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SI Text
Electrodynamic Calculation of Forces on Dielectric Sphere. Here we
describe in detail the point-dipole approximation for a sub-
wavelength dielectric sphere, and compare the results of this
approximation with exact numerical electrodynamic calculations
of the optical forces. For concreteness, we consider a dielectric
sphere of (possibly complex) permittivity ϵ and radius r, interact-
ing with an incident standing electromagnetic wave with electric
and magnetic field components Ein ¼ ŷE0 cos kðx − x0Þ cosωt and
Bin ¼ ẑðE0∕cÞ sin kðx − x0Þ sinωt, where k ¼ ω∕c. Here we assume
that the sphere is in free space rather than in a cavity, which
allows one to unambiguously calculate the optical forces acting
on the sphere independent of its motion (as opposed to the cavity
case where the motion of the sphere generally shifts the cavity
resonance, causing the intracavity field E0ðtÞ to depend on the
history of motion). In the special case where the sphere is loca-
lized near one of the nodes or anti-nodes, the free-space and cav-
ity cases yield the same results (e.g., for the mechanical trap
frequency ωm) as the cavity resonance and intra-cavity field to
lowest order become insensitive to small displacements of the
sphere. The electrodynamic problem of plane-wave scattering
off of a sphere is exactly solvable, as the vector wave equation
∇2EðrÞ þ k2ϵðrÞEðrÞ ¼ 0 (with similar equation for B) admits
solutions through separation of variables (1). Note that one can
define natural dimensionless length scales kj ffiffiffi

ϵ
p jr, kr for the

electrodynamic response inside and outside the sphere. Of par-
ticular interest is the case when kj ffiffiffi

ϵ
p jr ≪ 1 is a small parameter

(we assume that j ffiffiffi
ϵ

p j > 1 for this discussion, which is typically
the case). One can then formally solve the wave equations using
perturbation theory, with the lowest order equation given by
∇2EðrÞ ¼ 0 along with appropriate boundary conditions at the
surface of the sphere. Physically, this approximation states that
the magnetic field is not important in the near-field, such that
the lowest-order response of the sphere can be obtained by
solving an electrostatic equation. Taking an optical wavelength
of λ ¼ 2π∕k ¼ 1 μm and ϵ ¼ 2, for instance, the electrostatic
solution should be valid for r ≲ 110 nm. In this regime, the
polarizablity of the sphere is of the simple form given by electro-
static theory, αind ¼ 3ϵ0V ϵ−1

ϵþ2 (1), as is used in the main text. The
optical potential experienced by the sphere is predicted to be
Uopt ¼ −ð1∕4ÞðRe αindÞE2

0 cos
2 kðx − x0Þ. For spheres larger than

r ≳ 1∕kj ffiffiffi
ϵ

p j, the forces predicted by the electrostatic theory will
be substantially larger than the actual forces, as phase variations
of the field within the sphere become important.

To compare the electrostatic approximation with actual results,
we first solve the electrodynamic scattering problem exactly. The
exact force Fx along x can then be obtained by integrating the
Maxwell stress tensor Tij over the sphere surface S,

Fx ¼ ϵ0∮Sda ∑
j¼x;y;z

Txjn̂j; [S1]

where n̂j is the outgoing normal vector to the sphere surface. In
Fig. S1 we compare the approximate and exact forces for various
values of r, taking ϵ ¼ 2. It can be seen that the two methods
agree closely for k

ffiffiffi
ϵ

p
r ≲ 1. For spheres where k

ffiffiffi
ϵ

p
r ≳ 1, the

forces predicted from electrostatic theory can be much larger
than the actual forces, and even different in sign.

Absorption losses of trapped sphere. In this section, we consider the
effect that a small imaginary component of the permittivity ϵ has
on a trapped sphere. In the limit that the sphere has a radius

much smaller than the optical wavelength, the sphere behaves
as a point-like dipole with polarizability αind ¼ 3ϵ0V ϵ−1

ϵþ2. For small
Im ϵ, the polarizability acquires a small imaginary component
that leads to a non-zero absorption cross-section, with a corre-
sponding absorbed power

Pabs ¼ 12π
I0
λ
V Im

ϵ − 1

ϵþ 2
: [S2]

Here I0 is the trapping beam intensity, V is the sphere volume,
and λ is the optical wavelength. The absorbed power causes a rise
in the internal temperature T int of the sphere, which is balanced
out by thermalization with a background gas and blackbody
radiation.

We first quantify the effect of the background gas (which is
negligible in the regime of particular interest where the sphere
is trapped under good vacuum conditions). There are two limiting
regimes to the background gas interactions, where the sphere
radius is either much smaller or larger than the molecular mean
free path λmfp. At a relatively large pressure of P ¼ 1 Torr and
room temperature, λmfp ∼ 100 μm and thus our case of interest
is always r ≪ λmfp. Here, gas molecules independently collide
and partially thermalize with the sphere. This leads to a cooling
rate (2)

dE
dt

¼ −αg

ffiffiffiffiffi
2

3π

r
ðπr2ÞPvrms

γsh þ 1

γsh − 1

�
T int

T
− 1

�
; [S3]

where P; vrms; T are the background gas pressure, root-mean-
square speed, and temperature, respectively, and γsh is the gas
specific heat ratio (γsh ¼ 7∕5 for an ideal diatomic gas). αg is a
phenomenological energy accommodation factor (0 ≤ αg ≤ 1),
which characterizes the degree to which a gas molecule therma-
lizes with the sphere upon a single collision.

Under good vacuum conditions, blackbody radiation dissipates
the majority of the power absorbed by the sphere. For the sub-
micron spheres we are considering, the radius is much smaller
than the absorption length at typical blackbody radiation wave-
lengths, and thus the usual formulas for blackbody radiated
power do not apply. Instead, the sphere again behaves as a
point-like dipole at these wavelengths, e.g., the radiated power
scales like volume (as opposed to surface area in the case of a
large object). The internal heating rate due to blackbody radia-
tion is given by dE∕dt ¼ ∑kðℏckÞRabs;k , where the sum is over all
blackbody radiation modes (and polarizations), k is the wavevec-
tor of each mode, and Rabs;k is the absorption rate of each mode.
It is given by

Rabs;k ¼ 3ckðV∕VqÞnkIm
ϵðωkÞ − 1

ϵðωkÞ þ 2
; [S4]

where nk ¼ ðeℏck∕kBT − 1Þ−1 is the occupation number of each
mode and Vq is the quantization volume. Assuming that the
sphere has a relatively constant and temperature-independent
permittivity ϵðωÞ ≈ ϵbb across the blackbody radiation spectrum,
it is straightforward to show that the sphere absorbs blackbody
radiation at a rate

dE
dt

¼ 72ζð5Þ
π2

V
c3ℏ4

Im
ϵbb − 1

ϵbb þ 2
ðkBTÞ5; [S5]
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where T is the background temperature and ζð5Þ ≈ 1.04 is the
Riemann zeta function. Similarly, the sphere radiates blackbody
energy at a rate given by the negative of Eq. S5, with the substitu-
tion T → T int.

To illustrate these results, in Fig. S2A–C we plot the internal
equilibrium temperature T int of the sphere as a function of back-
ground gas pressure and trapping intensity I0. Here we have
taken into account the effects of optical absorption (Im ϵ), ther-
malization with the background gas, and blackbody radiation.
The values of Im ϵ in Fig. S2A–C correspond to bulk optical ab-
sorption rates of 10; 100; 1000 dB/km, respectively, while the real
part of the permittivity is chosen to be Re ϵ ¼ 2. We have taken
the other parameters to be r ¼ 50 nm, αg ¼ 0.25, Im ϵbb−1

ϵbbþ2 ¼ 0.1
(roughly corresponding to the averaged value of fused silica
around blackbody wavelengths) (3), and a volumetric heat capa-
city of the sphere of ~c ¼ 2J∕m3 · K. Note that at sufficiently low
pressures, the temperature becomes pressure-independent as
only blackbody radiation significantly contributes to energy dis-
sipation (as indicated by the vertical contours in the figure).
Furthermore, in this regime the final temperature is independent
of the sphere size (provided that r ≪ λ), since both the optical
absorption and blackbody radiation scale linearly with volume.
For losses of ∼10 dB/km, one finds that over 10 W∕μm2 of power
can be sustained without exceeding the melting point of a typical
material.

Derivation of optomechanical coupling strength.Generally, introdu-
cing a dielectric material into an optical cavity causes the bare
resonant frequency ω of a cavity mode to shift by an amount
δω, which in perturbation theory is given by (4)

δω

ω
¼ −

1

2

R
d3rδPðrÞ · EðrÞR
d3rϵ0E2ðrÞ : [S6]

Here EðrÞ is the bare cavity mode profile and δPðrÞ is the varia-
tion in permittivity introduced by the dielectric object. Consider-
ing the case where the dielectric object is a sub-wavelength
sphere, its dielectric response is well-approximated by a point
dipole, Pðr0Þ ≈ αindEðrÞδðr − r0Þ, where r is the center-of-mass
(CM) posit ion of the sphere. Taking a mode profi le
E ∝ cosðkx − ϕÞ, one readily finds (up to a constant shift) that

δω ¼ −
3V
4Vc

ϵ − 1

ϵþ 2
cosð2kx − 2ϕÞω: [S7]

The interaction Hamiltonian between this optical mode and the
mechanical motion is subsequently given by Hom ¼ ℏδωâ†â, and
as in the main text, one can define a characteristic optomecha-
nical coupling strength g ¼ 3V

4Vc

ϵ−1
ϵþ2ω.

Optical self-cooling equations.Here we derive in detail the cooling
rate equations for the CMmotion of the sphere, whose results are
summarized in the main text. We begin with the Hamiltonian gi-
ven by Eq. 4 in the main text. The corresponding Heisenberg
equations of motion, including dissipation, are

d
dt
â1 ¼ ðiδ1 − κ∕2Þâ1 −

iΩ
2
þ ffiffiffi

κ
p

â1;in;

d
dt
â2 ¼ ðiðδ2 þ 2gkẑÞ − κ∕2Þâ2 −

iΩ
2

ffiffiffiffiffiffi
2ζ0

p
þ ffiffiffi

κ
p

â2;in;

d
dt
p̂ ¼ −4ℏgk2â†1â1ẑþ 2ℏgkâ†2â2 − γp̂∕2þ F̂pðtÞ;

d
dt
x̂ ¼ p̂

m
: [S8]

Here âi;in are input-field operators associated with the cavity
mode losses κ, γ is the damping rate of the motion, and F̂p is
the noise force acting on the sphere. In the above equations,
we have expanded the position-dependent opto-mechanical cou-
pling terms gi cos 2ðkix̂ − ϕiÞ to first order in the displacement x̂,
and for simplicity have assumed that the two cavity modes have
similar properties (g1 ≈ g2 ¼ g, etc.). We now apply shifts to all of
the operators, âi → âi þ αi, x̂ → x̂þ x0, where the constants x0 and
αi are chosen to cancel out all of the constant terms in the
equations of motion. This yields

α1 ¼ −
iΩ
κ
; [S9]

α2 ¼ −
iΩ
2

ffiffiffiffiffiffi
2ζ0

p
ðκ∕2Þ − iδ02

; [S10]

where δ02 ¼ δ2 þ 2gkx0 is the detuning relative to the new reso-
nance frequency of the cavity when the sphere sits at x ¼ x0 rather
than x ¼ 0. Physically, x ¼ x0 corresponds to the minimum of the
total optical potential formed by the two driven cavity modes. We
define the ratio of the cavity mode intensities to be 2ζ ≡ jα2∕α1j2,
which is equivalent to ζ ¼ ζ0κ2∕ðκ2 þ 4δ022 Þ. In terms of ζ, the
shifted equilibrium position is given by kx0 ¼ ζ. Clearly then
the expansion in x̂ of the opto-mechanical coupling terms requires
that ζ be small. For simplicity, the prime symbol in δ02 will be
implicitly understood, and we also take δ1 ¼ 0 in the following
discussions. Following the shifts to the operators âi and x̂ and then
linearizing the equations of motion, one finds

d
dt
â1 ¼ −4igk2x0α1x̂ − ðκ∕2Þâ1 þ

ffiffiffi
κ

p
â1;in;

d
dt
â2 ¼ ðiδ2 − κ∕2Þâ2 þ 2igα2kx̂þ

ffiffiffi
κ

p
â2;in;

d
dt
p̂ ¼ −4ℏgk2jα1j2x̂þ −γp̂∕2þ F̂pðtÞ

þ 2ℏgkðα2â†2 þ α�2â2 − 2kx0ðα1â†1 þ α�1â1ÞÞ;
d
dt
x̂ ¼ p̂∕m: [S11]

Note that cavity mode 1 provides a linear restoring force
dp̂∕dt ∼ −4ℏgk2jα1j2x̂ ¼ −mω2

mx̂, and it is straightforward to show
that this relation leads to the expression for the harmonic oscil-
lator frequency ωm given in Eq. 1 of the main text. Furthermore,
note that the sphere is opto-mechanically coupled to mode 1 with
an amplitude 4gk2x0α1 ∝ ζ, and to mode 2 with an amplitude
2gkα2 ∝

ffiffiffi
ζ

p
. Thus, to lowest order in ζ, modes 1 and 2 are purely

responsible for optical trapping and cooling, respectively. Treat-
ing mode 1 simply as an external harmonic potential for the
sphere, the opto-mechanical system comprised of the CMmotion
of the sphere and cavity mode 2 is completely equivalent to the
system described in ref. 5. In particular, the optical self-heating
and self-cooling rates R� given in the main text follow immedi-
ately. For convenience, we also redefine the phases of the opera-
tors to make the optomechanica l dr iv ing ampli tude
Ωm ¼ 2ℏgkα2 ¼ 2ℏgkα1

ffiffiffiffiffi
2ζ

p
real.

Noise forces acting on trapped sphere. In the main text, we have
derived the motional heating rates of the sphere due to back-
ground gas collisions and photon recoil kicks, which under
realistic conditions are the dominant heating mechanisms. Here,
we derive the heating rates for a number of other less important
processes.
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Photon shot noise.
Photon shot noise inside the cavity leads to heating via fluctua-
tions in the mechanical oscillator frequency ωm. We write the
varying mechanical frequency in the form

ω2
mðtÞ ¼ ω2

m;0

�
1þ δNðtÞ

N0

�
; [S12]

where ωm;0; N0 are the mean frequency and mean photon number
in the trapping mode of the cavity, and δN is the number fluctua-
tion of this mode. Following the techniques of ref. 6, the shot
noise leads to parametric transitions (where the phonon number
n → n� 2 jumps in pairs) at a rate R proportional to the power
spectral density of the fluctuations at frequency 2ωm;0,

Rn→nþ2 ¼
πω2

m;0

16
Sð2ωm;0Þðnþ 2Þðnþ 1Þ; [S13]

Rn→n−2 ¼
πω2

m;0

16
Sð2ωm;0Þnðn − 1Þ: [S14]

Here the power spectral density is defined by

SðωÞ ¼ 2

πN2
0

Z
∞

0
dt cosωthδNðtÞδNð0Þi; [S15]

which is evaluated to be SðωÞ ¼ 1
πN0

4κ
κ2þ4ω2 for a cavity of linewidth

κ driven on resonance. Assuming that the sphere initially is in the
ground state, the number of oscillations before a quantum jump
due to shot noise is

NðsnÞ
osc ¼ ωm;0

2πR0→2

¼ ϵþ 2

ϵ − 1

Vcρ

3πcℏk3
ωm;0

κ
ðκ2 þ 16ω2

m;0Þ: [S16]

Here, k ¼ 2π∕λ is the wavevector of the trapping beam and Vc is
the cavity mode volume. As an example, we consider a cavity of
length L ¼ 1 cm and waist w ¼ 25μm (Vc ¼ ðπ∕4ÞLw2), and a
sphere of permittivity ϵ ¼ 2, density ρ ¼ 2 g∕cm3, λ ¼ 1 μm, and
trapping frequency ωm∕ð2πÞ ¼ 0.5MHz (the same parameters as
in Table 1 of the main text). NðsnÞ

osc as a function of cavity finesseF
(F ¼ πc∕κL) is plotted in Fig. S3. It can be seen that the number
of allowed oscillations is at least of order NðsnÞ

osc ∼ 1010, which is
much larger than the limit due to photon recoil. Physically,
the low heating rates are attributable to the large intra-cavity in-
tensities used to achieve ∼ MHz mechanical oscillation frequen-
cies, which suppresses the fractional noise δN∕N0 ∝ N−1∕2

0 .

Blackbody radiation.
As in the case of scattering of laser light, the absorption and
emission of blackbody radiation by the sphere also lead to recoil
heating. The absorption rate of blackbody radiation of mode k is
given in Eq. S4 (with each absorption event providing a momen-
tum kick ℏkx along the trapping axis), and again we assume that
ϵðωÞ ≈ ϵbb is approximately flat across the blackbody radiation
spectrum. Summing over all modes, the characteristic jump rate
due to absorption of blackbody radiation is then given by
(cf. Eq. 2 in main text)

γbb ¼
2π4

63

ðkBTÞ6
c5ℏ5ρωm

Im
ϵbb − 1

ϵbb þ 2
: [S17]

The jump rate between harmonic oscillator levels is
Rn→n�1 ¼ γbbðnþ 1∕2� 1∕2Þ. An analogous expression holds
for heating via the emission of blackbody radiation, with the re-

placement T → T int. Note that γbb is size-independent for small
spheres, as both the absorption rate and mass scale linearly with
V . Using the system parameters in Table 1 of the main text, where
the background temperature is T ∼ 300 K and laser absorption
leads to an internal temperature of T int ∼ 380 K, we find that
the number of oscillations before a quantum jump (due to either
absorption or emission) is NðbbÞ

osc ∼ 1010.

Anisotropy of sphere.
The general problem of the rotational motion of an arbitrary
dielectric object inside an optical cavity is quite challenging to
solve. Generally, the polarizability αind becomes a function of
its orientation, and changes in its orientation lead to changes
in the optical trapping potential and the intra-cavity intensity.
Here we consider a simplified version of the problem, where
the rotational motion is limited to one axis, and the anisotropy
or deformation of the sphere is of spheroid-type. As in the case
of the sphere, the latter assumption admits analytical solutions
for the polarizability tensor of the object (7). In particular, we
assume that the dielectric is a prolate nanospheroid whose size
is much smaller than the optical wavelength, with semi-major axis
a and semi-minor axis b, and that the ratio a∕b ≈ 1 (i.e., the
deviation from an ideal sphere is small). Then the polarizability
of the spheroid is given by

αind ≈ αind;0

�
1� 9

20

ϵ − 1

ϵþ 2
½ða∕bÞ4∕3 − 1�

�
[S18]

with αind;0 ≈ 3ϵ0V ϵ−1
ϵþ2. Here, the � symbols denote when the

major and minor axes are aligned along the field polarization axis,
respectively. From Eqs. S6 and S18, it is straightforward to find
the shift in the cavity frequency taking into account the rotational
degree of freedom,

δω ¼ δω0 þ δωθ cos 2θ; [S19]

where δω0 is the shift associated with the CM position alone (as
given by Eq. S7), and

δωθ ¼
27

80

V
Vc

�
ϵ − 1

ϵþ 2

�
2

½ða∕bÞ4∕3 − 1�ω cosð2kx − 2ϕÞ: [S20]

Here, we have defined θ as the angle of rotation of the spheroid.
Wearenow interested inderiving theeffectof the rotationalmo-

tion on the CMmotion. In analogy with Eq. S8, the coupled equa-
tions of motion between the rotation and the trapping mode are

da1
dt

¼ −ðiδωθ cos 2θ þ
κ

2
Þa1 þ

iΩ
2
;

dpθ
dt

¼ 2ℏδωθja1j2 sin 2θ − γθpθ þ FθðtÞ;
dθ
dt

¼ pθ
Iθ

; [S21]

where pθ is the angular momentum associated with θ, Iθ is the
momentof inertia, and γθ; Fθ are thedamping coefficient andnoise
force actingon the rotationalmotion. Since the rotational energy is
of order ∼kBT, it suffices to consider the classical equations
given here. The damping term is effected through the background
gas, as each collision between the spheroid and a gas molecule
partly exchanges angular momentum between the two systems.
The damping coefficient is found to be γθ ¼ 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3∕ð2πÞp

αθP∕
ðvrmsrρÞ (8), where r ≈ a ≈ b. αθ is a phenomenological accommo-
dation coefficient describing the efficiency of angular momentum
transfer. Thenoise force has correlations hFðtÞFðt0Þi ¼ 2Dδðt − t0Þ,
where D ¼ γθkBT∕Iθ. Note that γθ is a very small quantity under
good vacuum conditions.
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The full nonlinear coupled equations of Eq. S21 are difficult to
treat in a general setting. However, given the typical smallness of
the parameters δωθ∕κ and ℏδωθja1j2∕ðkBTÞ for nearly spherical
particles, to lowest order we can ignore the optical coupling to the
rotational motion, and the dominant effect of the sphere aniso-
tropy is trap heating through fluctuations in the polarizability αind
rather than intra-cavity intensity fluctuations. This leads to
fluctuations in the trap frequency given by

δωmðtÞ ¼ ϵθωm;0 cos 2θðtÞ; [S22]

where ϵθ ¼ 9
40

ϵ−1
ϵþ2 ðða∕bÞ4∕3 − 1Þ. As in the case of shot noise, these

fluctuations in the mechanical frequency lead to parametric
heating, with a jump rate out of the ground state given by

R0→2 ¼
Z

∞

0
dt cos 2ωm;0thδωmð0ÞδωmðtÞi: [S23]

Denoting δθðtÞ ¼ θðtÞ − θð0Þ, the above equation can be re-
written in the form

R0→2 ¼
1

2

Z
∞

0
dt cos 2ωm;0tðϵθω2

m;0Þ2hcos 2δθðtÞi: [S24]

Making a Gaussian approximation he2iδθðtÞi ≈ expð−hδθ2ðtÞi∕2Þ,
and taking the limit of small γθ, one finally finds

R0→2

ωm;0
¼ ϵ2θ

ffiffiffiffiffi
2π

p
ωm;0

8
ffiffiffiffiffiffiffiffiffi
hω2

r i
p exp

�
−

ω2
m;0

2hω2
r i
�
: [S25]

Here, ωr ¼ dθ∕dt is the angular velocity of the spheroid (typical
values of

ffiffiffiffiffiffiffiffiffi
hω2

r i
p

are in the MHz range for sub-wavelength par-
ticles). Note that the above function is peaked at ωm;0 ¼

ffiffiffiffiffiffiffiffiffi
hω2

r i
p

,
i.e., the parametric heating is most pronounced when the rota-
tional frequency is comparable to the CM oscillation frequency.
At this maximum, R0→2∕ωm;0 ∼ 0.2ϵ2θ. Furthermore, for this
worst-case scenario, R0→2∕ωm;0 can be suppressed to the ∼10−5
level with an anisotropy of a∕b ∼ 1.1.

Analysis of entanglement transfer. Here we provide a detailed
analysis of entanglement transfer between two modes of light
and two spatially separate spheres, leading to Eq. 8 in the main
text. The EPR correlations between the two light modes given by
Eq. 7 in the main text,D�

XðAÞ
�;inðωÞ � X ðBÞ

�;inðωÞ
�
2
E
∕2 ¼ e−2R < 1; [S26]

are of the form created by a non-degenerate optical parametic
amplifier (NOPA) (9), which we describe below.

The Hamiltonian corresponding to a NOPA with cavity modes
A;B is given by

H ¼ iℏðβ∕2ÞðĉðAÞĉðBÞ − ĉðAÞ†ĉðBÞ†Þ; [S27]

where ĉðjÞ is the annihilation operator of mode j. Taking an ideal,
one-sided cavity (10), and assuming that the modes have identical
linewidths κc, the Heisenberg equations of motion for each mode
read

d
dt
ĉðjÞ ¼ −

κc
2
ĉðjÞ −

β

2
ĉðj0Þ† þ ffiffiffiffi

κc
p

ĉðjÞin : [S28]

Here ĉðjÞin is the cavity input field for mode j, and j0 ¼ A;B
for j ¼ B;A. The output field is related to the intracavity and in-
put fields by ĉðjÞout ¼ ffiffiffiffi

κc
p

ĉðjÞ − ĉðjÞin . Writing ĉðjÞðtÞ ¼ ð1∕ ffiffiffiffiffi
2π

p Þ

∫ dωe−iωtĉðjÞðωÞ, Eq. S28 can be exactly solved in the Fourier
domain for ĉðjÞðωÞ. Specifically, defining quadrature operators
X̂ ðjÞ

þ ¼ ĉðjÞ þ ĉðjÞ† and X̂ ðjÞ
− ¼ ðĉðjÞ − ĉðjÞ†Þ∕i (with analogous defini-

tions for the quadrature operators of the input and output fields),
one can show when β < κc that

X̂ ðAÞ
�;outðωÞ � X̂ ðBÞ

�;outðωÞ ¼
κc − β þ 2iω
κc þ β − 2iω

�
X̂ ðAÞ

�;inðωÞ � X̂ ðBÞ
�;inðωÞ

�
:

[S29]

Over a bandwidth Δω ≪ κc that is much smaller than the cavity
linewidth, one can ignore the ω dependence in the equation
above, yielding

X̂ ðAÞ
�;outðωÞ � X̂ ðBÞ

�;outðωÞ ¼ e−R
�
X̂ ðAÞ

�;inðωÞ � X̂ ðBÞ
�;inðωÞ

�
; [S30]

where e−R ¼ κc−β
κcþβ for β < κc. Physically, for non-zero β, the joint

variance of these quadratures in the output fields can display
reduced fluctuations relative to the input fields. It can also be
shown that the other combinations of the quadratures (for
Δω ≪ κc) satisfy

X̂ ðAÞ
�;outðωÞ∓X̂ ðBÞ

�;outðωÞ ¼ eR
�
X̂ ðAÞ

�;inðωÞ∓X̂ ðBÞ
�;inðωÞ

�
; [S31]

such that their joint variances become enhanced. For this discus-
sion, the input fields to the NOPA are assumed to be vacuum
states.

We now consider the quantum state transfer process for two
spheres trapped in spatially separate cavities, where the two
output fields generated by NOPA are fed as input fields into each
of the opto-mechanical systems. The equations of motion for the
two opto-mechanical systems (denoted A;B) are given by Eq. 6 in
the main text, with the replacement âðjÞ2;in ¼ ĉðjÞout. As in the main
text, for simplicity we suppress the subscript “2” in the field op-
erators denoting the cooling mode, since we are only interested in
this mode from this point on. To solve these equations, we again
work in the Fourier domain. Without the fast-rotating terms
e2iωmt, one could achieve ideal state transfer between the mechan-
ical motion and light, as discussed in the main text. When the fast-
rotating terms e2iωmt are included in the analysis, the frequency
components ω;ωþ 2nωm (integer n) of the operators are
coupled together in an infinite set of algebraic equations. To
make the problem tractable, we truncate this infinite set by ignor-
ing the components âðjÞðωþ 2nωmÞ; b̂ðjÞðωþ 2nωmÞ where jnj ≥ 2

(e.g., we assume âðjÞðω� 4ωmÞ ¼ 0). This truncation essentially
amounts to the assumption that ωm is large compared to the other
frequency scales in the problem. We then solve the coupled set
of equations for âðjÞðωÞ; b̂ðjÞðωÞ in terms of F̂ðjÞðωÞ and âðjÞin ðωÞ (or
ĉðjÞin ðωÞ), which allows us to obtain any correlation functions for
the cavity field or mechanical motion in terms of those of the
noise and input fields. The noise forces F̂ðjÞ are assumed to be
dominated by photon recoil heating and are independent for
the systems A;B, such that their correlations take the form
hF̂ðjÞðωÞi ¼ 0 and hF̂ðjÞðωÞF̂ðj0Þðω0Þi ¼ ϕωmδðωþ ω0Þδjj0 , where
ϕ ¼ ð4π2∕5ÞðV∕λ3Þ ϵ−1

ϵþ2 (see main text). We are specifically inter-
ested in the quantity

ΔEPR ≡
D�

XðAÞ
�;mðtÞ∓X ðBÞ

�;mðtÞ
�
2
E
∕2 [S32]

characterizing the joint variance in the motion of the two spheres.
The solution is generally quite complicated, but can be expanded
to lowest order in the small parameter κ∕ωm (it is reasonably
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assumed that sideband resolution can be achieved, so that
κ∕ωm ≪ 1). After performing this procedure, and also ignoring
any fast-rotating terms (e�2iωmt) in the final expression for
ΔEPR, one arrives at the solution given by Eq. 8 in the main text.

Analysis of squeezed light generation.Here we derive the squeezing
amplitude given in Eq. 9 of the main text. In the main text, it was
argued that the trapping mode of the cavity can be effectively
considered as a mechanical potential in the limit of small ζ.
We consider the situation where the trapping beam intensity is
varied to produce a sinusoidal component in the mechanical
spring constant at frequency 2ωm, with an effective Hamiltonian
for the motion given by

Hm ¼ p̂2

2m
þ 1

2
mω2

mx̂2ð1þ 2ϵm sin 2ωmtÞ [S33]

¼ ℏωmb̂
†b̂ − i

ℏβ
2

�
b̂2e2iωmt − b̂†2e−2iωmt

�
þ 2

n
ℏβb̂†b̂ sin 2ωmt

o
:

[S34]

In the last line, we have re-written x̂ ¼
ffiffiffiffiffiffiffiffiffi
ℏ

2mωm

q
ðb̂þ b̂†Þ and

p̂ ¼ i
ffiffiffiffiffiffiffiffiffiffi
ℏmωm

2

q
ðb̂† − b̂Þ in terms of the harmonic oscillator annihila-

tion operator b̂ and also defined β ¼ ϵωm∕2 (unrelated to the β
term defined in the previous section for a NOPA). The term in
braces is a fast-varying contribution to the Hamiltonian, in
addition to the “ideal” squeezing Hamiltonian comprising the
remaining terms. The external Hamiltonian He (see Eq. 6 in
the main text) in this case is

He ¼ −i
ℏβ
2

ðb̂2e2iωmt − b̂†2e−2iωmtÞ þ 2ℏβb̂†b̂ sin 2ωmt; [S35]

and the Heisenberg equations of motion read

d
dt
â2 ¼ −

κ

2
â2 − iΩmðb̂þ b̂†2e2iωmtÞ þ ffiffiffi

κ
p

â2;in;

d
dt
b̂ ¼ −iΩmðâ2 þ â†2e

2iωmtÞ þ iF̂ðtÞeiωmt þ βb̂† − 2iβb̂ sin 2ωmt:
[S36]

We proceed to solve these equations in the Fourier domain using
the same techniques described in the previous section for entan-
glement transfer. Specifically, we truncate terms containing
frequency components ωþ 2nωm (integer n) at jnj ≥ 2 and solve
for âðωÞ; b̂ðωÞ in terms of F̂ðωÞ and âinðωÞ, from which any cor-
relation functions for the cavity field or mechanical motion can be
obtained. The input field is assumed to be in the vacuum state.
Similarly, the properties of the output field can be obtained from
these solutions by using the relation âout ¼

ffiffiffi
κ

p
â − âin.

We are specifically interested in the properties of the operator
Xþ;outðω ¼ 0Þ ¼ âoutðω ¼ 0Þ þ â†outðω ¼ 0Þ. The general solu-
tions of Eq. S36 in the Fourier domain are quite cumbersome,
so we consider the simplified limit where we set Γ ¼ κ, and take
the parametric driving strength to be β ¼ Γ

2 ð1 − δtÞ, where δt ≪ 1
is a small parameter that characterizes how far one operates from
threshold (β → Γ∕2). Expanding to lowest order in κ∕ωm and δt
and ignoring any fast-rotating terms that remain at the end of the
calculation, we find the following variance,

ΔX2þ;outðω ¼ 0Þ ≈ 5

16

κ2

ω2
m
þ 3

32

κ2

ω2
m
δt þ

2ϕωm

κ
ð1þ δtÞ þ

δ2t
4
:

[S37]

In particular, at threshold (δt ¼ 0), one recovers Eq. 9 of the main
text. Maximum squeezing of the variance on threshold is achieved

when κ ¼ 2ð2ϕ∕5Þ1∕3ωm, in which case ðΔX2þ;outÞmin ¼ ð3∕2Þ
ð5ϕ2∕2Þ1∕3.

Thus far, we have neglected to consider corrections due to a
possibly large position uncertainty Δx for the CM motion of the
sphere. Specifically, as one approaches threshold, one quadrature
of motion becomes infinitely unsqueezed, producing a large Δx.
At the same time, faithful quantum state transfer requires a linear
opto-mechanical coupling, where Oðx2Þ shifts in the cavity cooling
mode frequency can be ignored. Specifically, the Lamb-Dicke
parameter η≡ kΔx ≪ 1 for the trapped sphere must remain
small. To quantify this effect, we consider the situation where
we operate away from threshold by an amount that decreases
the squeezing by just 1 dB relative to ðΔX2þ;outÞmin. The value
of δt corresponding to this 1 dB increase can be obtained by
solving Eq. S37, and plugged into the solutions of Eq. S36 to
numerically find Δx. For concreteness, here we associate Δx with
the position uncertainty in the unsqueezed quadrature of motion.
The corresponding Lamb-Dicke parameter as a function of
sphere size is then plotted in Fig. S4 for the choice
ωm∕ð2πÞ ¼ 0.5 MHz, and it is seen that η < 10−2 over the entire
parameter regime.

Effect of transverse motion. Thus far we have considered the
cooling and state manipulation of the motion of the sphere along
the cavity axis. Here we derive in detail the corrections to these
processes due to the transverse motion of the sphere. In particu-
lar, we find that the effects on the axial motion can be made small
provided that the uncertainty in the transverse position is small
compared to the beam waist, Δy ≪ w.

First we consider the effect of transverse motion on the optical
trapping potential. Assuming that the cavity mode profile has a
Gaussian shape, EðyÞ ¼ E0e−y

2∕w2 , it is straightforward to show
that to lowest order, the transverse motion behaves as a harmonic
oscillator with frequency

ωy ¼
ffiffiffiffiffiffiffiffiffiffi
12I0
ρcw2

s
Re

ϵ − 1

ϵþ 2
: [S38]

Note that for typical parameters (beam waist much larger than
the optical wavelength), the transverse oscillation frequency is

very small compared to the axial frequency ωm;0 ¼
ffiffiffiffiffiffiffiffi
6k2I0
ρc

q
Re ϵ−1

ϵþ2

at the beam center (Eq. 1 of main text), with ωy∕ωm;0 ¼
ffiffiffi
2

p
∕ðkwÞ.

Given the typically slow time scale for the transverse motion
compared to the cavity linewidth, ωy ≪ κ, one can assume that
the intra-cavity intensity IðtÞ is an instantaneous function of the
transverse position yðtÞ,

IðyÞ ¼ I0
κ2

κ2 þ 4δ1ðyÞ2
exp

�
−
2y2

w2

�
; [S39]

where I0 is the intra-cavity intensity when the sphere is positioned
at the beam center. The term κ2

κ2þ4δ1ðyÞ2 describes changes in the
intra-cavity intensity due to changes in the cavity resonance
frequency as a function of the sphere position (for a constant
pump power). Assuming that the cavity is on resonance with
the pump when y ¼ 0, from Eq. S6 one finds that the position-
dependent detuning of the pump is δ1ðyÞ ¼ −2gðe−2y2∕w2 − 1Þ,
where g is the opto-mechanical coupling strength and the sub-
script 1 denotes the trapping mode. Note then that κ2

κ2þ4δ1ðyÞ2 adds
a correction to the intensity that is only of order ðy∕wÞ4. On the

other hand, the term exp
�
− 2y2

w2

�
in Eq. S39 describes direct

changes in the local intensity experienced by the sphere as it
moves in the beam profile, and induces corrections of order
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ðy∕wÞ2. Thus to lowest order, IðyÞ ≈ I0ð1 − 2y2

w2 Þ. This in turn causes
fluctuations in the axial frequency,

ωmðyðtÞÞ ≈ ωm;0

�
1 −

y2

w2

�
: [S40]

In analogy with Eq. 6 in the main text, one can define an an-
nihilation operator b̂y for the transverse motion, whose equation
of motion in a rotating frame is given by

d
dt
b̂y ¼ −γyb̂y þ iF̂yðtÞeiωyt: [S41]

Here γy is an effective decay rate for the transverse motion, which
might be due to gas damping or some external cooling mechan-
ism. F̂y describes a noise force that leads to heating, which (as for
the axial motion) is dominated by photon recoil in our regime of
interest. It can readily be shown that for the dipole radiation
pattern of the sphere,

hF̂yðtÞF̂yðt0Þi ≈
ϕω2

m;0

ωy
δðt − t0Þ [S42]

in one transverse direction, while in the other transverse direc-
tion, the correlation function is reduced by a factor of 2. The
relation between the annihilation operator and the transverse

position is given by y ¼
ffiffiffiffiffiffiffiffiffiffi

ℏ
2ρVωy

q
ðb̂ye−iωyt þ b̂†yeiωy tÞ. In what follows,

we are primarily concerned with the situation where the trans-
verse motion is highly populated, hn̂yi≡ hb̂†y b̂yi ≫ 1, such that
the operator nature of these variables is not important. In the
case where the decay rate γy is negligible, the noise in Eq. S42
leads to an increasing position uncertainty Δy ≈ w

ffiffiffiffiffiffiffiffiffiffi
ϕωr t

p
for a

sphere initially localized at the bottom of the potential well.
Fluctuations in the axial frequency ωmðtÞ due to the transverse

motion cause parametric heating in the axial direction, in analogy
to the effects of photon shot noise or sphere anisotropy. Follow-
ing Eq. S23, the heating rate out of the axial ground state is given
by

R0→2 ¼
Z

∞

0
dtðcos 2ωm;0tÞhδωmð0ÞδωmðtÞi; [S43]

where δωm ¼ ωmðtÞ − hωmðtÞi. By integrating Eq. S41, substitut-
ing into Eq. S40 and simplifying, one finds that the heating rate
due to transverse motion is

R0→2 ≈
1

2
ϕωr

hy2i
w2

: [S44]

Using the parameters from Table 1 of the main text,
ϕωr∕2 ∼ 10−6, and thus the heating caused by fluctuations in
ωmðtÞ can be considered negligible. Physically, this heating me-
chanism is small because the axial frequency tends to fluctuate
at rates ∼ωy that are much slower.

We now derive the decrease in cooling efficiency of the axial
motion due to the transverse motion. There are two separate
effects to consider. First, like in the case of the trapping beam,
the intensity of the cooling beam changes as the sphere moves
around, which affects the opto-mechanical driving amplitude
Ωm. Second, in the sideband resolved regime, the cooling mode
should ideally be driven on the red motional sideband (δ2 ¼
−ωm;0), whereas the fluctuating axial frequency ωm and cooling
mode resonance frequency cause the detuning from this sideband
to drift. We first consider the fluctuations in the cooling beam
intensity. Using Eq. S6, one finds that the transverse motion shifts

the cooling mode frequency by an amount 2gy2∕w2 to lowest
order, which causes the detuning to vary as δ2 ¼ −ωm;0 − 2gy2∕w2.
The opto-mechanical driving amplitude then varies as (cf.
Eq. S39)

Ω2
mðyÞ ¼ Ω2

m;0
κ2

κ2 þ 4δ2ðyÞ2
exp

�
−
2y2

w2

�
[45]

≈Ω2
m;0

�
1 −

2y2

w2
−

16gωm;0

κ2 þ 4ω2
m;0

y2

w2

�
: [46]

Here we have expanded to lowest order in y and Ωm;0 denotes the
peak amplitude at y ¼ 0. We now substitute these expressions into
the equation for the optical cooling and heating rates,

Ropt;∓ ¼ κΩ2
mðyÞ

ðκ∕2Þ2 þ ðδ2ðyÞ � ωmðyÞÞ2 : [47]

After some simplification, the average rates are given in terms of
the rates at y ¼ 0 (Rð0Þ

opt;∓) by

Ropt;þ ≈ Rð0Þ
opt;þ

�
1 −

hy2i
w2

�
16gωm;0

κ2 þ 4ω2
m;0

þ κ2 þ 32gωm;0

κ2 þ 16ω2
m;0

��
;

Ropt;− ≈ Rð0Þ
opt;−

�
1 −

hy2i
w2

�
1þ 16gωm;0

κ2 þ 4ω2
m;0

��
: [48]

Thus, one concludes that the decrease in cooling efficiency scales
like ∼hy2i∕w2.

We now consider the limitations imposed on squeezed
light generation by transverse motion. We assume that the
strength and frequency of the parametric driving term are fixed,
with the corresponding external Hamiltonian He ¼ mω2

m;0x̂
2ϵm

sin 2ωm;0t. Ideal squeezing occurs when the parametric driving
frequency is identical to twice the axial frequency, 2ωm;0 ¼ 2
ωmðyðtÞÞ. However, the main effect of fluctuations is to cause
the two quantities to become out of sync, which can be captured
in Eq. S36 by including a time-dependent detuning,

d
dt
b̂ ¼ iδωmðtÞb̂ − iΩmðâ2 þ â†2e

2iωmtÞ þ iF̂ðtÞeiωmt þ βb̂†

− 2iβb̂ sin 2ωmt: [49]

Note that the opto-mechanical system tends toward a steady
state in a time ∼1∕κ that is typically much shorter than the time
scale of fluctuations in ωm. As a result, we can effectively treat the
time-dependent detuning as a quasi-static quantity, solving this
equation in the Fourier domain at each moment in time. For sim-
plicity, here we ignore the non-secular terms and the noise force,
as we are interested primarily in the fundamental limit on squeez-
ing imposed by the detuning term. Applying the same methods as
those used to arrive at Eq. S37, we find that

ΔX2þ;outðω ¼ 0Þ ≈
�
Γ − 2β

Γþ 2β

�
2

þ 32βΓð3Γ − 2βÞδωmðtÞ2
ðΓ − 2βÞ2ð2β þ ΓÞ2 : [50]

As before, we have defined Γ ¼ 4Ω2
m∕κ as the cavity-induced

mechanical dissipation rate. For a given uncertainty in hδωmðtÞ2i,
there exists an ideal value of β that minimizes the variance in

ΔX2þ;out, which is found to be β ≈ ð1∕2ÞðΓ − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hδωmðtÞ2i

pq
Þ.

In this case,

ðΔX2þ;outÞmin ≈ 2
ωm;0

Γ
hy2i
w2

: [51]
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An analogous result holds for the minimum EPR variance achiev-
able through quantum state transfer between two spheres, since
the EPR state can be viewed as a two-mode squeezed state.

Finally, we estimate the effect of axial heating through
nonlinear coupling between the axial and transverse motions.
Specifically, the harmonic oscillator approximation is valid only
close to the minimum of the potential well. More generally, the
full potential is given byUðrÞ ≈ U0 cos2 kxe−2y

2∕w2 , whereU0 ¼ 3I0V
c

Re ϵ−1
ϵþ2 as given in the main text. For simplicity, here we ignore any

position dependence in the optical force that is induced through a
shift in the cavity resonance frequency and thus the intra-cavity
intensity. Note that the above potential contains a nonlinear
cross-coupling term between the axial and transverse motions,
which at lowest order is given by Uan ≈ 2U0ðy∕wÞ2ðkxÞ2. This
coupling can induce transitions between phonon numbers
nx; ny → nx þ 2; ny − 2. Averaging over the transverse position,
the corresponding transition rate RðnxÞ is given by

RðnxÞ ∼
Γ
36

ðnx þ 1Þðnx þ 2Þ2
�hy2i

w2

�
2

: [52]

Note that this nonlinear mixing enables weak cooling of the trans-
versemotionthroughcoolingof theaxialmotion,butthis is typically
insignificant compared to the transverse recoil heating rate. In
addition, under good vacuum conditions (say at P ¼ 10−10 Torr),
the maximum energy damping due to the background gas is also
an order of magnitude smaller than the heating rate, using the
parameters in Table 1 in the main text. Thus, at least some weak,
external cooling mechanismmust be occasionally applied in order
to position the sphere near the center of the beam waist. Once in-
itialized, however, the uncertainty due to recoil heating grows very
slowly in time,Δy ≈ w

ffiffiffiffiffiffiffiffiffiffi
ϕωr t

p
, as thousands of seconds are required

before ðΔy∕wÞ2 ∼ 0.01.
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Fig. S1. Comparison of optical forces (in arbitrary units) acting on a dielectric sphere of permittivity ϵ ¼ 2 as a function of position kx0. The four figures shown
correspond to sphere sizes of ρ≡ k

ffiffiffi
ϵ

p
r ¼ 0.5;1; 1.5; 2. The black curve indicates the results obtained from an electrostatic, point-dipole approximation, while

the red curve denotes exact electrodynamical theory.
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Fig. S2. Internal temperature of sphere (in K), as functions of background gas pressure and intra-cavity intensity. Material parameters for the sphere are given
in the text. Optical losses for the sphere are assumed to be (a) 10, (b) 100, and (c) 1,000 dB/km.

Fig. S3. The number of coherent oscillations Nosc allowed before a quantum jump due to shot noise, as a function of cavity finesse. The system parameters are
given in the text.

Fig. S4. The Lamb–Dicke parameter η ¼ kΔx corresponding to the squeezed motional state of the sphere, as a function of sphere size. The squeezing para-
meters are chosen such that the squeezing in the output light is increased by 1 dB over ðΔX2

þ;outÞmin. The physical parameters of the system are taken to be
λ ¼ 1μm, ρ ¼ 2 g∕cm3, ϵ ¼ 2, and ωm∕2π ¼ 0.5 MHz.
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