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1Dipartimento di Fisica, Università di Cagliari, and INFN sezione di Cagliari, Cittadella Universitaria 09042 Monserrato, Italy

2Department of Physics and Astronomy, The University of Mississippi, University, Mississippi 38677-1848, USA
3Theoretical Astrophysics 350-17, California Institute of Technology, Pasadena, California 91125, USA

4Centro Multidisciplinar de Astrofı́sica-CENTRA, Department de Fı́sica, Instituto Superior Técnico, Av. Rovisco Pais 1,
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We study gravitational wave emission from the quasicircular, extreme mass ratio inspiral of compact

objects of mass m0 into massive objects of mass M � m0 whose external metric is identical to the

Schwarzschild metric, except for the absence of an event horizon. To be specific we consider one of the

simplest realizations of such an object: a nonrotating thin-shell gravastar. The power radiated in

gravitational waves during the inspiral shows distinctive peaks corresponding to the excitation of the

polar oscillation modes of the gravastar. For ultracompact gravastars the frequency of these peaks depends

mildly on the gravastar compactness. For masses M� 106M� the peaks typically lie within the optimal

sensitivity bandwidth of the Laser Interferometer Space Antenna, potentially providing a unique signature

of the horizonless nature of the central object. For relatively modest values of the gravastar compactness

the radiated power has even more peculiar features, carrying the signature of the microscopic properties of

the physical surface replacing the event horizon.
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I. INTRODUCTION

One of the most elusive properties characterizing the
black hole (BH) solutions of general relativity is the pres-
ence of their event horizon. Traditional electromagnetic
astronomy can at best yield lower limits on the gravita-
tional redshift corresponding to hypothetical surfaces re-
placing the event horizon (see [1–4] for different
viewpoints on this delicate issue). However, present and
planned gravitational wave (GW) detectors offer new pros-
pects for ‘‘directly’’ observing BHs and probing their
structure [5].

From a gravitational point of view the structure of
compact objects is encoded in their free oscillation spec-
trum, i.e. in their quasinormal modes (QNMs) [6,7]. In an
effort to point out the peculiar features of compact objects
whose external metric is identical to the Schwarzschild
metric, but which do not possess an event horizon, in
Ref. [8] (henceforth paper I) we studied the free oscilla-
tions of one of the simplest ultracompact horizonless ob-
jects: a nonrotating thin-shell gravastar. Our analysis
completed previous investigations [9,10] by considering
the thin shell as a dynamical entity. The QNM spectrum of
a thin-shell gravastar is complex and profoundly different
from that of a BH, mainly because of the different bound-
ary conditions at the surface replacing the event horizon.

As first proposed by Ryan [11,12], an exquisite map of
BH spacetimes can be constructed by observing the gravi-
tational waveform emitted when a small compact object
spirals into the putative massive BH at the center of a
galaxy with the Laser Interferometer Space Antenna
(LISA). Li and Lovelace refined the analysis showing
that the small object’s tidal coupling encodes additional
information about the metric of the spacetime [13]. In this
paper we use the formalism developed in paper I to show
that any surface replacing the BH event horizon will pro-
duce a very specific signature in the gravitational signal
emitted by the orbiting object because of the resonant
scattering of gravitational radiation, which can be traced
back to the different QNM spectrum of the two objects. In
fact, here we show that the QNMs of ultracompact thin-
shell gravastars can be excited during the inspiral, whereas
Schwarzschild QNMs can only be excited by particles
plunging into the BH (see Refs. [14–17] for a discussion
of the analogous problem of particles orbiting neutron
stars).
This work is very similar in spirit to a previous study by

Kesden and collaborators [18]. There are two main differ-
ences between our work and theirs. The first difference is
that Kesden et al. considered boson stars rather than grav-
astars as BH strawmen, so no ‘‘hard surface’’ replaces the
event horizon in their case. The second difference is that
we compute the radiation in a consistent perturbative
framework, instead of using ‘‘kludge’’ waveforms that
become increasingly inaccurate in the relativistic regime.
In this sense, this paper is the first ‘‘strong-field’’ calcu-
lation of the potential gravitational signatures of inspirals
into horizonless objects.
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The plan of the paper is as follows. In Sec. II A we
review the equations describing axial and polar perturba-
tions in the interior of a gravastar and the matching con-
ditions with the ordinary perturbations of a Schwarzschild
metric in the exterior spacetime. In Sec. II B we summarize
the perturbed Einstein equations in the Bardeen-Press-
Teukolsky (BPT) formalism and we write down the source
term appearing on the right-hand side of the BPT equation
for orbiting pointlike particles of mass m0 � M. Then we
discuss how the perturbation functions outside the shell (as
obtained by the matching conditions derived in paper I) can
be used to solve numerically the BPT equation with a
source given by the orbiting particle and to compute the
radiated power. In Sec. III we compare numerical calcu-
lations of the power radiated by BHs and different grav-
astar models and we stress potentially observable GW
signatures of horizonless ultracompact objects. We con-
clude by discussing possible extensions of our work.

II. GRAVITATIONAL PERTURBATIONS BYA
POINT PARTICLE

The emission of gravitational waves by an extreme mass
ratio binary system can be computed by a perturbative
approach. One of the two compact objects is assumed to
be an extended body of mass M, whose equilibrium struc-
ture is described by an exact solution of the Einstein
equations. The second object is regarded as a point particle
of mass m0 � M perturbing the gravitational field of the
companion. This method has been applied to study gravi-
tational radiation from particles orbiting BHs (see e.g. [19–
21]) and neutron stars [14–16]. Here we apply the same
perturbative approach to compute the power radiated by
particles orbiting a thin-shell gravastar.

A. Gravitational perturbations of the internal structure

In this and the following sections we shall use the same
notation as in paper I. We consider a static thin-shell
gravastar with metric [10,22]

ds20 ¼ �fðrÞdt2 þ 1

hðrÞdr
2 þ r2ðd�2 þ sin2�d’2Þ;

(2.1)

with

fðrÞ ¼
(
h ¼ 1� 2M

r ; r > a;

�h ¼ �ð1� 8��
3 r2Þ; r < a;

(2.2)

where M is the gravastar mass and � ¼ 3M=ð4�a3Þ is the
‘‘energy density’’ of the interior region. The junction con-
ditions require the induced metric to be continuous across
the shell at r ¼ a. This implies that fðrÞ must also be
continuous at r ¼ a, i.e. � ¼ 1. In order to compute the
radiation emitted by a gravastar perturbed by a massive
point particle we must compute the gravitational perturba-
tions both inside and outside the gravastar. Perturbations in
the interior have been discussed in paper I using the Regge-
Wheeler (RW) gauge. Here we only recall some results that
are useful to compute the power radiated by orbiting
particles.
In the de Sitter interior, both axial and polar perturba-

tions can be reduced to the study of the master equation

d2�in

dr2�
þ

�
!2 � lðlþ 1Þ

r2
fðrÞ

�
�in ¼ 0; (2.3)

where the tortoise coordinate r� is defined by dr=dr� ¼
fðrÞ and fðrÞ is given by Eq. (2.2) with r < a. The regular
solution at the center (r ¼ 0) is

�in ¼ rlþ1ð1� Cðr=2MÞ2Þ�ið2M!=2
ffiffiffi
C

p ÞF
�lþ 2� i 2M!ffiffiffi

C
p

2
;
1þ l� i 2M!ffiffiffi

C
p

2
; lþ 3

2
; Cðr=2MÞ2

�
; (2.4)

where C � ð2M=aÞ3 ¼ 8�3 and Fða; b; c; zÞ is the hyper-
geometric function [23]. From �in and its derivative we
can obtain the Zerilli and RW perturbation functions as
explained in paper I.

For a thin-shell gravastar the background surface energy
vanishes, � ¼ 0, but the surface stress-energy tensor � is,
in general, nonvanishing. This implies that the perturbation
functions are discontinuous across the shell. In paper I we
derived the matching conditions relating interior and ex-
terior perturbations in the RW gauge. For axial perturba-
tions these matching conditions read

½½h0�� ¼ 0; ½½ ffiffiffi
h

p
h1�� ¼ 0; (2.5)

where ½½. . .�� denotes the ‘‘jump’’ of a given quantity across
the shell, i.e. the difference between the limits of the
corresponding quantity as r ! a	. For a thin-shell grav-

astar, Eqs. (2.5) imply continuity of the RW function and
its derivative across the shell. The treatment of polar
perturbations is more involved and it yields the following
relations for the jump of the polar metric functions across
the shell:

½½K�� ¼ 0; ½½K0�� ¼ �8�
��ffiffiffiffiffiffiffiffiffi
fðaÞp ;

2M

a2
½½H�� � ½½Hf0�� � 2fðaÞ½½H0�� þ 4i!½½H1��

¼ 16�
ffiffiffiffiffiffiffiffiffi
fðaÞ

q
ð1þ 2v2

sÞ��: (2.6)

The parameter vs depends on the equation of state (EOS)
on the thin shell, � ¼ �ð�Þ:
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v2
s � �

�
@�

@�

�
�¼0

; (2.7)

and it has the dimensions of a velocity. A microscopic
model of matter on the thin shell is needed for a micro-
physical interpretation of vs, but (roughly speaking) this
parameter is related to the sound speed on the shell. We
shall follow the treatment in paper I and treat vs as a free
parameter, although we will primarily focus on the (pre-
sumably more physical) range 0< v2

s < 1.

B. The source term and the BPT formalism

A detailed treatment of the perturbative approach used to
compute the gravitational emission by a particle orbiting a
polytropic neutron star can be found in Refs. [15–17,24].
Here we review the original method with an emphasis on
the modifications required to deal with thin-shell
gravastars.

The radial part�lmð!; rÞ of the perturbation of the Weyl
scalar ��4 is defined as

�lmð!; rÞ ¼ 1

2�

Z
d�dt�2S

�
lmð�;�Þ


 ½r4��4ðt; r; �; �Þ�ei!t; (2.8)

where �2Slmð�;�Þ is a spin-weighted spherical harmonic
of spin�2. The function (2.8) can be expressed in terms of
the Zerilli and RW perturbation functions (Zlð!; rÞ and
Ylð!; rÞ, respectively) as follows:

�lmð!;rÞ ¼ r3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þp
4!

½VaxYl þðWax þ 2i!Þ�þYl�

� r3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þp
4

½VpolZl þðWpol þ 2i!Þ�þZl�;
(2.9)

where 2n ¼ ðl� 1Þðlþ 2Þ, �þ ¼ d=dr� þ i! ¼
r�2�d=drþ i!, and

Wax ¼ 2

r2
ðr� 3MÞ; (2.10)

Wpol ¼ 2
nr2 � 3Mnr� 3M2

r2ðnrþ 3MÞ : (2.11)

The functions Vpol and Vax are the well-known Zerilli and
RW potentials

VaxðrÞ ¼ f

�
lðlþ 1Þ

r2
� 6M

r3

�
; (2.12)

VpolðrÞ ¼ 2f

r3

�
9M3 þ 3�2Mr2 þ �2ð1þ �Þr3 þ 9M2�r

ð3Mþ �rÞ2
�
;

(2.13)

with � ¼ lðlþ 1Þ=2� 1.
The radial part of ��4 outside the shell can be computed

by solving the perturbation equations in the interior. In
Refs. [15–17,24] this has been done for polytropic neutron
stars by numerically integrating the Tolman-Oppenheimer-
Volkoff equation together with the relevant stellar pertur-
bation equations. As discussed in Sec. II A, for thin-shell
gravastars the background spacetime and the perturbation
functions in the interior are known analytically. Using the
matching conditions derived in paper I we can determine
the jump in the perturbation functions across the shell.
Therefore we can easily construct the function ��4ðaþÞ
outside the shell. Through the Fourier and angular expan-
sion of Eq. (2.8) we can now impose boundary conditions
at aþ for the integration of the inhomogeneous BPT equa-
tion [25,26]

LBPT�lmð!;rÞ �
�
�2 d

dr

�
1

�

d

dr

�

þ
�ðr4!2 þ 4iðr�MÞr2!Þ

�

� 8i!r� 2n

��
�lmð!;rÞ ¼�Tlmð!;rÞ;

(2.14)

where � ¼ r2 � 2Mr and the source term Tlmð!; rÞ de-
scribes the point mass m0 moving on a given orbit around
the gravastar. In Ref. [15] the solution of Eq. (2.14) is
constructed in the general case of elliptic orbits.
Eccentricity is expected to play an important role in ex-
treme mass ratio inspirals [27,28]. However, in the remain-
der of this paper we focus on circular inspirals. This
simplifies our study and it is sufficient to prove our main
point: the gravitational radiation from extreme mass ratio
inspirals around horizonless objects is drastically different
from the BH case. We mention in passing that our numeri-
cal code is capable of handling eccentric orbits, and the
extension of our study to eccentric inspirals could be an
interesting topic for future research.
We further simplify the problem by using the so-called

adiabatic approximation (i.e. we assume that the radiation
reaction time scale is much longer than the orbital time
scale). Under this assumption the trajectory of the particle
is described by the geodesic equations for a mass m0

moving on a circular orbit of radius R0:

�	 � dt

d

¼ E

1� 2M
R0

; !K � d’

dt
¼ 1

�	

d’

d

; (2.15)

where 
 is the proper time, E is the energy per unit mass of

the particle, and !K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
M=R3

0

q
denotes the Keplerian or-
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bital frequency. The source term can be written as

Tlmð!; rÞ ¼ �ð!�m!KÞ
�
0
S�lm

�
�

2
; 0

�
0
Ulm

þ�1 S
�
lm

�
�

2
; 0

�
�1
Ulm

þ�2 S
�
lm

�
�

2
; 0

�
�2
Ulm

�
; (2.16)

where the functions sUlm are explicitly given in
Refs. [16,24].

The solution of Eq. (2.14) satisfying the boundary con-
ditions of pure outgoing radiation at radial infinity and
matching continuously with the interior solution can be
found by the Green’s functions technique. The amplitude
of the wave at radial infinity can be shown to be [15]

Almð!Þ ¼ � 1

Wlmð!Þ
Z 1

R

dr0

�2
�1

lmð!; r0ÞTlmð!; r0Þ;
(2.17)

where Wlmð!Þ is the Wronskian of the two independent
solutions of the homogeneous BPT equation

Wlmð!Þ ¼ 1

�
½�1

lm@r�
0
lm ��0

lm@r�
1
lm�: (2.18)

The two solutions �0
lm and �1

lm satisfy different boundary

conditions:

LBPT�
0
lmð!; rÞ ¼ 0; �0

lmð!; r ! 1Þ ¼ r3ei!r� ;

LBPT�
1
lmð!; rÞ ¼ 0; �1

lmð!; aÞ ¼ ��lmð!; aÞ;
@r�

1
lmð!; aÞ ¼ @r ��lmð!; aÞ: (2.19)

HereLBPT is the differential operator on the left-hand side

of the BPT Eq. (2.14) and ��lmð!; aÞ is the radial perturba-
tion of the Weyl scalar, constructed according to Eq. (2.9)
in terms of the perturbed metric functions in the interior
and evaluated at the (exterior) surface of the gravastar. The
crucial point here is that the boundary conditions at the
shell of a gravastar are drastically different from the
ingoing-wave boundary conditions that must be imposed
at the horizon of a black hole. As discussed in paper I,
perturbations near the shell will in general contain a
combination of ingoing and outgoing waves, even when
the compactness of the gravastar approaches the
Schwarzschild value (� ! 1=2).

The integral in Eq. (2.17) can be written in terms of�1
lm

and its derivatives [16]. In Eq. (2.17) it is convenient to
isolate the contribution of the Dirac � function:

Almð!Þ ¼ m0Âlmð!Þ�ð!�m!KÞ: (2.20)

Then the time-averaged energy flux

_E R �
�
dEGW

dt

	
¼ lim

T!1
EGW

T

¼ lim
T!1

1

T

X
lm

Z
d!

�
dEGW

d!

�
lm

(2.21)

can be written in terms of Âlmð!Þ as follows:

_E Rðm!KÞ ¼
X
lm

m2
0

4�ðm!KÞ2
jÂlmðm!KÞj2 �

X
lm

_ER
lm:

(2.22)

In order to evaluate �0
lm and �1

lm, we integrate the BPT

equation by an adaptive Runge-Kutta method. Close to a
resonance the solutions must be computed very accurately,
since the Wronskian (2.18) is the difference between two
terms that almost cancel each other. When required, the
tolerance parameter in the adaptive integration routines is
decreased to achieve convergence. Since the orbital fre-
quency is related to the orbital velocity v and to the semi-
latus rectum (which for circular orbits is simply
p ¼ R0=M) by the relations

v ¼ ðM!KÞ1=3 ¼ p�1=2; (2.23)

the energy flux _ER can also be considered as a function of v
or p. In the following we shall normalize _ER to the
Newtonian quadrupole energy flux

_EN ¼ 32

5

m2
0

M2
v10: (2.24)

Then the energy flux emitted in gravitational waves nor-
malized to the Newtonian quadrupole energy flux is given
by

PðvÞ � _ER

_EN
¼ X

lm

5

128�

M2

ðm!KÞ2v10
jÂlmðm!KÞj2: (2.25)

The normalized energy flux (2.25) can be computed up

to v � 1=
ffiffiffi
6

p ’ 0:408, which corresponds to the innermost
stable circular orbit (ISCO) at R0 ¼ 6M. The post-
Newtonian expansion of the energy flux PðvÞ for particles
in circular orbit around Schwarzschild BHs has been
studied by several authors [21,29,30]. The instability of
circular orbits with R0 < 6M sets an upper bound on the
velocity of the point mass. If the radius of the gravastar is
larger than the ISCO (this typically occurs for�< 0:1666)
the upper limit in v will be smaller.
From the analytical form of the stress-energy tensor

(2.16) it is easy to see that, for each assigned l, a mode
of the star is excited when the orbital frequency satisfies the
resonant condition

m!K ¼ !QNM; (2.26)

where !QNM is the QNM frequency. Thus we expect sharp

peaks to appear at the values of v corresponding to the
excitation of the gravastar QNMs for different values of the
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angular momentum parameter l. This offers an intriguing
signature of the absence of event horizons, since the emit-
ted power for a Schwarzschild BH does not show any peak.
In fact one can easily check that the frequency of the
fundamental QNM of a Schwarzschild BH is higher than
the critical value m!K corresponding to a particle at the
ISCO [24]. In other words, Schwarzschild QNMs can only
be excited by particles plunging into the BH, while the
QNMs of a gravastar can be excited during the inspiral. In
the following section we will compare the power emitted
by a circular inspiral around a thin-shell gravastar to
the power emitted by a circular inspiral around a
Schwarzschild BH.

III. GRAVITATIONAL FLUX FROM GRAVASTARS
AND BLACK HOLES

Thin-shell gravastar models are specified by two pa-
rameters: the gravastar compactness � ¼ M=a and the
sound speed parameter vs that characterizes the EOS on
the shell. Thin-shell gravastars are only one of the several
possible models that can be explored (see e.g. [10,22]) but
we expect the qualitative results of our analysis to apply
quite in general. The reason is that the main difference
between gravastars and BHs comes from the different
boundary conditions at the ‘‘surface’’ replacing the BH
event horizon, rather than from the specific nature of this
surface. Furthermore, as discussed below, peaks in the
energy flux are more sensitive to the ‘‘global’’ properties
of the gravastar (as determined by the compactness pa-
rameter �) than to the microphysical model determining
the matter distribution on the shell (which in our simplified
case reduces to the specification of a value for vs). Our
numerical study covers the whole range in compactness
(0<�< 0:5). We mainly focused on the most physical
range of the EOS parameter (0< v2

s < 1) but we also
studied the superluminal case (v2

s > 1), and we even al-
lowed for models with v2

s < 0 [31].
The gravitational emission of a Schwarzschild BH per-

turbed by a particle has been studied analytically and
numerically in great detail for both circular and eccentric
orbits [19–21,32]. Our purpose here is to compare and
contrast the energy flux from particles orbiting
Schwarzschild BHs to the energy flux from particles orbit-
ing thin-shell gravastars. For each value of the gravastar
parameters ð�; v2

sÞ we integrate the perturbation equations
(as described in Sec. II) for a pointlike object of mass m0

moving on a circular orbit of radius R0 with orbital velocity
v and we compute the energy flux (2.25). Our numerical
work uses a modified version of the BPT code described in
Ref. [16]. The results obtained by the BPT formalism were
verified using an independent code that integrates the
Zerilli and Regge-Wheeler equations. A slight variant of
these codes was used to compute the flux from a particle
orbiting Schwarzschild BHs. The results are consistent

with Refs. [19,21] within an accuracy of about one part
in 106 (see Ref. [30] for more details).
From the results of paper I, in the Schwarzschild limit

� ! 0:5 the real part of the QNM frequency tends to zero
and to a very good approximation it is independent of vs.
For example, for � ¼ 0:499 99 and l ¼ 2 we varied v2

s in
the range ½�2; 2� in steps of �vs ¼ 0:1 and we found that
the real part of the modes is a constant within a part in 106

(!R ¼ 0:235 932), while the imaginary part has tiny var-
iations in the range between !I ¼ 4:20
 10�7 and !I ¼
4:17
 10�7. In order for a QNM to be excited by particles
in circular orbits, the QNM frequency must be small
enough to allow for the resonant condition (2.26).
Figure 1 shows the dominant (l ¼ 2) contribution to the

energy flux for gravastars with very high compactness. The
frequencies of the lowest QNMs of a Schwarzschild BH
are higher than those of an ultracompact gravastar, and
cannot be excited by particles in stable circular orbits. For
this reason the power emitted by a BH (on the scale of this
plot) is roughly constant. Resonance peaks do appear for
gravastars, as expected, when !QNM ¼ 2!K. Notice that

these resonances are extremely narrow and they would get
even narrower for l > 2. This is because the imaginary part
of the excited modes is extremely small (2M!I � 10�7,
10�10 for l ¼ 2 and l ¼ 3 respectively) in the high-
compactness limit � ! 0:5, leading to a corresponding
decrease in the quality factor of the oscillations. Whether
these resonances are actually detectable is an interesting
question for LISA data analysis. The answer depends on
dissipative mechanisms (besides gravitational radiation
damping) that could affect the time scale of the oscilla-
tions, especially in the nonlinear regime: see e.g. [17,33]
for discussions of this problem in the context of neutron
star binary detection by Earth-based GW interferometers.

0.35 0.36 0.37 0.38 0.39 0.40

v
10

-2

10
-1

10
0

10
1

10
2

P
(v

)

µ=0.499970
µ=0.499980
µ=0.499990
µ=0.499995
µ=0.499999
Black hole

l=2

FIG. 1 (color online). Dominant (l ¼ 2) contribution to the
energy flux for very high compactness and v2

s ¼ 0:1 (but when
�� 0:5 resonances are almost independent on v2

s). From right to
left the resonant peaks correspond to � ¼ 0:499 97; 0:499 98;
0:499 99; 0:499 995; 0:499 999, respectively.
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Quite interestingly, the gravastars that ‘‘try harder’’ to
look like a BH (in the sense that their shell is closer to the
Schwarzschild event horizon) are also those that give away
their identity at smaller angular velocities: the more com-
pact the gravastar, the smaller the peak frequency in the
energy flux. Table I lists the expected excited modes for
different values of � corresponding to ultracompact
gravastars.

One may worry that the resonance will eventually get
out of the LISA band for gravastars having � extremely
close to the Schwarzschild value. The following naive
argument suggests that this is not the case. The ‘‘thick-
shell gravastar’’ model by Mazur and Mottola predicts a

microscopic but finite shell thickness ‘� ffiffiffiffiffiffiffiffiffiffiffi
LPlrS

p ’ 3

10�14ðM=M�Þ1=2 cm, where LPl is the Planck scale and rS
is the Schwarzschild radius, so that the energy density and

pressure in the shell are far below Planckian and the
geometry can still be described reliably by Einstein’s
equations [34]. Our simplified model does not allow for a
finite thickness of the shell, and a microscopic model of
finite shells is required for a careful analysis of this prob-
lem. However, for the sake of argument, let us consider
� ¼ 1=2�� ! 0 as a ‘‘thickness parameter’’ describing
how far the gravastar shell can be relative to the BH
horizon. A power-law fit of the QNMs of a thin-shell
gravastar in the limit � ! 0 yields fGW � 3:828
 ð�

10�5Þ0:1073. The lower frequency sensitivity limit for LISA
is dictated by acceleration noise. Assuming lower fre-
quency cutoffs of flow ¼ 10�5, 3
 10�5, 10�4, we find
that the peaks will sweep out of the LISA band when � ¼
9:6
 10�48, 2:7
 10�43, 2:0
 10�38, respectively. This
estimate of the ‘‘minimum measurable deviation from a
BH’’ is admittedly very sensitive to the fitting function we
use and it may change when one considers thick-shell
gravastars, but it suggests that LISA has the potential to
reveal solid surfaces replacing horizons even when these
solid surfaces are very close to the location of the
Schwarzschild horizon.
A relevant question is whether massive horizonless ob-

jects which are compact by the standard of (say) main
sequence stars, but ‘‘only’’ as compact as neutron stars,
can leave a signature on the gravitational signal emitted by
small, inspiraling compact objects. In Fig. 2 we plot the
normalized energy flux PðvÞ as a function of the orbital
velocity for gravastar models with v2

s ¼ 0:1 and compact-
ness in the range 0:1 & � & 0:49, as well as for a
Schwarzschild BH. The total flux was computed by adding
all multipoles (jmj � l) and by truncating the multipolar
expansion at l ¼ 6. As discussed in Refs. [15,24,30,32], a
multipole of order l contributes to the total power as a
correction of order p2�l. Roughly speaking, a truncation at

TABLE I. Values of the compactness �, angular momentum
number l, QNM frequency, orbital velocity v, and GW frequency
�GW of the circular orbits which would excite the fundamental
QNM of the gravastar for the given multipole. The Keplerian
frequency is given in mHz and rescaled to a gravastar mass
M6 ¼ 106M�.

� l M!QNM v ðM6=MÞ�GW (mHz)

0.499 97 2 0.1339 0.4061 4.328

3 0.1508 0.3691 4.873

0.499 98 2 0.1276 0.3996 4.123

3 0.1429 0.3625 4.616

0.499 99 2 0.1180 0.3893 3.812

3 0.1310 0.3521 4.232

0.499 995 2 0.1096 0.3799 3.543

0.499 999 2 0.0941 0.3610 3.041
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FIG. 2 (color online). Left: The energy flux (summed up to l ¼ 6) of GWs emitted by a small mass orbiting a thin-shell gravastar
with v2

s ¼ 0:1 and different values of � (plotted as a function of the particle orbital velocity v) is compared with the flux for a
Schwarzschild BH. All peaks (with the exception of the last two peaks on the right) are due to the excitation of QNMs with l ¼ m.
Right: same for v2

s ¼ 0:1 and selected values of � 2 ½0:29; 0:49�. No QNMs are excited in this range.
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l ¼ 6 produces a relative error (in the nonresonant regime)
of order p�5 ¼ v10 (but see [30] for a more careful dis-
cussion of the convergence properties of the post-
Newtonian series). When � * 0:166 the ISCO is located
outside the gravastar and we plot the energy flux up to the
ISCO velocity vISCO ’ 0:408 (corresponding to R0 ¼ 6M).
For less compact gravastars, plots of the energy flux are
truncated at the velocity corresponding to the location of
the shell.

The complex structure of the spectrum for values of �
smaller than about 0.2 is best understood by considering
the real and imaginary parts of the weakly damped QNM
frequencies of a gravastar (see Fig. 3). For clarity in Fig. 3
we only plot weakly damped QNMs, but our general argu-
ments apply also to the second, ‘‘ordinary’’ family of
QNMs (cf. paper I). In particular, from Fig. 2 and Fig. 6
in paper I it should be clear that QNMs will be excited for
low values of the compactness and when� is very close to
the BH value � ¼ 1=2. Besides these ‘‘ultracompact’’
modes, only QNMs whose real part lies below the hori-
zontal line in the left panel (corresponding to twice the
ISCO orbital frequency for a particle in circular orbit) can
be excited.

Figure 3 clarifies that the range of � over which QNMs
can be excited depends on vs. For v2

s ¼ 0:1 (the case
considered to produce the energy fluxes of Fig. 2) QNM
frequencies that can be excited by resonant inspirals only
exist for � & 0:21 (left panel of Fig. 2) or for � *
0:499 97, i.e. when the thin shell is extremely close to the
location of the BH horizon (Fig. 1). The real part of the
corresponding QNM frequency has a local maximum at
� � 0:15. Correspondingly, the l ¼ 2 QNM peak visible
in the energy flux of Fig. 2 occurs later in the inspiral for

the� ¼ 0:15model than it does for the� ¼ 0:10 and� ¼
0:20 models.
In Fig. 2 the l ¼ 2 and l ¼ 3 peaks for � ¼ 0:20 are

well separated in frequency and an ‘‘antiresonance’’ is
visible to the right of the l ¼ 2 resonance. The nature of
this antiresonance can be explained by a simple harmonic
oscillator model [16]. In the inset of the left panel of Fig. 2
we plot both the resonance and antiresonance as functions
of the Keplerian orbital frequency of the particle M!K for
� ¼ 0:2 and l ¼ 2 (dashed green line). A fit using the
simple harmonic oscillator model of Ref. [16] (red line)
reproduces the qualitative features of both resonance and
antiresonance: in this specific case the fit gives 2M!R �
0:07257 and 2M!I � 2
 10�6, while QNM calculations
using the resonance method yield 2M!R � 0:07257 and
2M!I � 4
 10�6.
Modes with l > 2 are typically harder to excite because

of their higher frequencies and lower quality factors.
However, because of the complex ‘‘selection rules’’ illus-
trated in Fig. 3 for l ¼ 2, sometimes only resonances with
l > 2 will be visible. When v2

s ¼ 0:1 and �> 0:21 only
modes with l > 2 can be excited, and only narrow l ¼ 3
resonances can be seen in Fig. 2 when the compactness
� ¼ 0:25 (cf. Fig. 4).
When l ¼ 2 the imaginary part of one QNM with v2

s ¼
0:1 crosses zero within our numerical accuracy at the
‘‘critical’’ compactness � ’ 0:21, possibly signaling a
(marginal) nonradial instability of the gravastar, and no
QNMs can be excited for 0:21 � � � 0:499 97. In this
compactness range the energy flux emitted by either the
gravastar or the BH is mostly due to the orbital motion and
it only depends on the compactness of the central object.
The right panel of Fig. 2 shows that the flux emitted by a
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FIG. 3 (color online). Real part (left) and imaginary part (right) of gravastar QNMs with l ¼ 2 as a function of compactness for
several fixed values of v2

s (as indicated in the legend). For clarity in illustrating the ‘‘selection rules’’ that determine QNM excitation
during inspiral we only show the weakly damped part of the QNM spectrum (compare Fig. 2 and Fig. 6 in paper I). For v2

s > 0:8 the
real part of the frequency is plotted down to the critical minimum compactness at which the imaginary part crosses zero within our
numerical accuracy. The horizontal line at 2M!R ’ 0:2722 corresponds to twice the orbital frequency of a particle in circular orbit at
the ISCO: only QNMs below this line can be excited during a quasicircular inspiral.
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gravastar approaches the BH flux ‘‘from below’’ as the
compactness increases. For � ’ 0:35 the gravastar flux is
almost indistinguishable from the BH flux and for �>
0:35 a gravastar radiates slightly more than a BH. This is
due to the fact that the emitted power ‘‘feels’’ the contri-
bution of resonances, which in this case correspond to
orbits smaller than the ISCO but do nevertheless contribute
to increase the slope of the curve. A similar trend can be
seen in neutron star calculations in regions of the parameter
space where the contribution from resonances is negligible
[16].

If gravastars or other horizonless objects have astrophys-
ical reality, the presence or absence of resonant peaks in the
GW flux can provide interesting information on the micro-
scopic properties of the physical surface replacing the
event horizon. Suppose, for example, that we can estimate
the compactness of a massive object by independent means
(e.g. by electromagnetic observations). Even within our
simple thin-shell model, the range in frequency where
resonances in the GW emission from extreme mass ratio
inspirals (EMRIs) are allowed changes with v2

s . For ex-
ample, if v2

s ¼ 0:1 resonances can exist when � & 0:21 or
�� 0:5, but if v2

s ¼ 0:3 they can exist when � & 0:1,
0:33 & � & 0:36, and �� 0:5. Similar results also hold
when l ¼ 3, as shown in Fig. 4. For example, if v2

s ¼ 0:1
resonances can exist when � & 0:27 or �� 0:5, but if
v2
s ¼ 0:3 they can exist when � & 0:2, 0:37 & � & 0:41,

and �� 0:5. So, in general, the range of � where QNM
frequencies can be excited by a circular inspiral depend on
the value of l. In the Schwarzschild limit (�� 0:5) QNM
frequencies are excited for any l, but higher-lmodes have a
tiny imaginary part (2M!I � 10�10 for l ¼ 3) and they are
more difficult to detect than the dominant (l ¼ 2) modes.

If an EMRI is detected, the existence of these selection
rules (in the form of compactness regions where reso-
nances can or cannot exist) in principle allows for null
tests of the existence of an event horizon for objects of the
given compactness. Similar arguments can presumably be
made for more complex (or contrived) gravastar models.
We can compare the gravitational energy flux shown in

Fig. 2 with that emitted by neutron stars of comparable
compactness (see for instance Fig. 1 in Ref. [16]). The
energy flux for a thin-shell gravastar with � ¼ 0:1 is
shown in Fig. 2 by a red dashed line. From the peak
position we find that the GW frequency for l ¼ 2 is �GW �
1:94 kHz for M ¼ 0:945M�. This is comparable with the
value of a polytropic neutron star with the same mass and
compactness, �GW � 1:53 kHz (cf. model A in Ref. [16]).
These frequencies depend on the equation of state on the
shell of the gravastar and in the neutron star interior,
respectively. However their range is set by the total mass,
so both frequencies lie within the optimal sensitivity band-
width of the Laser Interferometer Gravitational-Wave
Observatory (LIGO). Therefore even gravastars which
are as compact and massive as neutron stars can leave a
potentially detectable imprint in the LIGO bandwidth.

IV. CONCLUSIONS

We have shown that gravitational radiation from EMRIs
can be used to tell the presence or absence of an event
horizon in a compact, massive object. More specifically,
we have shown that the resonant excitation of the oscilla-
tion modes of a gravastar in the LISA band is a potentially
observable signature of the surface replacing the event
horizon. For thin-shell gravastar models there is a range
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FIG. 4 (color online). Real part (left) and imaginary part (right) of gravastar QNMs with l ¼ 3 as a function of compactness for
several fixed values of v2

s (as indicated in the legend). For clarity in illustrating the ‘‘selection rules’’ that determine QNM excitation
during inspiral we only show the weakly damped part of the QNM spectrum. In the left panel, the horizontal lines at 2M!R ’ 0:1361
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of compactness (e.g.� & 0:21 and� * 0:499 97 for v2
s ¼

0:1) where this resonant scattering can occur.
More detailed data analysis studies (possibly including

refined microphysical models of this ‘‘solid surface’’) are
necessary to determine the detectability of resonant peaks,
especially for ultracompact gravastars. The extension of
our results to rotating gravastar models presents a chal-
lenge because of the difficulties in finding plausible rotat-
ing gravastar solutions and because of the ergoregion
instability that affects some rotating gravastar models
[35–37].
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