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We generate both accelerated Airy and accelerated parabolic beams using phase-only patterns encoded
onto a liquid crystal display (LCD). The usual system length is 2f , where f is the focal length of the
Fourier transform lens. We develop a compact optical system having a total system length of f . However,
the maskmust now incorporate the Fresnel diffraction that is not provided by the reduced optical system
length. Finally we incorporate the Fourier transform lens onto the mask. We obtain excellent experimen-
tal results with a phase-only pattern and a shorter optical system. This approach makes these beams
much easier to implement. © 2009 Optical Society of America

OCIS codes: 050.1940, 350.5500, 230.6120, 100.5090.

1. Introduction

Accelerating Airy beams (AiB) and accelerating
parabolic beams (ApB) have been receiving attention
because they remain almost diffraction-free while
having a quadratic transverse shift during propaga-
tion over long distances. These beams are finite en-
ergy solutions to the paraxial wave equation in both
Cartesian [1–4] and parabolic [5,6] coordinates. Both
the AiB beams and the ApB beams have been used
for optical micromanipulation experiments [7,8].
In practice, these beams are generated by forming

the amplitude and phase proportional to the Fourier
spectra of the desired beams in an input plane P1. For
the AiB beams, the phase patterns were encoded
onto a phase-only liquid crystal display (LCD). The
necessary Gaussian amplitude distribution was ob-
tained by illuminating the LCD with a Gaussian
beam whose diameter had been carefully prepared
[2,3]. For the ApB beams, the amplitude distribu-
tions are much more complicated, and the authors

encoded both the amplitude and phase onto a single
phase-only LCD [6].

In both cases, the optical Fourier transforms (pro-
ducing the desired AiB or ApB beams) were formed
in the focal plane P2 of an external lens as discussed
in Section 6. The transverse deflection varies as the
square of the distance z from this focal plane.

There are several problems with this approach.
First, it is difficult and optically inefficient to encode
the amplitude information. Second, the optical Fouri-
er transform system has a rather large system length
of 2f , where f is the focal length of the Fourier trans-
form lens. This focal length also affects the physical
size and deflection of the output beam. If we reduce
the distance between the LCD and the Fourier trans-
form lens to obtain a more compact system length of
f , the size and deflection of the beam are adversely
affected.

In this work, we have three goals. First we explore
the conditions where the amplitude information can
be ignored, making the generation of both kinds of
beams much more convenient. Second, we explore
how to compensate for the effects of moving the
LCD closer to the Fourier transform lens. Finally
we include the Fourier transform lens on the LCD.
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We end up with a vastly more flexible and more com-
pact optical configuration where the Fourier spec-
trum and Fourier transform lens are combined and
encoded as a phase-only pattern. Next we briefly re-
view the amplitude and phase characteristics of the
Fourier spectrum masks for generating these beams.

2. Fourier Spectral Masks for Generating Accelerating
Beams

The Fourier spectrum for the two-dimensional finite
energy AiB beam in Cartesian coordinates [1,2] is
proportional to

I½ϕ�ðkx; kyÞ ∝ exp½ix30ðk3x=3þ k3y=3Þ�
× exp½−ax20ðk2x þ k2yÞ�: ð1Þ

Here ðkx; kyÞ are the spatial frequency coordinates.
The parameter a controls the exponential aperture
function that ensures the containment of the AiB
beams. For a ≪ 1, the accelerating beams have a
quasi-diffraction-free behavior over long distances
that increase as a decreases. So the size of the beam
increases, and the diffraction free distance increases
as the parameter a decreases. The parameter x0 con-
trols the cubic phase terms and also controls the
transverse shift in both the x and y directions as
x; y ¼ z2=4k2x30. Here the distance z of the output
plane is measured from the focal plane P2 of the
Fourier transform lens.
The Fourier spectrum of the nth order finite energy

ApB is proportional to [5]

I½ϕn�ðkx; kyÞ ∝ exp½iκ3ðk3x=3 − a2kx=κ2

þ kxk2yÞ� exp½−aκ2ðk2x
þ k2yÞ�Θm

� ffiffiffi
2

p
kyκ

�
: ð2Þ

This spectrum has some similarities with the AiB
Fourier spectrum, including the cubic phase term
and the Gaussian envelope controlled by the pa-
rameter a. The major difference is the quartic oscil-
lator polynomial Θnð

ffiffiffi
2

p
kyκÞ [5] that controls the

amplitude and phase of the vertical spatial frequency
coordinate. To distinguish these beams from the AiB
beams, the parameter x0 for the AiB beams is re-
placed by the parameter κ for the ApB beams. This
parameter κ controls the cubic phase term and also
controls the transverse shift in the x direction as
x ¼ z2=4k2κ3. Again the distance z of the output plane
is measured from the focal plane P2 of the Fourier
transform lens.
Figure 1 compares the theoretical patterns for the

amplitude (top row) and phase (bottom row) of the
Fourier spectra for the AiB beam (left column),
and for the ApB beams for n ¼ 0 (middle column)
and n ¼ 6 (right column) with a ¼ 0:02. In the fig-
ures, white refers to a phase of −π radians, while
black refers to a phase of þπ radians. As mentioned
above, themajor difference between the Fourier spec-
tra of the ApB beams and the two-dimensional AiB

beams is the extra modulation of the amplitude and
phase in the ky axis given by Θnð

ffiffiffi
2

p
kyκÞ.

3. Experimental Results Using Amplitude and Phase
Fourier Spectral Masks for Generating Accelerating
Beams

We generate experimental results for both kinds of
accelerated beams by combining the amplitude and
phase patterns onto a single LCD [9,10]. We begin
with the Fourier spectrum of the desired accelerating
beam function having an amplitude MPðx; yÞ and
phase ϕPðx; yÞ and written as MPðx; yÞ expfi½ϕP
ðx; yÞ�g. In our approach, we add a vertically oriented
linear phase grating ϕGðyÞ ¼ 2πy=d with period d to
obtain a new phase pattern as ϕPðx; yÞ þ ϕGðyÞ. The
amplitude information is then encoded by spatially
modulating the phase pattern with the amplitude
[9,10] as expfiM0

Pðx; yÞ½ϕPðx; yÞ þ ϕGðyÞ�g. The inten-
sity that is diffracted into the first order varies
spatially and reproduces the desired amplitude
and phase distribution. There is a slight distortion
that is corrected by modifying the amplitude term
M0

Pðx; yÞ. Here the total phase ϕ ¼ ½ϕPðx; yÞ þ
ϕGðx; yÞ� is defined in the range ½−π; π�, while the am-
plitude is defined in the range [0 ≤ M0

Pðx; yÞ ≤ 1]. The
zero order diffraction produces an undesired term
that can be blocked.

For the experiments, linearly polarized light from
an argon laser is spatially filtered, expanded, and
collimated. The amplitude and phase patterns are
encoded onto a parallel-aligned LCD manufactured
by Seiko Epson with 640 × 480 pixels with pixel spac-
ing of 42 μm [11]. Each pixel acts as an electrically
controllable phase plate, where the total phase shift
exceeds 2π radians as a function of gray level at the
argon laser wavelength of 514:5nm. The linear phase
grating period d was 8pixels;∼328 μm. The Fourier
transform of the mask was formed in the focal plane
of a 1-m focal length lens to create the accelerated
beams. The output was then recorded with a CCD
camera. To magnify the image, we mounted a 10×
microscope objective at a fixed distance on the front

Fig. 1. Amplitude (first row) and phase (second row) Fourier spec-
tral masks for the AiB beam (left column), and for the ApB beams
for n ¼ 0 (middle column) and n ¼ 6 (right column) with a ¼ 0:02.
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of the CCD camera [6]. By translating this assembly,
we recorded the propagation dynamics of the beams.
Figure 2 shows experimental results for the AiB

beam and for ApB beams having n ¼ 0 and n ¼ 6,
where a ¼ 0:02, and κ ¼ x0 ¼ 68:5 μm at propagation
distances of z ¼ f0; 15; 30; 45g cm measured from the
focal plane P2 of the Fourier transform lens. The AiB
beams are characterized by an inverted L-shaped
series of spots, while the nth order AiB beams are
distinguished by nþ 1 parabolas. The width of the
image plane corresponds to 4mm. As expected, the
beams remain almost diffraction-free for z ≈ 45 cm.
Note that the “wings” of the ApB beams flare toward
the center; this phenomenon is most easily seen for
the n ¼ 6 pattern at the longer propagation dis-
tances, and this will be commented on later. The
AiB beam shows a quadratic shift in the 45° direc-
tion, while the ApB beams have a transverse qua-
dratic right shift during propagation. However, by
a rotation of the pattern, we can always choose an
arbitrary direction for the shift. The direction of
the transverse shift can be reversed using the com-
plex conjugate of the phase mask. The results agree
with previous experimental results and with theory.

4. Experimental Results Using Phase-Only Fourier
Spectral Masks for Generating Accelerating Beams

Next, we repeated the same experiment using phase-
only patterns where the amplitude information is not

included. Experimental results are shown in Fig. 3,
using the same experimental parameters as in Fig. 2.

The AiB beam results are excellent, indicating that
the amplitude information is not necessary. This is
an important observation and should make the gen-
eration of the AiB beams more convenient. However,
the results for the ApB beams are poor, and this
means that the amplitude information is critical.
The n ¼ 0 results are identical to the AiB beam, with
a 45° rotation of the axes. This is expected upon ex-
amination of the phase patterns in Fig. 1 or Eqs. (1)
and (2). The quality of the n ¼ 6 ApB beam is quite
poor, and the “wings” of the beams flare away from
the origin rather than toward the origin, as shown
in Fig. 2.

To overcome this difficulty with the ApB beam
masks, we tried encoding a horizontal binary ampli-
tude slit on top of the phase pattern. This slit was
located at the center of the phase pattern, and its ver-
tical height could be changed. As we decreased the
slit height from 120 pixels to 20 pixels, the resulting
beam improves as shown in Fig. 4 for the n ¼ 0 ApB
beam. The optimal results are obtained when the slit
height is about 60 pixels. This corresponds to the 1=e
width of the quartic oscillator function. This charac-
teristic seems generally appropriate for all of the
cases that we considered (where n ¼ 0, 3, 6). The op-
timal results for our ApB beams were obtained when
the slit height corresponded to the 1=e height of the
quartic oscillator function.

Fig. 2. Experimental results for AiB and for ApB beams with n ¼
0 and n ¼ 6 at distances of z ¼ f0; 15; 30; 45g cm using amplitude
and phase masks.

Fig. 3. Experimental results for AiB and for ApB beams with n ¼
0 and n ¼ 6 at distances of z ¼ f0; 15; 30; 45g cm using phase-only
masks.
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Figure 5 shows the results using the modified
phase-only spectral masks for the cases of the AiB
beam, and the ApB beams for n ¼ 0 and n ¼ 6 as a
function of distance. In these cases, the results agree
well with the amplitude and phase results of Fig. 2.
Next we examined the consequences of shortening
the length of the optical Fourier system.

5. Experimental Results Using Amplitude and Phase
Fourier Spectral Masks and a Compact Optical System
for Generating Accelerating Beams

As mentioned in the introduction, the Fourier trans-
form of the generating pattern is formed using a 2f
optical Fourier system, as shown in Fig. 6(a). The in-
put plane is defined as plane P1. The Fresnel diffrac-

tion pattern of the input is formed at a distance
d1 ¼ f , where f is the focal length of the Fourier
transform lens. This Fresnel diffraction pattern is
multiplied by the phase function of the Fourier trans-
form lens, and the Fresnel diffraction pattern of this
product is formed in the focal plane P2 of the Fourier
transform lens at a distance d2 ¼ f . The measure-
ments of Fig. 2 were taken at the output plane lo-
cated at various distances z from the focal plane.
However, the total system length is 2f and can be
uncomfortably long for most laboratories. Next we in-
vestigated the consequences of reducing the distance
to d1 ¼ 0, forming a shortened system as shown in
Fig. 6(b). This simplification is common in Fourier
optical systems. We again measured the beam at var-
ious distances z from the focal plane.

Figure 7 shows experimental results for the short-
ened system of Fig. 6(b) for the AiB beam and for ApB
beams having n ¼ 0 and n ¼ 6, where a ¼ 0:02,
and κ ¼ x0 ¼ 68:5 μm at propagation distances of
z ¼ f0; 15; 30; 45g cm. We see two consequences.
First, the sizes of the beams increase with propaga-
tion distance. This is most clearly seen for the n ¼ 6
case. Secondly the deflection decreases relative to the
results from Fig. 2. In general, we find that the size of
the beam increases and the deflection decreases as
the distance d1 decreases. These results can be un-
derstood using the ABCD optical system discussed
in Ref. [4]. This theoretical approach predicts that
the deflection will vary approximately as

y ¼ ðz2=4k2x30Þ
�
1 −

z
R

�

¼ ðz2=4k2x30Þ
�
1 −

zð1 − d1=f Þ
f

�
: ð3Þ

Fig. 4. Experimental results at a fixed propagation distance for
ApB beamwith n ¼ 0 using phase-only mask with different binary
vertical slit widths.

Fig. 5. Experimental results for AiB and for ApB beams with n ¼
0 and n ¼ 6 at distances of z ¼ f0; 15; 30;45g cm using phase
masks with properly chosen binary slit width.

Fig. 6. (a) Conventional optical Fourier system; (b) shortened op-
tical Fourier system.
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Our experimental results and computer simulations
are in good agreement with these predictions.
Next we discuss how to retain the shorter optical sys-
tem and produce excellent results with phase-only
patterns.

6. Experimental Results Using Phase-Only Fourier
Spectral Masks and a Compact Optical System for
Generating Accelerating Beams

The poor performance of the shortened optical sys-
tem of Fig. 6(b) can be attributed to the absence of
the Fresnel diffraction over the distance d1 between
the input plane and the lens plane. We decided to im-
plement this Fresnel diffraction into our mask func-
tion as shown in Fig. 8. Figures 8(a) and 8(b) show
the amplitude and phase of the Fourier transform
mask for the n ¼ 6 ApB beam. We then computed
the Fresnel diffraction pattern formed from this in-
put at a distance of the focal length of the lens, and
the results are shown in Figs. 8(c) and 8(d). As before,
white refers to a phase of −π radians, while black re-
fers to a phase of þπ radians. It is obvious that the
amplitude and phase are both affected by this Fres-
nel diffraction. We encoded only the phase portion of
this mask onto the LCD and examined the output at
distances from the focal plane of the lens. Note that
in this configuration, we did not use the horizontal
slits that were required in Section 4.
Experimental results in Fig 9 show that the sizes,

shapes, and deflections of the AiB and ApB beams
are in excellent agreement with the original results

shown in Fig. 2. However, there are two benefits to
this new design; we are encoding only the phase of
the Fourier spectral function, and we have a short-
ened optical system.

Fig. 7. Experimental results for AiB and for ApB beams with n ¼
0 and n ¼ 6 at distances of z ¼ f0; 15; 30; 45g cm using amplitude
and phase masks and with a shortened optical system.

Fig. 8. Amplitude (a) and phase (b) spectral masks for ApB beam
with n ¼ 6. Amplitude (c) and phase (d) spectral masks incorpor-
ating Fresnel diffraction through a distance of 1m for an ApB
beam with n ¼ 6.

Fig. 9. Experimental results for AiB and for ApB beams with n ¼
0 and n ¼ 6 at distances of z ¼ f0; 15; 30; 45g cm using phase-only
masks that encode both the generating spectral mask and the ef-
fects of Fresnel diffraction with the shorter optical system.
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7. Encoding the Fourier Transform Lens onto the
Phase-Only Spectral Masks

As a final simplification, we encoded the Fourier
transform lens from Fig. 6(b) onto the phase-only
spectral masks. This produces an extremely simple
system, where everything (including the Fourier
spectral mask, the Fresnel diffraction, and the Four-
ier transform lens) can be encoded onto a single pro-
grammable optical element. However, there are
restrictions on the focal length that can be success-
fully encoded due to the pixel structure of the LCD
[12]. As the focal length of the Fresnel lens decreases,
the distance between the phase maxima decreases.
However, the period of the oscillations in the phase
function cannot be smaller than the pixel spacing.
This leads to an effective Nyquist focal length limit
given by f N ¼ NΔ2=λ, where N is the number of pix-
els on the LCD and Δ is the pixel spacing. For the
LCD used in these studies, the Nyquist focal length
is 1:76m. For values smaller than this, we find de-
creased optical efficiency and some distortion in
the encoding capabilities.
Experimental results are shown in Fig. 10 using

the same conditions as before. Note that we used a
focal length shorter than f N of 1 m so that the data
would agree with previous results. These results in
Fig 10 show that the sizes, shapes, and deflections

of the AiB and ApB beams are also in excellent agree-
ment with the original results shown in Fig. 2. As dis-
cussed earlier, the advantage of this system is that
everything, including the initial phase pattern, the
Fresnel diffraction, and the Fourier transform lens,
is encoded onto the LCD. In addition, we obtain a
shortened optical system. However, there is a prob-
lem in that the focal length of the lens can be longer
than desired. This can be remedied using LCDs with
smaller pixel sizes.

8. Conclusions

In conclusion, we have experimentally demonstrated
several approaches that allow the generation of AiB
and ApB beams using only the phase portion of the
Fourier spectral generating pattern. We find that
the AiB beams are very robust, while the ApB beams
require more care with the amplitude information.
Excellent results were obtained where we masked
part of the phase mask with a slit function. We then
considered a compact optical system with half of the
physical length that is normally required. However,
this does not yield acceptable results. We then
studied a phase-only mask that combines the Fresnel
diffraction corrections for the shortened optical sys-
tem. Excellent experimental results are obtained for
both the AiB and ApB beams. Finally we incorpo-
rated the Fourier transform lens onto the pattern
and again obtained excellent output patterns. We ex-
pect that these results will be very useful for the op-
tical community in implementing these kinds of
new beams.

We would like to thank Tomio Sonehara of Seiko
Epson Corporation for the use of the LCD.
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