1mod 2. These two algebraic structures are compatible in an obvious
sense. The Lie bracket arises as follows: to any local observable one
can associate a tower of descendants. The (N − 1)th descendant is a
N−1 form of ghost number 1−N mod 2 which is closed up to BRST-
exact terms. Thus one can think of it as a conserved current which
generates an infinitesimal symmetry of the TFT. All such symmetries
form a Lie superalgebra with a bracket of degree 0. One can show
that the symmetries arising from descendants of local observables form
a subalgebra of this Lie superalgebra, and therefore the algebra local
observables inherits a Lie bracket of degree N − 1 mod 2.

For example, in the curved B-model the algebra of local observables
carries an odd bracket. A supercommutative algebra with a compatible
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odd Lie bracket bracket is called a Z2-graded Gerstenhaber algebra. It
is well-known that the Hochschild cohomology of any Z2-graded DG-
category carries such a structure; in the case of the curved B-model
the relevant category is the category of branes.

In the RW model, we expect that the algebra of local observables
carries an even Lie bracket; the resulting structure is simply a Poisson
algebra. Indeed, since X is a complex symplectic manifold, the sheaf
OX is obviously a sheaf of Poisson algebras, and therefore its coho-
mology is a Poisson algebra. In the compact Kähler case the Poisson
bracket is trivial; analogously, in the B-model with a compact Kähler
target the Gerstenhaber bracket is trivial.

4. Relationship with categorified algebraic geometry

In this paper we have studied topological boundary conditions and
topological defects of various codimensions for the RW model. We have
seen that boundary conditions form a 2-category: morphisms between
two boundary conditions are boundary line operators separating two
parts of the boundary, and 2-morphisms between line operators are
local operator insertions on line operators. We have described a large
class of boundary conditions for the RW model with target X, namely
complex fibrations over complex Lagrangian submanifolds in X. The
structure of this 2-category is rather intricate, and it would be desirable
to have a more algebraic description for it. A good analogy is the B-
model: the structure of the category of B-branes is greatly clarified
by relating it to the category of coherent sheaves, i.e. a category of
modules over the sheaf of holomorphic functions.

While we do not know such an algebraic description in general, we
can propose a candidate description for the full sub-2-category whose
objects are fibrations over a fixed complex Lagrangian submanifold Y .
Let A0 denote the boundary condition corresponding to Y = Y . Let
A be any other boundary condition supported on Y . The category of
boundary-changing line operators between A0 and A (i.e. the category
Hom(A0,A) in the 2-category of boundary conditions) is a module over
the monoidal category of boundary operators on A0 (i.e. the category
Hom(A0,A0)).

8 If A is supported on Y , one might conjecture that the
category Hom(A0,A) determines A; then one could hope to identify the
2-category of boundary conditions with the 2-category of modules over
the monoidal category Hom(A0,A0).

8Monoidal category is a categorification of an algebra. A module over a monoidal
category is defined by categorifying the usual definition of a module over an algebra.
Modules over a monoidal category form a 2-category.
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By analogy with the B-model, we expect that this conjecture is true
if Y is a (smooth) affine variety; otherwise we need to “sheafify” the
categories Hom(A0,A) and Hom(A0,A0), i.e. consider a sheaf of cate-
gories over Y which is a module over a sheaf of monoidal categories.

On the classical level, we can make all this rather explicit. The
monoidal category Hom(A0,A0) is the Z2-graded derived category of
coherent sheaves on Y , or better the DG-category of Z2-graded com-
plexes of OY -modules, with the obvious monoidal structure. Any fi-
bration Y → Y with a curving W is naturally a module over this
category: the module structure is given by tensoring an object on Y
by a pull-back of an object on Y .

Quantum corrections deform the monoidal category Hom(A0,A0), so
for the boundary condition A to make sense on the quantum level, the
module Hom(A0,A) must admit a deformation as well. In general, as in
the case of modules over an algebra, there are obstructions for finding
such a deformation. This is what we found in section 2.5; the leading
deformation turned out to be quadratic in the Atiyah class of the fibra-
tion Y and the curving W on Y and linear in the class [β]. Presumably,
all obstructions can be determined by studying the deformation theory
of modules over the monoidal category Hom(A0,A0).

As discussed above, deformations of Y in X are equivalent to turning
on a nontrivial curving W on Y . This suggests that the 2-category of
modules over Hom(A0,A0) also includes boundary conditions which are
supported on a formal neighborhood Y . In general, this neighborhood
is a deformations of T ∗

Y , and the monoidal structure on the category
Hom(A0,A0) receives corrections from the classes β(ℓ) ∈ H1(SymℓTY )
describing this deformation. Thus the RW model “solves” the problem
of deformation quantization of the monoidal category DZ2

(Coh(Y )).
A particularly simple and instructive case is when all classes β(ℓ)

vanish. In this case we can simply take X = T ∗
Y . We conjecture that

the 2-category of boundary conditions for the RW model with target T ∗
Y

is equivalent to the 2-category of modules over the Z2-graded derived
category of Y , or better the category of modules over the DG-category
of complexes of OY modules, regarded as a monoidal DG-category. We
can view an object of this 2-category as a sheaf of DG-categories over
Y .

A very similar 2-category, called the 2-category of derived categorical
sheaves over Y , was introduced in [36] (see also [4]). The aim of these
papers was to develop a kind of categorification of algebraic geometry,
with sheaves of DG-categories taking place of complexes of coherent
sheaves. One apparent difference is that complex fibrations appear to
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be rather special sheaves of DG-categories, analogous in some sense to
holomorphic vector bundles in the B-model. One may wonder if more
general sheaves of categories, e.g. skyscraper sheaves, play a role in
the RW theory. In analogy with the B-model, one could try to build
more complicated boundary conditions by considering “complexes” of
fibrations. However, it is not clear what this could mean. Instead,
we will argue in [?] that skyscraper sheaves of DG-categories and other
more exotic categorical sheaves appear in the RW theory automatically
if we allow for nontrivial curving. In a sense, we will see that turning on
a curving on a fibration is analogous to deforming a graded holomorphic
vector bundle into a complex of holomorphic vector bundles.

Another apparent difference compared to [36, 4] is that the authors of
[36, 4] work with Z-graded complexes of OY modules, rather than with
Z2-graded ones. We can account for this difference by noting that in
the case X = T ∗

Y the Z2 ghost number symmetry of the RW model can
be promoted to a U(1) symmetry. Indeed, T ∗

Y has a U(1) action with
respect to which the holomorphic fiber coordinates have weight 2. It
preserves the metric and therefore the term L1 in the Lagrangian. On
the other hand, the holomorphic symplectic form has weight 2 under
this action, so this geometric U(1) symmetry does not preserve L2.
However, the term L2 is invariant under the combined action of the
geometric U(1) and the naive ghost number symmetry. We conclude
that the RW model with target T ∗

Y has a U(1) ghost number symmetry
with respect to which the fiber coordinates on T ∗

Y have weight two. We
can require all boundary conditions and line operators to be equivariant
with respect to this symmetry.

The relationship between categorified algebraic geometry and 3d
TFT has been already pointed out in [4], from a somewhat different
viewpoint. First of all, the definition of a 3d TFT used in [4] is dif-
ferent from ours. Instead of considering the 3-category of decorated
structures of dimension n ≤ 3, the authors consider the ∞-category of
two-dimensional cobordisms. The TFT is defined, roughly, as a functor
from this ∞-category to the 2-category of DG-categories. The authors
of [4] construct a TFT in this sense for any complex manifold Y (and
more generally for any stack satisfying certain properties).

To compare with the discussion in [4], note that the TFT in the
sense of [4] assigns a DG 2-category to a point, a braided monoidal
DG-category to a circle and a DG-vector space to a Riemann surface.
For a complex manifold Y , the 2-category assigned to a point is the 2-
category of categorical sheaves over Y . As discussed above, this agrees
with the RW theory. (On the quantum level, one has to require Y to
be a Calabi-Yau manifold. This condition does not arise in [4], because
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the authors do not try to extend their theory to three-dimensional
cobordisms.)

Further, according to [4] one assigns to a circle the DG-category
of complexes of quasicoherent sheaves on the supermanifold TY [−1]
(i.e. the odd tangent bundle where the fiber coordinates have degree
−1). By Koszul duality, it is equivalent to the category of complexes
of quasicoherent sheaves on the graded manifold T ∗

Y [2] (i.e. T ∗
Y with a

C∗-action such that the fiber coordinates have weight 2). This is the
same as the category of bulk line operators in the Z-graded version of
the RW model with target T ∗

Y . In principle, one also needs to compare
the braided monoidal structures on the two categories; we conjecture
that they agree.

The unit object in the monoidal category attached to a circle is the
structure sheaf of T ∗

Y (with the obvious C∗-action). From the physical
viewpoint, it represents the invisible line operator in the bulk. Its
Dolbeault complex is the vector space attached to a 2-sphere, or in
physical terms the space of local operators in the bulk. The cohomology
of this vector space can be identified with

H•(Sym•TY [2]).

It is a supercommutative algebra with a compatible Poisson bracket
of degree −2; as explained above, the Poisson bracket comes from the
Poisson bracket on forms on T ∗

Y . This graded Poisson algebra is the
space of infinitesimal deformations of the RW model with target T ∗

Y ;
from the mathematical viewpoint it describes infinitesimal deforma-
tions of the 2-category of modules over the monoidal DG-category of
complexes of OY modules.

Appendix A. The B-model and its category of branes

A.1. BRST transformations, action, and observables. Let X be
a complex manifold with local complex coordinates φi, i = 1, . . . , n.
The fields of the B-model with target X consist of a map φ : Σ → X,
fermionic 0-forms η ∈ Γ(φ∗T̄X) and θ ∈ Γ(φ∗T ∗

X), and a fermionic
1-form ρ ∈ Γ (φ∗TX ⊗ T ∗Σ). The BRST transformations are

δQφ
i = 0, δQφ

ī = η ī,(112)

δQη
ī = 0, δQθi = 0,(113)

δQρ
i = dφi.(114)

The action is

S0 =

∫

Σ

(

δQ

(

gij̄ρ
i ∧ ∗dφj̄

)

− θi∇ρi − Ri
jkl̄θiρ

jρkη l̄
)

.
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Here gij̄ is a Kähler metric on X, ∇ is the covariant differential with
respect to the pull-back of the Levi-Civita connection, and Ri

jkl̄
is the

curvature tensor of the Levi-Civita connection.
This action defines a topological field theory, because it depends on

the worldsheet metric h only through BRST-exact terms. It is called
the B-model with target X [42]. Its algebra of topological observables
(i.e. the cohomology of δQ on the space of local functions of fields) is
isomorphic to

A = ⊕p,qH
p (ΛqTX) .

The isomorphism acts as follows:

1

p!q!
ω

i1...iq

ī1...̄ip
dφī1 . . . dφīp∂i1 . . . ∂iq 7→

1

p!q!
ω

i1...iq

ī1...̄ip
η ī1 . . . η īpθi1 . . . θiq .

Correlators of topological observables depend only on the complex
structure on X, because the variation of S0 with respect to the metric
gij̄ is BRST-exact [42].

On the quantum level, one usually requires X to be a Calabi-Yau
manifold, i.e. one requires the existence of a holomorphic volume form
Ψ on X. The volume form is used to write down a BRST-invariant
measure on the space of bosonic and fermionic zero modes. Given Ψ,
one defines a trace function on A as follows: it is nonvanishing only on
Hn(ΛnTX) and is given by

ω 7→
∫

X

Ψ ∧ ω Ψ.

This trace function makes A into a Frobenius algebra.
The formula for the trace function makes sense in the case when the

canonical line bundle KX of X is not necessarily trivial, but its square
is. We will call such X a half-CY manifold. The closed sector of the
B-model is well-defined in this slightly more general case.

The B-model has a U(1) symmetry known as the ghost number sym-
metry. It acts trivially on the bosonic fields; the fermionic 0-forms have
weight 1; the fermionic 1-form ρ has weight −1. The BRST charge itself
has weight 1. One may choose to keep track only of the Z2 subgroup
of the ghost number symmetry; the resulting theory is a Z2-graded
version of the B-model.

A.2. Topological branes in the B-model. To any topological field
theory one can associate a category of topological boundary conditions
usually called the category of branes. In the case of the B-model with a
Calabi-Yau target X, this is the bounded derived category of coherent
sheaves (or more precisely, the bounded derived category of complexes
of OX-modules with coherent cohomology). In the Z2 graded version of
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the theory, this presumably becomes the derived category of 2-periodic
complexes of OX-modules with coherent cohomology.

Let us describe objects and morphisms in the category of B-branes.
For definiteness, we will work with the Z2-graded version of the B-
model. An object of the category of B-branes is a Z2-graded smooth
vector bundle E = E+ ⊕ E− equipped with a flat ∂̄-superconnection
D. A flat ∂̄-superconnection is an odd element of the Z2-graded vector
space

EndC(Ω0,•(E))

satisfying

(115) D2 = 0, D(ω ∧ σ) = ∂̄ω ∧ σ + (−1)degZ2
ω ω ∧Dσ,

∀ω ∈ Ω0,•(X), ∀σ ∈ Ω0,•(E).

One can write D as a sum of a ∂̄-connection ∂̄E : Ω0,p(E)→ Ω0,p+1(E)
preserving the decomposition E = E+⊕E− and an odd section of the
Z2-graded vector bundle Ω0,•(End(E)). Note that ∂̄E does not square
to zero by itself, in general, so E does not have a natural holomorphic
structure. This description of B-branes goes back to Lazaroiu [27] and
Diaconescu [12]; more recently it was discussed in [16, 5].

Given two such pairs (E1, D1) and (E2, D2) we consider the Z2-
graded vector space

Ω0,• (Hom(E1, E2))

and its odd endomorphism D12 defined by

D12f = D2 f − (−1)degZ2
f fD1, f ∈ Ω0,•(Hom(E1, E2)).

It is easy to see that D2
12 = 0. We define the space of morphisms from

(E1, D1) to (E2, D2) to be the cohomology of D12.
Note that given a Z2-graded complex of holomorphic vector bundles

E on X one gets an object of the category of B-branes by letting
D = ∂̄ + K, where K is the differential in the complex . The space
of morphisms between two such objects is the hypercohomology vector
spaces of the Hom-complexes. This shows that for smooth algebraic
X the derived category of 2-periodic complexes of coherent sheaves on
X is equivalent to a full subcategory of the category of B-branes. We
conjecture that in general the Z2-graded version of the category of B-
branes is equivalent to the derived category of 2-periodic complexes of
OX-modules with coherent cohomology. For a detailed discussion of
the Z-graded case see [6, 5, 8].

To see how a pair (E,D) defines a B-brane, we need to choose ∂-
connections on E+ and E− which in a local trivialization we write as

∂± = ∂ +A±, A± ∈ Ω1,0(U,End(E±)), U ⊂ X.
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Further, we write

D = ∂̄ · 1+K = ∂̄ · 1 +

(

B+ T
S B−

)

,

where

(116) B± ∈ Ω0,1̂(U,End(E±)), T ∈ Ω0,0̂(U,Hom(E−, E+)),

S ∈ Ω0,0̂(U,Hom(E+, E−)), U ⊂ X.

Let us introduce the supermanifold ΠT̄X with odd coordinates η ī.
There is an obvious map π : ΠT̄X → X, and we may regard K as
a locally-defined odd section of the Z2-graded bundle π∗End(E). Sim-
ilarly, ∂̄ can be reinterpreted as an odd vector field η ī∂ī on ΠT̄X , and
D is a first-order differential operator on π∗E.

Now let γ be a connected component of ∂Σ, i.e. a circle. Let t ∈ [0, 1)
be a coordinate on γ. Given a map Φ = (φ, η) : γ → ΠT̄X and a section
ρi

tdt of φ∗TX ⊗T ∗
γ , we consider a connection 1-form on the pull-back of

Φ∗(E):
(117)

N =

(

A+
i dtφ

i + B+
ī
dtφ

ī + F+
ij̄
ρi

tη
j̄ ρi

t∇iT + dtφ
ī ∂T
∂ηī

ρi
t∇iS + dtφ

ī ∂S
∂ηī

A−
i dtφ

i + B−
ī
dtφ

ī + F−
ij̄
ρi

tη
j̄

)

Here dt = d/dt, ∇i denotes the covariant derivatives with respect to
the ∂-connections on Hom(E±, E∓), and F±

ij̄
is defined by

F±
ij̄
ηj̄ = ∂iB± − ∂j̄A±

i η
j̄ + [A±

i ,B±].

One can check that this connection on Φ∗(E) satisfies

δQ(dt +N ) = [dt +N ,Φ∗K],

where the brackets denote the graded commutator. We can use this
identity to construct a suitable boundary action as follows. Let U(0, t)
be the parallel transport operator of the connection N , i.e. the unique
solution of the first order differential equation

(dt +N )U(0, t) = 0

satisfying U(0, 0) = 1. We define

exp(−Sbry) = STr U(0, 1),

where STr denotes the supertrace on EndC(EΦ(0)). Then it is easy to
check that

δQS
bry = 0.

Now suppose the circle γ is split into two segments (0, t0) and (t0, 1)
by the points t = 0 and t = t0. Suppose further than on the segment
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(0, t0) the boundary conditions is described by (E1, D1), while on the
segment (t0, 1) it is described by (E2, D2). Given a morphism f12 from
(E1, D1) to (E2, D2) and a morphism f21 from (E2, D2) to (E1, D1)
consider the following expression to be inserted in the path-integral:

STr f21(Φ(1))U2(1, t0)f12(Φ(t0))U1(0, t0).

Here U1 and U2 are constructed from (E1, D1) and (E2, D2) as above,
and we regard the bundle-valued forms f12 and f21 as sections of π∗Hom(E1, E2)
and π∗Hom(E2, E1). It is easy to check that this expression is BRST-
invariant. Therefore we may regard morphisms f12 and f21 as local
boundary topological observables to be inserted at the joining point of
boundary conditions (E1, D1) and (E2, D2).

Appendix B. The curved B-model and its category of

branes

B.1. BRST transformations, action, and observables. The curved
B-model can be thought of as a generalization of the Landau-Ginzburg
deformation of the B-model, so we begin by briefly reviewing the latter.

Let W be a holomorphic function on a manifold X such that the line
bundle K2

X is trivial. Then one can deform the B-model with target X
by modifying the transformation law for θi:

δQθi = −∂iW

and adding to the action a term

SW =
1

2

∫

∇i∂jWρiρj .

(Strictly speaking, to write down this deformation one needs only a
closed holomorphic 1-form dW , not W itself. However, if the coho-
mology class of dW is nontrivial, the model does not admit interesting
boundary conditions.)

We will call this model the Landau-Ginzburg model with target X
and superpotential W . Note that the postulated transformation law for
θ and the action are compatible only with the Z2 subgroup of the ghost
number symmetry. Thus the Landau-Ginzburg model is Z2-graded.

The usual action of the Landau-Ginzburg model differs from ours by
a BRST-exact term

−
∫

Σ

volΣδQ

(

gij̄θi∂j̄W̄
)

=

∫

Σ

volΣ

(

gij̄∂iW∂j̄W̄ − gij̄∇k̄∂j̄W̄θiη
k̄
)

,

(118)

where volΣ is the volume form with respect to a Riemannian metric on
Σ.
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The algebra of topological observables for the Landau-Ginzburg model
is the hypercohomology of the complex

ΛnTX → Λn−1TX → . . .→ TX → OX ,

where the differential is contraction with the holomorphic 1-form−∂W .
In the case when X is a contractible open subset of Cn and the critical
points of W are isolated, the hypercohomology of this complex is the
Jacobi algebra

H0(X,OX)/A∂W

where A∂W is the ideal generated by partial derivatives of W . Note
that this depends only on the behavior ofW in the neighborhood of the
critical set of W . In particular, if W has an isolated non-degenerate
critical point, then the algebra is isomorphic to C, and the Landau-
Ginzburg model becomes trivial (such a model is called massive).

More generally, if the critical set of W is a closed submanifold T and
W is a Morse-Bott function (i.e. the Hessian of W is non-degenerate
in the directions normal to T ), then the directions normal to T are
“massive” and can be integrated out. Thus the model becomes equiv-
alent to the Z2-graded version of the B-model with target T . More
precisely, this is true in the case when Σ has empty boundary; if Σ
has boundaries and the number of transverse dimensions is odd, the
Landau-Ginzburg model differs from the B-model with target T in a
subtle way (see below).

One can generalize the above construction by replacingW with an in-
homogeneous even ∂̄-closed form on X. We will call this generalization
the curved B-model. Consider a local observable W (φ, η) representing
an even element of

⊕pH
p(OX).

Its descendants are

W (1) = ρi∂iW + dφī∂W

∂η ī
,(119)

W (2) =
1

2
ρiρj∇i∂jW + ρidφj̄∂i

∂W

∂ηj̄
+

1

2
dφīdφj̄ ∂2W

∂η ī∂ηj̄
(120)

The descendants satisfy

δQW
(1) = dW, δQW

(2) = dW (1) + ∂iW
δS0

δθi

.

We can deform the action of the B-model by a term

SW =

∫

∂M

W (2),
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and simultaneously modify the BRST transformation for θi:

δQθi = −∂iW.

Then the total action is BRST-invariant up to a total derivative:

(121) δQ(S0 + SW ) =

∫

Σ

dW (1).

The resulting theory is the curved B-model. It is Z2-graded, just like
the Landau-Ginzburg model.

The algebra of observables in the curved B-model is computed in
essentially the same way as in the Landau-Ginzburg model. Namely,
the algebra of observables is the cohomology of a certain differential
δQ in the space of (0, p) forms with values in polyvector fields of type
(q, 0). This differential is given by

δQ = ∂̄ − ∂W ,

where denotes contraction on the holomorphic indices and exterior
product on the antiholomorphic ones. If X is compact and Kähler,
then one can always find a form in the cohomology class of W which is
∂-closed. For such X the differential δQ reduces to ∂̄, and the algebra
of topological observables is the same as in the ordinary B-model.

B.2. Topological branes in the curved B-model. The category of
branes associated to a curved B-model can be regarded as a deformation
of the Z2-graded derived category; we will call it the curved derived
category of X. There are several equivalent ways to define such a
deformation; the most natural one from the physical viewpoint goes
as follows. Let W be an even ∂̄-closed element of Ω0,•. An object of
the curved derived category is a Z2-graded smooth vector bundle E =
E+ ⊕ E− equipped with a curved differential D. A curved differential
is an odd element of the Z2-graded vector space

EndC(Ω0,•(E))

satisfying

(122) D2 = 1E ⊗W, D(ω ∧ σ) = ∂̄ω ∧ σ + (−1)degZ2
ω ω ∧Dσ,

∀ω ∈ Ω0,•(X), ∀σ ∈ Ω0,•(E).

One can write D as a sum of a ∂̄-connection ∂̄E preserving the de-
composition E = E+⊕E− and an odd section of the Z2-graded vector
bundle Ω0,•(End(E)). Note that ∂̄E does not square to zero, in general,
so E does not have a natural holomorphic structure.
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Given two such pairs (E1, D1) and (E2, D2) we consider the Z2-
graded vector space

Ω0,• (Hom(E1, E2))

and its odd endomorphism D12 defined by

D12f = D2 f − (−1)degZ2
f fD1, f ∈ Ω0,•(Hom(E1, E2)).

It is easy to see that D2
12 = 0. We define the space of morphisms from

(E1, D1) to (E2, D2) to be the cohomology of D12.
To see how an object of the curved derived category defines a brane

for the curved B-model, we need to choose ∂-connections on E+ and
E− which in a local trivialization we write as

∂± = ∂ +A±, A± ∈ Ω1,0(U,End(E±)), U ⊂ X.

Further, we write

D = ∂̄ · 1+K = ∂̄ · 1 +

(

B+ T
S B−

)

,

where

(123) B± ∈ Ω0,1̂(U,End(E±)), T ∈ Ω0,0̂(U,Hom(E−, E+)),

S ∈ Ω0,0̂(U,Hom(E+, E−)), U ⊂ X.

Let us introduce the supermanifold ΠT̄X with odd coordinates η ī.
There is an obvious map π : ΠT̄X → X, and we may regard K as
a locally-defined odd section of the Z2-graded bundle π∗End(E). Sim-
ilarly, ∂̄ can be reinterpreted as an odd vector field η ī∂ī on ΠT̄X , and
D is a first-order differential operator on π∗E.

Now let γ be a connected component of ∂Σ, i.e. a circle. Let t ∈ [0, 1)
be a coordinate on γ. Given a map Φ = (φ, η) : γ → ΠT̄X and a section
ρi

tdt of φ∗TX ⊗T ∗
γ , we consider a connection 1-form on the pull-back of

Φ∗(E):
(124)

N =

(

A+
i dtφ

i + B+
ī
dtφ

ī + F+
ij̄
ρi

tη
j̄ ρi

t∇iT + dtφ
ī ∂T
∂ηī

ρi
t∇iS + dtφ

ī ∂S
∂ηī

A−
i dtφ

i + B−
ī
dtφ

ī + F−
ij̄
ρi

tη
j̄

)

Here dt = d/dt, ∇i denotes the covariant derivatives with respect to
the ∂-connections on Hom(E±, E∓), and F±

ij̄
is defined by

F±
ij̄
ηj̄ = ∂iB± − ∂j̄A±

i η
j̄ + [A±

i ,B±].

One can check that this connection on Φ∗(E) satisfies

δQ(dt +N ) = [dt +N ,Φ∗K]−W (1),
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where the brackets denote the graded commutator. We can use this
identity to construct a suitable boundary action as follows. Let U(0, t)
be the parallel transport operator of the connection N , i.e. the unique
solution of the first order differential equation

(dt +N )U(0, t) = 0

satisfying U(0, 0) = 1. We define

exp(−Sbry) = STr U(0, 1),

where STr denotes the supertrace on EndC(EΦ(0)). Then it is easy to
check that

δQS
bry = −

∫

γ

W (1).

This precisely cancels the BRST-variation of the bulk action (121).
Now suppose the circle γ is split into two segments (0, t0) and (t0, 1)

by the points t = 0 and t = t0. Suppose further than on the segment
(0, t0) the boundary conditions is described by (E1, D1), while on the
segment (t0, 1) it is described by (E2, D2). Given a morphism f12 from
(E1, D1) to (E2, D2) and a morphism f21 from (E2, D2) to (E1, D1)
consider the following expression to be inserted in the path-integral:

STr f21(Φ(1))U2(1, t0)f12(Φ(t0))U1(0, t0).

Here U1 and U2 are constructed from (E1, D1) and (E2, D2) as above,
and we regard the bundle-valued forms f12 and f21 as sections of π∗Hom(E1, E2)
and π∗Hom(E2, E1). It is easy to check that the BRST-variation of this
expression cancels the BRST variation of exp(−S0 − SW ). Therefore
we may regard morphisms f12 and f21 as local boundary topological
observables to be inserted at the joining point of boundary conditions
(E1, D1) and (E2, D2).

In the special case when W is a holomorphic function on X, the
curved B-model reduces to the Landau-Ginzburg model with superpo-
tential W and the curved derived category of X reduces to the category
of Landau-Ginzburg branes. In particular, if X is a Stein manifold,
the latter is equivalent to the category of matrix factorizations of W
[19, 9, 28]. An alternative algebro-geometric definition of this category
was given by D. Orlov [29].

The category of Landau-Ginzburg branes has a remarkable property
known as the Knörrer periodicity: its equivalence class does not change
when one replaces X with X ×C2 and W with W + xy, where x, y are
coordinates on C2 [30]. In particular, if X = C2n and W is a non-
degenerate quadratic form, Knörrer periodicity implies that the cate-
gory of Landau-Ginzburg branes is equivalent [19, 30] to the category
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of Z2-graded vector spaces (which is the category of Landau-Ginzburg
branes when X is a point). On the other hand, if X = C2n+1 and W
is a non-degenerate quadratic form, the category of Landau-Ginzburg
branes is equivalent to the category of modules over the Clifford alge-
bra with one generator [19]. It is easy to see that Knörrer periodicity
remains true for the more general case of the curved derived category.

Appendix C. Perturbative computation of the fusion of

Wilson lines on the boundary

In section 4.2.3 we discussed that on the classical level fusion of the
two line operators on the boundary corresponds to tensoring vector
bundles and argued that the first quantum correction is the deformation
of the resulting connection by a (0, 3)-form

(125) C0β
ij
m̄Fik̄F̃jp̄dφ

m̄dφk̄dφp̄

Here C0 is a complex number, F and F̃ are curvatures of connections
on the two holomorphic vector bundles on Y , and βij

m̄ is given by

βij
m̄ = Ωk′i∂m̄A

i
k′,

where AK
k′ is defined by (22) and defines an embedding of NY into

TX |Y . Essentially, βij
m̄ is the second fundamental form of Y . In Darboux

coordinates, βij
m̄ is symmetric in the upper indices.

In this section we verify the presence of the correction (125) by com-
puting the OPE of Wilson line operators on the boundary to leading
order in β. To simplify the computation, note first that the BRST-
invariant connection 1-form entering the definition of the Wilson line

O(1)(A) = Aidφ
i + Aīdφ

ī + Fij̄χ
iηj̄

is a descendant of a BRST-invariant 0-form observable

O(A) = Aīη
ī.

That is, one has

dO(A) = δO(1)(A).

The observable O(A) does not determine O(1) uniquely, but it does
define it up to BRST-exact terms. Instead of computing the OPE
of two Wilson lines, we may therefore compute the OPE of O(A) and

O(1)(Ã), where A and Ã are connections on the two holomorphic vector
bundles.

One can further simplify the computation by noting that the ex-
pected correction is antisymmetric with respect to the exchange of A
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and Ã. The antisymmetric part of the quantum correction to the OPE
is given by the contour integral over the insertion point of O(1)(Ã):

(126)

∮

γ

O(1)(Ã)O(A)(0).

Here γ is a circle at the boundary of M centered at 0. We are going to
show that to leading order in β this contour integral is

C0β
ij
m̄Fik̄F̃jp̄η

m̄ηk̄ηp̄.

The computation is performed by expanding around a constant bosonic
background φI = φI

0, where φI
0 belongs to Y . It is convenient to use

a complex frame adapted to the boundary conditions. That is, we
will work in the basis where the metric gIJ̄(φ0) does not have mixed
components (with both primed and unprimed indices), while the holo-
morphic symplectic form ΩIJ(φ0) has only mixed components. In this

coordinate system, βij
m̄ is given by

βij
m̄ = −Ωk′igk̄j∂m̄gk′k̄ = Ωik′

giP̄gk′J̄ΓJ̄
m̄P̄ .

We will denote by x a local complex coordinate on ∂M , while the
coordinate in the normal direction will be denoted x3. Thus we can
expand the 1-form field χI as follows:

χI(x, x3) = ρI(x, x3)dx+ ρ̄I(x, x3)dx̄+ χI
3(x, x3)dx

3.

We also use the notation that unprimed lower-case indices i, j, k, . . . ,
run from 1 to n and label coordinates on Y , while primed lower-case
indices i′, j′, k′, . . . , run from n + 1 to 2n and label coordinates in the
directions normal to Y .

The key ingredients in the computation are the following OPEs of
local fields on ∂M :

ρi(x, 0)δφj(0, 0) ∼ C

x
βij

k̄
ηk̄(0, 0) + . . . ,(127)

ρ̄i(x, 0)δφj(0, 0) ∼ −C
x̄
βij

k̄
ηk̄(0, 0) + . . . .(128)

Here δφi = φi − φi
0, C is a complex number, and dots denote terms

which are either nonsingular or contain derivatives of β.
Inspecting the action, we see that to leading order in perturbation

theory we need to compute a free-field OPE
(129)

ρi(x, 0)δφj(0, 0)

∫

d3y
√
hgKJ̄h

µνχK
µ (y, y3)∂νφ

N̄(y, y3)Γ
J̄
N̄M̄η

M̄(y, y3).
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The terms we are interested in are obtained by contracting ρi with χ
and δφj with φN̄ . In the presence of the boundary the nonvanishing
free-field contractions we need are given by

δφi(x, x3)δφ
j̄(y, y3) ∼

gij̄

4π|x− y| +
gij̄

4π|x− Πy| ,(130)

ρi(x, x3)ρ̄
k′

(y, y3) ∼ −
iΩik′

8π

(

x3 − y3

|x− y|3 −
x3 + y3

|x− Πy|3
)

,(131)

ρi(x, x3)χ
k′

3 (y, y3) ∼
iΩik′

8π

(

x̄− ȳ
|x− y|3 +

x̄− ȳ
|x− Πy|3

)

,(132)

ρ̄i(x, x3)χ
k′

3 (y, y3) ∼ −
iΩik′

8π

(

x− y
|x− y|3 +

x− y
|x−Πy|3

)

,(133)

ρi(x, x3)η
k̄(y, y3) ∼ −

gik̄

8π

(

x̄− ȳ
|x− y|3 +

x̄− ȳ
|x−Πy|3

)

,(134)

ρ̄i(x, x3)η
k̄(y, y3) ∼ −

gik̄

8π

(

x− y
|x− y|3 +

x− y
|x−Πy|3

)

,(135)

where x,y ∈ C×R = R
3 have components (x, x3), (y, y3), respectively,

and Πy ∈ C× R has components (y,−y3).
To detect the terms in the OPE we are interested in, it is convenient

to integrate the expression (129) with respect to x along a circle γǫ of
radius ǫ centered at x = 0 and then take the limit ǫ→ 0. The result is

βij

k̄
lim
ǫ→0

∫

d3y ηk̄(y, y3)Fǫ(y, y3),

where

Fǫ(y, y3) =
−1

16π3

∮

γǫ

dx
x̄y3

|y|3|x− y|3 .

A straightforward computation which we omit shows that in the limit
ǫ → 0 the function Fǫ(y, y3) tends to Cδ3(y, y3) for some constant C
(in this computation we assume that y3 ≥ 0, since the integration in
(129) extends only over nonnegative y3). This proves the first line of
(127). The second line is proved similarly.

Now we can compute the contour integral (126). The result is (up
to BRST trivial terms)

−2πiCFij̄F̃kl̄β
ik
m̄η

j̄η l̄ηm̄.

This observable (divided by two) represents the leading quantum cor-
rection to the fusion of Wilson lines on the boundary.
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