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Abstract-Some Gasdynamic Problems in the Flow of Condensing Vapors. The general problem of the flow 
of a wet vapor, with or without an inert diluent is formulated under the assumption that the liquid phase 
is finely divided and dispersed throughout the gaseous component in droplets whose radii are nearly 
constant in any local region. The processes of momentum transfer, heat transfer between phases are 
assumed to take place according to Stokes law and Nusselt number of unity, respectively. The mass transfer 
process is treated as diffusion governed in the presence of an inert diluent and kinetic governed for two 
phases of a pure substance. 

The physical understanding of such problems, in contrast with those of conventional gas dynamics, 
rests largely in the role played by the relaxation times or equilibration lengths associated with these three 
processes. Consequently, both simple and coupled relaxation processes are examined rather carefully by 
specific examples. Subsequently, the problem of near-equilibrium flow in a nozzle with phase change is solved 
under the small-slip approximation. The structure of the normal shock in a pure substance is investigated 
and reveals three rather distinct zones: the gasdynamic shock, the vapor relaxation zone, and the thermal 
and velocity equilibration zone. The three-dimensional steady flow of the two-phase condensing continuum 
is formulated according to first order perturbation theory, and the structure of waves in such supersonic flow 
is examined. Finally, the attenuation of sound in fogs is formulated and solved accounting for the important 
effects of phase change as well as the viscous damping and heat transfer which have been included in previous 
analyses. 

Translated abstracts appear at the end of this article. 

Nomenclature n 
Xl' X2, X 3 ; X, y, z Cartesian coordinates; 

number of particles (per unit 
volume); 

t time; 
U l ,U2,U3 ;U,V, W Cartesian velocity components; 
m particle mass; 
a particle radius; 
J.l gas viscosity; 
J.lv mass rate of vapor production; 
p mass density; 
k thermal conductivity, fluid; 
p pressure; 
T temperature; 
a speed of sound; 
r characteristic relaxation time; 
rij viscous stress tensor; 
A. characteristic relaxation length; 
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droplet radius ratio, a/ao, local
to-reference value; 
specific heats of gas;· 
specific heat of liquid; 
ratio of specific heats, cp/cv ; 

internal energy (per unit mass); 
enthalpy (per unit mass); 
latent heat of vaporization (per 
unit mass); 
mass fraction, expressed as frac
tion of total gaseous component; 
binary diffusion coefficient; 
rate of heat conduction; 
gas constant; 
mass flow rate through nozzle 
cross-section; 
cross-sectional area of nozzle; 
latent heat parameter, hl/cp T; 
length of nozzle; 
Mach number, u/a; 
velocity potential, Ui = acp/aXi; 
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A 

Subscripts 
p 
I 
V 

T 

D 

R 

c 

0,1,2,3 

composite relaxation length, 
see Eq. (6.16); 
composite relaxation time, see 
Eq. (7.15); 
propagation parameter of plane 
sound waves, see Eq. (7.18); 
composite angular velocity. 

droplet or particle; 
liquid; 
velocity (Tv => velocity equilibra
tion time); 
temperature (TT => temperature 
equilibration time); 
diffusion (ID => vapor pressure 
equilibration time, diffusion 
limited); 
kinetic (TR => vapor pressure 
equilibration time, kinetic 
limited); 
chamber, stagnation reference 
state (section 4) or intermediate 
reference state (Fig. 1) ~ 
reference planes in normal shock 
wave structure. 

1. Introduction 
NUMEROUS scientific problems and technological 
situations concern the flow of vapor-liquid mixture 
and in most of these examples the phase change pro
cesses are of significance. Probably the most familiar 
are the formation of fog and rain droplets, the flow 
of wet steam in turbines [1, 2J, nozzles [3J and con
densers, and the formation of condensed phases in 
high-speed wind tunnels. In some instances, where the 
vapor expands from a dry state to a supersaturated 
or wet state, the question of nucleation [4, 5J is an 
important or even dominant one. In other cases, the 
droplets are already formed when the mixture enters 
the field of interest; then the most important physical 
effects to the flow field concern the exchange of mass 
between the phases in addition to the more conven
tional problems of two phase flow. It is toward this 
latter category of physical problem that the present 
work is directed. In such problems, it is the question 
of relaxation of the droplet motion relative to the 
vapor, the differences of temperature between droplets 
and vapor, and departure from equilibrium of the 
two phases that differentiates the flow of the vapor
liquid mixture from that of a simple gas. 

For when the flow process in some sense takes 
place very slowly, the departure of the system from 
dynamic and thermodynamic equilibrium is very 
small, and the gasdynamic processes correspond 
to those ofa simple gas of molecular weight somewhat 
larger than that of the vapor and satisfying an unusual 
equation of state. On the other hand, when the flow 
process takes place very rapidly, all changes in the 
vapor state are complete before any of the exchange 

. processes can affect the droplet state. Thus, the mech
anics and thermodynamics of the vapor and liquid 
phases are uncoupled. Under these circumstances, 
again the vapor flow behaves like that of a simple 
perfect gas. 

For changes of state for which the characteristic 
time of the flow is of the same order as the relaxation 
or equilibration times of the transfer processes, the 
motion and thermodynamic changes of the vapor 
and liquid phase are strongly coupled. The solution 
then becomes much more complicated than the equi
librium or frozen flow processes, which were described 
above as limiting cases of very short or very long 
relaxation times. There are numerous processes of 
technological interest for which this non-equilibrium 
flow process is of great significance. 

One of the most convenient manners of examining 
these relaxation and equilibration processes is through 
the analysis of wave motion. Here, the details of the 
relaxation mechanism are resolved in space or as 
phase lags in the response to periodic oscillations. 
As a consequence, after examining the physical nature 
of the exchange processes which are of importance 
in liquid-vapor flow, weak spatial waves, acoustic 
periodic waves and the structure of shock waves will 
be examined in some detail. These examples will serve 
to illustrate the manner in which the non-equilibrium 
flow processes enter into the analysis of two-phase 
flow problems involving phase exchange. 

2. Interaction Processes Between Phases 
Consider a dispersion of small spherical liquid 

droplets in a homogeneous vapor, the radii (J of all 
droplets in the neighborhood of any point being 
essentially the same. It will be assumed that the mass 
fraction of liquid and the relative densities of liquid 
and vapor are such that the volume occupied by the 
liquid is negligible. For most substances of interest, 
this permits the mass fraction of liquid to be as great 
as 10 without impairing the accuracy. Consideration 
will be limited to those problems where the individual 
droplets retain their identity or vanish, but where no 
new droplets are formed. Moreover, it is assumed 
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that the droplets will not be agglomerated or frac
tionated through collision or instability associated 
with the vapor flow over the droplets. 

Under these assumptions, the coupling of dynamic 
and thermodynamic processes in the two phases 
consists of the transfer of momentum, heat, and mass 
between droplets and vapor. If the Reynolds number 
of the droplets is small enough that the Stokes drag 
law is applicable, then the force acting on a single 
droplet is 

(2.1) 

We treat this relationship as if it were unaltered 
by mass and heat exchange; the mass exchange itself 
implies an additional momentum transfer between 
phases which we treat separately from that associated 
with viscous stresses. Now if the droplet has a mass m, 
the characteristic time scale with which the droplet 
velocity approaches that of the gas is 

m 
Tv = 6mJjJ.· (2.2) 

Since the mass m and the radius (J are both variable 
during a flow process, it will be convenient to define 
Tv utilizing some constant set of values mo and (Jo of 
the droplet mass and radius, such as their initial 
values. This quantity will be denoted the velocity 
equilibration time. Furthermore, a velocity equilibra
tion length Av may be defined as "t'Uo where Uo is an 
appropriate characteristic velocity of the flow. There
fore, 

Av = maUo . 
61f.(JoJ1. 

. (2.3) 

In some instances, it is convenient to take Uo as the 
local sonic velocity a, for then the ratio a/J1. = ao/J1.o 
and Av are constant over the whole flow field. Physic
ally the values of Tv and Av have the meaning of the 
time elapsed and the distance traveled, respectively, 
while the relative velocity of the droplet with respect 
to the vapor is reduced to e -1 of its initial value. 

These facts may be used to express the force of 
interaction per unit volume between phases in a 
convenient and physically significant manner. If np 
is the number ofliquid droplets per unit volume, then 
this force we seek may be written np<fJ. Also, the 
product np' m is the mass of liquid phase per unit 
volume of space, a quantity we designate pp. The total 
force F p is then written 

(2.4) 

a form which stresses the dimensional similarity 

between the interphase forces and the convective 
transport of momentum. The quantity };2 in the 
denominator, }; = (J/(Jo, accounts for the fact that 
the droplet radius, which enters into the calculations 
droplet mass and droplet drag force, varies from the 
reference value (Jo upon which the characteristic time 
and length have been based. Thus, the ratio E oflocal 
to reference droplet radii enters as a dependent vari
able in the problem. This feature will appear in the 
formulation of all interaction processes between the 
phases. 

There is, of course, an additional momentum term 
that is associated with the mass transfer. As a result 
of condensation or vaporization at the droplet 
surface, mass is transferred between the velocities of 
the bulk liquid and bulk vapor. We have assumed that 
the liquid comprising a droplet is all moving at the 
same speed and that the shearing stresses applied to 
its boundary do not produce circulatory motions 
within the droplet. Within this approximation, the 
mass exchanged at the interface between the two 
phases has the velocity of the liquid phase. Therefore, 
if we designate by J1.v the mass production rate of 
vapor per unit volume, then momentum is being added 
locally to the vapor phase at a rate 

(2.5) 

and is being lost from the liquid phase at the same rate. 
The processes of energy transfer may be handled in a 

manner analogous to that employed to treat momen
tum. Again, under the assumption of low Reynolds 
number,· the heat transferred to a single droplet by 
thermal conduction is 

(2.6) 

where k is the thermal conductivity of the vapor and 
the temperature within the droplet IS assumed 
uniform. A characteristic time 

mocp 
T =--

T 41f.(Jok 

and a characteristic length 

, _ mocpuo 
/IT -

41f.(Jok 

(2.7) 

(2.8) 

are readily defined. They possess the physical signifi
cance of the time elapsed and distance covered by a 
droplet while its temperature difference with respect 
to vapor is reduced to e- 1 of its initial value. Likewise, 
the total heat Qp per unit volume transferred from the 
vapor to liquid phases by thermal conduction is 

(2.9) 
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For a vapor Prandtl number of %, the velocity and 
thermal equilibration lengths are equal. 

Simultaneously with this process, there is a transfer 
of heat between phases associated with the mass 
exchange. As mass leaves the surface of the droplet, 
in vapor form, it carries with it the usual internal 
energy of the vapor at the droplet temperature, which 
is in this case equal to the saturation temperature. 
At the same time, we see that work.is being done on 
the vapor envelope by flux of vapor across the control 
surface with a normal stress equal to p, the local 
pressure of the vapor. Considering the surfaces of all 
droplets within a unit volume, the product of vapor 
velocity at the interface and the total surface area is 
11) p, where p is the density of vapor at the saturation 
state. The total work performed upon the vapor by this 
flow process is then just I1v{P/P). The sum of this and 
the internal energy e carried by the vapor is 

I1v ~ + ~) = I1vh(Tp} (2.10) 

where h(Tp} is the thermodynamic enthalpy of the 
vapor calculated at the droplet temperature. This 
equation also represents the heat lost per unit time 
by the droplets contained in a unit volume of space, 
associated with the transfer of mass between the 
phases. It may also be noted here that h(Tp) is equal to 

(2.11) 

the sum of the enthalpy of the liquid comprising the 
droplets and the latent heat of vaporization. 

The third quantity which couples the two phases, 
and enters into the momentum and energy transfer 
as well, is the mass exchange rate I1v between the 
phases. In detail, there are two processes that enter into 
the rate at which vapor condenses on or vaporizes 
from a droplet. These are: (i) the kinetic rate of 
impact and absorption of vapor molecules upon the 
liquid; and (ii) the rate of diffusion of vapor from the 
bulk of vapor to the neighborhood of the droplet. 

As a consequence, we shall consider two cases 
separated physically according to whether the rate 
of kinetic flux or diffusive flux is dominant. In general, 
if the system contains an inert or non-condensing gas, 
the vapor must diffuse through this gas in order to 
condense on the liquid. For any significant fraction of 
inert gas, the diffusion process is much slower than 
the kinetic process, and hence is rate controlling. 
The details of the kinetics may then be omitted. On the 
other hand, when the inert diluent is completely 
absent, the diffusion process vanishes also, and the 
rate is controlled by condensation kinetics. In the 
following, we shall differentiate between these two 

accordingly as a diluent is present or the medium is 
chemically pure. 

When an inert diluen t is present, the mass condensa
tion (or vaporization) rate is slow in comparison with 
the mass rate of collision of vapor molecules upon the 
droplet surface. As a consequence, the vapor and its 
liquid must be in thermodynamic equilibrium close to 
the droplet surface. Thus, the local partial pressure of 
the vapor is the saturation pressure corresponding to 
the temperature of the droplet. Under these restric
tions, it is easily shown that the rate of vapor produc
tion per unit volume, 11." is given by 

(2.12) 

where 
Kv = Pvlp = Pvlp (2.13) 

is the ratio of vapor density to total gas density and 
K~(Tp} signifies the saturated vapor concentration at 
the droplet temperature. The quantity D is the usual 
binary diffusion coefficient for vapor in the inert 
diluent. 

In a manner similar to that we have employed for 
momentum and energy transfer, a characteristic time 
and length may be introduced for this process 

(2.14) 

A _ mouo 
D - 41UTO(pD)J;2 

(2.15) 

and the physical interpretations of each are similar to 
those that have been given previously. Because the 
product of gas density and binary diffusion coefficient 
is very nearly equal to the coefficient of viscosity, 
11 for the gas, that is the Schmidt number l1/pD is 
nearly unity, this characteristic length is nearly equal 
to the velocity and thermal equilibration lengths. The 
vapor mass production may then be written 

I1v = :;~~ {K~(7;,) - Kv} (2.16) 

where diffusion of vapor through inert diluent is the 
rate controlling process. 

When we are dealing with a pure substance, 
however, the condensation flux rates take place at 
nearly molecular velocities. At present, the formula
tion of this vapor transfer process is incomplete; the 
only conclusive result is that of Hertz [6J and Knudsen 
[7J, valid in the free molecular flow regime. It is based 
on the assumption that molecular flow from the 
liquid may be computed using a Maxwellian distribu
tion at liquid droplet temperature Tp and number 
density corresponding to saturation pressure pe(Tp)' 
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Similarly, the flux of molecules from the surrounding 
vapor surface is computed from a Maxwellian 
distribution at the vapor state p, T. Utilizing the 
well-known Maxwellian mass-flux rate, the net 
condensation rate per unit area is 

P 
.j(2nRT) 

(2.17) 

where the approximation holds for small differences 
between liquid and vapor temperatures. The free
molecule restriction follows from the tacit assumption 
that the molecular streams from the vapor and from 
the liquid surface may move independently. 

On the other hand, a rough approximation to 
condensate flux from a continuum flow may be made 
in somewhat the same spirit as that employed by 
BoIza et al. [8J in treating the temperature jump at a 
solid surface. To carry this out, suppose that while the 
molecular mass flux from the liquid takes place 
according to the kinetic flux from the liquid state 
pe(Tp)/.j(2nRTp), the flux from the vapor to the 
surface takes place from some unknown intermediate 
state p;'I;. This mass is written p;/.j(2nRTJ Referring 
to Fig. 1, these fluxes couple with the equilibrium 
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FIG. 1. Simple model for condensation on a plane surface. 

vapor state PeT" several mean free paths distant. This 
coupling occurs through the conservation of mass 

.j(2nRT;) 
(2.18) 

the conservation of momentum 

1Pi + 1pe(Tp) = Pe + Peu;, (2.19) 

and the conservation of energy 

= - Peue(cpT" + 1u;). (2.20) 

These relations determine the intermediate state as 
well as the mass flow; for small differences between 
liquid and vapor temperature, the mass flow is 

1 8 
- PeUe = 2n 2 + [y/(y - 1)] 

Pe.j(2nRT,,) tc 
- p~e(Tp)} (2.21) 

The continuum state is not, however, the state of the 
remote vapor because the continuum state is moving 
toward the surface and the remote vapor is stationary 
at the state p, T. These two states are connected 
through an isentropic expansion fan which relates 
the pressure difference to the mass flow as 

Pc - P ~ Y Peuc, (2.22) 
P pa 

where a = .j(yRT) is the sound speed in the remote 
vapor. For small state variations, then, the mass flux 
per unit area may be written 

1 1 (p - pe(I;,),\ 

1+jC:)CY;2)"
yp

a\ P ) 

~ 0.23 pa ~ - /e(Tp
, (2.23) 

'where y =' %. It is notable that the mass flux does not 
depend upon the temperature difference as it does for 
free molecule flow, but only upon the effective 
pressure difference between the phases. Moreover, 
the velocity at which material is being transferred 
from one phase to the other is a substantial fraction 
of the bulk sound velocity, and consequently the 
characteristic time of the process may be short 
cO!llpared with that for diffusive exchange. 

Recently, in his doctoral thesis [9J, P. N. Shankar 
has examined this exchange process from a detailed 
kinetic theory viewpoint utilizing a moment method 
for the approximate solution of the Boltzmann 
equation for both plane and spherical examples. For 
continuum flow, that is, where the ratio of mean free 
path to droplet radius is small, he finds that the 
result is of the form (2.23), but with the constant equal 
to 0.22 instead of 0.23. For free molecule flow, where 
the ratio of mean free path to droplet radius is large, 
the Hertz-Knudsen formula reappears. The transition 
from free-molecule to continuum is to suppress the 
dependence of the transfer ratio upon the tempera
ture difference between phases, 
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We shall restrict our considerations here to the 
continuum range and take the mass exchange rate 
between phases as 

(
p - pe(Tp)J 

apa . 
p 

where \I. is a constant of order unity. Then the mass 
rate of vapor production per unit volume of mixture is 

(
p _ pe) 

/lv = - n . 4nu2 
• \l.pa --p- , (2.24) 

and for this process we shall denote the saturation 
relaxation time 

mo 
"CR=--~--

4nu op(\l.U oa)' 

and the corresponding relaxation length 

AR = mouo = ~ U o PI Uo. 
4nu op(au oa) 3a a p 

(2.26) 

The relationship between these quantities and the 
corresponding quantities for the diffusion governed 
process, Eqs. (2.14) and (2.15), is interesti~g. As the X 
have been written, it is clear that 

't"R D A 
- = --"'-, (2.27) 
"CD \I.(Joa Uo 

using the elementary kinetic theory expression for the 
diffusion coefficient. Therefore, it appears that 
't"R!rD ~ 1, provided that the mean free path in the 
vapor is small in comparison with the droplet radius. 
But this must be true for the continuum form of the 
mass-transfer law (2.23) to be valid. Thus, we may 
conclude that for our discussion, 

rRirD ~ 1, 

so that the "saturation relaxation" process m a 

chemically pure substance is fast in comparison with 
all of the other relaxation processes. 

It should be pointed out, although we shall not 
develop the subject along these lines, that when the 
droplets are sufficiently large or the slip velocities 
sufficiently large, the processes that define Av, AT> and 
AD depend quadratically upon the "driving potentials" 
rather than linearly. If the drag of a particle, for 
example, is in the quadratic range with drag coefficient 
CD, then the drag force per unit volume is 

2 (u - U p )2 
n . nu . p 2 CD' 

The velocity equilibration length, defined m the 
manner used previously, gives 

, _ 2mOCD _ 1!.C PI 
I\v - --2- - 3 D-uo' 

nuoP P 
(2.28) 

The values of AT and AD have similar magnitudes. 
F or high speed flows, these are the same general order 
as Av, and consequently the peculiar nature of the 
saturation relaxation process vanishes. 

Table 1 gives values for these characteristic lengths 
for one micron droplets in potassium vapor at two 
saturation states. 

3. Continuum-Like Conservation 
Relations 

The interaction processes that have been described 
enter into and modify the governing conservation 
equations for the two-phase flow process. We shall 
not derive these various relations or dwell upon the 
details of approximations that permit treating the 
droplet cloud as a continuum. The details of this 
general technique applicable to obtaining these 
equations are given in Ref. 10. Rather, we shall stress 
only such points as make the physical processes clear. 

Table L Characteristic Lengths for Wet Potassium Vapor «j = 1.011, Uo = a) 

Length 

)'} d . A v qua ratle 
T law 

AD 

Representative 
expression 

1 P, 
--(j 

3p 

8 P, 
--(j 

3 P 

T = 20000R 
p = 29 psi 

4.23 X 10- 1 em 

2.26 X 10- 2 em 

1.71 X 10- 1 em 

T = 25000 R 
p = 165 psi 

3.78 X 10- 1 em 

4.68 X 10- 3 em 

3.75 x 10- 2 em 
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Consider a chemically pure substance conslstmg 
of a vapor and its liquid phase, the latter existing in 
the form of small droplets that are locally of a single 
size. These droplets shall be considered sufficiently 
numerous so that a large number exist in a volume of 
characteristic dimensions corresponding to the 
smallest distance of interest in the problem but 
sufficiently spaced that the individual droplets are 
non-interacting in the sense of Ref. 10 .. Moreover, w~ 
shall assume that droplets may grow or diminish in 
size as a result of condensation or vaporization but 
that no nucleation, coalescence, or shattering takes 
place during the flow process. Thus, a droplet has an 
identity that persists with the possible exception of 
vanishing due to complete vaporization. 

Then the density p of the vapor and the correspond
ing velocity vector U j are related in the continuity 
equation 

op 0 
at + ox.(pu) = J1.v 

J 

(3.1) 

to the local mass production rate of vapor J1v' Similarly, 
the effective particle density PP' mass per unit volume 
in the liquid state, is related to the velocity vector upj 
of the particle cloud as 

(3.2) 

because the mass production rate of liquid phase 
must be equal and opposite that of the vapor. 

The equations of motion of the gas phase differ 
from the conventional form in that (i) an effective 
volumetric force - F pj exists representing the force 
exerted by the particle cloud on the vapor as the 
particles move through it, and (ii) the appearance or 
disappearance of vapor, and hence momentum, at 
the droplet speed. The droplet force is represented 
in the form developed in Section 2: 

(3.3) 

The momentum added to the vapor phase locally is 
just the product of the vapor mass J1v generated 
locally per unit time and the local particle velocity upj 
from which the vapor flows or is absorbed. That is, 
the momentum per unit volume added to the vapor 
phase because of phase change is 

(3.4) 

The momentum equations for the vapor phase only 
are then 

o 0 ( ppa(upj - uJ 
ot(puJ + OXj PUPj) = l.?Av 

op 07:ij 
- ~ + ;;- + J1vUpj, (3.5) 

uX j uXj 

where 7:ij is the viscous stress tensor appropriate to 
the vapor alone. 

For the liquid phase, the forces acting per unit 
volume are equal and opposite to those acting on the 
vapor, and momentum gained by the vapor phase 
resulting from mass transfer must appear as a vapor 
loss in the liquid phase. The equation of motion 
governing the motion of the particle cloud is therefore 

o 0 
ot (ppupJ + ox. (ppupppJ 

J 

ppa(upj - Uj) (3.6) = - - J1vUpj' 
1:2 Av 

the drag term associated with the gross pressure 
gradient op/OXj being negligible for very small droplets. 

To complete the formal statement of the conserva
tion laws, we apply the conservation of energy, the 
first law of thermodynamics, to the separate systems. 
The energy per unit volume p(e + !UkUk) of the vapor 
is changed by (i) the rate at which work is done on the 
system by external forces, (ii) the rate at which heat is 
transferred to the vapqr, and (iii) the gain of energy 
from the vapor mass increase due to phase change. 
Work is done by the surface stresses - pbij + 7:ij and 
the particle forces - F pi' These represent a work per 

. unit volume of 

o 
~{(-pbjj + 7: j)U j} - upjFpj, (3.7) 
uXj 

since the particles move with the velocity Upj. If we 
define the heat flux vector qj as the heat flowing out 
through a unit area of surface per unit time, the heat 
lost per unit volume is oq;/OXj. On the other hand, 
tIre heat - Qp added per unit volume of vapor from the 
liquid phase has been calculated in Section 2 as 

, ppacp(Tp - T) 
- Qp = l.?AT . (3.8) 

Finally, it remains to account for the effects of mass 
transfer upon the total energy of the vapor phase. 
Because the vapor flowing from the droplets carries 
its own internal energy and does work as it moves 
across the control surface surrounding the vapor 
droplet interface, it contributes, as was shown in 
Section 2, the flux of enthalpy J1vh(~) evaluated at the 
droplet temperature. In addition, of course, this vapor 
carries a kinetic energy per unit mass computed from 



592 FRANK E. MARBLE ASTRONAUTICA ACTA 

the droplet velocity. The energy associated with mass 
transfer to the vapor phase is therefore 

(3.9) 

The energy equation for the vapor phase is then 

0
0 {p(e + 1UkUk)} + -00 {puie + 1UkUk)} 
t Xj 

o 0 
- -(ujp) + -(-rijUi) oXj oX j 

PpQUpi(Upi - Ui) ppQcp(Tp - T) oqj 
+ l?ilv + ..[2AT - OXj 

+ Ilv{h(I;,) + 1UpkUpk}' (3}O) 

With the aid of the equations of continuity, motion, 
and some manipulation, the energy equation for the 
vapor phase may be written in the form 

oe oe {Ilv OUj } P-+PUj-= --- P at aX j p aX j 

+ {ppQC~;L- T) + Ilv(e(I;,) - e(T)) -. ;;~} 
O ( - )2 Ui PpQ Up; - Ui 

+ !ij OX
j 
+ ..[2 Av (3.11 ) 

The terms in curly brackets signify, in order of their 
occurrence, (i) the work done by pressure in changing 
the volume, (ii) the heat transferred to the vapor 
phase, and (iii) the dissipation due to viscous stresses 
within the vapor and to droplets moving through the 
vapor. The unusual terms are Ilv/P, the rate of flow 
over the surfaces bounding the droplets, and Ilv[ e( Tp) 
-e(T)], the internal energy carried across the same 
boundary. 

The energy equation for the droplet cloud may be 
written down directly from the foregoing considera-
tion 

= 
PpQUpi(Upi - Ui) 

2:'2 )'v 

ppQciTp - T) 

1:2 
)'T 

(3.12) 

where hi is the latent heat of vaporization of the 
droplets. Again utilizing the equations of motion and 
continuity for the droplet cloud, the energy equation 
may be written 

oep oep ppQcp(Tp - T) h 
Pp Tt + Ppupj oX

j 
= - 2:'2 AT - Ilv I' (3.13) 

This has the simple interpretation that in following an 
element of the droplet cloud, the change in internal 
energy experienced by it is accounted for by the heat 
transferred away from the particles and the latent 
heat that must be supplied by the particles to create 
the vapor that is produced. 

Another useful form for the total conservation of 
energy may be obtained through summing Eqs. 
(3.10) and (3.12) and taking account of the thermo
dynamic relationship 

h(I;,) = cp(I;,) + hi' (3.14) 

This form then becomes 

o {II} at p(e + ZUkUk) + pp(ep + ZUpkUpk) 

+ -00 {puie + 1UkUk) + ppupiep + 1UpkUpk)} 
Xj 

o 0 oqj 
= - -(ujp) + -(rijui) - -. (3.15) 

oXj oXj OXj 

The terms describing the exchange process between 
phases cancel, as indeed they must, when the vapor 
and droplets together comprise the thermodynamic 
system. 

Following a common practice in two-phase flow 
analysis, we have assumed that the temperature of a 
droplet is uniform throughout its volume. This 
assumption is accurate to a degree that depends upon 
the droplet size and physical properties as well as 
upon its temperature environment. The approxima
tion . enters the problem when we employ the same 
temperature to describe both the droplet surface 
processes and the droplet enthalpy. 

The physical effect of non-uniform temperature 
distribution is to delay the response in droplet 
enthalpy corresponding to a change in surface 
temperature. The amount of this lag, and the physical 
quantities that enter into it, may be determined by 

_ calculating the enthalpy hp of a homogeneous droplet 
whose surface is subjected to a periodic variation in 
surface temperature Tp- If the liquid has mass density 
p" specific heat c, and thermal conductivity kl' then 
the enthalpy of a droplet of radius (J lags approxi
mately 

2 (j)(J2 PIC 
----
IS kl 

radians behind a surface fluctuation of angular 
velocity (j). The time lag is somewhat more convenient, 
and this is 
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Now this time lag is small for very small droplets, 
but to estimate its significance, 'c must be compared 
with other relaxation times in our system. The most 
natural standard of comparison is the thermal relaxa
tion time '1" for thermal equilibration between the 
droplet surface and the surrounding vapor. This ratio 
is 

"c 2 (C)(k) 
'1' ="5 cp k, 

where c/cp is the ratio of specific heats for droplet and 
vapor while k/k, is the ratio of thermal conductivities 
of vapor and liquid. It is significant to note that the 
relative importance of non-uniform temperature 
distribution in the droplet depends only upon the 
system physical properties and not upon the droplet 
radius. For potassium droplets in potassium vapor, 
"c/'l' ~ 1.7 X 10-4

, while for water droplets in air, 
,cI'1" ~ 1.1 X 10- 1

• 

Because we have restricted consideration to a 
chemically pure substance, the vapor mass production 
rate f.1.v must be given in the form ofEq. (2.24). Utilizing 
the characteristic length defined in (2.26), 

= ppa (pe(Tp) - p) 
f.1.v LA. ' 

R P -
(3.16) 

where 
1 PI 

A.R = --ao· 
3r:t. P 

(3.17) 

The saturation pressure pe(Tp) at the droplet tempera
ture may be defined by the Clausius-Clapeyron 
equation 

pe(Tp) = exp {~ (1 _ To)~ (3.18) 
Po RTo \: Tp 'S 

where Po, To describe a reference saturation state. 
In utilizing this relationship, we assume the vapor to 
be an ideal gas with constant latent heat. 

Finally, we must obtain a relation that determines 
the particle size locally. The mass of a single particle, 
PI . ~na3, varies due to the condensation or vaporiza
tion taking place at its surface. Now the rate at which 
a single droplet gains mass is, according to Eq. (2.24), 
- f.1.v/n, and therefore we write 

(
a a ) 4 3 2 (p - pe(Tp)\ 
at + Upj aX

j 
bona PI) = 4na r:t.pa \ p ) . 

This may be simplified by introducing the droplet 
radius ratio L = a/ao and the condensation relaxation 
length, (2.26), using the local sound speed a as the 
characteristic velocity. Then we have 

OL + upj OL = ~ (p - pe(Tpl\ . 
at aXj 3AR p-; (3.19) 

In many calculations the flow problem may be solved 
without accounting for the variation of L, and the 
distribution of droplet size is found subsequently. 

4. Some One-Dimensional Problems 
Some of the most interesting technological problems 

involving two-phase flow are of an essentially one
dimensional character. Among these are the flow 
through nozzles and the structure of shock waves. In 
this section, these two problems will be examined. 
In addition to the intrinsic value of investigating the 
effects of phase change upon these classical examples, 
the results will illustrate the near-equilibrium approxi
mation and the influence ofthe rates of various relaxa
tion processes on the structure of the flow fields. 

Near-equilibrium nozzle flo w 
The flow through a convergent-divergent nozzle of 

a vapor, together with a liquid condensate cloud 
consisting of small droplets of a single radius, may be 
described as a one-dimensional problem where the 
area A(x) varies sufficiently slowly along the x-axis. 
Then utilizing the general relations developed in the 
preceding section, the problem is described by equa
tions of continuity for the vapor phase 

1 dm 
A dx = f.1.v, (4.1) 

where m == puA is the mass flow rate of vapor through 
any cross section, together with an overall mass 
conservation relation 

(4.2) 

Here, me is the initial flow rate of vapor leaving the 
reservoir before any phase change has taken place, 
and Kpe is the ratio of liquid to vapor flow rates at the 
same initial state. The equation of motion for the 
vapor phase is 

du dp ppa(up - u) 
pu dx = - dx + .r2 Av + )lv(up - u), (4.3) 

and the corresponding relation for liquid droplets is 

du p ppa(up - u) 
Ppupd; = - L1 A. (4.4) 

v 

Finally, the first law of thermodynamics for the liquid 
phase may be written 

(4.5) 
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and energy conservation for the entire system is 

m(h + !u 2
) + miep + !u~) = mch(T.,) 

+ KpcrhceiT.J (4.6) 

where 7;, is the temperature of the reservoir condition, 
assumed to be a stagnation state. As in the more 
general three-dimension problem, the vapor mass 
production rate is given by (3.16) and the local satura
tion pressure corresponding to the droplet tempera
ture is given by (3.18), the Clausius-Clapeyron 
relation; for the present problem, the reference state 
is taken as Pc, 7;" corresponding to the stagnation 
condition in the reservoir. 

Now if the expansion process through the nozzle 
took place such that dynamic and thermodynamic 
equilibrium existed locally, that is, up = u, J;, = T, 
pe(Tp) = p, then the state of the gas at any point in 
the nozzle, defined by the pressure ratio plpc' is easily 
obtained 

7;, y-l1 p 
- = 1 + ---log C (4.7) 
T(O) Y YJ p 

1+ 1--~ YJ) ~ T(O») 
1 + Kpc 7;, 

T(O) (T \ 
- 7;, log T(~j) (4.8) 

K(O) - K = - 1 - -~ 
T(O») 

p pc 7;, 

-t1 + K p, T(O) I 7;, 
T og T(O) 

YJ c 

(4.9) 

The superscript "0", as in T(O), indicates the local 
value of this dependent variable when the equilibrium 
is satisfied. The quantity Kp is used to denote 

(4.10) 

the ratio of local liquid mass flow to initial vapor flow. 
This ratio varies, of course, because of the exchange 
process between phases that occurs during the ex
pansion. Since we consider pressure as the independ
ent variable, the area required is easily computed from 
the equation of continuity and the state equation for a 
perfect gas 

(4.11) 

(4.12) 

where Ku is the ratio of local vapor flux to the initial 
value before phase change, 

(4.13) 

We wish, however, to solve the nozzle flow problem 
when the phases are not in equilibrium. For small 
liquid droplets and nozzles of reasonable length, the 
departure from equilibrium is usually quite small. 
As a consequence, it is possible to extend the "small 
slip" approximation, developed extensively in Refs. 
10 and 11 for velocity and temperature lag, to the 
nozzle problem with phase change. The general idea 
of this technique arises from the observation that 
small values of Au, AT' AR-small because of small 
droplet size-necessitate respectively that up - u, 
Tp - T, and pe - p must be small to insure that 
terms occurring in Eqs. (4.4), (4.5), and (3.16) shall be 
be finite. More formally, it is implied that all depend
ent variables may be expanded in power series of the 
small parameter AIL, A being of order Au, AT, A R, and 
L the nozzle length. In particular, it appears that the 
quantities (up - u)la, (Tp - T)/7;" (pe - p)lpc are of 
the order AIL; the quantities u, T, K p , etc., have terms 
independent of AIL that are, in fact, the values u(O), 
T(O), K~O) calculated previously. Formally, then, the 
solution we have called the equilibrium flow is attained 
by letting AIL -+ O. 

We shall calculate here only the first order perturba
tion terms for the nozzle flow and, as a consequence, 
second and higher order terms in small quantities will 
be neglected as they arise. It is convenient also to 
introduce three new dependent variables 

_ _ Av (1) 
Us = U - Up - L Us + ... 

4= T- J;, = ?TP) +... (4.14) 

_ e _ Av (1) 
Ps = P - P - L Ps + ... 

to replace uP' Tp' and pe, respectively. Since each of these 
is small in the sense described, only linear terms in 
Us> 4, and Ps shall be retained. In a corresponding 
manner, we shall express the other variables as 
perturbation series 

A u = u(O) + ~ u(1) + ... 
L . 

T = T(O) + ~ T(1) + . . . (4.15) 
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in which only the first-order term will be retained in 
the calculation. In all expansions, the velocity 
equilibration length Av is used to indicate the order of 
the perturbation parameter and it is assumed that 
AJL ~ 1. 

Before carrying out the perturbation analysis, it is 
convenient to make the change of variable suggested 
by (4.13) and, in the process, delete the high order 
small quantities that arise in the process. By manipulat
ing Eqs. (4.5) and (4.6), together with the equation of 
motion for each phase, we obtain 

) d (T) Y - 1 (Pc) d (p~ dKv (1 + K c - - - -- K,. - - - + 17-
p dx 7; Y P dx p dx 

d (T.) Kp a u; (4.16) 
~ dx \Kp 7; + L2Avupcp7;' 

In the state of local equilibrium, this reduces to the 
first law of thermodynamics for the mixture; it plays 
a corresponding role in our calculation. The pressure 
gradient on the left-hand side of Eq. (4.15) may be 
eliminated by use of the Clausius-Clapeyron equation. 
Differentiating Eq. (D 8) with respect to x after writing 
pe = p _ p., the resulting equation reduces to 

d I (T) d ( Kv 7;) "v' - og - + - 17 - ~ ---'---
dx 7; dx . 1 + "pc' T - 1 + "pc 

x {y - 1 ~ dp . T. + y - 1 ~ dp. _ 1'f 7; d T. 
y p dx T y p dx T2 dx 

- " 7; ~E. ~ + -~ ~ (~j T.} (4.17) 
T2 dx p T dx ~ + Kpc/ • 

This has effectively separated terms of different order 
of magnitude by placing them on different sides of the 
equation. The Clausius-Clapeyron equation itself 
may be separated into variables of different orders, 
leaving it in the integrated form. Thus, 

.E - exp {-Y 11 (1 - 7;)1 
Pc y - 1 \ TIS 

Ps Y 7; T. {Y (, 7;)} 
~ Pc - }' - 117 T T exp y _ 117 \1 - T . (4.18) 

The energy relation for the entire system, equation 
(4.6), may also be treated in a similar manner to obtain 

(
T 1) u

2 
"pc - "p - - + -- + 17 --'----"-

7; 2cp7; 1 + "pc 

~ "p (E + UUs ) (4.19) 
- 1 + "pc \7; cp7;,' 

Under conditions of local equilibrium, the right-hand 
sides of Eqs. (4.17), (4.18), and (4.19) vanish and the 
left-hand sides correspond, with some rearrangement, 
to Eqs. (4.7), (4.8), and (4.9) for the "zeroth order" or 
equilibrium solution. 

The so-called "slip quantities", defined in Eqs. 
(4.14), consist of only first order parts. Referring first 
to the equation of motion for the liquid phase, 
Eq. (4.4), it follows that u~l) emerges directly as an 
algebraic function of known zeroth order quantities, 

(1) _ u(O) du(O) '\"(0)2 

Us - (O)-d-' k a x 
(4.20) 

and hence is known. The fact that no integration was 
required to obtain this result indicates that the 
differential order of the system has been suppressed, 
that is, the perturbation problem we have generated 
is a singular one. The physical consequence of this is 
that, although the steady slip of the droplet with 
respect to the vapor is described, the transition from 
an arbitrary initial state to the steady slip cannot be 
be represented. As discussed in Section 2, this transient 
covers a distance of order Av. So long as Av is much 
smaller than the nozzle length L, this slight error is 
tolerated. 

The variation ps between the local pressure and the 
saturation pressure corresponding to the droplet tem
perature is obtained in a corresponding manner from 
Eqs. (4.1) together with (3.16). This yields 

Finally, the difference r. between vapor and droplet 
temperatures may be obtained from Eq. (4.5). Here, in 
addition to the process used in the two previous 
deductions, we must recognize that vapor production 
-rate J1.v - ps and is therefore negligible in the present 
order of calculation. It follows directly then that 

, (O)dT(O) 
T(l) _ II.T u (0)2 

s -l(O)-d-· L 
II.va x 

(4.22) 

The velocity, composition, and temperature gradients 
appearing in Eqs. (4.20), (4.21), and (4.22) may be 
written in terms of the prescribed pressure gradient 
thfough the zeroth order solution given previously. 
Thus, the zeroth order "slip" quantities are known 
completely. The quantity L(O), the equilibrium 
approximation to the droplet radius ratio, relates to 
the liquid mass flux. A little calculation shows that 

L(O) = (m~O»)t = (K~O))t 
mpc Kpc 

(4.23) 

and hence is known. 
The first-order perturbations U(l), T(l" K~l), etc., to 

the vapor properties require a little more calculation. 
If the expansions (4.14), (4.15) are substituted into 
the Clausius-Clapeyron equation, in the form given 
by (4.18), the left-hand side yields a zeroth-order term 
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identical with the equilibrium relation (4.7). After 
simplification, the first order part may be rearranged 
to give the vapor temperature perturbation 

Tl l ) T~l) Y _ 11 TlO) p~l) 
T(O) = T(O) - -y- ~ T" p(O)· 

(4.24) 

The first-order perturbation terms on the right-hand 
side ofEq. (4.24) may alternatively be written in terms 
of the zeroth-order solution by means of Eqs. (4.21) 
and (4.22). 

A similar type of process may be employed to obtain 
the first-order perturbation of vapor mass fraction 
K~1). Substitution of the perturbation expansions into 
Eq. (4.17) gives a zeroth-order term on the left-hand 
side that is identical with the equilibrium relation 
(4.9). The first order parts, arising from the left-hand 
side, have terms involving derivatives of temperature 
and mass fraction corrections to the vapor phase; 
the right-hand side contains known first-order slip 
terms. Some rearrangement of these terms, several 
partial integrations, and use of the zeroth-order 
relations (4.7), (4.8), and (4.9) permit the differential 
equation for K~l) to be integrated from the chamber 
state, Pc, to the local point of interest described by the 
local pressure. Finally, use of the known value for 
T(l), Eq. (4.24), permits the integrated form to be 
expressed in terms of the first-order slip quantities and, 
in turn, by the equilibrium solution 

T(l) y _ 11 T(O) p(l) 
~1) = _ (1 + K(O»_S_ + _____ S_ + J(p) 

P T(O) Y 1/ T" Pc 

(4.25) 

where J(p) is the integral 

P 

J(p) = Y ~ 1 f {[ -(1/ + K~O» 
Pc 

1 ~ Kpc ~Og ;~) - ~J Ti) 
+-- 1- log--1 --y - 1 ~ 1 + Kpc ~ Tc )~ (T(O»)2 p~l) 

y 1/ TlO) T" p(O) 

+ K~O) ~Og ::a) - 1 +1/ Kpc] ~f~:} ~ dp. (4.26) 

This is a simple quadrature inasmuch as the inte
grand involves known, well-defined functions of the 
local pressure p. There is no difficulty at the throat 
or minimum cross-sectional area of the nozzle 
because of the choice of integration variable. 

Finally, the first-order modification to the vapor 
velocity may be obtained from the first order part of 

Eq. (4.19). After some rearrangement and elimination 
of T(1) and K~1) by means of Eqs. (4.24) and (4.25), the 
vapor velocity perturbation becomes 

U(0)2 ut 1) ~ 1 + K~O) T" 
c T ut°) = - 1 + 1 + K '1 T(O) 

p c pc 

_ K~O) J T~1) _ Y - 1 T(O) 

1 + Kps T" Y T" 
x [ 1 _ ~ (TlO~ (Pc\ p~l)J 

Ll + Kpc 1/ '\ T,,) p) p 

KlO) U(O)2 ull) '1 
+ p :0) - J(p) (4.27) 

1 + Kpc cp T" u 1 + Kpc 

The results of the first-order perturbation calcula
tions which we have summarized in the preceding 
pages show how useful nozzle and channel flow 
problems may be solved with acceptable accuracy and 
a minimum of numerical computation. So long as the 
physical conditions of the problem are satisfied and 
the relaxation lengths Av, AT, AR are small in compari
son to the distance along the flow direction over 
which large changes of state take place, this first-order 
sol ution is valid. 

Normal shock in a wet vapor 
The normal shock wave has been a favorite vehicle 

for the study of gas relaxation processes because it 
displays the details of the relaxation process so effec
tively along the flow direction. In particular, this has 
been utilized in two-phase flow or dusty gases by 
Carrier [12], Marble [10], Rudinger [13], and others. 
This technique is quite useful in the present system 
when the relaxation processes have such different 
time constants. Here, the structure of the shock may 
be divided into three distinct zones. As indicated in 
Fig. 2, the first of these is the normal gasdynamic 
shock which takes place in the vapor, without change 
in phase or state of the liquid droplets. This zone is 
thin, in the sense of conventional shock waves, having 
a thickness of a few mean free paths. In particular, 
it is thin in comparison with all other relaxation 
processes. 

Now if we assume the two phases to be in equi
librium ahead of the shock, they are certainly not in 
equilibrium immediately behind the gasdynamic 
shock. The pressure of the vapor has increased to a 
value exceeding that corresponding to the droplet 
temperature. The condition of phase equilibrium is 
restored by the condensation of vapor upon each 
droplet surface with a relaxation time corresponding 
to 'fR. This process continues until the enthalpy, 
including the latent heat, carried by the condensing 
vapor raises the droplet to the saturation temperature 
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FIG. 2. Zones comprising the structure of normal shock in 
two-phase flow with condensation. 

corresponding to the existing pressure of the vapor. 
Thus, although the liquid droplets will be much 
smaller or vanish downstream of the complete shock, 
their first change is to grow in response to the increase 
in pressure across the gasdynamic shock. The thick
ness of this vapor relaxation zone exceeds that of the 
gasdynamic shock by at least a factor of 102

, so long 
as the droplet radius (J' is large in comparison with 
the mean free path. 

Following the vapor relaxation zone, the tempera
ture and velocity of the vapor still differ from those of 
the droplet. The final zone therefore consists of the 
relatively slow exchange of mass, momentum, and 
energy between the phases at a rate corresponding 
to the relaxation times '1' and 'tv' The extent of this 
zone is at least 102 times as large as the vapor relaxa
tion zone and may, under certain circumstances, be 
much larger. This region is the counterpart of the 
thermal and velocity equilibration zone discussed 
in Ref. 10 for inert particles. 

The detailed structure of the two-phase shock 
structure, that is, the portion of it following the gas
dynamic shock, may be computed utilizing the one
dimensional relations that we have given earlier in 
this section. This is, to a large extent, a computa
tional task and rather than pursue it at this time we 
shall extract a considerable amount of information 
with physical significance by utilizing the fact that the 
relaxation processes are of differing orders of magni
tude. 

Becausl! the gasdynamic shock, vapor relaxation, 
and velocity equilibration zones possess such different 
thicknesses, it is possible to calculate gross changes 
across each of them in the same general manner that 
one treats a conventional shock. For each zone, 
gross conservation relations may be written which 
include constraints appropriate to changes that are 

permitted across each zone. In particular, the changes 
0-1 across the gasdynamic shock are governed by the 
well-known conservation relations for a perfect gas, 
for the mechanical and thermal effects of the droplets 
upon the vapor may be disregarded in comparison 
with the internal viscous stresses within the vapor. 
Thus, we may assume the state known at station 1, 
the liquid state identical with that upstream, while the 
vapor state is related to the upstream condition 
through the conventional normal shock relation. 

In the second region, the rapid phase transition 
controls the momentum and energy exchange between 
phases. The internal viscous stresses within the vapor 
and the viscous interaction of droplets and vapor 
contribute forces that are small in comparison with 
the momentum carried away by condensation. Then 
utilizing -Ilv(x) to denote the local rate at which 
mass is being lost by the vapor phase, the equations 
of continuity, momentum, and energy are 

2 

P2U2 = P1U 1 + J Ilv dx = P1U 1 - AKp 
I 

Z 
2 - 2 J d pz + PzU Z - PI + PIU I + IlvU x 

P2U2(h2 + tuD =PIu1(h l + tui) 
2 

I 

+ J Il.(h + tu2
) dx. 

1 

(4.28) 

(4.29) 

(4.30) 

A similar and comparable set of relations describes 
the behavior of the droplet cloud. More conveniently 
these may be expressed as the relationships for the 
complete two-phase system 

pzuz + PpZUp2 = P1Ul + PpoUpO 

2 2 2 + 2 P2UZ + Pp2Up2 + pz = PIU I PpOUo + PI 

P2U2(h2 + tu~) + Pp2Up2(ep2 + tu~z) 
PIUl(h l + tun + ppouo(epouo + tU6) 

(4.31) 

(4.32) 

(4.33) 

Now the end of the vapor relaxation zone is reached 
where the pressure pz of the vapor and the tempera
ture Tpz of the liquid droplets satisfy the thermo
dynamic saturation conditions. Utilizing the up
stream equilibrium state as a reference, this is 

pz = exp{~ ~ _ To)}. 
Po RTo \ 7;,z 

(4.34) 

It is not difficult to show that when hl/R To is large, 
many of the changes between states 1 and 2 are small 
For the most interesting range of alkali metal vapors, 
for example, 5 ~ (hdRT) ~ 15, and therefore the 
condition is satisfied. As a consequence, the integrals 
in Eqs. (4.28), (4.29), and (4.30) may be approximated 
well by linear interpolation of the integrand between 
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the end points. For the same reason, I LlKp I ~ 1 under 
these circumstances. Then some detailed calculation 
and approximation shows that the conditions at 
state 2 may, with good approximation, be expressed as 

I PI 
Kpo og-

Ll ~ Po 

Kp = Y17 C' ~ 1 + M~ 
P2 = 1 + yMi LlK 

PI 1 - Mi p 

7;,2 1 - = ----,..---
To y - 11 PI 

1 - ---log-
y 17 Po 

(4.35) 

(4.36) 

(4.37) 

As one expects, the additional liquid mass flow LlKp 

is determined largely by the pressure ratio across the 
gasdynamic shock and the latent heat parameter 11. 
It is clear that large values of 17 insure rather small 
mass exchange. The temperature rise of the droplets 
through this relaxation zone, however, is large and, 
although the particular expression given holds only 
when LlKp is small, its value is independent of LlKp. 

The pressure rise, (4.36), is the familiar relation for 
the pressure rise in a subsonic flow with mass extrac
tion. The results confirm our intuitive picture of 
vapor pressure and droplet temperature changing 
until the saturation condition is satisfied. Quantita
tively, however, we see that the bulk of the accom
modation takes place in the droplet temperature for 
large values of 17. Recalling that the entire alteration 
of the droplet temperature rise originates with the 
sensible and latent heat carried by the condensing 
vapor, the large value of 1J assures that their change 
will be accomplished by a comparatively small mass 
exchange. As a consequence, the droplet growth 
is small. 

The changes in state and composition across the 
final equilibration zone are described by a set of 
conservation relations comparable to those employed 
for the other two regions. The final state is determined 
by the attainment of complete equilibrium, that is, 
the velocities and temperatures of the two phases 
are equal and the two phases are in thermodynamic 
equilibrium. This zone is by far the largest of the three 
and constitutes the predominant portion of the shock 
structure. 

Table 2. Variations of Vapor and Liquid State Across Each Zone of Shock Wave for 
Conditions y = 1.6, Kpo = 0.25 

Mo 1.5 2.0 

hzlRTo 5 10 15 5 10 15 

P3/PO 3.52 4.0 4.19 6.35 7.30 7.48 
pt/po 2.54 2.54 2.54 4.69 4.69 4.69 

P2/Pl 1.02 1.01 1.00 1.02 1.01 1.00 

P3/PZ 1.36 1.56 1.65 1.33 1.54 1.59 

T3/TO 1.31 1.18 1.12 1.60 1.22 1.16 
Tt/To 1.46 1.46 1.46 1.98 1.98 1.98 
T2/Tl 1.04 1.02 1.00 1.03 1.01 1.00 
T3/TZ 0.86 0.79 0.77 0.79 0.61 0.58 

u3/uo 0.44 0.33 0.33 0.34 0.21 0.19 
uduo 0.57 0.57 0.57 0.42 0.42 0.42 
U2/U 1 0.97 0.99 1.00 0.97 0.99 1.00 
U3/U2 0.80 0.58 0.57 0.83 0.51 0.43 

Tp3/TpO 1.31 1.18 1.12 1.59 1.22 1.16 
TpdTpo 1.00 1.00 1.00 1.00 1.00 1.00 
Tp2/Tpl 1.23 1.10 1.07 1.45 1.18 1.12 
Tp3/Tp2 1.06 1.08 1.05 1.10 1.03 1.05 

up3/u pO 0.44 0.33 0.33 0.34 0.21 0.19 
updupo 1.00 1.00 1.00 1.00 1.00 1.00 
Up2/U p1 0.94 0.98 0.99 0.93 0.97 0.99 
Up3/Up2 0.46 0.33 0.34 0.36 0.22 0.19 

a 3/a 0 0.72 0.74 0.81 0.00 0.00 0.36 
at/ao 1.00 1.00 1.00 1.00 1.00 1.00 
a2/a l 1.02 1.01 1.00 1.02 1.01 1.00 
a3/a2 0.71 0.74 0.81 0.00 0.00 0.36 
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The detailed changes across each of the three 
distinguishable zones are given in Table 2 for selected 
values of liquid mass fraction, initial Mach number, 
ratio of specific heats, and latent heat parameter 
h//RTo. They are selected so as to indicate the effects 
of each of these parameters on the shock structure. 
The value of KpO = 0.25 indicates a liquid mass fraction 
of0.20 or a quality of 80 per cent. Results are given for 
two shock Mach numbers, 1.5 and 2.0, and for three 
values of the latent heat parameter, h//RTo = 5.0, 
10.0, and 15.0. For each of these cases, the tabulation 
is arranged so that the ratio or change across the 
complete shock appears first and the changes across 
each of the structural zones appear below it. For 
example, when the parameters are Mo = 2.0, h//RTo 
= 5.0, the pressure ratio across the complete shock 
is 6.35. The pressure ratio across the vapor relaxation 
zone is 1.02, and the pressure ratio across the velocity 
and thermal equilibration zone is 1.33. It is to be 
noted that the dominant temperature rise for droplets 
occurs across the vapor relaxation zone for all 
examples, the value of the temperature rise becoming 
small for larger values of h"R To as indicated by Eq. 
(4.36). 

Calculations of the structure of the velocity and 
thermal relaxation zone show that the thickness of 
this region, for the examples covered in the table, 
ranges between 4Av and SA". 

5. Relaxation Processes and Propagation Speeds 

Because they are so fundamental to problems of 
heterogeneous flow with phase change, the elementary 
relaxation processes of velocity, temperature, and 
composition were examined at some length in Section 
2. In actual situations of physical interest, however, 
these elementary relaxation processes seldom occur 
in isolation. Rather, it is usual that these relaxation 
processes take place in some involved combination 
that makes their individual roles obscure. In the 
shock structure, for example, the composition relaxa
tion mechanism plays a very different part in zone 2 
and zone 3. It is very helpful, therefore, to examine 
some of these combined relaxation processes in 
circumstances so elementary that some general 
understanding may be drawn from their details. 

Temperature-composition relaxation at constant volume 
Let us consider a wet vapor at rest in an adiabatic 

container of constant volume. Under conditions of 
equilibrium, the state of the system is described by 
Po, To, Po, Ppo, and the liquid phase is presumed 
uniformly dispersed in droplets of a single radius (f. 

If the system is displaced from equilibrium by a small 

amount, consistent with the equilibrium state, we may 
ask the mode of decay of this small disturbance back 
to equilibrium, The process is described, referring to 
our general conservation relations developed in 
Section 3, by the general energy integral 

the first law of thermodynamics for the liquid phase 

c dTp = ciT - Tp) _ ~ (pe - p\ (5.2) 
p dt LT LR \ P ) 

the vapor production rate 

dp = Pp (pe - P) (5.3) 
dt LR \ P 

the conservation of mass 

P + Pp = constant (5.4) 
the Clausius-Clapeyron equation 

;: = exp {R~o ~ - ~:)} (5.5) 

where the equilibrium state is used as a reference. In 
discussing the perturbation problem, it is convenient 
to introduce 

, P - Po 
P=--

Po 

T' = T - To 
To 

, P - Po 
p=--

Po 

(5.6) 

Then the linearized form of(5.1), integrated under the 
conditions that the reference equilibrium state be 
maintained, is 

K 0 T' + T' + '1P' - Y - 1 P' = ° p p y (5.7) 

where Kpo = ppo/Po' In a corresponding manner, 
Eq. (5.2), (5.3), (5.4), and the Clausius-Clapeyron 
relation becomes respectively 

dT~ = ~(T' _ T~) _ !!...(pe' _ p') 
dt LT rR 

dp' = Kpo (pe' _ p') 
dt r R 

P' + p~ = ° 
e' Y T' P =--1'1 p 

Y-

(5.8) 

(5.9) 

(5.10) 

(5.11) 
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and finally the equation of state for the vapor is 

p' = p' + T'. (5.12) 

It is a straightforward operation to eliminate pe', p', 
and p~ among these and obtain two first-order 
differential and one algebraic equations in T', p', 
and T~ 

~(T') - (d + Kpo.\ p' + Kpo_Y_YJT' = 0 (5.13) 
dt \dt 'R) 'R Y - 1 p 

~ T' + ~ p' - (~ + ~ + -Y - YJ
2

) T~ = 0 (5.14) 
'T 'R \dt rT Y - 1 'R 

-
(5.15) 

For this linear system with constant coefficients, 
choose solutionsT* exp ( - tl'), p* exp ( - tl'), T; exp 
(-tl'); T*, p*, T; being the initial perturbation 
magnitudes and, the characteristic decay time. The 
characteristic decay time constants are obtained by 
setting to zero the determinant of the coefficient of 
the set obtained by substituting the assumed solutions. 

imply "natural modes" in the sense that a choice of 
initial conditions may be made so that the decay will 
take place with only one of the time constants. For 
our problem, this implies that a certain choice of T*, 
p*, and T; will excite only '1, the long decay time 
solution. This is easily determined to be 

T*('l) = P*('l) 

Y - 1 
T;(,d '" --P*('l)' 

YJ 

(5.19) 

(5.20) 

In this initial state, the vapor pressure and tempera
ture and the droplet temperature have been increased 
above equilibrium by vaporizing material. The mass 
to be condensed is proportional to the vapor mass, 
and the droplet area through which the transfer must 
be effected is small, because of small liquid mass. 
Thus, the time required is long. 

The short decay time, on the other hand, leads to 

P*('2) = - KP20 T;('2) (5.21) 
YJ 

(5.22) 

1 _ (_ ~ + Kpo) Kpo Y 
---YJ 

r r 'R 'R Y - 1 

1 YJ ( 1 1 Y YJ
2

) =0 (5.16) - - +-+----
'R 'R r '! Y -1 'R 

YJ - 1 _(YJ_Y~I) - "po 

Since this is of the second algebraic order in 1/r, 
there are two different possible decay rates. Both 
roots are real and negative, but for usual values of the 
parameters they are of quite different sizes. The exact 
values of the roots are somewhat too involved to 
show this clearly, but it is easily demonstrated when 
the value of Kpo is small and YJ, the latent heat-para
meter, is large. Then these roots are 

(

1 - 2YJ + -Y YJ) 1 Y - 1 
- ~ yKpo 
'1 Y 2 'R + 'T--1 YJ Y-

1 (1 1 Y 2) -::,: -+---'7 
'2 - 'T 'R Y - 1 

(5.17) 

(5.18) 

where clearly, 1 ~ '2 since it is proportional to the 
large quantity llKpo. 

These two decay constants, in the same manner as 
characteristic frequencies of an oscillating system, 

For this initial state, the vapor pressure is slightly 
above and the vapor temperature slightly below 
equilibrium; the droplet temperature is below equi
librium by an order of magnitude unity. The relaxa
tion process requires very small change in vapor 
state and mass transfer from vapor to droplet. 
However, this small condensation on the droplets 
is sufficient to raise their temperature to equilibrium. 
Because of the small droplet mass, the process is 
rapid because of the relatively small mass to be 
exchanged. 

For a general relaxation process, the course of 
events divides in two parts. First, the droplets will 
grow at the rapid rate given by r 2 until all deviations 
from equilibrium are positive and of the same order 
of magnitude. Then the decay will continue at the 
very slow rate given by the relaxation constant '1' 

It is this division we observe in regions 1-2 and 2-3 in 
the shock wave structure. 
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Sound propagation with constraints 
Another effective manner of examining relaxation 

processes involving combinations of the momentum, 
heat-, and mass-transfer mechanisms is by examina
tion of the sound propagation speeds. By the process 
of choosing some of the time constants very long in 
comparison with the time for passage of the sound 
wave, the quantity associated with that time constant 
is effectively unchanged during the process, that is, 
it is "frozen." In this manner, it is possible to extract 
propagation speeds or time constants associated 
with the response of the system constrained in various 
manners. These quantities will in fact appear as 
physical parameters in subsequent considerations. 

Consider a one-dimensional flow of the two-phase 
mixture in which property changes du, dp, dp, ... take 
place across a stationary gradient of length dx. The 
one-dimensional small disturbance relations cor
responding to Eqs. (3.1), (3.5), (3.6), 3.11), (3.13), the 
equation of state and (3.18) are 

du + dp = Kpo ao (pe - P) dx 
uo Po Uo Po AR 

pou~ du dp (up - u) dx --- + - = YKpo --- -
Po Uo Po ao Av 

dp dp dT _ 0 ------
Po Po To 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

Each of the relaxation processes appears on the right
hand sides of these equations and contains two essen
tial factors, (i) the ratio of the distance along the flow 
path dx to the relaxation length, and (ii) the difference 
between the two variables that are relaxing toward 
each other. For example, the equation of motion for 
droplets (5.25) contains a right-hand side with one 
factor dX/A v and one factor (up - u)/uo, the ratio of 
the particle slip velocity to the undisturbed velocity. 

Now consider dx to be fixed, a measure of the wave 
thickness. If some of the relaxation processes are 
"very rapid", we imply that their relaxation lengths 
are very small in comparison with the wave thickness 
For example, if the velocity equilibration and the 
vapor pressure relaxation are "very rapid", dX/Av ~ 1, 
dX/AR ~ 1. But referring to Eq. (5.25), clearly the 
velocity difference up - u --+ 0 so that the product 
-y[(u p - 1I)/uo](dx/A,.) remains finite. Therefore, 
it appears that the limit of Eq. (5.25), as the velocity 
equilibration length becomes very small, 

Substituting this result for the right-hand side of 
Eq. (5.24), we find that its limit as dX/A" -+ 0 becomes 

(1 ) 
Pou~ du dp _ 0 + Kpo --- + - - . 

Po Uo Po 
(5.30) 

The limiting process leads to the elimination of one 
unknown, up' and one equation, (5.25). Because of its 
relative rapidity, the velocity relaxation process does 
not appear in our problem; we refer to it as being in 
equilibrium, implying that for the processes we are 
investigating, the slip velocity is relatively negligible, 
but the forces which are required to move the droplet 
in this manner must be accounted for. 

Now when we further specify that the vapor pressure 
relaxation is very fast, that is, that dX/A R --+ 00, we 
determine the limiting value of ao/uo [(pe - p)/Po] 
from Eq. (5.23) and substitute in the particle tempera
ture equation to give 

(5.31) 

and because pe - p -+ 0, Eq. (5.29) becomes 

dp _ _ Y_ YJ dJ;, = O. 
Po Y - 1 10 

(5.32) 

The single relaxation process remaining is the thermal 
relaxation process, measured by the thermal relaxa
tion length AT' Assume that the thickness of the wave 
we are considering is small in comparison. Then for a 
finite temperature difference J;, - T, dXjA.T -+ 0 as 
dx -+ 0, dX/AR, dX/Av ~ 1. The set of relations de
scribing the wave, Eq. (5.23H5.29), is thus reduced 
to homogeneous set: 
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o 1 

o o l' - 1 

l' 

o -1 1 

o o 1 

This set has a non-trivial solution, that is, the wave we 
describe exists, if the determinant of the coefficient 
vanishes, that is, if its propagation speed Uo satisfies 
the relation 

a2 

u~ (== a;R) = (5.34) 
(1 + Kpo) ~ + (1' - 1);:0 (C/Cp») 

where a = .j(I'Po/Po) is the isentropic sound speed in 
the vapor alone. Physically, this wave speed is that 
which would occur if (i) the droplets and the vapor 
moved together without slip, (ii) the phase change 
process was so rapid that the vapor pressure was 
everywhere equal to the saturation pressure corres
ponding to the droplet temperature, and (iii) the 
droplet temperature and the vapor temperature were 
uncoupled. We speak then of the velocity and vapor 
pressure relaxation processes being "equilibrated" 
and the droplet temperature relaxation as "frozen", 
and indicate the corresponding wave propagation 
speed as avR, denoting by subscripts the equilibrated 
processes. Clearly, there are a number of such speeds 
that may be calculated; the results are given in Table 3. 
In the table, the notation under "Relaxation Pro
cesses" is such that 00 signifies that the relaxation 
process IS "frozen"; 0 signifies that it is in equi
librium. 

6. Wave Motion and the Effects of 
Exchange Processes 

The manner in which the various characteristic 
times or relaxation lengths enter into a gas dynamic 
problem with phase change is exhibited quite con
veniently by considering steady or moving weak waves 
in a uniform rectilinear flow. Consider a two-phase 
flow of a pure substance in which the vapor and 
droplets have a uniform velocity parallel to the 

o 

1 

o 

-1 

o 

o 

o 

1 

o 

l' 
---yt 

l' - 1 

du 

dp 

Po 

dp 

Po 
= O. (5.33) 

x-axis in the undisturbed state. The vapor and drop
lets are in thermodynamic equilibrium with a common 
temperature To and a saturation pressure pe(To) == Po. 
In this unperturbed state, the density of the vapor and 
the density of the liquid droplets are Po and Ppo, 
respectively, and have a ratio ppo/ Po = K, which we 
use to define the concentration level of the liquid 
phase. 

The linearization of the governing equations 
proceeds in the conventional manner. For example, 
the continuity equation for the vapor, Eq. (3.1), by 
noting that 

Ip - <5 0 1 ~ 1, 
Po 

and in the relation for flv, Eq. (3.6), that both pe(I;,) 
and p differ only slightly from Po, may be written in 
the form 

a~j (~D + a~l (:0) + M:AR ~o - :J = O. 
(6.1) 

Here, we denote by U j' p, p the perturbation of the 
physical quantities from their equilibrium values, 
so that actually U 1 denotes Ul - uo, U2 denotes U2, etc. 
Similarly, pe denotes pe(I;,) - pe(To), the variation 
ofthe equilibrium vapor pressure from its undisturbed 
value. The Mach number M 0 represents the ratio of 
the undisturbed gas velocity parallel to the x-axis to 
the undisturbed sound velocity in the vapor con
sidered as a perfect gas. 

Similarly, the continuity equation for the liquid 
phase, (3.2), becomes 

In both these equations, it is to be noted that the 
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Table 3 

Square of Relaxation processes 
Value wave speed 

A" AT AR 

a2 
yPo/Po OCJ OCJ OCJ 

a2 1 2 
0 OCJ --a OCJ " 1 + Kp 

a} 
cp + CKp 2 

OCJ 0 OCJ a 
Cp + yCKp 

a2 1 2 
OCJ 0 a OCJ R 1 (y - 1) Kp(CjC p) 

+ 2 
YJ 

a;T 
Cp + CKp a2 

(1 + Kp)(Cp + yKp) 
0 0 OCJ 

a;R 
1 2 a 

(1 + Kp) [1 + (y - l~~p (CjCp)] 
0 OCJ 0 

afR 
1 2 a 0 0 

2(y - 1) (y - 1)[1 + Kp(CjCp)] 
y- + 

YJ YJ2 

a~TR 
1 2 a 0 0 0 

(1 ) [ _ 2(y - 1) (y - 1)[1 + KiC/Cp)J] + Kp y + 2 
yJ yJ 

variation of droplet radius does not enter, since it 
would multiply terms that are already perturbation 
quantities. 

Linearization of the remaining relations proceeds 
in a similar manner. The equations of motion for the 
vapor phase, omitting the viscous stresses, are 

Y 0-;- - +yMo--M 2 a (Ui
) K (U i ) 

uX! Uo Av Uo 

-yMo- - +- - = K (UP') 0 ~p) 0 
Av Uo OXi Po 

(6.3) 

while the corresponding equations for the liquid 
phase are 

Mo ~ (Up,) + ~ Upi _ ~ Ui = o. (6.4) 
ox! \Uo Av Uo Av Uo 

The energy equation for the vapor phase, (3.11), 
simplifies because we omit the terms arising from the 
viscous dissipation and the conduction of heat, and 
because the dissipation associated with droplets 
moving through the vapor is a second-order term 
"-(UVi - ui)2.Forthesamereason,theterm/l"[e(Tp)

e(T)] is negligible. Then writing the variation of vapor 
enthalpy 6h as cp6T, the linearized form is 

Mo a~l (~) + ~ (f) - ;T (~) 
- ~Mo~(!-) = O. (6.5) 

y ax! Po 

The energy equation for the droplets, (3.13), is linear
ized in a straightforward manner after taking 
6ep = c6~ and replacing the vapor production term 
/ll' by its representation from (2.24). This results in 

K!:.M ~ (Tv) + ~ (Tv) 
cp 0 ax! To AT To 

- AKT (~) - ~: G~ -::) = 0 

where, by 1], we mean 
hi 

1]=-. 
cpTo 

(6.6) 

(6.7) 

Through direct linearization, the equation of state 
for the vapor becomes 

p P T 
-=-+
Po Po To 

(6.8) 

and the Clausius-Clapeyron relation gives pC, the 
variation of the equilibrium vapor pressure pC 
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corresponding to the local particle temperature from 
the equilibrium vapor pressure Po at the reference 
temperature To, 

pe y T. 
- = --17 -.!!.. 
Po Y - 1 To 

(6.9) 

Finally, the equation for droplet radius ratio, (3.17), 
is linearized to 

aJ; 1 (p _ pe). 
M 0 aX

l 
= 3AR ----;;;- . (6.10) 

Two features of these linearized equations are not
able in simplifying our further calculations. First, 
Eqs. (6.2) and (6.10) are decoupled from the remainder 
because the unknown Pp appears only in (6.2) and 
J; only in (6.10). Therefore, the remaining equations 
may be solved without reference to (6.2) and (6.10) and 
subsequently they may be used to compute Pp and J; 

from the other known quantities. 
Secondly, a flow field obtained by small disturbance 

from an equilibrium irrotational flow field remains 
irrotational in both the vapor and droplet phases. 
This conclusion follows directly by taking the curl of 
Eg. (6.3) and of Eq. (6.4) and computing the change 
of vorticity in either phase as the media are convected 
parallel to the Xl axis. That these vorticity components 
retain their initial zero values is a property of only the 
linearized equations and not of the non-linear 
equations with transport properties suppressed. 

As a consequence of these results, it is appropriate 
to work with Eqs. (6.1), (6.3), (6.4), (6.5), (6.6), (6.8), and 
(6.9), introducing also the perturbation velocity 
potentials <P and <pp such that 

Ui a<p 

Uo = aXi 

Upi C<Pp 
~= ax;' 

Choose the two potentials <p, <Pp; the two temperature 
ratios, T /To, T;,/To, and the difference between local 
vapor pressure and droplet saturation pressure 
(p - pel/po as the dependent variables. Utilizing the 
equation of state, (6.8), and the Clausius-Clapeyron 
relation (6.9). Eq. (6.1) becomes 

+-~ M o-+-- -- =0 1 ~ a K) (p _ pe) 
Mo aXl )'R Po 

(6.11) 

where the potential <p for gas velocity perturbation 
has also been introduced. Substitution of the potentials 
permits integration of Eq. (6.4) into a single relation 

(6.12) 

Equations (6.3), equations of motion for the vapor 
phase, may also be integrated after substituting the 
potentials 

Mo (Mo~ +~) <p - Mo~<Pp \ ax 1 At, Av 

+ y ~ 1 (1) + t (p ;oP,) = O. (6.13) 

The Clausius-Clapeyron equation has also been used 
to compute the term (l/y)[(P - pel/pol The same 
device is used to write the vapor energy equation in 
the form 

(Mo~ + .!5_) (T) - ~Mo~ +~) 
aX I AT To \' aX I AT (~) 

y-l a (p_pe) 
---Mo- -- =0 

y aX l Po 
(6.14) 

Finally, the energy equation for the liquid phase 
follows from Eq. (6.6). 

Now the determinant of the coefficients of this 
linear homogeneous set of equations (6.11), (6.12), 
(6.13), (6.14), (6.6), represents essentially the differential 
equation for anyone of the unknown functions. To 
make our analysis definite, consider the differential 
equation for the perturbation potential of the vapor 
flow, <po The resulting equation is of the fifth order and 
may be written in the form 

(Mo a~J3 02<p + (Mo a~J2 

{I 02 1 0 2 1 2} 
x Av v<P + AT T<P + AR OR<P 

( a){1 1 2 1 1 2 + Mo~ ATOVT<P + -A TOVR<P 
-I v T v R 

1 1 2 } 
+ ATAR OTR<P 

(6.15) 

Here, the quantities A v, An AR are the modified 
relaxation lengths 

(6.16) 
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and the D's are wave operators; for example, 

(6.17) 

The sound speed avR and comparable ones entering 
other relations, are the speeds with which a weak wave 
propagates through the two-phase mixture with the 
constraint that the velocities and temperatures of the 
two phases are 10cally equal. They are identical, in fact, 
with those constrained sound speeds found in section 
5 by one-dimensional considerations. They are given 
completely in Table 3. 

It is particularly to be noted that this form, and the 
interpretation of the constrained propagation speeds, 
corresponds to the extensive analysis of gasdynamics 
of chemically reactive mixtures carried out by 
Napolitano [14]. Many of his results and observations 
may be carried over directly to the multiphase flow 
problem. 

Each of the wave operators, such as D;R' involves a 
Mach number based upon the free stream velocity 
Uo and the constrained sound speed indicated by the 
subscripts on the wave operator. The general wave 

equation (6.15) then involves wave operators based 
upon each of the eight constrained sound speeds listed 
in Table 3. Although this form is not particularly 
convenient for obtaining solutions, it does provide 
some physical insight into the mathematical formula
tion of. the problem. The effects of "freezing" or 
"equilibrating" certain of the physical processes is 
directly shown; for in "freezing", equilibration is 
never achieved, and the characteristic length associ
ated with that process becomes infinitely large. For 
"equilibrium" processes, the relaxation processes 
are infinitely fast, so that the characteristic length 
associated with an equilibrium process becomes zero. 
To illustrate this, suppose the temperature and vapor 
pressure relaxation processes are frozen, that is, 
A R, AT -+ 00. Then 

a 1 
Mo-;- D2cp + -A D;cp = 0 

uX t v 

which describes the two-phase flow of solid, thermally 
isolated particles with a gas. For all relaxation pro
cesses frozen, 

corresponding to wave propagation in the vapor only. 
For the velocity and temperature in equilibrium, 
however, Av, AT -+ 0 we have 

which describes the flow of very small droplets with the 
vapor in which the vapor pressure is out of equilibrium. 
For all relaxation processes in equilibrium, 

O~TR = o. 
These conclusions confirm our physical intuition that 
the wave propagation problem is governed by the 
constrained sound speed that enters into the highest 
order differential operator in each case. 

For analytical purposes, it is convenient to define 
two new sound speeds 

~- = ~{~ + ~ + ~} (6.18) 
ai a2 1 1 1 

-+-+
At, AT AR 

(6.19) 

These are in each case composites of those we have 
examined previously but do not have the direct 
physical interpretation of the components. The two 
corresponding wave operators Of and D~, con
structed in the same spirit as the example given in 
(6.17), permit writing the general wave equation in the 
form 

~ a)2 ( 1 1 (10 ax! OilP + A.AT + AvAR 

This is now of a recognizable type, particular cases of 
which have been discussed by Ackeret [15], Moore 
[16], B. T. Chu [17J, J. T. C. Liu [18], L. Zung [19J 
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and others. The general wave propagation probleo 
discussed by equations of this mathematical form was 
discussed in detail by Whitham [20], and it is in terms 
of his results that we can give a physical interpretation 
to solutions of (6.20). 

The initial portion of the waves or "signal" is 
propagated with the sound speed of the vapor alone, 
the frozen sound speed. The strength of this fast wave 
is damped exponentially in distance from the point of 
its initiation. At sufficiently large distances from the 
point of initiation, the bulk of the wave propagates 
at the completely equilibrium sound speed avTR' 

Intermediate waves travel at speeds at and a2 ; each 
of these is damped, the damping becoming more 
gradual for lower order of the derivatives appearing 
in the operator. In the present physical case, 

which insures stability of the simple wave. The details 
of wave structure and the rates of damping for the 
three damped waves require analysis of a particular 
problem and will not be attempted here. 

7. Effects of Phase Exchange on 
Attenuation and Dispersion of Sound 

Another question, that arises naturally from the 
wave propagation phenomena discussed in the 
previous section, is the nature of sound propagation 
through a medium consisting of a gas containing 
liquid droplets that may undergo phase exchange 
during the sound propagation process. Sound propa
gation through atmospheric fog is the most immediate 
example. 

Investigation of this problem dates at least from 
Sewell [21]. the most detailed analyses being those 
of Epstein [22] and Epstein and Carhart [13]. Interest
ingly enough, this work explicitly neglects the effects 
of condensation or vaporization of the droplets. 
Oswatitsch [24], on the other hand, investigated ~ 
some effects of condensation, neglecting the usual 
damping mechanisms. With the principles we have 
developed, it is not difficult to include all of the 
contributing factors. 

When the wave length of the sound is large com
pared with the droplet spacing, then the continuum
like model we have described here is applicable. 
This viewpoint is substantially simpler than that of 
Epstein and Carhart, who consider the details of gas 
and heat flow in the neighborhood of each particle. 
Temkin and Dobbins [25J have, in fact, shown that for 
solid particles in gas, the continuum-like approach 
leads to results indisti11guishable from Epstein and 

Carhart. We shall now extend the theory of sound 
propagation to include the phase change effects. 

The most usual examples offogs consist of droplets, 
vapor and an inert gas. Frequently, the inert gas 
constitutes the larger part of the mass per unit volume. 
For the present calculation, we shall neglect the 
differences between thermodynamic properties of 
vapor and inert gas so that we may define gas state 
p, p, T, and an equation of state independent of its 
composition. The partial pressure of the vapor Pt. 
and partial density Pv will enter in the formulation of 
exchange processes. Then all equations of continuity, 
motion and energy are identical with those formulated 
in Section 3. The differences arise in the Clausius
Clapeyron equation, which must now be written 

p~(1'p) = exp {~ it - To)~ (7.1) 
p~(To) RTo ,J 1'p ~ 

and in the vapor production rate 11". Because of the 
inert gas, we assume the vapor transfer between a 
droplet and its surroundings to be diffusion con
trolled, so that from (2~16), utilizing the characteristic 
time To 

= - Pp {Pv - P;(1;')} (7.2) 
flv J?Tv P . 

The partial pressure Pv of the vapor component 
occurs in these two relations and thus must be 
accounted for by an equation of continuity. Since 
this component is the one produced by vaporization, 
this ~quation is 

0pv + ~(p u.) = /I at OX; v t t"'v 
(7.3) 

where Pv is the partial density of the vapor. Then by 
suitable combination with the equation of continuity 
for the complete gas mixture, we obtain 

Since all gaseous components are assumed to have 
the same temperature p,,/p = pv!p so that Eq. (4.4) 
holds also for (Pv/p) and will be employed to relate the 
vapor pressure to other variables in our problem. The 
remainder of the mathematical problem is described 
by Eqs. (3.1), (3.2), (3.5), (3.6), (3.11), and (3.13). 

Consider oscillatory plane waves with propagation 
direction parallel to the x-axis; the amplitudes are 
sufficiently small that the conventional acoustical 
linearization is valid. Because the medium has no 
average velocity parallel to the x-axis, the linearized 
equations for the gas (gas plus vapor) phase are 
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ap au KpPo ~Pv - p~) - +Po-= ---ct ax Tn Po 
(7.5) 

au ap KpPo 
p - = - - + -(u - u) 

o at ax Tv p 
(7.6) 

aT _ ap KpPoCp ( _ T) 
PoCp a - a + Tp t t TT 

(7.7) 

where Kp is the ratio of droplet mass to total gas mass 
per unit volume in the undisturbed state, Kp = ppo/Po' 
In addition, the equation of state becomes, when 
linearized, 

P P T -=-+-. 
Po Po To 

(7.8) 

Similarly, for the droplet phase, the Eqs. (3.2), (3.6), 
and (3.13) become 

app au KpPO tv - p~) - + K Po-=--
at p ax Tn Po 

(7.9) 

(7.10) 

C a~ _ ~ (T. _ T) 
c

p 
ax = TT P 

1 ()~ - P~ T -- --- 011 
Tn Po 

(7.11) 

where 11 = hl/cpTO as before. The equilibrium vapor 
pressure p~(~) follows from the Clausius-Clapeyron 
equation as 

p~ y Tp (7 2) 
p~(To) = Y - 111 To' .1 

Finally, the continuity Eq. (7.4) for the vapor com
ponent may be linearized to give 

- - - K v - = (1 - Ku) Kp- (7.13) a (Pv P) 1 {p~ - Pt,} 
at Po Po Tn Po 

where Kv = Pvo/ Po denotes the ratio of vapor mass to 
gas mass per unit volume. 

The acoustic problem for the condensing, two-phase 
flow is described by Eqs. (7.5), (7.6), (7.7), (7.10), (7.11), 
and (7.13). In all, six relationships are involved, where 
only five were required when we treated stationary 
waves in a pure medium. This increase results from 

Table 4 

Sqare of 
wave speed 

a} 

YPo/Po 

1 2 --a 
1 + Kp 

cp + CKp a2 

cp + yCKp 

(:0 (:J) a
2 

(:~) (:~) a
2 

Value 

(1 - Kv) ~ + ~ Kp) + Kv Y ~ 1 '12 a
2 

(1 - Kv) ~ + ~ Kp) + YKv (1 + ~ Kp) - 2YKv'l + YKv Y ~ 1 '12 

(:0 (a~~ a2 

Relaxation process 

o 

o 

o 

o o 

o o 

o o 

o o o 
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the necessity to differentiate between the mass fraction 
of vapor and inert gas in the present problem. 

The reduction to a single differential equation for 
any of the dependent variables proceeds in the same 
general manner as the argument of Section 6. We 
define a group of 8 sound speeds, 7 of them cor
responding to constraints of the characteristic times 
in a similar manner to the constraints in characteristic 
length considered previously. Table 4 gives these 
wave speeds in detail, together with the constraints 
on the relaxation processes which would yield them 
physically. There is, of course, a strong similarity 
with those for the pure substance, given in Table 3. 
In fact, if the vapor mass fraction becomes unity, 
that is, if the mass fraction 1 - Kv of inert gas vanishes, 
the two sets become identical. Notice that there is no 
singular behavior of these quantities as the inert gas 
1 - Kv becomes small and vanishes from the system. 
Thus, it is a perfectly reasonable approximation to 
set Kv = 1 in the wave speed. It must be remembered, 
however, that the physical processes entering into the 
relaxation time for phase change are altered inprin
ciple when Kv = 1. When the inert component in the 
gas mixture vanishes, the phase change rate is no 
longer governed by diffusion but rather by the kinetic 
condensation rate. This difference was discussed 
in Section 2. It is to be noted also that when both the 
droplet mass fraction Kp and the vapor fraction Kv 
approach zero, all wave speeds approach the frozen 
speed "a"; this is to be expected, inasmuch as the 
system then consists only of the inert gaseous com
ponent. 

The differential equation for any of the dependent 
variables, for example, the pressure perturbation 
p/Po, may be written in a form similar to that we have 
used for the steady-state wave equation 

.- 0 2 
-- + ~ - 0 2 

--((1)3 (P) (13)2 {I (p) 
i"'t Po ot g;. v Po 

c { 1 P + ___ 2 _ 

ct g-g O"T 
.. T Po 

1 0 2 (p) + org- vD--
J'v D Po 

CI. 0 2 (P)} + gg-- ITD-
T D Po 

+ 0 TD -- = 0 CI. 2 (P) 
5;.ffo.OJ;. v Po 

(7.14) 

The modified relaxation time constants are defined as 

1 

3" = 'v 
_1_ = (cp/c) + Kp 

fiT 'T 
1 (1 - K,,) Kp + (cp/c) Kv [Y/(Y - 1)J 17 2 

--=--~~-~~~~~---~-I 

.'Yo 
the parameter CI. as 

(C/Cp) Kp 
CI. == .,.--'---;-'--c-~_ 

1 + (c/cp) Kp 

(7.15) 

and the wave operators are now defined, for example, 

(P a2 

0 2 -
vD = 2 at2 - -a 2 avD x 

(7.17) 

each utilizing the constrained wave propagation speed 
indicated by the subscripts. It is of particular interest 
to note that, although the relaxation time constants 
behave in a perfectly normal manner as the vapor 
and liquid concentrations are varied, the parameter 
CI. vanishes as the droplet concentration approaches 
zero. In physical terms, this has the effect of increasing 
the two relaxation time constants 'D'T and 'v'T'D to 
very large values for small concentrations of liquid. 
The origin and details of this phenomenon were 
examined in Section 5. Its relevance to acoustic 
damping was first pointed out to the author by Pro
fessor R. A. Dobbins; it appears that Oswatitsch [24J 
recognized the physical consequence of small liquid 
mass. 

To examine the spatial attenuation of plane acoustic 
waves caused by the momentum, heat, and mass 
exchange between vapor and liquid components, 
let the perturbation pressure be given in the form 

(7.18) 

where K == Kl + iK2 is complex. We are interested 
in the imaginary part K2 that concerns the spatial 
damping. The similar formulation may be effected 
for any of the dependent variables. The reiationship 
between K and the angular frequency follows from 
the requirement that the determinant, formed by 
substituting (7.19) into the six relevant, homogeneous 
differential equations, must vanish. This determinant 
is explicitly 
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K 
iK 0 iw 0 -iw _2 

'D 

K K iK 
0 _iW+2 _2 0 0 

Iv Iv l' 

K _ Kp . (Y - 1) 0 0 0 -iw +2 IW --
"T "T Y 

=0 (7.19) 
1 1 

0 0 0 0 -iw +-
Iv Iv 

1 c 1 
0 0 -iw- +- 0 Yf 

'T cp 'T "D 

0 0 0 . Y 2 
- iWKv 

. (1 - KJ 
IW --1 Kvtl -IW + Kp 

y-

Fortunately, this result may be factored rather easily 
(reference to Eq. (7.14) clarifies this possibility), with 
the result that 

where 

and 

(Z 1 - iW)(Z2 - iW)(Z3 - iw) (7.20) 
(Q1 - iw) (Q2 - iw) (Q 3 - iw) 

(7.21) 

Z2,Z3= -~(~+~) 
2 afffy a~ffv 

±~J[(~: + 2a~\2 :(t~OTJ. (7.22) 
2 ay T aD.'YD7 aTD.'YT.'YD 

The radicals in (7.21), (7.22) may be shown to be real 
in all circumstances. 

Generally speaking, the imaginary part of K, 
computed from (7.20), shows three maxima over the 
range of w, corresponding to the three general time 
constants of the problem. The expressions are too 
complex to be very informative, but specific numerical 
calculations give a good physical idea of the response 
Figure 3 shows one of the calculations performed by 
Wooten [26J for the case where Iv = "T = I D ; 

",. = 0.5, Yf = to, cric = 1, and y = 1.6, a situation 

"
D 

roughly applicable to an alkali metal vapor and 
liquid droplet mixture diluted 50 per cent by argon. 
The damping coefficient is shown in solid lines for 
three values of droplet loading Kp' The broken lines 
give the corresponding curves calculated without 
mass transfer. 

Because the relaxation times Tv, Tn TD were chosen 
equal, distinct maxima corresponding to each of them 
do not appear. As the mass fraction of liquid de
creases, the maximum value of the damping co
efficient drops and moves toward lower frequencies. 
The behavior is quite different for non-condensing 
droplets (broken line); the maximum remains at 
roughly the-same frequency and decreases much more 
rapidly than do the results for condensing droplets. 
For low values of the liquid mass fraction, the phase
exchange process clearly dominates the damping 
and, upon closer examination of Fig. 3, the peak ampli
tude does not seem to decrease appreciably as Kp 
continues to drop. It is most significant to realize, 
therefore, that phase exchange damping can be large 
even for very small mass fractions of liquid phase. 
We "shall return to examine this phenomenon analytic
ally later. 

Figure 4 has been calculated to show the effects of 
the latent heat parameter [y/(y - 1)] tl = h//RTo upon 
the damping, holding all other parameters constant. 
For the liquid and vapor fractions chosen, all damping 
effects accumulate at WIv = 1; the frequency shift 
associated with condensation is not large. Moreover, 
variation of h//RIO over its interesting range causes 
only a doubling of the damping coefficient. Two 
factors contribute to this: (i) Because the constants 
are so chosen that momentum, heat transfer, and 
phase exchange damping accumulate at the same 
frequency, the change in phase exchange damping 
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0.25r------------,-------------r------------Ir------------, 

0.20 

kpo = 0.4 

FIG. 3. Effect of phase exchange upon the acoustic damping caused by liquid droplets. 
Various liquid fractions, Kv = 0.5, h/IRTo = 10, Y = 1.6, g;, = !J;. = ffn. 

must be compared with a large residual viscous and 
heat transfer damping. If the liquid fraction had been 
low enough to shift the maximum response frequency 
for phase exchange damping to low frequencies, the 
effects would have been proportionately lower. (ii) 
The increase in latent heat parameter has some 
compensating properties. The damping effect in
creases with latent heat, but the actual mass exchange, 
which also contributes to the damping, decreases. 

Finally, Fig. 5 shows a case where small liquid 

fraction has effectively separated the phase exchange 
damping response from that due to momentum and 
heat transfer. Moreover, the mass fraction of vapor, 
K v, is small enough so that the phase exchange 
damping does not dominate completely as it did in 
Fig. 3. The parameters are in the appropriate general 
range for atmospheric fog. It demonstrates clearly the 
existence of two distinct absorbing bands in such an 
atmosphere. The broken line again indicates the effect 
of neglecting phase exchange in the calculations. 

0.25 r------------.-------------.------------.-------------, 

0.20 

0.15 

0.10 

0.05 

O~~------__ _L ____________ L_ __________ _L __________ ~ 

0.01 0.1 10 100 

FIG. 4. Effect of latent heat parameter upon phase-exchange acoustic damping. 
Kv = 0.5, Kp = 0.4, Y = 1.6,!T" = g;. = .9;;. 
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0.004 
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0.001 
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'I 
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/ 

O~----~~==~-----_ _L _______ ~ _____ ~ 

0.001 0.01 0.1 10 
WlV 

FIG. 5. Acoustic damping at very low liquid and vapor fractions. Broken line indicates 
damping without phase exchange, Kv = Kp = 0.01, hI! RTo = S.O,}, = 1.6, g; = !!l;. = .o/R. 

The effects of small mass fraction ofliquid upon the 
damping properties of fogs, that have been observed 
in the calculations, may be investigated analytically 
because the absorption peaks associated with phase 
change are remote from those resulting from other 
damping mechanisms. Then the frequencies we are 
investigating are so low that we may consider the 
viscous and heat-transfer processes nearly in equi
librium. This may be accomplished analytically by 
letting Tv> 'D ~ 0 in Eq. (7.14), the general acoustic 
relation. This yields the operator 

so that substitution of the pressure fluctuation accord
ing to (7.18), the value of the complex quantity K, 
satisfies the relationship. 

(7.23) 

where 

(7.24) 

Now for small values of liquid and vapor con
centration in an inert gas, Kp ~ 1 and '"'t' ~ 1, the 
situation in which we are interested at the moment, 
critical examination of Table 4 reveals that a;T and 
a;TD differ only in the order of these small quantities. 
Therefore, we may write the imaginary part of K, 
associated with the acoustic damping, as 

But utilizing the values of the appropriate constrained 
propagation speeds, it follows that 

2 2 
auT - avTD '" K ( _ 1)2 

2 =YvY( a 
(7.26) 

so that 

(7.27) 
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It is simple to show that this has a maximum at 
w = Qv, that is, w*, the frequency for maximum 
damping, is 

(7.28) 

under the same approximation regarding Kv and Kp. 

The value of the maximum damping coefficient is 
therefore 

(K2) Y 2 - = - Kv(1'/ - 1) . 
w .max 4 

(7.29) 

Equations (7.28) and (7.29) exhibit all of the im
portant characteristics concerning phase exchange 
damping shown in Figs. 3-5. In the first place, the 
frequency for maximum damping decreases pro
portionately to the liquid mass fraction Kp ' as in
dicated by Eq. (7.28). This is shown clearly by the 
calculations shown in Fig. 3. Moreover, the peak 
value of the damping does not vary with liquid mass 
fraction, and this also is reflected in Fig. 3 for the 
lower values of Kp. On the other hand, the general 
trend of increased damping with increased values of 
the latent heat parameter 1'/, indicated in Fig. 4, is 
suggested by Eq. (7.29). However, because the values 
of Kp and Kv are not really small for those particular 
calculations, the magnitude of the variation is not re
produced. Equation (7.29) predicts a rather strong 
increase of damping and latent heat for small mass 
fractions of liquid and vapor. Figure 5 shows well the 
effects of decreasing vapor concentration upon the 
peak damping, for the values of damping indicated 
in this curve are small compared to those shown in 
Fig. 3 and 4 in proportion to the value of K v, as 
indicated by Eq. (7.29). 

8. Concluding Remarks 

It has been the general aim of this paper to show 
the manner in which the physical process of phase 
transition may be incorporated into the general 
formulation of continuum mechanics. In the process 
of carrying out this demonstration, several areas of 
technological interest have been touched upon, and 
the manner in which the analysis is adapted to them 
is illustrated. Some of the restrictions placed upon 
the formulation were a matter of convenience and 
may be removed easily. The linear transfer laws such 
as Stokes flow, the constancy of gas properties and 
latent heat, the single droplet radius, and other 
such items may be removed through rather straight
forward extensions, but at the expense of much 
complexity and loss of clarity in the results. Other 

restrictIons have been imposed as a result of in
sufficient knowledge. Among the most serious of 
these are the break-up of droplets due to shear and 
acceleration, the division and agglomeration of 
droplets resulting from collisions, and some degree 
of uncertainty regarding the effects of mass-transfer 
rate upon the drag and heat-transfer laws. In some 
cases, such as strong shock waves or problems in
volving impingement upon surfaces, this lack of basic 
information severely limits the extension of the 
theory. This situation emphasizes the need for well
conceived, reliable experiments. Although they are 
difficult, the full technological understanding of two
phase flow requires this experimental background 
regardless of its difficulty. 
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Resume--Quelques problemes gilZeux dynamiques dans I'ecoulement des vapeurs en condensation. Le 
probleme generale de l'ecoulement d'une vapeur humide, avec ou sans un agent diluent inerte est formule 
en partant de la supposition que h phase liquide est finement divisee et dispersee dans tout Ie composant 
gazeux en gouttelettes dont les rayons sont presque constants dans to ute region locale. Les processus de 
transfert d'impulsion, transfert de chaleur entre les phases sont supposes avoir lieu conformement a la loi 
de Stokes et Ie nombre d'unite de Nusselt respectivement. Le processus de transfert de la masse est traite 
com me diffusion controlee en presence d'un agent diluent inerte et la cinetique est controlee I'espace de 
deux phases d'une substance pure. 

La comprehension physique de tels problemes, contrastant avec ceux de la dynamique conventionelle 
des gaz, repose largement sur la role joue par les temps de detente ou les longueurs d'equilibrage associees a 
ces trois processus. En consequence, les processus de detente aussi bien simples que couples sont examines 
avec un certain soin au moyen d'exemples specifiques. Ensuite, Ie probleme de l'ecoulement proche 
d'equilibre dans une tuyere avec un changement de phases est resolu au moyen de I'approximation par 
petites valeurs de glissement. 

La structure d 'un choc normal dans une substance pure est examinee et revele trois zones plutOt distinctes: 
Ie choc gazeux dynamique, la zone de detente de la vapeur, la zone d'equilibre thermique et de la vitesse. 
L'ecoulement regulier a trois dimensions du milieu de condensation a deux phases est formule conformee 
ment a la theorie des perturbations du premier degre et-Ia structure des ondes dans un ecoulement super
sonique d'une telle nature est examine. Finalement, l'attenuation du son dans les brouillards est formulee 
et resolue en tenant compte des importants effets du changement de phases ainsi que de l'amortissement 
visqueux et du transfert de chaleur qui ont ete compris dans les analyses precedentes. 

PeJo:\le-HeKOTopble ra30AHHaMH'IeCKHe PpOOJ1eMbIB fioToKe KOIIAencHpoBallllblx fiapoB. (I) cP0pMynH
pyeTC51 06ma51 np06neMa nOTOKa BnaH<HOrO napa C HHepTHbIM paa6aBI-ITeneM HnH 6ea Hero C npennonoH<e
HHeM. '-ITO H<HnKa51 cpaaa B KOHue nenHTC5I H pacceHBaeTC5! no BceMY ra3006pa3HOMY KOMnOHeHTY KanenbKaMH, 
panHYCbI KOTOPbIX nO'-ITH nOCT05lHHbl B mo60M MeCTHOM paHOHe. ,UonYCKaeTC5I, '-ITO npoueCCbl nepena'lH 
HMnynbcOB, Tennonepena'-Ia MeH<ny cpaaaMH. npOHCXOn5!T COOTBeTCTBeHHO 3aKOHY CTOKca H '-IHcny enHHCTBa 
HyccenbTa. npouecc nepena'-IH MaCCbl paCCMaTpHBaeTC5I, KaK nHcp<pyaH5!, ynpaBn5!eMa51 B npHCYTCTBHH 
HHepTHoro paa6aBHTen51 H KHHeTH'-IeCKH ynpaBn5leTC5I BcnenCTBHe nByX <paa '-IHCTOrO BemeCTBa. 

cPH3H'-IeCKOe nOHHMaHHe TaKHX np06neM, B npOTHBononomHOCTb ):lHHaMHK 06blKHoBeHHoro raaa. OCHOBbl
BaeTcR. rnaBHbIM 06paaOM, Ha ponl1 BpeMeHI1 penaKCaUlIl-l HnH nnHHbI YCTaHoBneHH5I paBHOBeeHR, CBRaaHHblX 
C 3THMH TpeM5I npoueccaMH. n03TOMY, KaK npOCTble, TaK H cnapeHHble npoueccbI penaKeaUHH ):lOBonbHO 
TmaTenbHO paCCMaTpHBaIOTC5I cneUH<pH'-IeCKHMH npHMepaMH. BnocnenCTBHH np06neMa nO'-ITH ypaBHoBeweH
Horo nOTOKa B conn," C H3MeHeHHeM cpaabl paapemaeTC5I B npH6nHmeHHH He60nbworo CKOnbH<eHH51. Ylccne
nyeTc5I CTpYKTypa HopManbHoro ynapa B '-IHCTOH cy6cTaHuHH H 06HapymHBaeTCfl TpH nOBonbHO paanH'-IHblX 
30Hbl: ra30nHHaMH'-IeCKHH ynap, aOHa penaKcauHH napa H 30Ha TepMH'-IeCKOrO ypaBHoBeWHBaHHfl H ypaBHo
BeWHBaHHR CKOpOCTH. cPopMynHpyeTc5I TpeXMepHblH YCTaHOBHBWHHC51 nOTOK nByxcpa3Horo KOHneHCHpOBaH
Horo KOHTHHYYMa no nepBoMy nOp51nHY TeopHH BoaMymeHH5I H HccnenyeTc5I CTpyHTypa BonH B TaHOM 
CBepX3BYHOBOM nOTOKe. HaKOHeu, <popMynHpyeTcR H paapewaeTCR nornomeHHe aBYHa B TYMaHe, Y'-IHTblBafl 
Ba}!{HbIH 3cpcpeHT HaMeHeHIHI cpa3bl TaK}!{e, HaK H BTlaKOe rnyweHHe H Tennonepena'-Ia, KOTopble BHnlO'-IeHbI B 
nblnymHe aHanH3bl. 


