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Simple scheme for expanding photonic cluster
states for quantum information

P. Kalasuwan,1 G. Mendoza,1,2 A. Laing,1 T. Nagata,3,4 J. Coggins,1 M. Callaway,1 S. Takeuchi,3,4

A. Stefanov,5 and J. L. O’Brien1,*
1Centre for Quantum Photonics, H. H. Wills Physics Laboratory & Department of Electrical and Electronic

Engineering, University of Bristol, Merchant Venturers Building, Woodland Road, Bristol, BS8 1UB, UK
2California Institute of Technology, Pasadena, California 91125, USA

3Research Institute for Electronic Science, Hokkaido University, Sapporo 060-0812, Japan
4The Institute of Scientific and Industrial Research, Osaka University, Mihogaoka 8-1,

Ibaraki, Osaka 567-0047, Japan
5Federal Office of Metrology METAS, Laboratory Time and Frequency, Lindenweg 50, 3084 Wabern, Switzerland

*Corresponding author: jeremy.obrien@bristol.ac.uk

Received December 4, 2009; revised March 5, 2009; accepted March 26, 2009;
posted April 13, 2010 (Doc. ID 120812); published May 24, 2010

We show how an entangled cluster state encoded in the polarization of single photons can be straightforwardly
expanded by deterministically entangling additional qubits encoded in the path degree of freedom of the con-
stituent photons. This can be achieved using a polarization–path controlled-phase gate. We experimentally
demonstrate a practical and stable realization of this approach by using a Sagnac interferometer to entangle a
path qubit and polarization qubit on a single photon. We demonstrate precise control over phase of the path
qubit to change the measurement basis and experimentally demonstrate properties of measurement-based
quantum computing using a two-photon, three-qubit cluster state. © 2010 Optical Society of America

OCIS codes: 270.5585, 200.3050, 270.0270.
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. INTRODUCTION
uantum information science [1] promises both profound

nsights into the fundamental workings of nature as well
s new technologies that harness uniquely quantum-
echanical behavior such as superposition and entangle-
ent. Perhaps the most profound aspect of both of these

venues is the prospect of a quantum computer—a device
hat harnesses massive parallelism to gain exponentially
reater computational power for particular tasks. In anal-
gy with a conventional computer, quantum computing
as originally formulated in terms of quantum circuits

onsisting of one- and two-qubit gates operating on a reg-
ster of qubits which are thereby transformed into the
utput state of a quantum alogrithm [1]. In 2001 a re-
arkable alternative was proposed in which the compu-

ation starts with a particular entangled state of many
ubits—a cluster state—and the computation proceeds
ia a sequence of single qubit measurements, from left to
ight, that ultimately leave the rightmost column of qu-
its in the answer state [2].
Of the various physical systems being considered for

uantum information science, photons are particularly at-
ractive for their low noise properties, high-speed trans-
ission, and straightforward single-qubit operations [3],

nd a scheme for nondeterministic but scalable imple-
entation of two-qubit logic gates ignited the field of all-

ptical quantum computing [4]. In 2004 it was recognized
hat cluster states offered tremendous advantages for this
ptical approach [5,6]: because preparation of the cluster
tate can be probabilistic, nondeterministic logic gates are
0740-3224/10/06A181-4/$15.00 © 2
uitable for making it, thus removing much of the mas-
ive overhead associated with near-deterministic logic
ates.

Soon after these theoretical developments there were
roundbreaking demonstrations of small-scale algorithms
perating on four-photon cluster states [7,8], cluster
tates of up to six photons were produced [9,10], and the
mportance of high fidelity was quantified [11]. It has
een recognized that encoding cluster states in multiple
egrees of freedom of photons may provide advantages to
omputation [12], and it has been demonstrated as a
romising route to high count rates and larger cluster
tates [13,14]. However, these demonstrations have relied
n a sandwich source or double-pass crystal to create the
luster state, which made their production unwieldy and
ade scalability issue. Here, we propose and demonstrate
simple scheme that enables a path-encoded qubit to be

dded to any photon in a polarization-encoded cluster
tate. This is achieved using a deterministic controlled-
hase (CZ) gate between a photon’s polarization and path.
e use a Sagnac interferometer architecture that pro-

ides a stable and practical realization of this scheme and
emonstrate simple measurement-based operations on a
wo-photon, three-qubit cluster state with high fidelity.

. APPROACH
standard way to define a cluster state is via a graph

here the nodes represent qubits, initially prepared in
he �+����0�+ �1�� /�2 state, and connecting bonds indicate
010 Optical Society of America
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hat an entangling CZ gate has been implemented be-
ween the pair of qubits that they connect, as in Fig. 1(a)
because these CZ gates commute, the order in which they
re performed is not important). Adding a path-encoded
ubit on a photon in a polarization-encoded cluster state
herefore requires a CZ gate to be implemented between
he polarization of the photon and its path, which must
ave previously been prepared in the |�� state [see Fig.
(c)].
A polarizing beam splitter (PBS), that transmits hori-

ontal and reflects vertical polarizations of light, imple-
ents a controlled-NOT (CNOT) gate on the polarization

control qubit) and path (target qubit) of a single photon
assing through it [Fig. 1(c)]. A CZ gate can be realized by
mplementing a Hadamard �Ĥ� gate ��0� , �1�↔ �0�± �1�� on
he target qubit before and after a CNOT gate. For a path
ubit a Ĥ can be implemented with a nonpolarizing 1/2
eamsplitter (BS). However, preparation of the |�� state
f the path (target) qubit requires an additional Ĥ, and
ˆ Ĥ is the identity operation Î; the Ĥ after the CNOT sim-
ly implements a one qubit rotation and is not included in
ur demonstration. A PBS is, therefore, all that is re-

Path–polarization CZ gate

� BS PBS
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(d)

|�+�1,2

|V�1

|H�2

|0�3|1�31�3

(e)

�

|+�3

|+�2

|+�1

Polarization cluster state

Path qubit

H HH

|�+�1,2

|0�3

� {
H

(b)(a)

QWP HWP

+�

D1

D2

}

Phase corr.

ig. 1. A simple scheme for adding photon path qubits to a po-
arization cluster state. (a) The linear three-qubit cluster state
an be created by preparing three qubits in the �+���0�+ �1� state
nd implementing a two-qubit CZ gate between each. (b) The
ame cluster state can be realized if we start with the state
�+�1,2�0�3���00�+ �11��1,2�0�3, implement Ĥ2 � Ĥ3, followed by
Z2,3. (c) A CNOT between the path and polarization of a single
hoton is straightforwardly implemented with a polarizing beam
plitter (PBS); a CZ is realized by performing a Ĥ on the target
efore and after the CNOT, which for a path qubit is a 1/2 beam-
plitter (BS). (d) A pair of photons were produced via Type-I spon-
aneous parametric downconversion in a nonlinear BiBO crystal:

60 mW 402 nm pump laser is shone into the BiBO; a single
ump photon can spontaneously split into two daughter photons,
onserving momentum and energy; degenerate pairs of photons
re collected into polarization maintaining fibers (PMFs). (e)
mplementation of the circuit shown in (c): the polarization en-
angled state ��+�1,2 is realized in post-selection by inputting a
orizontal ��H�� and vertical ��V�� photon into a 1/2 BS; an Ĥ on
ubit 2, realized with a half-wave plate (HWP), converts ��−�1,2 to
he two-qubit cluster state, ��0+ �+ �1− ��1,2; the PBS Sagnac inter-
erometer implements a CZ between the path and polarization of
hoton 2 (up to a local rotation of the path qubit).
uired to add a path qubit to a polarization cluster state.
easuring the path qubit in an arbitrary basis, however,

equires a phase shift followed by BS, and so interfero-
etric stability is required.

. EXPERIMENTAL SCHEME
s a simple demonstration of this approach, we con-
tructed the three-qubit cluster state,

��3
lin� =

1

�2
��+ �1�0�2�0�3 − �− �1�1�2�1�3�, �1�

here the first two qubits were encoded in the polariza-
ion of two photons and the third qubit was the path of
he second photon. [Equation (1) is locally equivalent to
he usual three-qubit linear cluster state simply with an
ˆ rotation applied to qubit 3.] Our experimental scheme
s shown schematically in Fig. 1(e): Two photons prepared
n the state �1H�1�1V�2 converge onto a 1/2 beamsplitter,
ondeterministically creating the entangled state ��+�
��1H�1�1H�2+ �1V�1�1V�2� /�2, where the number 1 inside

he ket brackets indicate photon number and outside sub-
cripts 1 and 2 denote spatial paths. Photon 2 then trav-
ls through a half-wave plate set at 22.5°, which imple-
ents a Ĥ on polarization to create the two-qubit cluster

tate. A third qubit is added to the cluster by adding a
ath degree of freedom on photon 2. Photon 2 enters the
agnac interferometer via a PBS cube and forms a super-
osition of clockwise �C� and counterclockwise �D� paths.
he state becomes then

�� = ��1H�1�1H�C − �1H�1�1V�D − �1V�1�1H�C − �1V�1�1V�D�/2.

�2�

he relabeling �1H�1→ �1�1, �1V�1→ �0�1, �1H�C→ �1�2�0�3,
1V�D→ �0�2�1�3 gives the state of Eq. (1).

The phase of the path qubit, qubit 3, can be controlled
y the quarter- and half-wave plates (HWPs) inside the
agnac interferometer, while the stability of this phase is
rovided by the Sagnac architecture (the visibility of the
agnac interferometer was 99.5%). The angle � of the
WP in the interferometer sets the relative phase be-

ween �0�3 and �1�3 to ei4�. The measurement basis of qu-
it 3 is therefore determined by �.
Following the principles of cluster-state quantum com-

utation, an arbitrary qubit rotation can be performed on
ubit 3 (path qubit, j=3) by measuring qubits 1 and 2 (po-
arization qubits) in the basis Bj�������+�j , ��−�j� where
�±�j�1/�2��0�j±e−i��1�j�. The values mj=0 or mj=1 if the

easurement outcome on qubit j is ��+�j or ��−�j, respec-
ively. The feed forward information of m1 selects the pro-
ection of the second qubit: for m1=0 �m1=1�, qubit 2 will
e projected on ��+�2���−�2�. After these measurements,
ubit 3 is in the state ���3=�x

m2�z
m1Rx��2�Rz��1��+�. Hence,

he path qubit can be projected into any state (up to a
nown �x operation). The waveplate settings in front of
he PBSs determine �1 and �2; simultaneous detection of
he two photons at detectors D1 and D2 ideally results in
sinusoidal interference fringe, as a function of �, with a

hase and amplitude that depends on � and � .
1 2
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. RESULTS AND DISCUSSION
igure 2 shows the density matrix �exp, obtained via
uantum-state tomography, of the polarization state of
he two photons after the ordinary BS in Fig. 1(e), before
he path qubit is added. (Here the phase-correction wave-
lates were set to produce the singlet state ��−����01�
�10�� /�2, rather than ��+�). It has a fidelity with the sin-
let state ��−����HV�− �VH�� /�2 of F=0.895. A major
ource of this non-unit fidelity is that the BS had a reflec-
ivity of R=0.59; the fidelity of �exp with the expected out-
ut state �����0.57�HV�+0.82�VH� is F=0.929. The re-
aining imperfections predominantly arise from the non-

nit visibility of quantum interference at the ordinary
S: the measured visibility for two photons of the same
olarization was Vmeas.=0.91, which is Vrel.=0.97; relative
o the ideal visibility for a R=0.59 BS, Videal=0.937. This
isibility results in reduced coherences in the measured
ensity matrix shown in Fig. 2. These imperfections in
exp will limit the performance of cluster-state operations
escribed below.
Figure 3 shows experimentally measured coincidence

ounts as a function of � for several different projective
easurements on (polarization) qubits 1 and 2: B1�	 /2�

� B2�	 /2� (red), B1�	 /2� � B2�	 /4� (green), B1�	 /2�
� B2�0� (blue), and B1�	 /2� � B2�−	 /4� (black). The solid
urves are theoretical prediction of the fringe expressed
s Y���=Y0�1+ �1−2a2�cos�4�+�2�+2a�1−a2 sin�4�
�2�sin��1��, where Y0 is the peak coincidence counts

rom each experiment and a�=0.567� is a constant de-
ending on the reflectivity �R=0.59� of the BS. The rela-
ion between R and a is a2= �1−R�2 / ��1−R�2+R2�. The ex-
ected high-visibility fringes are observed in each case
the non-unit visibility is a result of the reduced coher-
nces in �exp); however, the phase of each fringe is offset
tens of degrees) compared to the case for a R=0.5 BS but
s in good agreement with Y���. Taking into account the
=0.59 BS well explains these offsets. Similar fringes
ere measured for other projective measurements on qu-

ig. 2. Real (left) and imaginary (right) parts of the experimen-
ally measured density matrix �exp (bottom), which has a fidelity
f F=0.929 with expected state �� � (top).
�
its 1 and 2: �B1�−	 /4� ,B1�0� ,B1�	 /4� ,B1�	 /2��
� �B2�−	 /4� ,B2�0� ,B2�	 /4� ,B2�	 /2�� (not shown), and
gain the observed phases and visibilities were in good
greement with predictions based on an R=0.59 BS. Ob-
ervation of these fringes confirms that the correct one-
ubit rotations are realized via the measurements on the
wo-photon, three-qubit cluster state.

We have experimentally demonstrated a simple scheme
or adding path-encoded qubits to a polarization-encoded
luster state and demonstrated simple one-qubit rota-
ions on such a hybrid path–polarization cluster state.
imilar approaches have used less stable Mach–Zehnder

nterferometers [15]; while 10 qubits on 5 photons have
een entangled in a similar way [16]. Photonic ap-
roaches to exploring cluster states and measurment
ased quantum computations are currently the most ad-
anced. Further progress is limited by the number of pho-
ons, which makes schemes for encoding more than one
ubit per photon appealing. The advent of high-
erformance waveguide-integrated quantum circuits
17,18] that include ultrastable interferometers [17,19]
nd precise optical phase control [19] is a promising ar-
hitecture for this approach. Our scheme uses entangle-
ent of polarization and path degrees of freedom of one

hoton. This enables the addition of a path qubit to any
hoton in a polarization cluster state. The path qubit is
ot fully connected in the cluster, because the path qubit
an be connected to the polarization qubit sharing same
hoton only. This is most useful at the edges of the cluster
tate. With current approaches using up to six photons,
dding path qubits in this way has the potential to sig-
ificantly increase the size of cluster states and, thereby,
he complexity of algorithms that can be implemented.
owever, there is also a possibility to entangle path qu-
its from different photons [20] to develop a more sophis-
icated cluster state.
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