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ABSTRACT

It is shown that the relativistic wave equation for electrons in a uniform magnetic
field leads to the same wave function as that already deduced by Page from the non-
relativistic equation. As in the latter case the motion at right angles to the field is

quantized.

An expression is found for the current density from the relativistic wave equation.
The relativistic expression differs from the non-relativistic only by a constant factor
which does not affect the calculation of the mean radii of curvature of the electron

current.

Hence, for the relativistic case, as for the non-relativistic, the mean radius of
curvature is less than that expected on the classical theory. It follows that the classi-
cal relativistic relation between ¢/u and the mean radius of curvature upon deflection

gives a value of ¢/u which is too large.

HE non-relativistic Schrodinger wave equation which governs the
motion of electrons in a uniform magnetic field has been solved by Page.!
The solution which he obtains shows that the mean radius of curvature of
the electron current is less than that given by the classical theory. An
appreciable error is thus introduced in applying the classical relation to the

determination of ¢/u from deflection experiments.

Since the energies of the electrons used in deflection experiments are so
large, it was thought that a treatment of the problem by the relativistic wave

mechanics would be of interest.

THE RELATIVISTIC WAVE EQUATION
The relativistic wave equation? for electrons in a magnetic field is
V- — _.!_ .(_3._2‘[_, - iieA.V‘p —_ ‘_1_7'-_2(#262 +6_2A2)¢ =0
c? ot? he h? ¢?
where A is the vector potential and u is the rest mass of the electron.
uniform field H in the X direction
A= — jgz + kEy.
2 2

Eq. (1) then becomes in cylindrical coordinates 7, §, x,
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We put
‘l/ = R(?’)X(x)e—imae—Zfi(e[h); (3)

where € is the total energy, and m must be an integer for ¢ to be single-
valued. Eq. (2) then leads to the ordinary differential equations

el +aX =0 (4)
44 = ,
dx?
d?R 1 dR {41282 4dn%u2c2  2weHm
dr? r dr h2c? }g2 he
w22H%® m?
——-‘———————————a}R=0, (5)
h2c? 72

in which « is the constant of separation. Eq. (4) states that the electrons
moving parallel to the field act like free particles. If we introduce the quanity

1
= — (€ -y ©)

into Eq. (5), the differential equation for R becomes identical in form with
that deduced by Page from the non-relativistic wave equation. We have
therefore, as in Page’s development,

1 eH
W=<s+—2-)h( ),s=m+k=0,1,2,--'. ©)

2wuc

The energy € is thus completely quantized.? We have also for the radius of
curvature 7 of the deflected electrons*

, 2uc?W x
CoeHr 2541

®)

in which x=(2weH/kc)r®. Relativistic electrodynamics gives for the radius
of curvature in terms of W as defined in Eq. (6)

\ 2uctW

r =
e2H?

9)

so that the same correction is introduced here by the wave mechanics treat-
ment as in the non-relativistic case.

3 If the restriction of m to integral values is removed, the energy is no longer quantized.
However, k remains integral in order that the series for R shall terminate, and the validity of
subsequent calculations in both the non-relativistic and the relativistic case is not affected.

¢ Page, Eq. (33).
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TaE CURRENT

It is necessary to deduce from Eq. (1) an_expression for the current
density. If the differential equation satisfied by ¢ is multiplied by ¥ and the
result subtracted from the product of Eq. (1) and ¢, we get

9V — 4990 1(_62.Z a2$> 41rieA _ 7 = 0 10
. KA i A o o AWV +yW) = 0. (10)
Also

YV — YV = V-V — YY),
and

A YW + yW) = V- (AW).

% o 9 _0 '
o ~¥ar =i}

In addition we have

. 2 w9)
h ot
using Eq. (3). Eq. (10) may now be written
ehc? — _  dmie i) —
47ri€V- ('I’W’ — YW — —ZG—AW/) + a—t(ﬂ//\l/) = 0. (11)

We identify Eq. (11) with the equation of continuity so that the current
density is

= (E v — g — 2T AN) (12)
= VY — YV — — .
I T imi€ e
This result is to be compared with the non-relativistic expression®
. eh [_ - 4mie
J= —\YW — YW — —AYY ). (13)
4ut he

The factor ehc?/4miE€ appearing in Eq. (12) is, like that in Eq. (13), constant
in the coordinates so that it does not affect the calculation of the mean radii
of curvature averaged with respect to the current density. Hence the
relativistic wave equation gives the same values for the mean radii of
curvature as those calculated by Page.?

CONCLUSION

The relativistic wave equation leads to the same wave function for electrons
in a uniform magnetic field as that determined from the Schrédinger equation.

§ Condon and Morse, Quantum Mechanics, p. 30.
¢ Page, Egs. (45) and (48).
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The electron motion at right angles to the field is found to be completely
quantized as before. The relativistic expression for the current density differs
from the non-relativistic only in that €/¢? replaces u; this difference does not
affect the calculation of the mean radii of curvature. We are led to a con-
clusion similar to that reached by the non-relativistic treatment: the classical
relativistic relation between ¢/u and the mean radius of curvature upon de-
flection gives a value for ¢/u which is too large.

In conclusion the writer wishes to acknowledge his indebtedness to Pro-
fessor Page for suggesting this problem and for his helpful criticism during its
consideration.



