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Avoided crossingsbetweenquasidegeneraterovibrational statesin the Doppler-free twophoton excitation of the 14’mode in the S, excited state of benzeneare treated theoretically.
Two sets of avoided crossingsin plots of spectral line frequency vs J at a given K and AK have
beenreported experimentally betweenan initially prepared “light” state ( 14’in zeroth order)
and dark states,namely, one which in zeroth order is a 5’10’16’state, the other being in zeroth
order a 6’11’and/or possibly a 3’16’state, implicated earlier by Neusseret al. The
identification of thesestatesmakes the phenomenonan excellent candidate for treatment of the
avoided crossing via a Van Vleck transformation, no other basisset statesbeing neededfor the
diagonalization in order to extract the important features.Two successivetransformations are
used for handling direct coupling and coupling via virtual states.The dominant calculated
contribution to the coupling is, jointly, Coriolis plus cubic-cubic anharmonic interactions
betweenvibrational modes.Playing lessof a role are Coriolis terms in which the inverse
moment of inertia tensor is expandedup to quadratic terms in the coordinates.There results a
5X5 (forcouplingto5’10116’)anda3X3
(forcouplingto6*11’or3’16’)
matrixofthe
transformed Hamiltonian, each of which can also be described,if desired,to a very good
approximation by a 2 X 2 matrix. The coupling element V, and the differenceof the rotational
constants for the light and dark states (A& are obtained from the plots of line position vs
J(J -I- 1) obtained. For the 14’to 5’10’16’and for the 14’to 6*11’couplings the theoretical
results are in reasonableagreementwith the experimental results, no adjustableparameters
being employed. For a coupling of 14’to 3’16l the calculated V, would be much too high
compared with experiment (a factor of lo), the coupling involving the exchangeof only three
instead of four vibrational quanta. A situation in which the 14’state is coupled to the 6*11’
state to yield an avoided crossingand off-resonantly coupled to the 3’16’state would be
consistent with someexperimental results and not affect the reasonableagreementof the slope
differenceand splitting for the avoided crossingplots.

I. INTRODUCTION

Recentadvancesin Doppler-free two-photon electronic
spectroscopyhave led to rotationally resolved electronic
spectraof a moleculesuch asbenzene.lw9
It hasbeenpossible
to excite in this way an exact single rovibronic quantum state
and observethe results of avoidedcrossingswith other eigenstates,avoided crossingswhich reflect couplings of the various zeroth-order states.
For a moderate size molecule such as benzene,many
states may contribute to the intramolecular dynamics at
high vibrational energies.‘@”While we have used artificial
intelligence search methods to select subsetsof states for
treating CH overtone spectra of benzene at higher energies,20,21they are not neededfor the present relatively low
energystudy at 1570cm - ‘.
The current work is an extensionof earlier work20*2’in
this laboratory, by incorporating rotational degreesof freedom, and was motivated by the highly interesting experimental results of Riedle, Neusser, Schlag, and co-workers.1-9In studies of Doppler-free two-photon spectroscopy,
involving the preparation of singlerovibronic statesin the S,
excited state of benzene,the authors reported a fit of 90% of
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J. Chem. Phys. 95 (2), 15 July 1991

their lines to a Hamiltonian basedupon the RRHO (rigid
rotor harmonic oscillator model), plus inclusion of lowest
order Coriolis corrections.5*6Among the remaining absorption spectral lines there were displacementsof the lines from
their expectedpositions, somedisplacements,at least, being
due to avoided crossingsin plots of line position vs J at a
given K and AK. They are consideredhere.
In the presentpaperthe relevant data are consideredfor
an initially preparedvibrational stateof S, benzene,which is
dominantly 14l in zeroth order,22and the experimental results are analyzedtheoretically. Sincethe excessvibrational
energy for the 14’state is only 1570cm - ‘, the possibility of
only a few “final” dark statesbeing implicated in causingthe
spectral perturbations is a real one.’In Sec.II A the Hamiltonian for the higher order vibration-rotation interactions
relevant to the 14’state are given. Group theory and degeneracy in the vibrational statesplay an important role here in
treating the experimental data. In Sec. II B the selectionof
dark states is considered.Section II C contains the contact
transformation formalism required for the present treatment. In Sets. II D to II G we consider the matrix formulation for the coupling of the 14’“light” state with various
zeroth-order “dark” states, each coupling having unique
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features warranting a separatediscussion.In Sec.III results
are given specifically for the dominantly 14’light state, and
assignmentsare included of specificlines perturbed by interaction of the 14’zeroth-order state, separately,with the dark
zeroth-order states 5’10’16’, 62111,and 3’16’, and jointly
with 6211’and 3r 16i.’ In Sec.IV the dependenceof the present theoretical coupling constants of these states upon the
anharmonic force field is described.The results are given for
differences of slopes in avoided crossings when plotted vs
J( J + 1), rather than vs J, and for the splittings at the avoided crossings.Implications are summarized in Sec.V.
In the present paper we focus on a detailed approach
which involves no adjustable parameters. We should mention another approach, an analytical one, which has been
used at higher energy ( 3412 cm - ’) for the 14’l2 state of S,
benzene.23The authors employed a model in which there
was assumed an equidistant spacing of zeroth-order dark
states coupled to the 14’1* light state, a single value for a
Coriolis coupling parameter and one for a cubic anharmonic
parameter. The formalism was usedto treat the linewidths of
the given So -+S, band.

II. THEORY
A. Hamiltonlan

The eigenvaluesof vibrating-rotating molecules have
been extensively treated theoretically. One well-known
method involves a perturbative expansion of the molecular
Hamiltonian, with terms arranged according to the number
of vibrational and rotational operators:2”29
H=CCRm+n-2H,n,
(2.1)
m n
where R is a perturbation parameter, and m and n denote the
degreeof vibrational and rotational operators, respectively.
H,, correspondsto the harmonic oscillator (HO) Hamiltonian, and &, to the rigid rotor (RR) one. The lowest order
term containing Coriolis coupling is H,, , and involves two
normal modes Qk and Q,, whose representation for their
symmetric direct product contains the irreducible representation l? (R, ) of a rotation about an axis a30
The rovibrational energy of an oblate symmetric top,
such asbenzene,is given using RRHO and first-order Coriolis terms by
E =Evib +B,J(J+
1) + (C,--B,)K2-2C,
x

7
(

li1i

K9

(2.2)

>

where Etib denotes the rotationless vibrational origin and
the sum is over the degeneratevibrational modeswhich possessvibrational angular momenta lifi, about a sixfold symmetry axis in the caseof benzene.The total rotational quantum number is J, K is that of the body-fixed component of
the angular momentum along the sixfold symmetry axis, and
C, is the rotational constant (equilibrium configuration) for
rotation about this axis.31 B, is the corresponding constant
for rotation about one of the other symmetry axes. For a
planar symmetric top such as benzene,C, = B,/2.
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Although Eq. (2.2) sufficed to give the line positions in
about 90% of cases,5’6explaining the remaining set of perturbed line positions requires a systematic investigation of
operators in a more complete vibration-rotation Hamiltonian. In the latter one may expand the vibrational potential
energy as a polynomial in normal coordinates, with the kinetic energy having only terms quadratic in their conjugate
momenta. However, curvilinear coordinateshave the advantage of realistically describing the atomic motions in terms of
bond stretches,angle bends, etc., with the disadvantageof a
G matrix32 that is a function of the coordinates, yielding an
expansion that results in higher-order terms in the kinetic
energyoperators.33Sincethe quadratic force field employed
is expressedin terms of normal coordinates,34and since the
resulting formulation of Coriolis operators is simpler, it is
convenient in the present caseto use normal coordinates in
our expansion.Sincethe anharmonic force field employed3’
is expandedin curvilinear coordinates, the nonlinear transformation of force constants from curvilinear to normal coordinates would usually be required.33This transformation
leaves the quadratic force field unaltered, would introduce
correction terms converting the curvilinear quadratic force
constants partly into the Cartesian cubic constants (expressedin normal coordinates), and introduces quadratic
and cubic curvilinear force constant terms in the quartic
constants expressedin Cartesian normal coordinates. However, the quadratic force field employed is a best fit to the
experimental frequencies,and henceimplicitly has accounted for the correction terms which would otherwise have to be
applied. The anharmonic cubic Cartesian constants are then
identical with the cubic curvilinear anharmonic constants,
and are used here.
The various terms H,, in Eq. (2.1) include those arising from expansionof the inverse inertia tensor p which appearsin the quantum-mechanical vibration-rotation Hamiltonian H36:

+$T

P: +

v(Q)

-ifi*

&qz,.
a

(2.3)

J, is a body-fixed component of the total angular momentum operator J, with a = x,y,z. pa is the ath component of
the vibrational angular momentum operator
P, =

C

ko,,lo,

Z ~~~,~.o,Qtw~P,,~,~

(2.4)

where one cannot have, simultaneously, k = I and ok = 0,.
In Eq. (2.4) Qk,ol, is the operator for the (mass weighted)
normal mode (k,a, >, while PLq,is the operator for the momentum conjugateto Q,,,,, and 5 $k,l,o,is a coefficient whose
magnitude does not exceedunity.37 The cr subscripts label
components of degeneratemodes and are absent for nondegenerate modes. The second and third terms on the righthand side are, respectively, kinetic and potential normal
mode energies,plus anharmonic terms in K
In its equilibrium nuclear configuration the molecule
has a principal axis system in which the inertia tensor is
diagonal, ,u$$ = 6,,D~u,,
(‘). Therigid rotor (RR) approxima-
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tion is recoveredusingpip,’and neglectingvibrational angular momenta and vibrational anharmonicities. The lowest
order Coriolis interaction H,’ arisesfrom the cross terms in
J and p, upon substitution of,uLz for,ua8. As in Eq. (2.4), it
is a sum of terms each of which contains two vibrational
operatorsand one rotational operator.
Aside from H,, there are terms H,, , m>3, arising from
expansionof pu,, in Eq. (2.3) in normal mode coordinates.
The H,, terms contain m vibrational operatorsand one rotational operator. In particular, the first two terms are
H,’ = - + C C [IZpa)l$‘-J - ‘@:$‘(paQa.o,
a# QPa
+ Qa.oOpa
) Jo,
H,, = - +c

c
[1zlg]
a.B~.O,bPlJ

(2.5)

- ‘fi$$&,

x (~aQ,,,Qtw~ + Qa,,Qb.,~a ) JP

(2.6)

where
fl(‘
)a~,n$~$~O,,etc., are coefficientsin the expansionof,uap:
a.oa

pas = [Ih','Ig]

- ' 1s + 2 fi;,?;'Qb.,,b
ha,

1

+ & czc%!b:$cQtwbQc,,+ * * - .

(2.7)

The coordinates Q are defined so that they vanish at the
equilibrium geometry. H,’ and H,, are seento reflect a vibrational dependenceof the Coriolis term.
To proceedfurther we require the combination or other
bands which may anharmonically and/or Coriolis-couple,
nearresonantly,to the 14’state. Identifying them is a step in
decidingwhich terms in the vibration-rotation Hamiltonian
are responsiblefor the coupling of 14’to dark states,i.e., to
stateswhoseFranck-Condon factors for their optical excitation from the ground state are very small.
B. Selection of dark states

Using only the experimentalfundamentalfrequencies34
vj in the S, state of benzene,it was possible to calculate
combination band origins with an accuracy of perhaps + 5
cm-‘; the combination band origin having an energyslightly different from the simple sum of fundamental frequencies,38becauseof extra anharmonic contributions. This figure of & 5 cm - ’is basedupon comparisonwith calculated
theoretical fundamental and combination band energiesusing the ab in& anharmonic force field employed.35The
vibrational combination stateswithin + 25 cm - ’of the initial state (using measuredfundamentalsof S’) were examined as possiblecandidatesas the interacting dark states.
The initially preparedvibrational state 14’(more precisely, an eigenstatewhich is dominantly 14’) lies 1570
cm-’ above the lowest vibrational state of S, benzene.A
direct count of vibrational stateslying within f 25 cm- ’of
14’using the fundamentals for S, given by Robey and
Schlag34reveals sevenstates of the correct parity (ungerade), each having some degeneracyin zeroth order. ( 14’is
ungerade,such that statesof geradeparity cannot nonradia-

tively couple to it.) Of these seven vibrational states, four
states ( 10’11’162,4210’16’,4’16217’,and4’165)differfrom
14’by five, six, or sevenvibrational quanta. The remaining
two, 5’10’16’and 6’11’, differ by four quanta from 14’and
were proposedearlier by Neusserand co-workers5-9as the
dark states.
A recentdoubleresonancestudy39by Pageet al. yieldsa
set of S, fundamental frequencies which, among other
changes,a differs from the set of Robey and Schlag34in the
value of Y.,. When this new galue is employed in the direct
count, the 3’16’state, of ungeradeparity, falls within f. 25
\
cm - ’of 14’.
SinceeachsuccessivepowLerin R of the vibrational-rotational Hamiltonian is accompaniedby an additional vibrational or rotational operator [cf. Eq. (2.1) 1, a given operator coupling, say, 10’11’16’to 14’will occur with onepower
of il higher than the analogousoperator coupling 5’10’16’
and 6’11’to 14’. In the presentstudy terms in H up to and
including fl 3, the lowest order possiblefor the allowed coupling of thesestates,are considered.Sincethe coupling terms
of order il 4 and higher are neglected,the four states above
differing in five or more vibrational quanta from 14’are not
consideredfurther. For direct coupling of 14’to 3’16’only
terms up to and including i12 needconsideration.
In the 5’10’16’statethe threeexcited vibrational modes
are eachout of plane;modes10and 16are doubly degenerate
and of elg and e,, symmetry, respectively.32The 6211’vibrational state has a doubly excited in-plane mode 6 of e2*symmetry and a singly excited out-of-planemode 11,of uZusymmetry. In the 3’16’ state mode 3 is in-plane with azg
symmetry.32 Mode 14 is an in-p lane mode of b,, symmetry.3*
Having identified potential dark statesquasidegenerate
with 14’, we consider later which terms in the vibrationalrotational Hamiltonian may couple 14’to thesedark vibrational states.Someterms may shift rovibrational statesin the
14’manifold from their anticipated positions in the RRHO
approximation, without coupling to rovibrational states in
the 5’10’16’and 6211’manifolds, and are not considered
further. All calculations of the splittings and difference of
slopesin the avoided crossing curves can be made modulo
such shifts.

C. Contact transformation

theory and application

In the presentcase,where the zeroth-order stateshave
been identified, the contact transformation method is particularly useful to treat the coupling and is employed
here.4’43It focuseson the perturbation of a cluster of states.
It was introduced by Van Vleck and applied extensivelyby
Nielsen and others to molecular vibrational-rotational interactions.42*-7 By using it, no other basis statesneed be
consideredin the presentcase,when the transformedHamiltonian is employed in the diagonalization, and the relevant
expressionsare availablein the text by Amat et aL4* A recent
survey of perturbativeand other methods,including the contact transformation, is givenby Sibert.49A projection operator formalism for the contact transformation is describedby
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severalauthors,50’s’and its relation to the work of Nielsen et
al. is discussedby Jorgensenet aL5’
In the contact transformation method, as applied to a
polynomial Hamiltonian [cf. Eq. (2.1) 1, successiveunitary
transformations are introduced, the first such that the terms
in the new Hamiltonian up to and including order il (arising
from cubic anharmonicity, Coriolis interaction, etc. ) commute with the RRHO Hamiltonian Ha, which is of order2 ‘.
Thereby, the matrix elements of this new Hamiltonian obtained with the RRHO basis set are diagonal to order /2. A
second contact transformation is then introduced to yield a
new Hamiltonian whose terms up to and including terms in
/2 * have only diagonal matrix elementsin the RRHO basis
set, and so again commute with Ho. At this point, in the
present case, the terms of order /E3 with four vibrational
operators and one rotational operator [cf. Eq. (2.1) 1, arising from the transformations, are now the leading contributions to the off-diagonal elementsof the transformed Hamiltonian. They provide the desiredresonantcouplings between
the rovibrational statesin 14’with the identified dark states,
which differ from 14’in four vibrational quanta.53The resulting matrix is then diagonalized in the present case to
avoid the small denominators (resonant terms) problem.
There is one qualification to the above:The unitary transformation typically used in the literature, and also used here,
doesnot diagonalizeto order ,12 the terms having [quantum
numbers for doubly degenerate vibrations. Accordingly,
they will contribute later, to order il 2, to the off-diagonal
terms. A similar remark applies to rotational terms containing the quantum number K. 54Later, in treating quasidegenerate states which differ in four quanta simultaneously with
those which differ in three, care must be taken in choosing
the transformation, so as to avoid small denominators. We
first review briefly the Van Vleck transformation, using the
projection operator version, becauseof its transparency.
In the contact transformation method, a unitary transformation H”’ = U, HU: is applied, such that the off-diagonal matrix elements of the transformed Hamiltonian H”’
are zero up to order /2, in the representation Ii) which diagonalizes the unperturbed Hamiltonian Ho. For this purpose, one sets U, = exp{iil S,} with the transformation
function S, , then satisfying Eq. (2.8j4’:
HI” = HI -I- i[S,,H,],

(2.8)

Hi” is the term of order ;1 in the transformed Hamiltonian
H’ ” and S, is chosenso that Hi” is diagonal in the basisset
which diagonalizesHe. The diagonal elementsof HI” equal
those of H, in this basis set [ Eq. (2.8) 1.
These results can be written compactly in terms of a
projection operator formalism: We useP, to denote an operator which projects onto the subspaceof the initial state or
states (in the present casethis subspaceconsists only of the
] 14’;J,K) state and the quasidegenerate specified dark
states), and Q. is the operator which projects onto the complementary subspaceof the remaining eigenvectorsof Ho.
For brevity of illustration in this section and in Appendix A,
but not in the actual calculations, the POsubspaceis treated
as degenerate,with eigenvalueEo. The moregeneral treat-
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ment is given in Ref. 50. The aboveconditions placedon HI”
above can be written in terms of PO and Q. as
PoH;‘)Qo = QoH~“P, = 0

(2.9)

and
P 01H”‘P 0 = P 0 H , P 0, QoHI”Qo
all of which can be rewritten as

=QoH,Qot

(2.10)

(2.11)
HI” = PoH,P, + QoHiQo.
The solution of Eq. (2.8) and Eq. (2.11) for S’ is given by”
(Appendix A)
S, =i

Qo

H, PO + h.c.,
(2.12)
Eo - Ho
where h.c. denotes the Hermitian
conjugate,
- iP,H, Qe /(E, - Ho ) in this case.
In the use of Eq. (2.12) for S, , each perturbing term
HI,, in the untransformed perturbation Hamiltonian
(H’ = Z, HI;, ) is seento require a corresponding function
Slip, with S, = Z,,S,;,. For transformation functions relating different vibration-rotation terms in the Hamiltonian
S,;, = S$$i. The zeroth-order RRHO Hamiltonian Ho
equals H,, + Ho,. Equation (2.12) then yields
i[S,.,,H,]

= i[S$, H,,]S;Oi

+ i[f$‘$,Ho2]S$,
(2.13)

since Sri! commutes with Ho2 and Sf$ commutes with
H,, .5s
The lowest order operator that will provide an off-diagonal coupling of the initial state with states which differ in
four vibrational quanta and in K is the third-order twicetransformed operator H,(2). For this reasonthe Hamiltonian
H”’ is subjectedto a secondtransformation, to make the offdiagonal matrix elements arising from perturbations to order R 2 vanish, and the diagonal elements of H:2’ to equal
those of Hi”, thereby isolating Hi2’ as the leading term responsiblefor the coupling in the transformed Hamiltonian.
However, as noted earlier, the standard Nielsen-type transformation functions S, and S, employed in the calculations
allow for a matrix representation diagonal in the principal
vibrational quantum numbers ui to order ;1 2, but not diagonal to order ;Z2 with respect to the Ii quantum numbers in
the caseof doubly degeneratevibrations, nor with respectto
the rotational quantum number K.53*54
The secondcontact transformation S, will be sufficient
for removing from the off-diagonal positions all terms of
order il 2, except for those off-diagonal in the Zi quantum
numbers, in K, or in both. For the secondtransformation we
have Hc2’= U,H”’ Uz, where U, = exp{iil ‘S,) and
hence,
Hi2’ = Hi” + i[S,,H,],
(2.14)
where Hi” is the term of order /z * in H(l), i.e., in
exp{i/2 S, )H exp{ - i/z S, 1:
-$[S,,[S,,H,]].
Analogously to Eqs. (2.9) and (2.10) we wish
PoH;2’Qo = QoH:Z’P 0 = 0
and
Hi”=H,

+i[S,,H,]

(2.15)
(2.16)
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P 0H’2*‘P, = P,H$“P 0, QoW’Qo

= QoH:“Qo,

(2.17)
and so we have
(2.18)
+ QoH”‘
Hc2’
= P 0 H”‘
2 Q 0’
2 P,
2
The solution of Eqs. (2.14) and (2.18) is similar to that of
Eq. (2.12):
S2 =i+H$“P

0

a

+hc *

sH,P,
a

+sH,

%&
a

% I-$, -+--Hlpo~,
f H, ?%H,
a
a
-$H,

a

1

+ h.c.,

(2.20)

wherea=Eo-H,,.
The S, and S, transformation functions obtained by
Nielsen and co-workers,23-24*44*47
and the S, and S2 functions discussedaboveusing the projection operator formalism, satisfy the same equations, namely, Eqs. (2.8) and
(2.14). Furthermore, S, and S, can be determined from
thoseequations,e.g.,as in Eqs. (2.12) and (2.19). However,
Nielsen’sand the projection operator forms of the S functions are quite different; the former being expressedin terms
of polynomialsof vibrational operatorsqi and pi,56 and the
latter being expressedinstead in terms of PO, Qo, and H.
Nevertheless,they lead in the presentcaseto the samefinal
results for the transformed Hamiltonian when H is expressedin polynomial form. Thereby, it was appropriateto
describethe overall formalism here using the projection operator expressionsfor S functions (they are simpler),57even
though the transformedHamiltonian usedin the presentcalculations was that given in Ref. 48, where Nielsen S functions were used.
The term in Hc2’of presentinterest for coupling the 14’
to the 5’10’16’or 6211’manifoldsis Hi2) and is given by the
term of order /z 3 in exp{i;l ‘S, }H’ ’) exp{ - i/z 2S2}, namely, by
(2.21)

Hi2) = Hi” + i[S,,Hi”].

Neededfor the present problem, however, is not the full
Hi2’, but only its diagonal component, P,H:‘)P,. Using
Eqs. (2.10), (2.19), and (2.21) we have
PoHi2’Po = P,(H$*) + i[S,,H,

(2.22)

] )P,.

SinceHi” can be expressedin terms of S, , S, , and H alone,
it follows from Eq. (2.22) that
PoHi2)Po =P,{H,

+H,

*H,P,H,
a2

I

PO.

(2.24)

Q,H,Po

a

+H,P,H,P,

SH,
a

(2.19)

*,

henceone finds from Eqs. (2.12) and (2.15) that
S, =i

POHi2’P 0

+i([S,,H,]

-f[%[%H,l]~Po~

+ [S,,H,])
(2.23)

where H, is the term of order il 2 in H. Evaluation of the
commutators in Eq. (2.23), using Eqs. (2.12) and (2.20),
yield?’

The terms in PoH$2’Poin Eq. (2.24) contain the following matrix elementsof productsof untransformedoperators,
with H,, again denotingm vibrational and n rotational operators: H,, ; HrticH2, , HFW,, , H,, H 31; and
H,, H,, H,, omitting for notational brevity the interspersed
PO’sand Qis. Here, Hrtic arisesfrom quartic anharmonicity and Hy from the crossterms of Eq. (2.3) quadratic in
vibrational angular momenta. Each factor contributes its
own order of /2, e.g., in the product H,,H,,H,, , sinceH,,
hasa cubic anharmonicity,it is of order R, the Coriolis factor
H,, is of order 2, and so the terms are of order 2 3.Similarly,
HgrtiCH2, and HYBH,, are each of order il 3.
The symmetry requirements for nonzero cubic and
quartic force constantsin H,, and HP
and for Coriolis
coupling coefficientsin H,, are well known.32The symmetry restrictions for the terms containing the fl~O~~~and
flnc2kv3
e,,OO,e,+,
coefficientswere derived individually and are given in Appendix B. This information indicateswhich product
operators vanish by symmetry when H,, and H,, appear
singly in the products.
Upon performing the appropriate sums over the mode
indicesthousandsof combinationsof the vibrational operators are obtainedfor the variousproducts above.Group theory was used to identify which of these products, via the
relevant matrix elements,contribute to the coupling of the
light and dark states (cf. Appendix B) .
An important simplification in perturbation calculations of molecular rotation-vibration interactions, present
in the formulas4’used here, arises from ( 1) the algebraic
simplification due to useof [ qi ,pj ] commutation relations,
and (2) the simplicity of the matrix elementsof qf, e.g., in
Eq. (2.24). For example,for the secondreason,in a coeffico)of a polynomial in the next seccient
CbL
G&x
LX
bf
tion the operatorsqi and qf are absentin the polynomial.
D. Coupling of the 14’ state to the S101161 manifold

The matrix elementscoupling the zeroth-order 14’state
and the zeroth-orderdark state 5’10’16’are consideredas a
specificexampleof the useof group theory in applying Eq.
(2.24). For a term in a product operator P,H$“P, such as
H,oH30Hzl to contribute to this coupling, eachof the three
factors must be nonzero.The expansionof the transformed
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which couples Ii) and 1j),
where Ii) and 1j) are in the PO and Q. subspaces,
respectively,
contains
the
matrix
elemen&* (~b~CcCbckobckcde~~~f(ilqaqa!qePfJalj)
and
( %,& Cadk,, LA t&l (il qbq, q, p, J, )j) , wherethe indices
which are not summedover dependon the dark state (j), for
the given light state Ii). In the first sum the representations
RQ,) @r(Qb) er(Q,)
and RQ,) er(Qd) er(Q,)
must each have an a’, irreducible component,in order that
kobcand k,, not vanish by symmetry, while r ( Qb) Q l? (Q,)
must have a r (R, ) component so that g & similarly does
not vanish. Theserestrictions severelylimit the allowed valuesof indices b and c, which would be otherwisefree to vary.
When the 14’and 5’10’16’states are coupled, the indices
a,d,e, f in the first sum becomepermutationsof 5, 10, 14,and
16. The values of b and c for which the relevant matrix elements do not vanish can then be determined systematically
using group theory (cf. Appendix B) . In the abovesums C,,
and C,, are constantscontaining harmonic frequencies,moments of inertia, etc., and are seento differ in which factors
have the common indices. A discussionof the symmetry of
terms in the first sum is given, as an illustrative example,in
Appendix B.
For this pair of states only a small fraction, but still
many, independentcombinations of quadratic products of
cubic constants multiplied by Coriolis coefficientscontribute to the coupling. In the caseof the other product operators, only a few terms are left. Later, in Sec.IV a breakdown
of number of combinations and their relative contributions
to the coupling matrix elementof Hi2’ are given. Here, rather, the few general types of nonzero combinations which
arise are described.For this pair of statesthere is no contribution to the coupling from the first term in Eq. (2.23), H,,
becauseof symmetry requirementsfor terms containing the
~(2w-J
otiO,ohob
factors. This finding is evident from the result,
seenin Appendix B, that for the identified initial and final
states the four coupled vibrational quanta involved must
have at least three of them in in-plane modes.However, for
other initial-final pairs of statesH, could well contribute to
the coupling.
We also have from ( ilHrfiCH2 11j) the sum
8,C,S~,,knbcd(ilpeqbq,q~J,(j), which will be nonzero for
some values of the index a. We further have5’ from
the
sum
B C Q2(‘)ap(;ekabc
(WJOH,, I8
X (il q0qbqdpeJ, I j) , which is similarly ioizeio for ‘some
values of the index c, as again shown by symmetry arguments. Analogous results apply for coupling to the 6211’
final states9and to the 3’16’final state.
NOWthat coupling by many terms in the transformed
Hamiltonian has beeneliminated to order R 2,the remaining
couplings are consideredfor the presentsmall set of rovibrational zeroth-orderstatesin the initial and final manifolds.60
In the examplebelow, the 5’10’16’state is considered.It has
two doubly degenerate(e) modes, 10 and 16. The initial
stateis IJ,K ), with the vibrational excitation 14’understood,
and the final state is JJ,K f l), with the vibrational excitation specified later, there being two e- modes in the final
state. The latter can be characterized,in part, by the addi-

operator, H,, H,, H,,

tional quantum numbersI,, and I,, [these Is, which are zero
in the initial state, are not associatedwith the vibrational
angular momentaZjfiin Eq. (2.2)) sincemodes 10and 16 are
each out of plane.] In the coupling of the 14’and 5’10’16’
states, J is conserved,and since the only type of Coriolis
coupling allowed for the relevant states is (x,y) (for a zCoriolis coupling to 5’10’16’at least one of the modesin the
dark state would have had to be in-plane) the selectionrule
for the radiationlesstransition is AK = f 1. This (x,~) Coriolis coupling, a consequenceof the selectedstates and the
symmetry requirements,is supported later by experiment.7
Due to symmetry present in a C, operation about the
principal symmetry axis the following selectionrule applies
for coupling betweentwo zeroth-order states for a symmetric top61:
-AK+~a,Al,
f

++Nz

I

Aui =pN,

(2.25)

for a moleculewith an N-fold principal symmetry axis (here,
N = 6). In Eq. ( 2.25)p is an integer,the sum over i is over all
modesbelongingto b-type irreducible representations(b,, ,
b,, etc., * * . ) ,6’and the sum over t is over degeneratemodes
that changetheir respectiveI, valuesby Al,, with a, equal to
one for an e, -type mode (elg,elU) and two for an e,-type
mode (e,, ,e,, 1. For a given AK, it providesthe allowed Al ‘s.
In applying Eq. (2.25) to the coupling of 14’to the final
state 5’10’16’we note first that the latter state has an excited
e, -type mode Q ’, (and hence a’, = 1) and an excited e2type mode Q ’6 (and hence ~1,~= 2). For AK = +_ 1, the
smallest change in the Z’s is obtained by setting p and the
Avi’s in Eq. (2.25) equalto zero. Equation (2.25) now gives,
for Al = _t 1, correspondingto one vibrational quantum exchangeper mode,
40 = t 1,
I,, = f 1 simultaneously (for AK = t 1).

(2.26)

Thereby, any Coriolis-induced AK = + 1 coupling between
14’and dark stateswith l,. = I,, = f 1 is forbidden. These
latter two states are therefore omitted from the set of basis
states.
The successivetransformations provide a matrix representation of the transformed Hamiltonian in which the initial and final states are in one 5X5 block along the main
diagonal. Sincethe implicated coupling is of order R 3 we do
not include in this matrix any terms of higher order. Within
this matrix given below there are also terms coupling the
K f 1 states to K f 2 states, respectively. However, the
K f 2 states would be further off-resonanceas seenby the
rigidrotorenergyterminH,,B,[J(J+
1) -1(K*2)2],
having substitutedK + 2 for K, differing from the rigid rotor
energy for K by about f 2BeKz0.36K cm- ‘. Thereby,
such K + 2 statescan be omitted here in treating the properties of an avoided crossing. The remaining terms, being of
order /z ‘, /z 2, or il 3 are included, the matrix elementsbeing
those of the indicated operators:
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*

(Z,T,Z,;J,K-- 1)
Hi2’
H, + Hi”

114l;J,K)
0
Hi2’
H, + Hi*’

IZloZ;;J,K+
0
0
Hi2’

1)

H, +H:2’
(Hermitian)

IZ;Z,;J,K+
0
0
0
Hi2’

1)

’

H, + Hi*’

where only terms of the twice-transformedHamiltonian for
which the matrix elementsare nonzeroare shown.
In this matrix the states of 5110’16’parentageare labeledby quantum numbersI,, and I,, , the superscriptsindicating their signs of f 1. The initial zeroth-order state is
indicatedby /14’;J,K ), for which all Z,vanish, the Q,,, mode
being nondegenerateand all other modes being unexcited.
The missingoperatorsin the lower left triangle are the Hermitian conjugatesof thoselisted in the upperright. The diagonal terms contain RRHO energiesfrom &, and the diagonal matrix elementsfor the two statesof 5’10’16’parentage
with J, = K - 1 have the sameRRHO values,as do the two
stateswith J, = K + 1. There is no diagonalterm linear in il
associatedwith parallel Coriolis energy or anharmonicity
for this pair of states 14’and 5’10’16’,37and so there is no
H!*’ term in this matrix. This latter statement follows because Hi” = Hi” (since S, has no effect on Hi”), and
Hi*’ = H’ = 0, in the absenceof parallel Coriolis contribution to the energyof thesestatesand [cf. Eq. (2.11) ] since
S’ has no effecton diagonalelementsof H’ . There are diagonal terms of order/z *, Hi*‘, some of which are dependent
on vibrational quantum numbers alone,and others that are
dependenton Jand K. The former are included in AE,,,, the
differencein energyof rotationlessorigins in the absenceof Z
degeneracy,between5’10’16’and 14’. The diagonal (J,K)
dependentterms include quartic centrifugal distortion operators [such as J*( J + 1)*] and terms proportional to
J(J + 1) or K *. Both give a negligible contribution to the
energy differenceof the two states and no contributions to
the off- diagonalelements.62
Off-diagonalmatrix elementsare of the operatorsHi”
and H$2’.6oThe third-order transformed operator Hi” is
seento couplethe initial K stateto the final K - 1 and K + 1
stateswith the appropriatesignsof I,, and I,, indicated. The
operator Hi*‘, of order R ‘, removesthe degeneracyof pairs
of levelsthat differ only in their Zquantum numbers,and via
(v,,u,;Z, -&-l,Z, 7 ~IH:~‘[u,,u,;Z,T l,Z, + 1) it provides the
well-known Z-typedoubling.63The magnitudeof this matrix
elementexceedsthat of Hi” and placesone of this pair of
levels off-resonancefrom the ( 14’;J,K ) state, thereby, allowing the latter to interact via Hi” with the remaining state
in the 5’10’16’manifold.
The J’s will beconsideredfor which, prior to the diagonalization, the initial state 14’has a zeroth-order (RRHO)
energy that is very close to the two states in the 5’10’16l
manifold with J, = K + 1. It can be seenwthat, apart from
changingthe signsof the Ali’s and modifying slightly the off-

diagonal term, the use of AK = - 1 gives essentially the
samefinal results. When the two J, = K + 1 dark statesare
quasidegeneratewith the initial state IJ,K ) the two states
with J, = K - 1 are relatively far removedin energyand one
could introduce a partitioning approximation65in which the
2 x2 subspaceconsistingof I 14’;J,K ) and the nearestsingle
nearby state with J, = K - 1 are regarded as forming the
resonant subspaceand the remaining three states as being
off-resonant.The resulting secularequationyields the eigenvalueP
El,, =+{(E;

+E;)I.

[(E;

-E;)2+4~H:2”(2]“2),

(2.27)
which yields immediately the deviations of the lines from
their anticipatedpositions.In Eq. (2.27) IH i2” ( denotesthe
magnitude of the off-diagonal matrix elements due to the
perturbation given by the transformed operator Hi*‘, plus
additional terms arising from the partitioning method, while
E ; and E ; are diagonalmatrix elementsof the two coupled
statesin this 2 X 2 matrix, thereby also containing off-resonant terms arising from the partitioning. Numerical results
are given later, both with and without the partitioning approximation and indicate the usefulnessof the latter.
E. Coupling of the 141 state to the 6*111 manifold

For the dark statesin 6’11’ there are now three states
involved, the states )14’;J,K ), IZ;*;J,K - 1) and
II 2 ‘;J,K + 1). There is one other difference from the preceding caseof the 5’10’16’states:there is now a first-order
(parallel) Coriolis energythat appearson the main diagonal
(mode 6 is a degeneratein-plane mode, and the Coriolis
energy splits statesdiffering in their Z6quantum numbers).
Since one of the two states lZ;*;J,K - l), and
IZ,+*;J,K + 1) is well separatedby the zeroth-order term in
K * as well as by the first-order parallel Coriolis interaction
from the remaining two states,that state is weakly coupled
and the partitioning techniquecan againreducethe problem
to a 2 x 2 secularequation,with a solution analogousto Eq.
(2.27). The 3 X 3 matrix is given by
)I, ‘;J,K - 1)

) 14’;J,K )

Ho + H, + I-I:*’

Hi*’
Ho + Hi2’

(Hermitian)

lZ:‘;J,K+
0

1)

,3*’

Ho + I-I, + H:”
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In this matrix RRHO energiesand parallel Coriolis energies [cf. Eq. (2.2) ] are along the main diagonalas, respectively, I-&, and H, . For AK = - 1 the first two statesform
the resonant subspacein the partitioning method.64 The
third state,although coupledto the initial I 14’;J,K ) by Hi*‘,
forms the off-resonantsubspace,being far removed in energy*

1)
H, + Hi*’

)Z&‘;J,K-

s+iQo’H;“P,
a

H’2’

6*11’

lZ;‘;J,K-

1)

H, + Hi*’

IZ,*;J,K

- 1)

Hi*’ quintic
I& + H, + H;”

14’
IJX >
H’2’

Hf2’
H, + H:”

H”’
rot
2
Hi*’

*

67

In order to treat severalaspectsof the fluorescencespectrum following excitation of statesdominantly 14’in character,8 for certain valuesof (J,K) (in particular K = 15,17) it
is desirableto consider the simultaneousinteraction of zeroth-order states from both the 6*11’and 3’16’manifolds,
with 14’states.The resulting 5 X 5 matrix contains as basis
states the ( 14’;J,K ) initial state, and the four final states
included in the two 3 X 3 matrices above:

6*11’
lZ,‘-*;J,K + 1)

0*
0
Hi*’

1)

G.*Coupling of the 141 state to the 6*111 and 3’16’
manifolds

where Qz is the projector 2, +k, Ik ) (k I, the sum over all
zeroth-order statesexcept the two quasidegenerate
statesof
interest. The resulting 3 X 3 matrix is given by

3’16’

IZ,‘;J,K+

H, + Hy’
(Hermitian)
In this matrix the vibrational label 3’16’in the first and
third columns is omitted. This matrix differs principally
from the previous 3 x 3 matrix in that there is no parallel
Coriolis energy along the main diagonal for the two dark
states. The latter two states, differing in their K quantum
numbers,are separatedin zeroth order by their different rigid rotor energiescontained in H,. The off-diagonal terms
Hi*’ couple 14’to the two 3’16’ states. Hi*’ rot is a rotational I- doubling term that couples states via
(Z,;K IH:” rot II, f 2;K T 2) and, for valuesof K of our interest, yields a coupling matrix element of magnitude 10- 3
to 10- 4 cm - ‘, considerablysmaller than the magnitude of

(2.28)

+ hc* -,

2

H, + Hi*’

F. Coupling of the 14’ state to the 31161 manifold

In the coupling of the 14’initial state to the 3’16’manifold, the relevant coupling term, containing one rotational
and three vibrational operators,is of order il ‘. Thereby, the
twice-transformed Hamiltonian H’*‘, which is diagonal to
order R * in the vibrational quantum numbers u,, will fail to
model an avoided crossing becauseS, would contain small
denominators of the form w14- w3 - o16. Thereby, a
modified transformation function S: is applied to the untransformed Hamiltonian to obtain the coupling, ST defined
analogouslyto Eq. (2.19),

/14’;J,K)
H’*’

3’16’
Il,‘;J,K+
1)
Hi*’ rot
o*

.

,3’*’
2

Ho + H, + I-i:*’ Hi*’ quintic
(Hermitian)
H, + Hi*’
This matrix employs H :*’ obtained with the modified ST transformation function defined by Eq. (2.28)) in order to avoid
small denominators (arising from l/a) ofthe form w14- w3 - w’~. Aside from this change,the only items in this matrix that
have not beendescribedin previous subsectionsare the off-diagonalterms Hi2’ quintic and O*. Hi*’ quintic is a third-order
anharmonic coupling of pairs of states in the 3’16’and 6*11’manifolds. There is also a parallel Coriolis term coupling the
samestates,but it is of orderil 4 and may be neglected.0* is a high-order rotational Z-doublingterm, and is similarly neglected.

III. RESULTS FOR 14’ S, STATE
A. Theoretical

A particular initial rovibronic state and a final state will
be quasidegenerate
provided that the (J,K) pair satisfiesEq.
( 3.3) given below. For thesequasidegeneratepairs, the offdiagonalcoupling can lead to significant deviationsfrom line
positions in the vicinity of the avoidedcrossings.In Fig. 4 of

the article5of Riedleand Neusser,the avoidedcrossings

c
involving the 14’state arrange themselvesinto two sets of
resonanceregionsin the (J,K) rotational manifold; a region
for coupling to 5’10’16’, ranging, for the best plots, from
(35, 10) to (24, 9), and a region for 6’1 l’, ranging, for the
bestplots, from (35, 15) to (21, 17).68Theseavoidedcrossings are indicated in Tables I through IV, together with the
final statesto which the 14’state is coupled.68
For the light ( ( 14’;J,K ) ) and dark rovibronic statesto
benearlydegenerate
energies,
asin Eq. (3-l), whereE j”’is
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TABLE I. Vibrational coupling constant for Hi” interaction between the initially prepared 14’state and the
final, dark states indicated.

K

Final state’

9
10
12
11
13
15
16
17

5’10’16’
5’10’16’
5’10’16’
6211’
6211’
6’11’
6*11’
6211’

&,2X2
( 10e4 cm-‘)

v,,5x5c
( 10-4cm-‘)

6.3
6.2
6.2
8.9
8.9
9.0
9.1
9.1

xl
(lo-’ cm-‘)

V,, exptb
( 10v4 cm-‘)
11.2
11.6

6.2
6.2
6.2
8.9
8.9
8.9
8.9
8.9

6.2
6.2
6.1
8.8
8.8
9.0
9.0
9.0

(9.8)
(8.1)
(9.7 1
12.8
(:17-l)
12.7

‘AK=
+ 1 for 5’10’16’, - 1 for 6*11’.
b Parentheses indicate less reliable values (see the text).
‘3~3inthecaseof6~11’.

tion of the line position, for any given final state A

definedby the first equality and Ey”’ by the last,
Ej”’ = Eyb + Ef”’ + ,y

E;‘b - E y is constantwhen Jand K are varied. The experimental plot is of differencesof line positions vs J, or, in the
present paper, vs J( J + 1), at fixed K. The constant
E;‘b - E ribdoesenter into the fitting, becauseof the square
root, as seenlater in Eqs. (3.4)-(3.6). The El and E ; appearingin Eq. (2.27) are the Ey’ and E I”’ of Eq. (3.3), but

=E;‘b + Ef”’ + ET = Ey’

(3.1)
should be close for any such suitable final state, with
AK = + 1. The vibrational plus rotational energy is given
by the RRHO approximation,69and the Coriolis energy in
the 6’11’final state is given in Eq. (2.2) by
E,“‘=

- (K f l)Bl,<~:!,,.

modified by the diagonal part of Hi2’ and by the partitioning.
The avoidedcrossingplots given later are madeat fixed
K. As is seenfrom the functional form in Eq. (2.27), the
differencein eigenvaluesEf - Ei is given by

(3.2)

In contrast the final state 5llO’16’has no first order Coriolis
energy.Equations (3.1) and (3.2) yield for appropriatevalues of Jand K, for the 14’and 6211’states,
Ey’-EEj”=AB

[

J(J+

q=BJl
(AK=

1) -+K2

(E;‘b-Erib)zO,

* 11,

+ [(Ej-EE])Z+41H:2)‘12]1’2.

(3.4)

The use of the form Eq. (3.3) for E; - E; (omitting any
functional modification causedby the Hi2’ and partitioning
terms) yields at fixed K, a functional form for Ej - E I:

I

*zCi&)K+
I

E/-Ej=

E;-E;=ABJ(J+l)-D,

(3.3)

where AB is the rotational constant of the final (dark) state
(B,.) minus that of the initial (light) state.In the application
of Eq. (3.3 ) to obtain a coupling elementfrom the perturba-

(3.5)

where D is independentof J and is seento be the value of
ABJ( J + 1) at the “crossing point” of a plot of E,C - E ,! vs
J( J + 1) . IH i2)’1denotesthe magnitude of the matrix ele-

TABLE II. Changes in rotational constant between the initial and final vibrational states (AK).”

K

Final state

9
10
12
11
13
15
16
17

5’10’16’
5’10’16’
5’10’16’
6211’
6211’
6211’
6’11’
6’11’

AB,2 x 2
(lo-‘cm-‘)
-

AB.5 x 5’
(lo-%m-‘)

3.0
3.0
3.0
4.9
4.9
4.9
5.0
5.0

-

3.0
3.0
3.0
4.9
4.9
5.0
5.0
5.0

A3
(lo-%rn-‘)

AB, exptb
(IO-%m-‘)

-

- 2.7
- 2.7
( - 2.7)
(-4.1)
(-4.1)
- 4.3
( - 4.6)
- 4.3

3.0
3.0
3.0
5.0
5.0
5.0
5.0
5.0

“AK=
+ lfor5’10’16’,
- 1 for6’11’.
“Parentheses indicate less reliable values (see the text).
‘3~3inthecaseof6~11’.
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TABLE III. Vibrational coupling constant for Hi’) interaction between the initially prepared 14’state and the
3’16’ state, The large disagreement between V, (expt) and V, (theor) argues against a quasidegeneracy of the
14’and 3’16’states.

K

Final state’

11
13
15
16
17

3’16’
3’16’
3'16'
3’16’
3’16’

v,,2x2
(lo-‘cm-‘)

v,,3x3
(lo-km-‘)

-6
(lo-*cm-‘)

143.
143.
144.
144.
144.

142.
143.
143.
143.
143.

144.
144.
144.
144.
144.

V, , exptb
(IO-km-‘)

(8.1)
(9.7)
12.8
(17.1)
12.7

‘AK = - 1 in all transitions.
b Parentheses indicate less reliable values (see the text).

ment (ilH:“‘lj)
for the relevant states, and is written in
terms of the theoretically motivated expression
1) -K(Kf
1)]“2,
(3.6)
eventhough it will not be exactly of this form, becauseof the
partitioning contribution to (ilHi2”lf).
When the partitioning contribution to (ilH:“‘lj)
is negligible, as we shall
see it is to be in the present case, Eq. (3.6) becomesthe
correct functional form.
The principal theoretical contribution to ( (ilH$“‘l j ) (
in Eqs. (3.4)-( 3.6) is I (ilH:“l j)) in eachof thesetheoretical calculations; I (ilHi2’ I j) ) is a product of two terms,
which can be written as
I(ilH;‘)‘(j)l

I(ilH:2)(j)I

= V,[J(J+

=Fo[J(J+

1) -K(K+

1)]“2,

(3.7)

where PO in Eq. (3.7) is independentof J and K. The theoretical value of To is obtainedas a sum, as given in TablesIII
and IV of Ref. 48, and is evaluatedusing the relevant molecular constants.” The latter include the harmonic frequencies, cubic and quartic force constants,35Coriolis coupling
coefficients, inertial derivatives, and the n coefficients that
appearin the expansionof the inverse inertia tensor in Eq.
(2.7). Formulas for inertial derivatives and a-coefficients
are available.” In addition to the anharmonic force constants given in Ref. 35, an incomplete listing, the additional
constants in Appendix C were employed. Coriolis coupling
coefficientswere computed from the harmonic force field of
Goodman et a1.,72 while existing formulas71 were used to

obtain inertial derivatives and a coefficients.Substitution of
theseconstantsinto the sum noted above48yielded the set of
theoretical To valueslisted in Tables I and III. The computed coupling constants are complex-valued quantities but
only their magnitudesappearin the energyexpression,and
so only their magnitudesare reported here in Tables I and
III.
The principal theoretical contribution to AB is AZ, the
differencein rotational constants of the relevant zeroth-order statesin the absenceof contributions from the partitioning. The theoretical A’iTvaluesare listed in TablesII and IV,
together with the theoretical AB values as defined by Eqs.
(3.4)-(3.6).
These coupling constants V, and AB were computed
usingthe5x5 (for5’10’161) and3X3 (for6211’and3’16’)
matrices given in Sec.II. The useof the 5 x 5 matrix containing both 6211’and 3’16’states gave coupling constants for
coupling of 14’to either oneof thesedark stateswithin a few
percentof the valuesobtainedusing the relevant 3 x 3 matrix
containing that dark state. Thereby, we do not report separate coupling constants basedupon this 5 X 5 matrix. The
relevanceof this 5 X 5 matrix is seenwhen the various peaks
in the experimentalfluorescencespectrum is interpreted.’
The difference in the two relevant eigenvaluesof the
5 X 5 matrix for the coupling to the 5’10’16’state and of the
3 X 3 matrices for the coupling to the 6211’and 3’16’states
are each fitted to Eqs. (3.4)-( 3.6) to obtain theoretical V,
and AB values, definedby theseequations,and are listed in

TABLE IV. Changes in rotational constant between the initial state and the 3’16’ final state (AB).”

K

Final state

AB,2x2
(lo-km-‘)

AB,3x3
( 10-4cm“)

AZ
(lo-%rn-‘)

11
13
15
16
17

3'16'
3'16'
3’16’
3’16’
3’16’

-

-

-

6.6
6.6
6.6
6.5
6.5

6.6
6.6
6.5
6.5
6.5

6.5
6.5
6.5
6.5
6.5

AB, exptb
(lo-“cm-‘)
( -4.1)
( - 4.1)
- 4.3
( - 4.6)
- 4.3

‘AK = - 1 in all transitions.
‘Parentheses indicate less reliable values (see the text).
Chem. Phys., Vol.
95, No.
2,15 license
JUIY 1991or copyright, see http://jcp.aip.org/jcp/copyright.jsp
Downloaded 08 Mar 2006 to 131.215.225.174. J.
Redistribution
subject
to AIP

882

A. Helman and 13.A. Marcus: Coriolis coupling in benzene

Tables I through IV. The eigenvaluesof the 2x2 matrix
resulting from the partitioning (discussedbelow) are also
fitted to Eqs. (3.4)-( 3.6) and the resulting V, and AB valuesare also given in Tables I through IV.
B. Fit of Eqs. (3.4)-(3.6) to data and extraction

of V&B

We considernext the extraction of experimentalvalues
of V, and AB from the experimental data. The empirical
leastsquaresfit to the experimentalavoidedcrossingsin Fig.
4 of Riedleand Neusseris given in Figs. 1 and 2,’ but plotted
vs the presenttheoretically motivated J( J + 1) .‘3 Thesefits
were made74using as unperturbed energiesthe rotational
energiesof Eq. (2.2)) and as such do not include terms functionally of the form of quartic centrifugal distortion coefficients. The quality of the empirical fits is evident for K = 9,
10, 15,and 17 (Fig. 1). This fit is lessadequatefor K = 11,
12, 13,and 16 (Fig. 2), partly due to the smaller number of
data points availablefor thesevaluesof K, and partly dueto a
possibleoverlapin someof the avoidedcrossings.Otherwise,
the agreementof experimentalcurves with the empirical fits
is quite good. The empirical fits of Eqs. (3.4)-(3.6) to the
experimentaldata provide in TablesI through IV the experimenta174values of V, and AB, parametersdefined by the
functional forms Eqs. (3.4) to (3.6).
IV. DISCUSSION

Due to the relatively low excessvibrational energyavailablein the 14’initial state ( 1570cm - ’), the vibrational density of states is low, about 1 per cm - ‘. As a result it was
possiblein the present casefor the light state to couple to
particular dark states (the coupling producing the avoided
crossingsbeingvery small), rather than coupling to numerous dark states.Coupling to a large number of stateswould
havecauseda broadeningand evena disappearanceof some
lines, rather than merely perturbation of someline positions.
For coupling to the 5’10’16’manifold, for which there
were four possible states Z10= f 1, I,, = -& 1, only the
(I,, = - 1, I,, = + 1) state is observed75to couple via
Hi” to the 14*statewith the selectionrule AK = + 1. (Had
AK been - 1, then the (I,, = + 1, I,, = - 1) state would
have been coupled to the 14’state, and substantially the
samecalculated V, and AB would havebeenobtained.) The
(I,, = + 1, I,, = - 1) and (I,, = - 1, I,, = + 1) states
are mutually coupled via Hi2’ as in the indicated matrix
given earlier.
For the 6211’ final manifold, the observation75of
AK = - 1 is consistentwith acoupling of Z6 = - 2 via Hi”
to the initial state, according to the selection rule in Eq.
(2.25). [There are possible states Z6 = { + 2,0, - 2}, of
which the Z6 = + 2 state couplesvia Hi*’ to the initial state
with AK = + 1, while the Z6 = 0 state does not couple
(x,y)-Coriolis couple to the initial state.]
For the 3’16’final state, for which there were possible
statesI,, ={l,+ l},Z,, = + 1iscoupledviaH:“tothe
initial statewith AK = - 1. (The I,, = - 1 stateis coupled
via Hl” to the initial state with AK = + 1.)

The coupling I(ilH$“‘lj)l of the 14’and the 5’10’16’
final statehad a 7, of 6.2X 10- 4 cm - ’and arosefrom some
77 symmetry-allowed terms in ] (i]H~*‘] j) I for thesestates
(not including permutations of p and q operators). This
number, although far less than the thousands of possible
terms that might be nonzero prior to application of group
theory, indicates the needfor a computer to obtain eventhe
elementsof the 2 X 2 partitioned matrix for the calculationof
FO.This 7, of 6.2X 10- 4cm - ’due to the 77 terms includes
5.8X 10- 4 cm - ’from terms originating in products of untransformed operatorsH,H,,H,, . There were 70 independent such symmetry-allowedproducts. There was no contribution to F0 arising from the products HrfiCH2’ (three
terms) since in the absenceof better data we have set the
relevant quartic constantsto zero.76The contribution of the
products H,,H3, (four terms) was 0.4 X low4 cm- ‘. The
H,, gaveno contribution in this case.Table V lists the cubic
and quartic force constantsentering into such products.
For coupling of the 14’state to the final state 6211’a 7,
of 8.9x 10- 4 cm-’ had contributions from 92 symmetryallowed terms, not counting permutations of vibrational operators. This F0 of 8.9X 10- 4 cm - ’ arose entirely from
terms originating in products of untransformed operators
H,,H,, H,, , there being86 independentsuch nonzeroproducts, since there was no contribution to F0 arising from the
products HrUanicH2’(six terms), owing to the zero values
assumedfor the relevantquartic constants.76Again, Table V
lists the cubic and quartic force constantsentering into such
products.
For coupling of the 14’state to the final state 3’16’a F0
of 144X 10- 4cm - ’had contributions from four symmetryallowed terms, not counting permutations of vibrational operators. This v0 of 144X 10- 4 cm - ’ arises solely from
terms originating in products of untransformed operators
H30H2,, there being four independentsuch nonzero products. Far fewer nonzeroproducts arise in this casebecause
the single contact transformation using S, introduces less
terms than that arising from application of both S, and S, .
The relevant cubic force constantsare listed in Table V.
The agreementof the theoretical and experimentalvaluesof I’,, in Table I is seento be reasonable,consideringthe
approximate nature of the present potential energy surface
of S, benzene.It is seenfrom Table I that the theoretical
value of 7, is very closeto that of V, . In the final column of
that table are the experimentalvalues of V, obtained from
fitting the plots of the results of Neusserand co-workers to
Eqs. (3.4)-(3.6) .’ The vibrational factors of V, of Table I,
upon insertion into Eq. (3.4) togetherwith typical valuesfor
Jand K of, respectively,30 and 10, gives a coupling of 2 to
3 x 10- ’ cm - ‘. From Table II it is also seenthat the theoretical value of hB and the experimentalvaluesof AB differ
only by some 15%. From TablesIII and IV it is evident that,
for the relevant valuesof (J,K), the 3’16’state is not a resonant contributor to the observedavoided crossings,the discrepancybetweencalculatedand experimental V,‘s now being a factor of about 10.Thereby,we infer, the 14’and 6211’
statesshould be nearly resonant,being the principal participants in the avoided crossing,with the 3’16’state perhaps
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TABLE V. Independent cubic force constants needed for coupling 14’ to
various states.’
Coupling to 5’10’16’states
i=6to9:
(14,18,i),(14,19,i),(14,2O,i),(16,17,i),(ll,l6,i),(5,lO,i)
i= 18to20:
(10,16,i),(10,11,i),(5,17,i),(10,17,i),(5,16,i)
i= 12,13,15:
(10,16,i)
Miscellaneous
(14,10,17),(14,5,11),(14,1,15),(14,2,15),(14,2,12),(14,2,13)
Quartic constants:
(4,10,14,16),(5,10,14,17),(5,10,15,16)
Coupling to 6’11’states
i=6to9:
(f&6,0
i=6to9andj=
16and 17:
(61 LA
i=6to9andj=18to20:
(i,lM
Quartic constants:
(6,10,11,14)

about a factor of 3. Sincethe authors of this study found that
6* is in anharmonic resonancewith the 1l2 state, one might
conclude that mixed or combination states of Q6 and Q,,
might deviatein their Franck-Condon factors from the simple 62 state. Whether such an effect would yield a weak
6: 11; 1: band intensity is presently not known. Other possible explanationsare mentionedin Ref. 8, onebeinga possible
displacementof the 6: 11: 1’:band from its anticipatedposition by some 70 cm - ‘. Using the contact transformation
formalism through S, for the coupling of 1,6,11, and a
nearby 8,11, state (omitting the terms in S, which would
yield small denominators but treating those terms via the
diagonalization of the transformed Hamiltonian), we obtained a coupling matrix element of 28 cm - I, which would
be too small to yield a shift of 70 cm - ’in band position.79
V. CONCLUSION

(6,6,11,16),(6,6,11,17)
(6,6,14,18),(6,6,14,19),(6,6,14,20)
Coupling to 3’16’ states
(3,12,14),(3,16,16),(3,16,17),(10,14,16)
“Constants are kGk, with a,b,c indicated in parentheses, or in the
quartic case, k,,,.

contributing via an off-resonancein the coupling of these
states.
The presentinterpretation in terms of a perpendiculartype Coriolis coupling, involving (x,v) axes of rotation, is
consistentwith the experimentalfact, noted by Neusserand
co-workers,’that the splitting at the avoidedcrossingfrom
differentK ‘s varieswith Jin a way characteristicof a perpendicular Coriolis coupling, namely it varies as
[J(J+ 1) -$K(K&
1)]“2.
Thecoupling of the 14*to the 5110’16’statefinds strong
support, Schubert et al.’ noted, in the appearanceof the
emissionband 5: 10; 16: 6:. (The mode Q6, of e2gsymmetry,
provides the vibronic activity neededin this otherwise forbidden electronic transition.) The coupling of the 14’state
to the 6211’stateis implicated by the appearancein emission
of band systems6: 11t 1t and (but seebelow) 6: 11; l”, , the
Q6 mode again providing vibronic activity and Q, , of a,*
symmetry, yielding the progressions.Basedon a value given
by Pageet aI. a particular spectral emissionpeak could be
attributed to 3 i 16: 6’:1:) correspondingto an involvement of
the 3’16’state: the possible Fermi resonanceof 6’11’ and
3’16’,suggestedin Ref. 8, and coupling to 14’, are discussed
later.
While the presencein emissionof the 6: 11t 1: system,
and a band attributed to 3f 1616: are consistent with the
presentanalysis,the weaknessof 6: 11i 1: intensities, noted
in Ref. 8, remains unexplained.It is relevant that the 6: and
6: intensitiesnormally are in the ratio of two to one,” while
in a separatestudy including excitation of the 62band,” the
intensity ratio for the emission bands 6: 1’: and 6: 1: was

Using a transformed Hamiltonian given by Nielsen and
Amat,
obtainedfrom contact transformations, the coupling betweenlight and dark rovibronic statesin S, benzene
was evaluated.With it the perturbationsin the line positions
werecalculatedwith terms involving a third-order perturbation of the vibration-rotation interaction. The coupling to
the identified statesled to a perpendicular Coriolis interaction betweenthe nondegenerate
initial stateand the degenerate modes in the final dark states,modified by anharmonic
coupling to other modes. While the evaluation of the coupling strength requires an accurate knowledge of cubic anharmonic force constants,the currently computed coupling
strength is in reasonableagreementwith observedline deviations, no adjustableparametershaving beenemployed.The
calculations also served to eliminate, by a factor of 10, a
resonantcoupling solely betweenthe 14’state and the 3’16’
manifold.
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APPENDIX A: SOLUTION OF EQ. (2.8)

The solution of Eq. (2.8)) as Eq. (2.11), can be found in
Ref. 50 [cf.Eq. (7.6) andEq. (A5) there],butasimpleselfcontainedsolution is given here for completeness.
Upon multiplying Hi” -Hi in Eq. (2.8) on the left
and right by P, + Q. = 1 and using Eq. (2.10) it follows
that
Hi” - H, = - PoH,Qo + h.c.
(Al)
The P,H, Q,, in Eq. (Al ) can be written as
POW (QohWo - PoH, (Qo/a)H,, where a = E. - Ho.
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Using POE0= PoH,, = H,P, Eq. (Al) becomes
Hi’) - H, = P,H, (Qo/a)H,
- IX,P,H, (Qo/a) + h.c.
(442)
The right-hand side of Eq. (A2) can thus be written as a
commutator with I-&’:
Hi’) - H’ = [ P,H, (Qo/a)
- (Qo/a)H,Po,H,].
(A3)
Comparison of Eq. (A3) with Eq. (2.8) shows that S, and
P,H, (Qo/a) - (Q,,/a)H’P, differ at most by a quantity
which commutes with Ho. However, Eq. (2.8) shows that
S, can be determined only up to a quantity which commutes
with He. We set that quantity equal to zero, so that S, vanishes when the perturbation vanishes.Thereby, Eq. (2.12)
for S, follows.
Equation (2.14) for S, is the same as Eq. (2.8) for S, ,
apart from Hi*’ and Hi’) replacing HI” and H, , respectively. Thereby, the solution for S, is the same as Eq. (2.12)
upon making thesesubstitutions, so yielding Eq. (2.19).

APPENDIX B: SYMMETRY PROPERTIES OF fIi
COEFFICIENTS, AN EXAMPLE

An example is given in this Appendix of the application
of symmetry considerationsto someof the terms which contribute to Hi2’, namely, H,, , H,,H,, , and H,,H,,H,, .
The higher order Coriolis operator H,, results from a
modification of H,’ by motion along a normal coordinate
Q“,~~which distorts the molecule, thereby providing the additional inertial terms 2,,n~~aDQ0,00, c@ = x,y,z. Both
H,, and H,, contain fi:,y;“e,,,:“” and we can readily learn
about the properties of the latter by considering H,,. We
then apply the results to H,, .
The two rotational operators J, and J, in H,, appear
only in the relevant forms J, J, + J, J, when a #P, and as
Jf. + Jt , Jz - J:, or as Ji . (The Jz + J: arise according as
for the given Q,,,. ) The irre%xx/JQq, = + a~~~/dQ~,~~
ducible representation for the product of J’s is alg for the
combinations in a/3 of xx + yy and zz, ezgfor xx - yy and
xy, and elg for xz( = zx) and yz( = zy). The above linear
combinations transform in the same fashion as components
of the polarizability tensor.”
Since any term in the Hamiltonian must be invariant to
all symmetry operations, a necessarycondition for fI~,~~Pin
H,, to be nonzero is that I (Q,,, ) be one of the above irreducible representations for some combination in afl, for
only such a I will contain an alg component in the representation of the triple product. Thereby, when afl= xx + yy or
zz only a,* modeshave nonzero @$@. For c@ = xx - yy or
xy it is nonzero only for ezgmodes. Since” ~~,~~’and s2A.2:
vanish for all modesin benzene,there are no terms in H’, for
the combinations xz and yz. Equating like terms in expansions of the inertia tensor in terms of Cartesian components
and in terms of the pairs a;0 used here,
ngy * yy= n;,‘J;x * n,,( “YY. In the calculations we have
(‘)xX +YY = n(l)= = flC')YY = $Q”‘” for the a,g CaSe
71
?
pa
a
(I
*

and $fib,‘,)““-YJ’ = nL,*,)- =

- f)L,‘,)J’J’and n~,~xY = Qi,:‘Yx in

the e2gcase.” In the W (Wilson)32 system of numbering
vibrational modes for benzene,Q’ and Q, are each of the
irreducible representation atg, and Q,, Q7, Qa and Q, the
irreducible representation ezg,so determining which terms
in Qo,oocontribute to &&16,‘~~DQ~,, in H,, for the above
ap. All six of these modes are in-plane.
Of the three modes Q,,,, Qb,Ob,
Qc,Gtcontained in H,, ,
nonzero terms occur when three of theseQ ‘s are in-plane (z
coupling) or when two of the three modes are in-plane (x,y
coupling), as seenby the following arguments. We consider
the casewhere Qb,Ob
and Qcccare coupled by a Coriolis term,
J, p, in Eq. (2.3), and mode Qa,00is the distortion coordinate. We first note that J,p,, J,p,, J,p,, and J,p, are absent
since,as noted above,all fIi,‘iy and fiL.2: vanish. For parallel (z) coupling, i.e., for J, p,, mode Q,,, must be a,, , since
as noted aboveonly alg modeshave nonzero fiL,zOZ.
Sinceall
alg modes are in-plane it follows that this mode is also. The
modes Qb,cband Qc,cccoupled via the z-Coriolis term J,p,
must clearly also both be in-plane, to yield a z component of
vibrational angular momentum. Thus all three modesare inplane in this z-Coriolis term. For a perpendicular (x,y) coupling (J,p,, Jypy, J,py or Jypx ) there is one in-plane and
one out-of-plane mode, to yield an x(y) component (p, or
py ) of vibrational angular momentum. Since all nonzero
fi2(“ap arise from in-plane modes of alg or e2g symmetry
Thus in the perpendicular coupling
mz;eQ,, , y is
* m-plane.
’
case,two of the three modesare in-plane and the third is out
of plane.
The Coriolis operator H,, results from the modification
of H,, by distortion along two coordinates Q.,cOand Qb,Ob,
thereby providing the inertial terms 2, Kl$‘z&,VhQO,ue
Qb,, .
This term can be examined via H,,, which also contains
~~~o~?Qb.,,Qo,oa
Qb,obterms.a’ We require that each term in
and
hence that
H2, be ala9

r,,$‘YQ,,,,)

8 UQ,,,,,) 8 r(J,,J,),
(Bl)

where I( J, ,J, ) is one of the representationsfor the J, J,
terms mentioned earlier. Comparison with arguments given
for HI2 (and hence for H,, ) shows that, just as in that case
r( Q,., 1 must be ala or e2g, so here r(Q,,, 1 Q r(Q,,,)
must contain alg or ezg,in order that Eq. (B 1) be fulfilled.
The number of symmetry-allowed possibilities which satisfy
this condition are many and may be found from a character
table.” In terms of the usual combinations in afl = xx,yy,
etc., .** one has”
f3L’2’“/3
Q“.Oe’
Q+, = $

F

(I;),)

- ‘(n~,‘gT-$‘~~~

+ ~~,‘g’sz~,~“y%

(y = x,y,z).

(B2)

This equation can be used to obtain fi’*“s for ap equal to
various pairs of x, y, and z. The latter fic2”s can then be used
to obtain the group-theoretically motivated combinations
(2’xX- YYIn all casesthe resulting formulas,
%,;z$: and SZQ,.,,Qb.,,'
just as inbEq. (B2), indicate that the nonzero $I$‘,“” deter*Y
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mine the nonzero nglVzfob,Ob
.83 Thereby, I( Q,,,) and
l?( Qb,Ub)must individually be alg or eZg,since from Eq.
must be nonzerofor somea, 0,
(B2) both fi2,(“ay
~ and O$~~?D
y,andthea (“‘s’*are nonzeroonly for alg and eZgmodes.The
results given earlier for the fi(‘)‘s can thus be adapted to
nc2,aa
&,.Qa,*
when in Qi20$2b., Crp =

xx + yy and zz one finds that
r( &,vo1 = UQ,., 1 = ra,, and r( Qq, 1 = r( Qtz,o,
1
= reZg.When afi = xx - yy and xy I (Q,,, ) and I( Qb,Ob
)
arealg and e,, , respectively.When a;8 = xz andyz Eq. (B2)
applies unaltered by transformation to our linear grouptheoretic motivated combinationsand the “~~~~~o~~~
vanish,
noting Eq. (B2) and that all fig,” and flbO’r are zero. For
calculation of coefficients in H4; ‘Iwe emplo; the relations
given earlier for H,, and H,, , replacing fi(‘) by flc2).
Restrictions for the four vibrational modeswhich arise
in H,, , Q,,,, Qb,cbb,
Q,,,, Q,,, analogousto those for H3, .
We considerthe casewhere QcPO<
and Qd,Od
couple via a Coriolis term and whereQO,UG
and Qb,Ub
are the distortion coordinates. The latter two coordinates must both be in-plane,
sincethey must individually transform asa,, or e2g,in order
to havesomenonzeroflg$$o&, . For perpendicularCoriolis
coupling onememberof Q,,, and Q+d must be in-planeand
one out-of-plane. Therefore, in this case three of the four
modesare in-plane. Since for parallel coupling both modes
coupled via an H,, Coriolis term are in-plane, now, therefore, all four modes in H,, are in-plane. In addition, for
parallel (z) coupling, modes Q, and Qb must have the irreducible representationsalg, recalling that fl~O~O~obOb
is nonzero only for I(Q,,,) = I’(Qb,Ob)= alg.
’
The following exampleillustrates the application of elementary group theory to the term H,, H,, H,, , which contributes to Hi2’ and to the determination of which products
of the operatorsgive a nonzero contribution.
The sum 8,Z, C,, k,, kc& &qa qdqepfJa given in Sec.
II contributesto H,, H,, H,, , and it is desiredto find which
valuesof b and c give a nonzeroresult for the coefficients.It
is first noted that a, d, e,f are fixed as permutationsof 5, 10,
14, 16, in the caseof coupling of the 14’and the 5’10’16’
states.The allowed values of thesefour indices a, d, e, f are
consideredsystematically. The term f = 5 is consideredfirst
as an illustration. Similar reasoningwould follow for the
remaining three choicesofJL:
For perpendicularcoupling a = x,y and it is required
for c & to be nonzerothat I ( Qb) @I’( Q,) contain the irreducible representationelg.*’ Noting that I( Q, > = b,, it is
found that l? ( Qb) = ezg.Thereby, it follows that b is restricted to being6,7,8,9for a nonzeroc $. Consideringkabe
next, there are three possiblevaluesof a, namely, 10, 14,and
16.Choosinga = 14 (similar reasoningwould follow for the
remaining two choices) then for I’( Q, ) 8 l? ( Qb) 8 I (Q, )
to have an a’g component,84 noting that
r(Q,) = I’(Q’4) = b,, and, it was seen, r(Qb) =ezg, it
follows” that r( Q, ) = e,, . Thereby,r = 18,19,20.For the
given a = 14 and f = 5 we have d and e being 10 and 16.
Choosing e = 16 with I’(Q,6) = e2Uand I’(Q,,,) = elg,

then in kcde the irreducible representation for the direct
product I’(Q,)eI’(Q,)@l?(Q,)
=e,,ee,,ee,,
is
alg + a2g+ 3ezg9which contains an alg component,ensuring that kc,, is not zero by symmetry. The four values of
b(6,7,8,9), together with the three values of c( 18,19,20),
indicates 12 independent, nonzero products kabckc& &
from this source.
APPENDIX C: SOME RELEVANT FORCE AND OTHER
COUPLING CONSTANTS

The cubic force constants used are taken from an ab
initio force field for ground state benzene.35We have obtained from it the cubic force constants that involve only
totally symmetric ( alg ) linear combinations of three vibrational operators, of which there are 237 independentvalues.85Out-of- plane cubic constants (involving Wilson’s
symmetry coordinates32yand/or S) were the most relevant.
A Morse oscillator model of stretching valencecoordinates provided estimatesof the diagonal (k,,,, ) and semidiagonal (k,,,,) quartic constants,obtained from Ref. 86.
For the remaining, quartic constants that are not zero by
symmetry we haveassumeda value of zero, since there is no
data availablefor theseconstants.
Coriolis coupling constantswere computed from the L
matrix29 obtainedusing the quadratic force field solution of
Ref. 72. The ground electronic state valuesobtainedfrom a
normal modeanalysiswereassumedfor calculating the present set of Coriolis coefficientsp 2’.
Inertial derivatives and higher order coefficientsof the
inverse inertia tensor were computed using the values
r cn = 1.084A and rcc = 1.397A for the excited state carbon-hydrogen and carbon<arbon equilibrium bond
lengths, respectively.
Evaluation of Hi2’, neededfor the leading terms (order
/z 3, for coupling of 14’to the 5’10’16’ and to the 6211’
states, dependsupon knowledge of 48 the basic molecular
parameterssuch as Coriolis coupling constants, cubic and
quartic force constants,and inertial derivatives, i.e., derivatives of elementsof the inertia tensor with respectto normal
coordinates,JIaD/aQk, a$ = x,y,z, and for the k th normal
coordinate.Evaluation of Hi” for the leading terms for coupling of the 14’to the 3’16’state (order il 2, requiresthese
also, apart from the quartic force constants and the second
derivatives of the inertia tensor. Considering these various
parametersin turn, accurate data on Coriolis coupling parametersc z/ are obtainedfrom geometrical considerations
in conjunction with the harmonic potential. Thus the terms
in Hi2’ and Hi” containing H,, (multiplied by other terms
due to the transformation), posedno difficulty in calculation
of quantitative higher order vibration-rotation coupling coefficients. Rather, it was the terms having their origin in
operatorssuch as H,, , which involved cubic force constant
data, which could reducethe accuracyof such a calculation.
In the current absenceof an excited states, cubic force field
it was expedientto use the ground state (S, ) valuesfor the
cubic and the few quartic anharmonic constants that appeared.There is a clear need,however,for cubic and quartic
constantsfor the S, state of benzene.
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(Cl)
The products of angular momentum operators p,J, and
p,,J, are expressedin terms of the products p + J _ and
where p * = p, & ip, , with well-known matrix
P-J+,
elementsfor coupling involving two- dimensional isotropic
oscillators.29 The operators in Eqs. (2.3) and (2.4) are
transformed into these operators in the calculation of coupling constants.
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