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As assemblies of graphene sheets, carbon nanotubes, and fullerenes become components of new
nanotechnologies, it is important to be able to predict the structures and properties of these systems.
A problem has been that the level of quantum mechanics practical for such systems �density
functional theory at the PBE level� cannot describe the London dispersion forces responsible for
interaction of the graphene planes �thus graphite falls apart into graphene sheets�. To provide a basis
for describing these London interactions, we derive the quantum mechanics based force field for
carbon �QMFF-Cx� by fitting to results from density functional theory calculations at the M06-2X
level, which demonstrates accuracies for a broad class of molecules at short and medium range
intermolecular distances. We carried out calculations on the dehydrogenated coronene �C24� dimer,
emphasizing two geometries: parallel-displaced X �close to the observed structure in graphite
crystal� and PD-Y �the lowest energy transition state for sliding graphene sheets with respect to each
other�. A third, eclipsed geometry is calculated to be much higher in energy. The QMFF-Cx force
field leads to accurate predictions of available experimental mechanical and thermodynamics data of
graphite �lattice vibrations, elastic constants, Poisson ratios, lattice modes, phonon dispersion
curves, specific heat, and thermal expansion�. This validates the use of M06-2X as a practical
method for development of new first principles based generations of QMFF force fields. © 2010
American Institute of Physics. �doi:10.1063/1.3456543�

I. INTRODUCTION

Empirical force fields1–8 �FFs� have been successful at
describing many condensed phase materials and biological
systems; however these FFs may not be sufficiently accurate
for designing and predicting the properties of new materials.9

Thus it would be most useful to have FFs derived from quan-
tum mechanics �QM� since QM could be applied to struc-
tures and combinations of elements never before studied ex-
perimentally. Indeed QM can be trusted to provide accurate
predictions of the valence forces and structures needed for
such FFs. However, current generations of QM have diffi-
culty in predicting accurately the attractive long range Lon-
don dispersion �1 /R6� interactions.10 For example, the
Perdew–Burke–Ernzerhof �PBE� flavor of density functional
theory �DFT�, the standard for QM on condensed phase
structures, finds no minimum in the interactions between the
graphene sheets in graphite, leading an infinite c lattice pa-
rameter.

Recently, Zhao and Truhlar11 developed the new M0X
�Refs. 11 and 12� generation of density functionals, and
showed that the M06-2X functional gives excellent accuracy
in describing weakly interacting, dispersion dominated sys-
tems �errors of �0.25 kcal /mol�. In this paper, we test the

utility of using M06-2X to develop QM based FFs, using as
our test system, carbon. Since M06-2X has not yet been in-
corporated into periodic QM software for calculating graph-
ite directly, we studied the dimer of dehydrogenated coro-
nene �DHC� �C24� as a model system, considering the
configurations most relevant to graphite. This leads to the
QMFF-Cx FF, which we then use to calculate various me-
chanical, spectroscopic, and thermodynamic quantities of
graphite crystal.

We focus on graphite partly due to the current interest in
graphene13 and carbon nanoribbons14 as the foundation for
future electronics. Since the required time and length scales
for simulations on such devices are far too large for QM
methods, it is essential to obtain accurate FF for predicting
the structural and thermodynamic properties. Here, graphite
is a natural starting point to derive the C–C van der Waals
�vdW� terms since the interactions between the planes can be
considered as pure vdW in nature. In addition, experimental
data of the c lattice parameter are available down to �4 K,
providing valuable information on the equilibrium C–C dis-
tance �Re�. In addition, new experimental data have become
available for the interaction energy between the planes pro-
viding unambiguous bond energy �De� information.

In order to provide the most accurate validation of
QMFF-Cx for graphite, it is important to compare to the
experimental values at 0 K. Section II outlines the selection
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of experimental properties and the extrapolation to 0 K. Sec-
tion III describes the process used to obtain the QMFF-Cx
FF for graphite. Section IV discusses the predictions of the
less well-characterized properties �e.g., C44 and C13�. Sec-
tion V reports a more detailed analysis of properties for
graphite based on the predicted FF. This includes phonon
dispersion curves and prediction of thermodynamic proper-
ties. Section VI considers the discrepancy between experi-
mental values of C44 �which differ by a factor of 15� and the
comparison with available theory.

II. EXPERIMENTAL DATA FOR GRAPHITE

A. Crystal structure

The experimental space group of graphite is P63 /mmc
�D6h

14�, which assumes that the graphene layers are flat. The
lattice parameters at 25 °C are15 �=2.4612 Å and c
=6.7090 Å. To convert the lattice parameters at low tem-
perature, we used the thermal expansion data from Ref. 16
�20–270 K�, extrapolated and interpolated to obtain
�a=−0.0072 Å and �c=+0.0369 Å for the total change
from 0 to 298 K. This leads to

a�0 K� = 2.4684 Å,

c�0 K� = 6.6721 Å.

B. Elastic constants

A complete study of the elastic constants of compression
annealed pyrolytic graphite �at room temperature� was car-
ried out by Blakslee et al.17 The elastic constants C11 and
C12 relate to in-plane deformations, C13 involves coupling
of stress in the plane to spacing between the planes, C33 is a
direct measure of the force constant for the graphene-
graphene vdW interactions, and C44 relates to shear of
graphene planes with respect to each other. The quantities
C11, C12, C33, and C44 are derived from direct experi-
ments; however, C13 is indirect.

The biggest variations in the elastic constants for graph-
ite are found for C44 where values from 0.18 to 0.35 GPa
have been obtained from mechanical studies17 on compres-
sion annealed samples �the values were independent of ex-
ternal compression�, while neutron scattering studies18,19 lead
to values of C44=4.2�0.2 and 4.6�0.2 GPa. The neutron-
irradiated samples are referred to as “dislocation-free graph-
ite” since it is believed that neutron damage �or impregnation
with boron� impedes dislocation motion, leading to param-
eters appropriate for the intrinsic system.18,20,21 Boron im-
plantation also leads to the larger values of C44.20,21 From
measurements of the specific heat at low temperatures,
Komatsu22 determined the C44 of natural graphite to be 4.05
and 4.52 GPa, while Bowman and Krumhansl23 calculated a
value of 2.3 by analyzing the specific heat at low tempera-
tures.

There is evidence against this belief that low values for
C44 from mechanical studies are due to dislocation migra-
tion. In studies down to 2 K, Gauster and Fritz24 observed a
nearly constant low value of C44=0.18, whereas if the low
value was due to dislocations, one would have expected an

increase for temperatures too low to activate the dislocations.
Similarly, Ayasse et al.21 measured C44 down to 0.1 K and
found no evidence of the hardening expected if the low C44
were due to dislocation motions.

In addition to the discrepancies in the C44, experimental
values of C13 have large deviations �39.5�40� and are ob-
tained indirectly. Indeed, in the mechanical studies of
Blakslee,17 it was not possible to measure C13 directly nor
was it possible to measure the related compliance S13 in
ultrasonic experiments. Instead, S13 was obtained by mea-
suring the Poisson ratio in static experiments and C13 was
calculated using

C13 = − S13/�S33�S11 + S12� − 2S13
2 �

leading to C13=15�5 GPa at room temperature. In the
temperature dependence studies of Gauster and Fritz,24 C13
could be obtained only from crosscut samples �45° from the
c-axis�, leading to a velocity of sound v given by

pv2 = 1
4 �C11 + C33 + 2C44

− ��C11 − C33�2 + 4�C13 + C44�2	 ,

where p is the density. Since C11 is much larger than C13,
this leads to considerable uncertainty in C13 �the uncertainty
is comparable to the magnitude�. Interestingly, the values for
C13 deduced from these experiments are independent of
temperature from 0 to 250 K and then change rapidly for
higher temperature.

The temperature dependence of the elastic constants was
measured by Gauster and Fritz24 on compression annealed
graphite from 4 to 300 K. We use these changes to better
compare our FF results at 0 K. As before, the values for
�C11, �C12, �C33, and �C44 are obtained from independent
experiments. However, �C13 is obtained from a complex
elastic mode calculation, after subtracting the contributions
from the other quantities �see Sec. IV C�. As a result, �C13
has an uncertainty comparable to its magnitude. Our calcu-
lated elastic constants at 0 K is presented in Table S.1 of
supplementary materials �SM�.25

C. Lattice vibrations

With four atoms per unit cell, graphite has 12 vibrational
branches. Raman and infrared �IR� studies lead to values of
the � point of the Brillouin zone �k=0�, as follows:26 E1u and
A2u are transverse acoustic �TA� and longitudinal acoustic
�LA� �at 0 cm−1�; E2g and B2g are transverse �TO� and lon-
gitudinal �LO� modes for sheet-sheet interactions �at
�10 cm−1 and �140 cm−1�; A2u and B2g are out-of-plane
�ZO� crinklings of graphite �at �868 cm−1�; E1u and E2g are
in-plane ring modes �at �1588 cm−1�.

The sheet-sheet modes �E2g, B2g or TO, LO� were also
obtained from neutron scattering studies on “dislocation-
free” graphite at room temperature, yielding18 45 and
126 cm−1 for the TO �E2g� and LO �B2g� transition at the �
point �compared to �10 and 140 cm−1 from IR and Raman�.
These neutron scattering studies lead to elastic constants of
C33=37.1�0.5 GPa, C44=4.6�0.2 GPa, and C11
=1440�200 GPa. The value for C33 is consistent with the
mechanical studies �36.5�, but the other values are signifi-
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cantly higher than mechanical results �C44=0.27 and C11
=1060�. We believe that this may be due to damage caused
by neutron irradiation and have not used the neutron scatter-
ing values for the TO and LO modes in our fits.

D. Thermal properties

The specific heat of graphite has been studied exten-
sively, with values obtained for both pure and impure graph-
ite crystals �see the work of Nihira and Iwata27 and the
references therein�. The specific heat is reported as
1.92–2.06 cal/mol K �Ref. 28� at 298 K, and increases almost
linearly with temperature up to 1500 K, where it converges
to �3.5 kcal /mol K. Below room temperature, the specific
heat is sensitive to the purity of the graphite, the size of the
crystal, and the differences in stacking faults.27 Above room
temperature, it is believed that the specific heat is to be rela-
tively insensitive to any of these effects.

Thermal expansion in graphite is highly anisotropic in
graphite, with the observed lattice spacing in the ab plane
contracting with increasing temperature from 0 to 400 K.
This is presumably due to the increased fluctuations in the
out-of-plane fluctuations by −0.09 deg−1 K at 30 K and
�1.27 at 300 K. On the other hand, the c lattice increases
rapidly in the c direction by +0.38 deg−1 K at 30 K and 2.72
at room temperature due to the weak vdW interactions.

III. COMPUTATIONAL DETAILS

A. QM calculations on the DHC dimer

The M06-2X flavor of DFT is a new generation hybrid
meta-generalized gradient approximation �GGA� exchange-
correlation functional with 54% Hartree-Fock �HF� exchange
that has been shown to describe weakly bound molecular
complexes quite accurately �0.44 kcal/mol mean absolute de-
viation �MAD� for dispersion dominated systems� near their
equilibrium structures.11 Zhao and Truhlar29 used M06-2X to
characterize the potential energy surface �PES� of coronene
�C24H12� dimer.11 They found a minimum along the x direc-
tion �denoted as PD-X for parallel displaced along the x-axis�
that corresponds closely to the packing observed in graphite
crystal and a second minimum �denoted as PD-Y� that for
graphite would be a saddle point for shearing of the graphite
planes between two PD-X minima. These calculations per-
formed with the 6-31G+ �d,p� �double-�� basis set for geom-
etry optimization and the 6-311+G�2df,2p� �triple-�� basis
for single point energies.

While coronene is frequently used as a model for graph-
ite, the presence of the hydrogen induces additional electro-
static interactions due to charge polarization. Further, the de-
velopment of a carbon FF using coronene is complicated by
the need to simultaneously develop H–H and C–H param-
eters �or estimate them�. One approach �used by Feller and
Jordan30 to estimate the strength of water-graphene interac-
tions� is to repeat the calculations with flurocoronene �hydro-
gens replaced with flourines� and estimate the C–C binding
energy as the average of the two systems.

Our approach is to use DHC �C24, DHC: Fig. 1�a�� as
the model. Here each edge carbon has an additional in-plane
sigma bond with its neighbor �like 1-2 benzyne�. This arm-

chair configuration inherent in coronene has no dangling
bonds and every carbon has sp2 type bonding.

Starting from the from the dimer coronene structures op-
timized by Zhao and Truhlar, we performed geometry opti-
mization of DHC using the M06-2X DFT functional as
implemented in the JAGUAR7.0 �Ref. 31� QM code. We chose
the augmented polarized triple-� 6-311+G�2d,2p� basis sets
of Pople and co-workers,32 a well balanced basis set provid-
ing a reasonable compromise between speed and accuracy
�Fig. 2�. Diffuse functions are known to be required for
weakly bonded systems such as DHC dimer �Zhao and
Truhlar29 carried out extensive testing on the coronene dimer
�CD��. Hence, we tested the choice of basis set with single
point calculations with eight other basis sets, with and with-
out diffuse functions �Table S.III�. In all calculations, we

FIG. 1. �a� DHC unit used in this study. Since coronene has armchairlike
edges, there are no dangling bonds: Each empty �-orbital forms a bond with
its neighbor. All carbon atoms are equivalent, making this molecule a reli-
able model for bulk graphite. �b� The optimized PD-X configuration from
M06-2X /6-311G+ �2d,2p� level of DFT. This is the most stable of the three
configurations tested and is most similar to bulk graphite �	x
=1.425 Å,	z=3.33 Å�. �c� The optimized PD-Y configuration, which is
0.66 kcal/mol higher than PD-X and represents a saddle point for sliding
two DHC units. Our optimized geometry is similar to QM studies on the
CD. �d� The high energy eclipsed structure is 6.05 kcal/mol higher than
PD-X.

FIG. 2. Comparison of basis set for the counterpoise corrected binding
energy of the PD-X configuration of DHC at the MO6-2X level DFT theory.
Data are smooth using cubic splines �dashed lines� for presentation pur-
poses. Single point energies in the various basis set were calculated using
the minimum energy structure and the counterpoise corrections are then
estimated. The 6-311+G�2d,2p� basis set was selected as a good compro-
mise of speed �1056 basis functions� and accuracy.
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account for bias due to basis set superposition error by using
the counterpoise corrections method of Boys and Bernardi.33.

In-plane charge polarization was small but non-
negligible in the CD at the equilibrium geometries,29 so we
tested the charge polarization in DHC by computing atom-
centered point charges using the electrostatic potential �ESP�
charge model, the charge model 4 �CM4�,34 and Mulliken
populations35 �Table S.II�. Finally, potential energy curves
�PECs� were calculated as a function of interplanar sheet
separation 	z, with increments of 0.01 Å �Fig. 3�.

B. The FF

1. vdW terms

We determined the parameters of the nonbonded interac-
tions in DHC using the following four potentials �Fig. 4�:

�1� The Lennard-Jones 12-6 �denoted as LJ12-6�,

Evdw = Dv�
−12 − 2
−6	 , �1�

where Dv is the well depth,


 =
Rv

R
�2�

is the scaled distance and Rv is the well radius �distance
between the carbons at the well minimum�. Equation
�1� leads to a force constant at the minimum of the
form

kv = 
�2E

�R2�
Rv

=
72Dv

Rv
2 �3�

so that the dimensionless force constant �i.e., curvature�
is

�̄ =
kvRv

2

Dv
= 72. �4�

�2� The Morse potential

Evdw = Dv�e−��v/2��1−
� − 1	2 − Dv

= Dv�e−�v�1−
� − 2e−��v/2��1−
�	 , �5�

where 
 is given by Eq. �2� and �v is the a parameter
related to the force constant. This leads to a curvature
�̄=�v /2, which is the same as LJ12-6 if �v=12.

�3� Exponential-6 potential �denoted X6, also known as the
Buckingham potential�,

Evdw = Ae−CR − b/R6 =
Dv

�� − 6�
�6e��1−
� − �
−6	 , �6�

where �̄=6���−7� / ��−6� is the curvature. The curva-
ture of LJ12-6 is recovered if �=13.772.

�4� The stretched exponential potential �denoted as X6S�,
which has the same long range behavior as the original
X6 in Eq. �1�,

FIG. 3. Comparison of the QMFF-Cx and M06-2X vdW curves for the
DHC �a� PD-X and �b� eclipsed geometries. The bottom of the PD-X curve
was used in the fitting for all the QMFF-Cx potentials, while the PD-Y
energy was used to fit the X6 and Morse potentials. The high energy,
eclipsed geometry is well described only for the X6S �stretched X6� poten-
tial, which reproduces the QM value distance �3.565 Å� and energy ��10.68
kcal/mol�. Inset: examination of equilibrium positions �3.4–3.8 Å� for the
both geometries.

FIG. 4. PECs for the four potentials considered in this study. The parameters
were all determined from the interaction of the DHC dimer from M06-2X
DFT theory. The X6 and Morse potentials lead to predictions in excellent
agreement with the QM for the PD-X and PD-Y geometrics, but are not able
to reproduce the energetics of the high energy DHC eclipsed structure. The
X6S potential has an additional parameter relating to the inner wall curva-
ture parameter of 26.9 �compared to 20.7 for X6� and is able to reproduce
the high energy structure.
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Edisp = b/R6 =
Dv�

�� − 6�

−6 �7�

but a scaled short range Pauli repulsion,

Erep = Ae−�CD�R =
Dv

�� − 6�� 6

R
e���1−
� , �8�

where � is the inner walls scaling factor ���1�, giving
a dimensionless force constant

�̄ =
6���� − 7�

� − 6
. �9�

When �=1 this leads to the original X6 potential.

2. Valence terms

The valence interactions were described using

• a Morse potential Eb=Db�e−��b/2��1−
b�−1�2+Db for the
C–C bond stretch, where kb=2Db�b

2 is the force con-
stant;

• a cosine angle bend for the C–C–C interaction with
angle-stretch �kr�� and stretch-stretch �krr� coupling

Ea = 1
2C�cos � − cos �a�2 + krr�R1 − Rb��R2 − Rb�

+ D�cos � − cos �a���R1 − Rb� + �R2 − Rb�� , �10�

where �a is the equilibrium angle, k��=C sin2 �a is the
diagonal angle force constant, and kr�=−D sin �a is the
angle-stretch force constant;

• a twofold torsion

Et = 1
2Vt�1 − cos 2�� , �11�

where � is the torsional angle, Vt is the barrier, and the
minimum is for theta �=0 �planar�.

C. Fitting procedure

Table I: To optimize the nonbond parameters, we em-

ployed least-squares fitting in a Newton–Raphson minimiza-
tion scheme. Here, we let � be the set of observables we
require the FF to reproduce, i.e.,

��	 = �R,E,
�Ei

�Ri
 �12�

is a function of the DHC plane-plane distance �R� at equilib-
rium, the binding energy from QM �E�, and the atomic forces
��Ei /�Ri� for atom i. The per-atom forces were calculated
from the QM wave function by numerical differentiation of
the energy of 24 �6N where N=4� perturbed geometries,
moving each atom �0.05 bohr in each x /y /z direction.

We then minimize the residual function R���	�,

R���	� = �
i=1

N

wi�Ri
calc���	� − Ri

obs���	��2, �13�

where N is the number of confirmations used in the fit and wi

is the weighting factor. Typical values for weighting factor
are 10 for the distances, 100 for the energies, and 250 for the
forces.

The vdW interactions within a sheet lead to a tension
that is balanced by the bond stretch forces. Hence we fixed
the vdW terms and optimized the valence terms separately
by direct minimization of the graphite crystal structure using
the biased-Hessian method.36 We required zero stress within
the plane while matching the 868 cm−1 �out-of-plane crin-
kling� and 1588 cm−1 �in-plane distortion� lattice modes.
This allowed optimization of the Rb, kb, k��, kr�, and valence
parameters. Due to redundancy, we did not optimize Db, krr,
or �a.

The dispersive part of the vdW interactions for the LJ
and X6 potentials were obtained using Ewald summations,
with the accuracy bounded convergence criterion for the
Ewald parameters.37 The convergence tolerance was
0.001 kcal/mol, leading to a real space cutoff of 5.2 Å and a
reciprocal space cutoff of kcut of 1.4 Å−1. For the Morse
potential we used the fifth order taper function ensuring that
the energy, and first and second derivatives are continuous as
the potential goes smoothly to zero from 9.0 to 10.0 Å.

We used the 868 and 1588 cm−1 experimental lattice
modes in our optimization protocol since the M06-2X func-

TABLE I. Comparison of interaction energies �kcal/mol� for PD-X, PD-Y, and eclipsed DHC dimer structures between QM �counterpoise corrected �	ECp�
and uncorrected �	E�� and QMFF-Cx. These can be compared to similar numbers on the CD from DFT and MP2 calculations. PD-X is topologically similar
to the graphite structure, while PD-Y is a saddle point corresponding to the barrier between two adjacent PD-X minima. The interplane z displacements for
the QM structures are quoted in brackets.

QMFF-Cxa �DHC� M06–2Xb �DHC� M06–2Xc �CD� MP2d �CD�

LJ12-6 �Eq. �1�� Morse �Eq. �5�� X6 �Eq. �6�� X6S �Eq. �15�� 	ECp 	E 	ECp 	E 	ECp 	E

PD-X �16.70 �16.69 �16.72 �16.62 �16.73 �3.410 Å� �22.10 �18.55 �3.32 Å� �21.73 �18.68 �31.32
PD-Y �16.65 �16.04 �16.00 �16.10 �16.07 �3.320 Å� �21.29 �17.88 �3.33 Å� �20.98
Eclipsed �16.24 �15.62 �15.56 �10.51 �10.68 �3.565 Å� �15.06 �9.77 �3.66 Å� �12.64
eError 5.59 4.94 4.88 0.20

aParameters fit to QM with counterpoise corrections, vdW energies at the minimum of the PD-X and PD-Y curves, except for the stretched Exponential-6
�X6S�, where the bottom of the eclipsed curve was also used.
bCurrent work. 6-311+G�2d,2p� basis set.
cCalculations performed for the CD �Ref. 29�. 6-31+G�d,p� for geometry optimization and 6-311+G�2df,2p� for single point calculations at minimum.
dCalculations performed for the CD �Ref. 53�. 6-31G� basis set.
eL2 norm of energy relative to M06-2X results, each structure weighted equally.
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tional is not yet implemented in periodic codes. We expect
however that M06-2X would lead to similar values for these
two lattice modes since other DFT functionals �for example,
local density approximation �LDA� and GGA �Ref. 38�� give
results in good agreement with experiment.

D. Thermodynamic properties

To calculate thermodynamic properties for a crystal re-
quires summation over all phonon states of the system. Here
we use a uniform grid with Ng points along the x, y, and z
directions in reciprocal space �a total of Ng

3 points� with
standard harmonic quantum statistical parameters to calcu-
late the total partition function from which the thermody-
namic properties are calculated. These calculations used 1/24

of the Brillouin zone with proper weights to obtain the sum
over the full Brillouin zone. The three zero frequency modes
for k=0 are ignored in all calculations.

More accurate thermodynamic properties at lower tem-
perature �T�10 K� can be obtained using the frequency dis-
tribution functions derived by Komatsu.45 These functions
were derived from the equations for vibrations of thin plates
with coupling terms between the plates. This approximation
describes only the acoustic modes and is accurate for fre-
quencies below about 130 cm−1. Thus for low temperatures
�where contributions from high frequencies are small� it is
adequate to use these functions for the thermodynamic prop-
erties. The frequency distribution functions for waves with
polarization vectors in the plate are45

f�v� = �
4V

c�

 1

v1
2 +

1

vt
2�v sin−1
 v

vg
� for v � vg,

4V

c�

 1

v1
2 +

1

vt
2�v

�

2
for v � vg,� �14a�

and

f�v� =�
V

�c��
x�

0

sin−1�1/��1+�x0/x��� d�

�1 − x2
1 +
x0

2

x2sin2 �� for v � vz� =
�

�
,

V

�c��
�1 +

x0
2

x2�−0.5�
0

�/2 d�

�1 − x2
1 +
x0

2

x2sin2 �� for v � vz, � �14b�

for waves with polarization vector out of the plate, where x
=v /vz� and x0=� /4��vz�. QMFF-Cx X6 leads to the follow-
ing parameters in these calculations: c�=c /2=3.3325
10−8 cm, V is the molar volume, v1 is the longitudinal
wave velocity in the plate, v1=�C11 /
=2.229106 cm /s,
Vt is the transverse wave velocity in the plate, Vt=�C66 /


=1.433106 cm /s, � is the bending modulus of the plate
=5.61610−3 cm2 /s, �= �1 /c���C33 /
=1.27041013 s−1,
and �=C44 /
=1.1562109 cm2 /s2.

Here, the bending modulus � was obtained by fitting the
equation v=�kx

2 /2� to the frequencies calculated for the out-
of-the-plane modes at kx=0.1ka. In this calculation, we used
a single graphene sheet.

We also compare QMFF-Cx to a variety of experimental
heat capacity data: for low temperatures ��300 K� we use
the data of Desorbo and Tyler47 on pile graphite, Canadian
natural graphite, and graphitized lampblack; from 300 to
500 K, we used the data from JANAF �Ref. 48�; from 750 to
2500 K we used the Hultgren46 data. To convert the calcu-
lated values of Cv to Cp, we used the thermal expansion
detailed in the next section.

E. Thermal expansion

In the harmonic approximation used above, the phonon
frequencies do not depend on temperature; the graphite lat-
tice parameters would therefore not depend on temperature.38

It is well established that as temperature increases, the mo-
tion of atoms in a crystal becomes increasingly anharmonic
due to phonon-phonon coupling, usually leading to cell ex-
pansion. Hence the simple harmonic approximation breaks
down at temperature above 10 K. Strictly speaking, it is only
valid at very low temperatures where atomic vibrations are
mostly harmonic �the vibrations are purely harmonic in the
limit of absolute zero�.

These anharmonic effects can be included by means of
the quasiharmonic approximation, which assumes that the
internal degrees of freedom can be treated harmonically and
the cell parameters optimized based on the free energy in-
stead of the internal energy; the free energy captures the
dependence of the phonon frequencies on the temperature.
The quasiharmonic approximation has been applied success-
fully to the study of a variety of bulk systems49 and is valid
up to temperatures as high as half the melting point of the
material.
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We use the zero static internal stress approximation of
Allan and co-workers50 as implemented in the GULP code51

for the free energy minimization, with a uniform grid Ng

=20 grid points �in each x ,y ,z direction� in reciprocal space.
The linear coefficient of thermal expansion ��� is then sim-
ply calculated from the numerical derivative of the two lat-
tice parameters with temperature

�a�T� =
1

a0

 �a

�T
�

p

, �15a�

�c�T� =
1

c0

 �c

�T
�

p

, �15b�

where a0 and c0 are the lattice parameters at 0 K. The calcu-
lated in-plane lattice constants are compared to available ex-
perimental data in Fig. 9.

IV. RESULTS

A. Structure and energies of DHC dimer

The M06-2X binding energies for the PD-X, PD-Y and
eclipsed DHC structures �Fig. 1� are shown in Table I. We
find that the PD-X structure is the global minimum with an
average binding energy �half of the total and counterpoise
corrected binding energies� of �19.41 kcal/mol. This can be
compared to calculations on the CD by �1� Zhao and
Truhlar29 using M06-2X, which gave �20.1 kcal/mol and �2�
DFT-D �BLYP-D �Ref. 54� and B97-D �Ref. 55�� studies,
which employ empirical corrections for dispersion interac-
tions, of �21.6 and �21.5 kcal/mol, respectively.

PD-Y is less stable than PD-X by 0.66 kcal/mol, while
the eclipsed structure is 6.05 kcal/mol less. These results are
also similar to the CD calculations of Zhao and Truhlar who
obtained 0.67 kcal/mol for PD-X/PD-Y and 8.78 for PD-X/
eclipsed. We note however that the average counterpoise cor-
rection for the three minima in DHC is 5.01 kcal/mol, which
is larger than found for coronene by Zhao and Truhlar
�3.02 kcal/mol�. A much larger correction of 12.64 kcal/mol
was obtained53,56 for MP2 calculations on the PD-X structure
of CD using the smaller 6-31G� basis set, but after counter-
poise correction the total binding energies are similar. We
therefore selected the counterpoised corrected energies as the
true value.

Comparing basis sets �Table S.III�, we find some differ-
ences between the polarized basis sets of Pople et al.32,57 and
the split valence, correlation-consistent basis sets of Dunning
et al.58 We will primarily focus on the basis sets with diffuse
functions since they correct deficiencies arising from the
relatively inflexible valence shell functions in weakly inter-
acting, dispersion dominated systems.59

We find reasonable agreement in the total binding energy
�without counterpoise corrections� between both classes of
basis sets for the PD-X �22.1 versus 22.8 kcal/mol�, PD-Y
�21.0 versus 22.5 kcal/mol�, and eclipsed �14.7 versus
15.4 kcal/mol� structures, with average deviations of
�1.8 kcal/mol. Similar agreement is obtained when consid-
ering the basis sets without diffuse functions, although the
binding energies are 1–2 kcal/mol different.

The counterpoise corrected energies exhibit larger differ-
ences, however, with the Pople basis sets having an average
of 0.8 kcal/mol more correction than Dunning’s, these are
consistent with other studies.59 As a result, the counterpoise
corrected binding energies from the Pople set are
�1.8 kcal /mol more stable than Dunning’s. The much
smaller MIDIX basis set of Truhlar and co-workers60

�432 basis functions for PD-X, compared to 1536 for Dun-
ning augmented triple-�� lead to uncorrected total binding
energies larger by 8–10 kcal/mol, but after counterpoise cor-
rections lead to net binding energies similar to the other basis
sets. This supports the counterpoise corrected energies as the
most reliable.

Extrapolating the binding energies of the Dunning basis
sets with a fourth order polynomial to the complete basis set
limit yields total binding energies of �16.3, �15.7, and
�10.2 kcal/mol for PD-X, PD-Y, and the eclipsed structures,
respectively. These energies are similar to the Pople 6-311
+G�2d,2p� triple-� basis set ��16.7, �16.1, and �10.7, re-
spectively�. Consequently, we select triple-� basis for FF fit-
ting, as it leads to a good combination of accuracy and speed
�1056 basis function for DHC dimer�.

The largest Pople basis set use in this study is the
6-311+G�3df,3pd� �1872 basis functions for the dimer� and
can be considered a quadruple-� basis set. The energies ob-
tained ��18.1, �16.5, and �12.0, respectively� are much
larger than the other basis sets and are not consistent with
extrapolating from the double-� �6-31+G�d,p�� and triple-�
�Fig. 2�. This may indicate an imbalance in this basis set.

The atom-centered charges on the DHC monomer and
equilibrium PD-X structure were evaluated using the ESP
and Mulliken charge methods, and compared to the CM4
results on coronene reported by Zhao and Truhlar �Table
S.II�. Here we find two to ten times reduction in charge po-
larization in DHC monomer compared to coronene. Absolute
charge transfer in the DHC dimer is also negligible ��10−4e−

overall� and net 0 by symmetry. For internal consistency, we
chose to include the ESP monomer charges during the FF
fitting. These ESP charges were −0.0025e− for the inner 6
carbons, 0.012 the next 6 carbons, and �0.00475 the termi-
nal 12 carbons. This Friedel-like oscillating charge61 is re-
lated to the wavelength of the highest occupied orbitals.

We calculate the interplanar distance to be 3.410 Å for
PD-X, 3.20 Å for PD-Y, and 3.565 Å for the eclipsed struc-
ture. The 3.3–3.6 Å interplanar distances in DHC is consis-
tent with the range observed experimentally for stacked aro-
matic units62 and 3.336 Å experimental value for graphite
structure. The PD-X interplanar distance is consistent with
values on the CD from the MP2/6-31G�d� studies of Ruuska
and Pakkanen53 �3.41 Å� and the BLYP-D/TZV-�2d,2p� stud-
ies of Grimme55 �3.40 Å�, although slightly larger than the
Zhao–Truhlar value of 3.32 Å. Similarly the 1.45 Å
displacement displacement in for PD-X DHC is closer to
the 1.425 Å in graphite than the 1.76 Å reported by Zhao and
Truhlar for coronene, indicating that DHC is indeed a better
model for graphite than coronene.
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B. QMFF-Cx parameters

Table I shows that both X6 ��16.72 and �16.00 kcal/
mol� and Morse potentials ��16.69 and �16.04 kcal/mol�
lead to excellent descriptions of the PD-X and PD-Y minima
�QMs are �16.73 and �16.07, respectively�. By compari-
son, the Lennard-Jones �LJ� potential is too soft, leading to a
PD-X/PD-Y splitting of only 0.05 kcal/mol. The third param-
eter of the X6 ��=16.1� and Morse potentials ��=12.8� lead
to the increased curvature required to distinguish these struc-
ture. Here, the dimensionless force constants �̄ are 87.0 for
X6 and 82.2 for Morse, compared to 72 for LJ12-6.

All three standard functional forms deviate significantly
from the M06-2X description as the graphene-graphene
separations are increased, as shown in Fig. 3 �the PD-Y PEC
is similar to PD-X�. In particular, the M06-2X curve leads to
�1 /R8 behaviors rather than the 1 /R6 behavior for the
LJ12-6 and X6 QMFF-Cx potentials �the Morse potential
exhibits an exponential behavior �6 Å from equilibrium�.
We believe that the 1 /R8 behavior in M06-2X is due to the
data used to fit: The parameters of the M06 class of function-
als contain only equilibrium distances and energies �the only
experimental data available for the fit� with no information
about the long range form of the potentials. Indeed, there is
evidence that the M06-2X class of potentials has incorrect
behavior far from equilibrium,29 prompting us to only fit the
M06-2X data at the minima. Thus we consider that our FFs
�Table II� are more accurate than M06-2X for larger separa-
tions. Here, experimental vibrational data for DHC or CD
might be useful in establishing higher quality curvatures at
the vdW minima.

1. Comparison to experiment

The c lattice constant is directly related to the vdW ra-
dius and there is a good agreement with the experimental
value at 0 K of 6.6721 for LJ12-6 ��0.25%�, Morse

��0.50%�, and X6 �+0.38%� �Table III�. A second property
sensitive to the vdW parameter is the C33 elastic constant
�40.7 GPa at 0 K� which is related to the curvature for the
graphene-graphene interactions. Here we find errors of
�4.7% �LJ12-6�, �0.15% �Morse�, and +0.25% �X6�, indi-
cating again that the curvature in LJ12-16 potential is too
soft. The experimental data on C33 and the c lattice param-
eter were not used in developing our FF so the excellent
correlation validates DHC as a good model for graphite and
validates the M06-2X functional for obtaining the correct
structure.

The other quite relevant test of the parameters is the
interaction energy between graphene planes, Degr-gr. The ex-
perimental values for Degr-gr have varied from 0.18 to
3.92 kcal/mol.44 However, a reliable estimate is the recent
thermal desorption spectroscopy experiments by Zacharia
and co-workers,44 where a value of Degr-gr=1.19
�0.12 kcal /mol was obtained. Zacharia examined the inter-
actions of various PAH molecules with the basal plane of
graphite and estimated the interactions by summing the in-
teractions over the empirical MM2 �Refs. 6 and 7� class FF.
This value is in general agreement with work of Benedict
and co-workers63 �Degr-gr=0.84 kcal /mol� determined from
the interactions of collapsed carbon nanotubes, and a recent
quantum Monte Carlo calculation by Spanu et al.64 �Degr-gr

=1.3�0.2 kcal /mol�. These values are lower than the ex-
perimental cohesive energy �at 0 K� of polyethylene65 of
1.838�0.032 kcal /mol, and the experimental heat of subli-
mation �per carbon� of 2.1 kcal/mol66 for benzene and
2.1 kcal/mol66 for n-hexane.

Our QMFF-Cx FFs lead to Degr-gr=1.22 �X6�, 1.33 �LJ�,
and 0.94 kcal/mol �Morse�, in general agreement with the
results of Zacharia et al. We included zero point energy cor-
rections at 300 K by thermodynamics analysis using the op-
timized cell parameters obtained from the quasiharmonic,
free energy minimization �Sec. III E�. These zero point cor-
rections were generally small ��0.02 kcal /mol at 300 K�
and can be neglected. We emphasize again that the agree-
ment with the experimental cohesive energy of graphite is
evidence of the accuracy of M06-2X for describing disper-
sion interactions.

2. Comparison with other two-body vdW parameters

Lee and Kim67 developed a potential for polycyclic aro-
matic hydrocarbons �PAHs� interactions based on the
Møller–Plesset second-order perturbation theory56 �MP2� us-
ing PAHs up to pyrene. This led to C–C LJ potential with
Re=3.78 Å and De=0.135 kcal /mol, twice the value of our
LJ12-6 potential. This is likely because MP2 calculations
tend to systematically overbind.54,68

Guo et al.69 used the experimental C33 elastic constant
for the graphene plane interactions plus the c lattice constant
at 0 K to develop a LJ 12-6 description �the GraFF FF�,
which they used to predict structures of C60 crystal, C70
crystal, and bucky tube systems. Application of the GraFF
FF to graphite led to good descriptions of the experimental
data. Indeed their 1991 value for Degra-gra=1.29 kcal /mol is

TABLE II. Optimized FF parameters for graphite at 0 K.

Parameters LJ12-6 Morse X6 X6S

vdW
Rv �Å� 3.7917 3.7407 3.7727 3.7750
Dv �kcal/mol� 0.0673 0.0838 0.0661 0.0623
� /� 12.82 16.10 16.10
�r 17.71
�̄ 72.00 82.16 87.0 102.4

Bond stretch �Eq. �6��
Rb �Å� 1.4121 1.4165 1.4160 1.3996
Db �kcal/mol� �133.0� �133.0� �133.0� �133.0�
Kb ��kcal /mol� /Å2� 722.12 777.15 748.80 846.59

Angle bend �Eq. �7��
�a �deg� �120.00� �120.00� �120.00� �120.00�
k�� ��kcal /mol� / rad2� 194.13 181.81 194.94 208.76
krr ��kcal /mol� /Å2� �68.0� �68.0� �68.0� �68.0�
D ��kcal/mol�/Å� 62.67 65.61 63.87 83.22

Torsion �Eq. �8��
Vt �kcal/mol� 22.74 21.27 21.34 22.03
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within the current experimental value.
The GraFF FF predicts a C44 of 0.401 GPa, less than the

accepted experimental value of 4.5 GPa from neutron dif-
fraction experiments. There have been several attempts to
reproduce this value, primarily using empirical force
constants70 that couple atoms in adjacent graphene planes.

There is little physical rationalization for such ad hoc terms
and no prescription for how to include them when describing
graphite interacting with other molecular systems, such as
fullerenes, bucky tubes,69 solvents,71 biological molecules,72

and polymers.73 Moreover, such interlayer sliding force con-
stants would not provide a way for predicting forces for any

TABLE III. Calculated properties for graphite at 0 K �numbers in parenthesis indicate values at 300 K�. The
A2u, B2g and E2g, E1u experimental lattice modes are used in the FF optimization.

Experiment �0 K�a Fitted? LJ12-6 Morse X6 X6S

Lattice parameters
�Å�

a 2.4684 2.4627 2.4662 2.4741 2.4876
c 6.6721 6.6560 6.6406 6.6975 7.2562

Elastic constant
�GPa�

C11 1126�22 1127.5 1126.9 1127.5 1126.9
C12 200�20 201.8 196.1 196.1 196.0
C33 40.7�1.1 38.8 40.6 40.8 18.8
C44 4.51�0.5 or 0.18–0.45 0.220 0.330 0.227 0.826
C13 39.5�40 0.230 0.330 0.218 0.226
C66 �440� 465.8 465.4 465.9 465.5

Young’s moduli
�GPa�

E1 1020�30 1092.3 1092.8 1093.3 1092.7
E3 36.5�1.0 40.7 40.6 39.7 18.2

Poisson ratios
�21 �0.16�0.06� 0.172 0.174 0.174 0.173
�31 �0.34�0.08� 0.0002 0.0003 0.0001 0.0001
�13 �0.012�0.003� 0.0004 0.0067 0.0027 0.001

Compressibility
�GPa−1�

� 0.026b 0.026 0.0261 0.027 0.056

Lattice modes
�cm−1� c

E2g �45� 11.6 12.0 11.6 0.0
B2g �134� 139.2 136.5 136.4 85.2
A2u 868 Yes 869.7 868.0 867.2 868.0
B2g 868 Yes 870.4 868.5 868.3 868.2
E2g �1588d� Yes 1584.0 1582.8 1582.2 1584.2
E1u �1590e� Yes 1584.2 1587.1 1588.4 1584.3

Bulk energy
�kcal/mol C�f

Ecoh 1.19�0.12g 1. 33 0.94 1.22 0.80
Ehex-Erhom 0.003 0.001 0.002 0.0001

Surface energy
�J /m2�

Esurface 0.68 0.56 0.76 0.48

aParentheses indicate values at room temperature.
bReference 17.
cSee discussion in Sec. II C. 8 cm−1 was added to correct from 300 to 0 K.
dReference 40.
eReference 39.
fReference 44.
gThese calculations use accuracy bound convergence accuracy parameter of 0.0001 kcal/mol �Ref. 37�, leading
to �=1.55 Å, Rcut=5.55 Å, and Hcut=5.72 Å−1 for the hexagonal form with.
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other structure besides the experimental equilibrium struc-
ture and hence would not useful in MD/MC �molecular
dynamics/Monte Carlo� simulations.

In Table IV we include the properties predicted for
graphite from seven other FFs �Refs. 2, 4–6, 8, 74, and 75�
and compare them to QMFF-Cx X6 and experiment where
applicable. In order to ensure consistent comparisons of the
vdW parameters, we use the published vdW parameters and
instead readjusted the bond radius Rb to obtain zero stress
in-plane for the experimental a lattice parameter. Girfalco74

and Ulbricht75 �the only potentials specifically derived for
graphitic systems� did not report any valence interactions, so
we assumed harmonic potentials with standard values from
the generic Dreiding FF as initial guesses. The optimized
potentials for liquid simulations �OPLS� �Ref. 5� nonbond
parameters for carbon are similar to those in the CHARMM
�Ref. 4� FF so these results are grouped together.

Comparing the calculated c lattice constant of the graph-
ite unit cell, we find the following errors: GraFF
�+0.004 Å�, Dreiding �+0.11 Å�, MM2/MM3 ��0.08 Å�,
CHARMM/OPLS ��0.34 Å�, AMBER �+0.03 Å�, Girifalco
��0.001 Å�, and Ulbricht �+0.03 Å�. All parameters except
for CHARMM/OPLS could be considered adequate. The er-
rors in the C33 elastic constant �compared to the experimen-
tal value of 40.7� are GraFF ��0.5%�, Dreiding �+48%�,
MM2/MM3 ��41%�, CHARMM/OPLS �+4%�, AMBER
�+23%�, Girifalco �+21%�, and Ulbricht ��14%�. Here, only
GraFF leads to errors �1%, with the CHARMM/OPLS pa-
rameters having otherwise acceptable errors. The Dreiding
and MM2/MM3 parameters show particularly large errors.
Acceptable errors in the experimental cohesive energy
�1.19�0.2 kcal /mol �Ref. 44�� are obtained for GraFF
�+9%�, MM2/MM3 ��14%�, and Ulbricht �+18%� poten-

TABLE IV. Comparison of QMFF-Cx X6 with published vdW parameters for carbon. In each, the valence parameters are adjusted to match the correct
experimental in-plane �a� lattice parameter. Errors relative to the experimental value are indicated in brackets for properties sensitive to the vdW.

QMFF-CX �X6� GraFFa Dreidingb MM2/MM3c CHARMMd AMBERe Girifalcof Ulbrichtg

c lattice parameter
�Å�

6. 6975 6.676 6.7773 6.5923 7.009 6.701 6.6732 6.64
�+0.38%� �+0.06%� �+1.51%� ��1.20%� �+5.05%� �+0.43%� �+0.02%� ��0.48%�

Elastic constants
�GPa�

C33 40.80 40.51 60.13 24.12 42.55 50.24 49.56 35.16
�+0.25%� ��0.5%� �+48%� ��41%� �+4%� �+23%� �+21%� ��14%�

C44 0.227 0.401 0.422 0.168 0.499 0.582 0.598 0.425
C13 0.218 0.401 0.423 0.167 0.5 0.583 0.598 0.426

Cohesive energy
�kcal/mol C�

1.22 1.3 1.94 1.021 1.81 2.05 2.04 1.41
�+2.5%� �+9.2%� �+63%� ��14.2%� �+52.1%� �+72.3%� �+71.4%� �+18.5%�

Compressibility �
�GPa−1�

0.027 0.027 0.018 0.043 0.025 0.021 0.022 0.031

Lattice modes
�cm−1�

E2g 11.6 13.4 13.7 13.1 14.6 16.1 16.3 13.8
B2g 136.4 138.7 167.2 161 138.7 154.2 152.8 129.6
A2u 867.2 867.8 1623.3 976 1034.6 1035.8 949.4

FF parameters vdW
Rv �Å� 3.7727 3.805 3.88 3.8005 3.9848 3.816 3.8321 3.781
Dv �kcal/mol� 0.0661 0.0692 0.095 0.0515 0.07 0.086 0.0847 0.0608
� 16.1 ¯ ¯ 12.5 ¯ ¯ ¯ ¯

Valence
Rb �Å� 1.416 1.4114 1.39925 1.4219 1.381 13 1.406 68 1.405 77 1.407 69

aReference 69.
bReference 8.
cReferences 6 and 7.
dReferences 3–5.
eReferences 1 and 2.
fReference 74.
gReference 75.
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tials, while Dreiding �+63%�, CHARMM/OPLS �+52%�,
AMBER �+72%�, and Girifalco �+71%� differ considerably.

Combining all three criteria, the most accurate vdW pa-
rameters for carbon from previous FFs is the empirical
GraFF FF, with the Ulbricht parameters also acceptable. We
consider none of the other previous FFs to be adequate for
accurate calculations on graphite.

From our family of QM derived potentials, the X6 po-
tential is the consistently best performer, with errors within
the experimental uncertainty for the c lattice constant
�+0.0254 Å�, the C33 elastic constant �+0.25%�, and the
cohesive energy �+0.25%�. Our Morse potential is also well
suited for general simulations and has the benefit of not suf-
fering from the “Buckingham catastrophe,” where the energy
of the X6 type potentials goes to infinity at short distances.
On the other hand, the 1 /R6 behavior in the X6 should better
represent the true physics in this system, as compared to the
decaying exponential form of the Morse. We believe that due
to the deficiencies pointed out previously, LJ12-6 potentials
are limited when applied to graphite and should be avoided.

3. Graphene-graphene interactions

We mapped the entire PES for sliding a graphene sheet
over another in 0.1 Å increments in the x and y directions
�starting from the eclipsed structure�. At each displacement,
we obtained the interaction energy from the X6 potential,
using the large-scale atomic/molecular massively parallel
simulator �LAMMPS� �Ref. 76� MD engine. The orthorhom-
bic unit cell was comprised of 96 atoms �48 per sheet�, infi-
nitely parallel in the xy plane, with cell dimensions of 5.2
4.9 Å2. The optimal z coordinate at each displacement
was obtained by scanning 3.66�1.0 Å, in 0.01 Å incre-
ments. The resulting PES and contour map �relative to the
PD-X structure� are shown in Fig. 5. X6 predicts a graphite
interlayer spacing of 3.333 Å for ABAB stacking and an
increased spacing of 3.413 Å �+2.4%� for the eclipsed struc-
ture.

We find a rugged PES for sliding of two graphene sheets.
Indeed, while the minimum barrier for sliding is 0.0156 kcal/
mol C, relative to the PD-X global minima, the sliding mo-
tion is not rectilinear. Rather, the minimum energy pathway
involves sliding along the edges of the hexagon, from one
PD-X-like minimum, through two PD-Y-like local minima,
to the next PD-X. In comparison the barrier is
+0.071 kcal /mol C for the �1,0,0� and �0,1,0� directions go-
ing over the AA stacked �eclipsed� structure. This eclipsed
structure is evident at displacements of 	x= �2.125 Å and
	y= �1.25 Å.

C. Mechanical properties of graphite

The full set of elastic constants �stiffness Cij and com-
pliance Sij� are given in Table S.IV �note that only the upper
half of the matrices is given�.

1. C44 shear stiffness

Our X6 calculations lead to C44=0.114 at 0 K, in good
agreement with the mechanical experiments. We conclude
that the lower value of C44�0.18 is the intrinsic value for

defect free graphite. For highly crystalline graphite the most
likely defects are stacking faults between the planes
�¯ABABABCACAC¯� and edge affects due to oxidized
exposed edges, rather than dislocations. On the other hand in
the inelastic neutron scattering experiments, the neutron irra-
diation could well lead to defects that couple adjacent
graphic planes, increasing the C44 to the high value ob-
served in the experiments.

2. C13 stiffness

We calculate small values for C13 ��0.112 from X6�,
consistent with flat graphite planes. In all our potentials, the
values for C13 track those of C44: Both measures are within
2%. For higher temperatures, the mean fluctuations in crin-
kling of the sheets should increase, leading to an increased c
lattice constant as observed. Applying tension parallel to the
sheets might decrease these fluctuations, thereby decreasing
the c-axis. Thus it is possible that C13 might be small and
constant for low temperature and large for high temperature,
as observed.24

FIG. 5. �a� PES and �b� contour plot for sliding a periodic graphene sheet
�96 atoms� over another in 0.1 Å displacements, using the X6 potential. The
interplanar distance was optimized at each displacement. All energies are
referenced to the PD-X structure, the global minima. The PD-Y structure is
a low energy minima �+0.008 kcal /mol C�. The PD-X �−� PD-Y barrier is
0.0156 kcal/mol C and a low energy pathway for sliding is obtained by
tracing the edges of the hexagon unit. The AA stacked eclipsed graphite
structure is high energy �+0.071 kcal /mol C�.
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Consistent with the small calculated value of C13, we
obtain relatively small values for the Poisson ratios coupling
strain in the a and c directions at 0 K. While we �21

=0.174 �cf. 0.16�0.06 from experiment at 300 K�, we ob-
tain �31=0.174, half the experimental value �0.34�0.08� at
300 K. For stress in the z direction, X6 gives �13=0.0024,
five times less than the 300 K experimental value of
0.012�0.003. Experiments at low temperature on these
Poisson ratios would be most valuable in resolving these
issues.

3. Lattice modes

The CCCC in-plane torsional term in our FF was ad-
justed to fit the mean value of the out-of-plane crinkling
modes �Raman 868 cm−1 and IR 867.7 cm−1� in the
graphene sheets. This leads to a rotational barrier of
22.74 kcal/mol for X6 about 1/3 the value for ethylene
�65 kcal�, as might be expected since there is only one �
bond for every three C–C � bonds. For the two modes at
868 cm−1 we calculate the �Davydov� splitting to be
1.1 cm−1 which is consistent with the experimental value of
�1.0 cm−1. The angle-angle cross terms were adjusted to fit
the splitting of the in-plane modes �Raman 1582 cm−1 IR
1587�, leading to a Davydov splitting of �2 cm−1.

The LO mode �B2g� is predicted at 141.1 cm−1 �0 K� for
X6 compared to the observed �300 K� value of 126 cm−1

from neutron scattering. Expansion of the c lattice parameter
from the value at 0 K to the value at 300 K decreases our
predicted value to v=134 cm−1 at 300 K, explaining most of
the discrepancy. The frequency of this mode is directly re-
lated to C33 which we calculate within 0.2%.

The TO mode �E2g� is directly related to the C44 elastic
constant. Thus neutron-irradiated samples that yield C44
=4.4 lead to a much higher frequency �45 cm−1� than the
calculations �X6 leads to TO=7.4 cm−1 and C44
=0.114 GPa�. As discussed above, we believe that the dis-
crepancy may be due to neutron damage. Experimental stud-
ies of the TO mode for low temperature and low irradiation
would be most valuable to help resolve these uncertainties.

D. Phonon dispersion curve

Figure S.1 shows the calculated phonon dispersion
curves for the lattice modes of graphite at 0 K. The vibra-
tional frequencies are plotted in terahertz and cm−1 �to con-
vert terahertz to cm−1, multiply by 33.356 41�. The left half
is for waves along the c-axis, while the right half is for
waves along the a-axis. The acoustical modes are denoted as
TA, ZA, and LA �transverse in-plane, transverse out-of-
plane, and longitudinal�, while the sheet-sheet optical modes
are denoted as TO, ZO, and LO.

The velocity of sound from these calculations for modes
along the c-axis is

vT = �C44/
 = 0.44 km/s, �16a�

vL = �C33/
 = 4.24 km/s, �16b�

and

vT1
= �C44/
 = 0.44 km/s, �17a�

vT2
= �C66/
 = ��C11 − C12�/2
 = 13.90 km/s, �17b�

vL = �C11/
 = 21.59 km/s, �17c�

for modes along the a-axis. Figure 6 shows all the phonon
modes. For vibrations within the sheets, there is little disper-
sion for waves in the c direction.

There are direct experimental data on the lattice modes
from neutron scattering;18,19 however, these data are for
room temperature. To better compare our results with these
data, we minimized the cell at 300 K using the quasihar-
monic approximation �Sec. III E�. Thus the calculated pho-
non frequencies take into account anharmonicity due to zero
point motions.

FIG. 6. Phonon dispersion curve for all vibrational modes of �hexagonal�
graphite at 0 K using the X6 potential.

FIG. 7. Phonon dispersion curves for the low frequency modes of �hexago-
nal� graphite at 300 K. Solid lines from theory and symbols from experi-
mental data �Refs. 18, 19, 42, and 77�.
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Using this modified X6 potential, we plotted the room
temperature lattice modes in Fig. 7 along with the experi-
mental data. For waves in the a direction, there is good
agreement with the ZO and ZA modes �traverse modes with
amplitudes perpendicular to the sheets�. The data for longi-
tudinal modes lie slightly higher than the calculated LO and
LA modes. This is expected since the experimental disper-
sion curve from neutron scattering leads to an elastic con-
stant of C11=1440 GPa, whereas the experimental value
from mechanical studies is C11=1060�20 GPa, in good
agreement with X6 C11=1061 GPa.

For waves along the c direction, the predicted LA and
LO modes are in good agreement with experiment. As dis-
cussed earlier, the TA modes for neutron-irradiated samples
lead to a C44 that is 15 times larger than the C44 from
mechanical experiments on irradiated samples. Our calcula-
tions support the low values for C44 and lead to TA and TO
modes much lower in energy than for neutron experiments.

For the TA mode at the M k-point, we find convergence
toward 850 cm−1, in good agreement with high-resolution
electron energy loss spectroscopy on graphite,39 but larger
than 626 and 634 cm−1 calculated from LDA and GGA DFT
calculations �Table V�. The TA and TO modes are apparently
not observed in the neutron scattering experiments. Addition-
ally, consistent with a recent inelastic x-ray scattering study
by Maultzsch and co-workers,42 we find crossing of the LO
and TO branches between the �-M and �-K directions.

E. Thermodynamic properties of graphite

The predicted values of various properties using each of
these three FFs are listed in Table III for T�20 K.

1. Surface energy

Based on the predicted graphene-graphene interaction
energy of Degra-gra=1.10 kcal /mol, we estimate that the en-
ergy to create two free basal plane surfaces �to form a slab� is
1.52 kcal/mol. To test for additional relaxation effects in
forming a fee surface, we calculated the energy for a slab of
eight layers, leading to an energy cost of 1.55 kcal/mol.
Given the experimental cohesive energy of 1.19 kcal/mol C,
the smallest energy to create a new surface at 0 K would be
0.625 / ��3a2 /4�=0.24 �kcal /mol� /Å2=1.00 �kJ /mol� /Å2

=0.172J /m2=172 erg /cm2. This is a lower bound on the
surface energy. Using the lattice parameters for room tem-
perature leads to an estimated surface energy of
200 erg /cm2 or 0.20 J /m2. An upper bound on the
energy for creating a surface perpendicular to the
sheets is 1

3 �113� / � 1
2ac�=4.5 kcal /mol Å2=19 �kJ /mol� /Å2

=3.2 J /m2=3200 erg /cm2 �assuming each broken bond at
the surface costs the average bond energy of 2/3 of the total
bulk cohesive energy�.

2. Specific heat capacity

The entropy �S�, vibrational internal energy �V�, and free
energy �F� are plotted in Fig. S.3. We consider the most

TABLE V. Phonon frequencies of graphite and derivatives at the high-symmetry points A, �, M, and K in cm−1.
The X6 �0 K� is compared to results from ab initio DFT studies and experiment �300 K�.

Functional lattice
constants

Hexagonal Rhombohedral

ExperimentX6 LDAa GGAa X6 GGAa

a �Å� 2.4612 2.4395 2.4607 2.4612 2.4607
c �Å� 6.7090 6.6274 6.6274 6.7090 6.6274
ATA/TO� 10 31 29 12 35b

ALA/LO� 96 80 96 68 89b

ALO 825 897 878 864
ATO 1598 1598 1564 1588
�LO� 14 44 41 11 35 49b

�TO� 138 113 135 118 117 95c and 126a

�ZO 868 899 879 864 879 861c

�LO/TO 1588 1593 1559 1589 1559 1590c and 1575d

1589 1604 1567 1604
MZA 479 478 477 40 479 471,b 465,c and 451e

MTA 869 630 626 865 626 630e and 800d

MZO 629 637 634 640 635 670c

MLA 1341 1349 1330 1388 1330 1290f

MLO 1350 1368 1342 1404 1344 1321f

MTO 1468 1430 1394 1432 1394 1388f and 1389c

KZA 462 540 540 494 535 482,e 517,e and 530g

KZO 562 544 542 494 539 588e and 627g

KTA 1164 1009 998 1139 998
KLA/LO 1164/1280 1239 1216 1147/1157h 1216 1184f and 1202f

KTO 1424 1359 1319 1292 1319 1313e and 1291g

aLDA and GGA DFT results from Reference 38.
bReference 19.
cReference 39.
dReference 40 as reported in Ref. 38.

eReference 41.
fReference 42.
gReference 43.
hReference 39.
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relevant quantity for comparison to experiment is the specific
heat capacity. Using a uniform grid, normally Ng=20 �8000
total k points� is sufficient for accurate thermodynamic prop-
erties, but for the specific heat we found it necessary to use
Ng=100 �1 000 000 k points� to obtain good convergence.
We tested whether Ng=100 was sufficient by using Ng=120
�1 728 000 total points� at T=10 K. We find that Cp in-
creases by 310−8 cal /mol K or 0.08% �for Ng=20 it
changes by 4.12510−7 or 1.1%�. Based on comparisons to
the calculations described below we consider that the Cp

from Ng=100 is accurate down to about 2 K.
We also find that the results from the 202020 grid

�dotted lines� differ from the 100100100 grid �solid
lines above T=10 K, dashed lines below� for T�40 K �see
the inset of Fig. 8�. This sensitivity to grid size is primarily
due to the low frequency modes in the z direction �see Fig. 6
and Fig. S.1�. In particular, neglecting the contribution of the
three acoustical modes near the gamma point can decrease
Cp. However the calculated Cp for Ng=20 is too high for T
�10 K. This occurs because only modes with kx=ky =0 con-
tribute to Cp and the weights of these modes are too large
due to the small number of points in the kx-ky plane.

The thin plate results for T�10 K are shown in the
inset of Fig. 8 by the solid lines. We see that all three experi-
ments and both theoretical cases agree above 20 K. However
below 10 K the experimental results for pile graphite and
Canadian natural graphite lead to specific heats significantly
below that of graphitized lampblack. It is clear that the cal-
culated optimum parameters for graphite C44=0.11 GPa
lead to a Cp in excellent agreement with experiment for
graphitized lampblack down to 1 K. On the other hand, the
calculated Cp values are not in agreement with experiment
for pile graphite and Canadian natural graphite. These would
require a larger C44, perhaps indicating an increased number
of defects.

3. Lattice parameters and thermal expansion

For the temperature dependence of the out of plane c
lattice parameter, we find an almost linear increase from 0 to

2500 K �Fig. 9�b��, in excellent agreement with the experi-
mental results.52 The in-plane a lattice parameter is more
interesting and provides a good test of the valence forces.
Here we find a decrease from 0 to 350 K with a minimum
value of 2.4680 Å at 350 K �Fig. 9�a��, using the X6 poten-
tial. This is consistent to the experimental results of Kellett
and Richards52 who reported a minimum of 2.4607 Å be-
tween 350 and 400 K, and the experimental results of Nelson
and Riley78 who found 400 K. There was also a theoretical
result by Riley79 who found 383 K to be the minimum. From
400 to 2500 K, we observe an almost linear increase in the a
lattice parameter. This initial decrease in a is due to the crin-
kling vibrations of the graphene sheets, which, since the CC
bond distances are fixed, shrink the average projected bond
distances on the ab plane.

Below room temperature, we find good agreement with
the experimental in-plane coefficients of thermal
expansion,16,80 although the X6 potential predicts a minima
at 150 K, whereas the experimental results predict a minima
between 200 and 250 K. At the minima, we predict a value
of −1.23910−6 deg−1 K, in excellent agreement with the
experimental value of 1.23610−6 deg−1 K. This result is

FIG. 8. Specific heat of hexagonal graphite as computed with the QM-FF
X6 potential. Low temperature ��10 K� results obtained from the thin plate
approximation, other results obtained from the uniform grid method. Experi-
mental results from different sources are indicated, as reported in Refs. 27
and 46. Values for rhombohedral graphite are not plotted since the lines
would be essentially superimposed on the hexagonal graphite lines.

FIG. 9. �a� In-plane �a� lattice parameter of graphite as a function of tem-
perature, calculated with the QM-FF X6 potential. The experimental results
�Ref. 52� �red squares� are compared the calculated values �black triangles�.
The solid black line is the least-squares line to the FF using cubic spline
regression. �b� Out of plane �c� lattice parameter of graphite as a function of
temperature, calculated with the QM-FF X6 potential. The experimental
results �Ref. 52� �red squares� are compared the calculated values �black
triangles�. The solid black line is the least-squares line by cubic spline
regression.
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not surprising considering the agreement in the specific heat
at this temperature observed previously. From 300 to 100 K,
the X6 potential overestimates the thermal expansion coeffi-
cient by 40%, although convergence is observed at higher
temperatures.

F. Rhombohedral graphite

The planes in graphite stack in the sequence
ABABAB¯, leading to hexagonal symmetry. A second
structure with the stacking ABCABC¯ and leading to rhom-
bohedral symmetry has also been observed.15 From experi-
ment, the hexagonal form is clearly the more stable but an
estimate of the difference in energy is not available. Our X6
FF predicts that the rhombohedral form is 0.002 kcal/mol C
higher than the hexagonal form. The calculated specific heat
capacity of rhombohedral graphite is compared with hexago-
nal graphite in Fig. 8; however the differences are too small
to see. Since high quality graphite is hexagonal with but few
stacking faults, we believe that the calculated energy differ-
ence is reasonable.

The phonon modes for rhombohedral graphite are shown
in Fig. S.2. We find a dispersion curve similar to that of
hexagonal graphite for frequencies over 400 cm−1. The ma-
jor discrepancies occur in the A−� region, with the rhombo-
hedral graphite structure showing an additional LO band in
this region.

V. DISCUSSION

The experiments and calculations on graphite leave one
important discrepancy unresolved: the value of planar sheer
elastic constant, C44. Mechanical studies of on bars of
highly crystalline graphite lead to C44=0.18–0.33 GPa at
room temperature. Our QMFF-Cx X6 FF yields C44
=0.141 �0 K�, in good agreement with this experiment. Ad-
ditionally, the X6 FF predicts a specific heat, Cp, in agree-
ment with experiments on graphitized lampblack as outlined
in Sec. IV E 2.

On the other hand, neutron scattering experiments leads
to C44�4.0 GPa. Al-Jishi and Dresselhaus70 derived a set
of force constants that would lead to C44=4.2 GPa and
C33=36.9 GPa. However they used a model with valence
force constants between atoms in adjacent layers and in-
cluded individually adjusted radial and tangential pairwise
force constants. These pairwise force constants are not deriv-
able from a smooth two-body potential, and could not be
used in molecular dynamics simulations.

We propose that the low value of the C44
��0.18 GPa� is the intrinsic value for defect free graphite.
Thus we speculate that neutron-induced defects might couple
the planes sufficiently to cause the planes to be “stickier,”
leading to “pinning” of adjacent planes that might couple the
sheets, increasing larger C44 �and C13�. Such structures
might lead to torsional frequencies smaller than in normal
graphite, allowing crinkling that would couple the layers.
These defects might also conceivably affect the 868 cm−1

Raman mode.
There are alternative hypotheses for explaining the dis-

crepancy. As the temperature is increased, the graphene

planes should exhibit increasing amounts of crinkling, which
might increase C44 markedly while affecting C33 only
slightly. However, the experimentally observed small change
in C44 with temperature24 indicates that this is not an impor-
tant effect.

We should emphasize here that the following assump-
tions:

�1� that the graphite sheets are flat and
�2� that the vdW interactions are described in terms of two-

body functions leading directly to values of C44
�0.14 and necessarily leading to

�a� C13�C44,
�b� the high values of Cp near 1 K, and
�c� a small energy separation between hexagonal and

rhombohedral graphite.

If the high value of C44 from neutron experiments was
the correct value for perfect graphite at 0 K, then either �or
both� of the above assumptions �flat sheets or two-body long
range attractions� must be false. That is, either the graphite
planes are ruffled �as suggested by Pauling� or the vdW in-
teractions cannot described in terms both pairwise additive
terms. We do see ruffling of individual graphene planes,81

but they are dampened significantly for bulk graphite.
The latter hypothesis is possible. Graphite is a semi-

metal, i.e., the valence band maximum �highest occupied
molecular orbital� is degenerate with the conduction band
minimum �lowest unoccupied molecular orbital�. In this cir-
cumstance, there could be extra large contributions to the
dispersion interactions due to the states near the band edges
�small energy denominators�. This might well have a major
effect on C44 �and C13�.These effects would not be captured
by the M06-2X functional used in this study. They would
also increase the vdW energies over that reported here. To
describe such effects one would need to include double ex-
citations between occupied and virtual orbitals as in MP2
�Ref. 56� or XYG3 �Ref. 82� methods.

None of our standard three vdW potentials are able to
reproduce the M06 energy of the eclipsed structure
�	E=+6.05 kcal /mol relative to PD-X�, leading to 0.46 for
LJ12-6, 1.07 for Morse, and 1.16 kcal/mol for X6. The
eclipsed structure has CC distances �0.1 Å smaller than the
other structures, suggesting that the FF inner wall is too soft
to account for the increase in energy for such a small dis-
placement. To obtain the correct splitting it is necessary to
increase the inner wall curvature while keeping the same
outer wall parameters as before, which we accomplish using
the X6S potential �Eqs. �7�–�9��.

A PD-X/eclipsed splitting of 	E=+6.11 kcal /mol is ob-
tained for the X6S potential for an inner wall scaling factor
of �=1.1. Reoptimization of the parameters leads to an inner
wall parameter of 17.71, resulting in �̄=102.4, or 17% larger
than the original X6. Small changes were observed in the
vdW equilibrium distance �increased to 3.775 from 3.773�
and the binding energy �decreased by 5.8% from 0.066�. The
valence forces constants also increased to counteract the in-
creased repulsion.

Using this potential, we find significant errors in the
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vdW sensitive parameters of the graphite crystal: a �54%
error in the C33 elastic constant and a +9% error in the c
lattice parameter. The poor performance of this potential in
predicting these properties casts doubt on short range Pauli
repulsion �exchange� behavior of the M06-2X functional,
away from equilibrium.

VI. CONCLUDING REMARKS

We have obtained a family of simple two-body poten-
tials, based solely on the interactions in the DHC dimer from
accurate QM �M06-2X DFT� that describes well the thermo-
dynamic, mechanical, and elastic properties of graphite. The
specific heat, thermal expansion, and lattice modes are in
good agreement with experiment. We consider that this ap-
proach of deriving FF parameters direction from M06-2X
QM could be useful for developing new more accurate vdW
parameters for other atoms based on the framework.
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