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Efficient engineering of multi-atom entanglement through single-photon detections
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We propose an efficient scheme to engineer multi-atom en-
tanglement by detecting cavity decay through single-photon
detectors. In the special case of two atoms, this scheme is
much more efficient than previous probabilistic schemes, and
insensitive to randomness in the atom’s position. More gen-
erally, the scheme can be used to prepare arbitrary superposi-
tions of multi-atom Dicke states without the requirements of
high-efficiency detection and separate addressing of different
atoms.

PACS numbers: 03.67.-a, 42.50.-p, 42.50.Gy

There is a large current interest in generation and engi-
neering of quantum entanglement, with applications for
fundamental tests of quantum mechanics [1], for high-
precision measurements [2], and in particular, for imple-
mentation of quantum communication and computation
[3]. Although quantum entanglement is typically frag-
ile to practical noise and technical imperfections, there
exist elegant ways to overcome this sensitivity by design-
ing schemes with inherent robustness to diverse sources of
noise. Some schemes with this property have been known
for entangling two single atoms [4–9] as well as for en-
tangling macroscopic atomic ensembles [10,11]. In these
schemes, feedback is typically applied to the system of in-
terest based upon the outcome of certain measurements.
The protocols are thereby probabilistic, succeeding only
conditionally for particular measurement results. Imper-
fections and noise in these schemes decrease the success
probability, but have no influence on the fidelity of the
intended state generation for the “successful” subset of
trials. In this way, a high-fidelity entangled state can be
obtained simply by repeating the scheme successively.
Here, we propose a robust scheme to produce and en-

gineer entanglement between multiple atoms in optical
cavities. Compared with the previous robust schemes
[4–11], our protocol has the following favorable features.
(i) It is much more efficient in the sense that the suc-
cess probability can be close to unity, whereas in the
previous schemes [4,5,8–11], the success probability is re-
quired to be much smaller than 1 to have the property
of inherent robustness. (ii) It is more insensitive to cer-
tain practical sources of noise, such as randomness in the
atom’s position, atomic spontaneous emission, or detec-
tor inefficiency. (iii) Individual addressing of atoms is
not required [6], nor are single photon states as initial
resources [7].(iv) Most importantly, our scheme is not
limited to generation of two-atom entanglement. Indeed,
we show that based on current experimental technology,
it should be possible to generate any superposition of
the Dicke states [12] between multiple atoms in an opti-

cal cavity. These Dicke states and their superpositions,
including the multi-party GHZ states as special cases,
are typically highly entangled, and are useful for many
applications in quantum information science [2,13–15].
As the scheme here is inherently robust to noise, it

works in principle for entangling atoms (or ions) both in
free-space configurations and in high-Q cavities, albeit
in the free-space case one has a much smaller success
probability to collect the emitted photons. In this paper,
for a close relation with the current experimental efforts
[16–18], we assume that there is a standing-wave high-Q
cavity around the atoms [19,20] to improve the collection
efficiency.
To explain the scheme, let us start from the simplest

case with two atoms trapped in two different cavities.
The schematic setup is shown in Fig. 1A, with the rel-
evant atomic levels depicted in Fig. 1B. The states |g〉,
|0〉, |1〉 correspond to the hyperfine and the Zeeman sub-
levels of alkali atoms in the ground-state manifold, and
|e〉 corresponds to an excited state. The atom is initially
prepared in the state |g〉, but the basis-vectors of a qubit
are represented by the states |0〉 and |1〉. The transition
|g〉 → |e〉 is driven adiabatically through a classical laser
pulse with the corresponding Rabi frequency denoted by
Ω (t) [21]. With the driving pulse, the atom is trans-
ferred with probability pc ≃ 1 to the |0〉 and |1〉 states
by emitting a photon from the transitions |e〉 → |0〉 or
|e〉 → |1〉. Without loss of generality, we assume that the
transitions |e〉 → |0〉 and |e〉 → |1〉 are coupled to two
degenerate cavity modes ah and av with different polar-
izations h and v. The decay pulses from the two cavities
are interfered at a polarization beam splitter (PBS), with
the outputs detected by two single-photon detectors after
a 45o polarizer (denoted as P45 in Fig. 1A). The small
fraction of the transmitted classical pulse can be easily
filtered based on the frequency selection. For the decay
pulse from the R cavity, a polarization rotator R (π/2)
is inserted before the PBS which exchanges h and v po-
larizations of the incoming photon. Conditioned upon
registering one photon from each of the detectors, the
two atoms in the cavities L and R will be prepared into
the maximally entangled state

|ΨLR〉 = (|01〉LR + |10〉LR) /
√
2. (1)

To see this, we write down the interaction Hamiltonian
in the rotating frame, which, for each of the cavities, has
the form (setting h̄ = 1)

H = Ω(t) |e〉 〈g|+ g0 |e〉 〈0| ah + g1 |e〉 〈1|av +H.c., (2)
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where g0 and g1 are the corresponding coupling rates.
The cavity outputs aµout (µ = h, v) are connected with
the cavity modes aµ through the standard input-
output relations

.
a
µ
= −i [aµ, H ]− κaµ/2−√

κaµin (t) and
aµout (t) = aµin (t) +

√
κaµ [22], where κ is the cavity

decay rate, and aµin (t), with the commutation relation
[

aµin (t) , aµ†in (t′)
]

= δ (t− t′), denotes the vacuum cavity

input. We are interested in the limit for which the vari-
ation rate of Ω (t) is significantly smaller than the cavity
decay rate κ. In this limit, we can define an effective
single-mode bosonic operator aµeff from the cavity output

operator aµout (t) as aµeff =
∫ T

0
f (t) aµout (t) dt (see Refs.

[23,21]), where T is the pulse duration and f (t) is the
output pulse shape, which is determined by the shape of

Ω (t) as f (t) =
√
κ sin θ (t) exp

[

− (κ/2)
∫ t

0 sin
2 θ (τ) dτ

]

with sin θ (t) = Ω (t) /

√

|g0|2 + |g1|2 + |Ω (t)|2. After the
driving pulse, for each of the cavities λ (λ =L, R), the fi-
nal state between the atom and the corresponding cavity
output has the form

|Ψ〉λ = (g0 |0〉λ |h〉λ + g1 |1〉λ |v〉λ) /
√

|g0|2 + |g1|2, (3)

where |µ〉 = aµ†eff |vac〉, (µ = h, v), and |vac〉 denotes the
vacuum state of the optical modes.
If the driving pulses have the same shape Ω (t) for the

L and R cavities, the output single-photon pulses from
the two cavities will also have the same shape f (t), and
they will interfere with high visibility at the polariza-
tion beam splitter (PBS). If one gets a “click” from each
of the detectors at the outputs of the PBS, the two in-
coming photons can be either both in h polarizations or
both in v polarizations, and these two possibility ampli-
tudes are coherently superposed when the incoming pho-
ton pulses overlap with each other with the same shape.
Therefore, the measurement in Fig. 1A, together with
the polarization rotator R (π/2), corresponds to project-
ing the whole state |Ψ〉L ⊗ |Ψ〉R between the atoms and
the photons onto a subspace with the projection opera-
tor given by Ps = |hv〉LR 〈hv|+ |vh〉LR 〈vh|. Within this
measurement scheme, the state |Ψ〉L⊗|Ψ〉R is effectively
equivalent to the four-particle GHZ state

|Ψeff 〉 ∝ Ps |Ψ〉L ⊗ |Ψ〉R (4)

∝ (|01〉LR ⊗ |hv〉LR + |10〉LR ⊗ |vh〉LR) /
√
2.

The 45o polarizers in Fig. 1A project the photon po-
larizations to the (|h〉+ |v〉) /

√
2 state. It immediately

follows from Eq. (4) that after this measurement the two
atoms will be prepared in the maximally entangled state
(1). If one rotates the angles of the polarizers in Fig.
1A, corresponding a measurement of the incoming pho-
ton polarizations either in the {|h〉 , |v〉} basis or in the
{

(|h〉+ |v〉) /
√
2, (|h〉 − |v〉) /

√
2
}

bases, one can further
demonstrate four-particle GHZ-type of entanglement be-
tween the atoms and the photons as indicated by the

effective state (4) [24]. The 45o polarizer can also be re-
placed by a PBS with both of its outputs detected by
single-photon detectors. The measurement success prob-
ability is then increased by a factor of 2 for each side, and
the overall success probability of this scheme becomes

ps = 2 |g0g1|2 /
(

|g0|2 + |g1|2
)2

.

Before introducing the multi-atom entangling scheme,
we offer a few remarks about this two-cavity scheme.
First, it is evident that the scheme is inherently robust
to atomic spontaneous emission, output coupling ineffi-
ciency, and detector inefficiency, all of which contribute
to loss of photons. Since a “click” from each of the de-
tectors is never recorded if one photon is lost, these pro-
cesses simply decrease the success probability ps by a
factor of η2 (where 1− η denotes the loss for each of the
photons), but have no influence on the fidelity of the fi-
nal state |ΨLR〉. Second, our scheme does not require
localization of the atom in the cavity to the Lamb-Dick
limit. For the standing-wave cavity shown in Fig. 1A
and with the collinear pumping configuration proposed in
Ref. [21], Ω (t) , g0, and g1 depend on the atom’s position
through approximately the same cavity mode function.
The pulse shape f (t), which is determined by the ratios
Ω (t) /g0 and Ω (t) /g1, thus becomes basically indepen-
dent of the random variation in the atom’s position. For
a travelling-wave cavity or for a free-space configuration,
the atom’s position only affects the common phase of the
coupling rates g0 and g1, and in this case, a transverse
pumping configuration also suffices since the randomness
in the common phase of g0 and g1 has no influence on the
final entangled state |ΨLR〉. Finally, the success proba-
bility of our scheme is ps ∼ 1/2 in the ideal case with
g0 ∼ g1 and η ∼ 1, which shows that the present scheme
is significantly more efficient than the previous schemes
[4,5,8–11], where the success probability is required to be
much smaller than 1 even if η → 1.
We next extend our basic scheme to entangle multiple

atoms in the same optical cavity. The schematic setup
is shown by Fig. 2, with each of the Na atoms taken to
have the same level structure as depicted in Fig. 1B and
with the atoms not separately addressable [16–18]. The

initial state of the system has the form |G〉 = ⊗Na
i=1 |g〉i

with all the atoms prepared to the ancillary state |g〉.
The driving laser, incident from one side mirror, is now
divided into M sequential pulses, with M ≥ Na/2. We
assume that the intensity of the pulse is controlled so
that for each of the M pulses, an approximate fraction
1/M of the atomic population is transferred adiabatically
from the |g〉 state to the the |0〉 or |1〉 states, by emit-
ting on average Na/M photons with h or v polarizations.
The output photons from the cavity decay are split by
a PBS according to their polarizations, and then regis-
tered through two single photon detectors (called h and v
detectors, respectively). For each driving pulse, we may
or may not get a click from the h or v detectors, which
are assumed not to distinguish one or more photons. For
the whole M pulses, we can count the total number of

2



“clicks” (nh, nv) registered from the (h, v) detectors, re-
spectively. Of course, nh + nv ≤ Na since there are only
Na atoms. If it turns out that nh+nv = Na, the following
Dicke state results for the Na atoms:

|Na, nh〉 = c (nh)
(

s†0

)nh
(

s†1

)Na−nh

|G〉 . (5)

Here, the collective operators s†µ (µ = 0, 1) are defined

as s†µ =
∑Na

i=1 |µ〉i 〈g|, and the normalization coefficient

c (nh) = n−1
h (Na − nh)

−1
[Na!/(nh! (Na − nh)!)]

−1/2
if

nh 6= 0, Na (c (0) = c (Na) = 1/Na). Except the trivial
cases with nh = 0, Na, clearly the Dicke state |Na, nh〉
is entangled. The multi-atom Dicke states and the GHZ
states in general belong to different classes of entangled
states, and the Dicke states are relatively more robust to
the influence of noise [13]. The Dicke states have some in-
teresting applications in quantum information processing
and in high precision measurements [14,15].
To understand why a Dicke state results conditioned

upon the above type of measurement, we note that each
atom has an equal probability to emit a photon with
the same pulse shape for each driving pulse for the as-
sumed sequence of adiabatic passages. Hence, each driv-
ing pulse involves a collective excitation of the atoms to
the |0〉 or |1〉 levels with homogeneous superposition co-
efficients. For the subset of measurements for which we
register Na photoelectric events in total from the h and
v detectors for the whole M pulses, each “click” of the
detectors should correspond exactly to the emission of
one and only one photon by the atoms. This is the case
even if there are photon loss and detector inefficiencies,
because we post select only the trials with exactly Na

photoelectric events. Therefore, for each “click” regis-
tered from the h or v detectors for these trials, we should

apply correspondingly the collective operators s†0 or s†1 to
the atomic state. After registering nh h-polarized pho-
tons and (Na − nh) v-polarized photons, we get exactly
the state of Eq. (5). Similar to the two-cavity scheme,
this multi-atom entangling scheme is also robust to prac-
tical imperfections, such as a moderate randomness in
the atoms’ positions and various sources of photon loss.
Again, photon loss reduces the success probability in-
stead of the state fidelity.
To calculate the success probability of the multi-atom

entangling scheme, we note that the stepwise driving
method described above is actually equivalent to the
following one-step driving method: we transfer all the
atomic population to the |0〉 and |1〉 levels with a single
driving pulse, but both of the h and v polarized pho-
tons after the PBS need to be further split equally into
M paths through a series of beam splitters, with sep-
arate photoelectric detection for each path. The state
in Eq. (5) corresponds to the case when nh h-detectors
and (Na − nh) v-detectors register a photoelectric event.
When two or more photons go to the same path, the num-
ber of detector events is certainly less than Na. So, for
overall success with Na events, we require that each pho-

ton follows a distinct path, for which the success prob-

ability is given by psi = (2M)!/
[

(2M −Na)! (2M)
Na

]

(in total there are 2M paths. For simplicity, we have
assumed g0 ≈ g1 so that one has equal probability to
get h or v photons.) All photon loss processes simply
contribute to an under-count probability 1 − η for each
photon. Hence, the success probability to generate one
of the Dicke states of Eq. (5) is psucc = ηNapsi, while
the probability to obtain a specific Dicke state |Na, nh〉
is pnh

= psucc2
−NaNa!/ [nh! (Na − nh)!]. Excluding the

trivial cases with nh = 0, Na, we then find that the suc-
cess probability to obtain an entangled state from this
scheme is pen = psucc

(

1− 2−Na+1
)

, which tends to unity
in the case 2M >> Na if we neglect contributions from
photon loss (i.e., η → 1). This scheme could thus be
quite efficient. For instance, with η = 0.70 and M = 50
pulses, pen = 0.018 for Na = 10 atoms, so that repeat-
ing this scheme on average 1/pen ≈ 56 times leads to a
high-fidelity entangled state between 10 atoms. In cur-
rent experimental setups [16,17], the typical duration ∆t
of the adiabatic pulse is a few hundred nanoseconds, so
that the total duration (M/pen)∆t ≃ 10−3 s.
Finally, we would like to extend further the above

scheme to generate any superposition of the Dicke states
|Na, nh〉. For this purpose, we simply insert a polariza-
tion rotator R (θ, ϕ) before the PBS as shown in Fig. 2,
which transforms the photon polarizations according to
|h〉 → cos θ |h〉 + sin θeiϕ |v〉 and |v〉 → − sin θe−iϕ |h〉 +
cos θ |v〉. We assume that the parameters θ, ϕ can be
separately controlled for each driving pulse, and are de-
noted by θm, ϕm for the mth pulse. As before, we
consider only the subset of cases for which exactly Na

photoelectric events are registered from the whole M -
pulse sequence. If the h (or v) detector “clicks” for
the mth pulse with the control parameters θm, ϕm, the
corresponding atomic excitation operator Pm0 (or Pm1)
is expressed by the collective operators s†µ as Pmµ =

cos θms†µ − (−1)
µ
sin θmeiϕm(−1)µs†1−µ (µ = 0, 1). So, af-

ter Na registered events, the final atomic state has the

form |ΨF 〉 =
∏Na

i=1 Pmiµ |G〉, where mi (i = 1, 2, · · · , Na)
denote the set of driving pulses for which we register a
photon. Each operator Pmiµ introduces two real param-
eters θmi

, ϕmi
, so there are 2Na independently control-

lable real parameters in the state |ΨF 〉. The state |ΨF 〉
can be written in general in the form

|ΨF 〉 =
Na
∑

nh=0

b (nh) |Na, nh〉 , (6)

where the Dicke states |Na, nh〉 are defined by Eq. (5),
and the complex superposition coefficients b (nh) are
functions of θmi

, ϕmi
. Superpositions of the Dicke states

have 2Na degrees of freedom, which exactly equals to the
number of control parameters θmi

, ϕmi
.

Actually, we can prove that an arbitrary superposi-
tion of the Dicke states |Na, nh〉 (i.e., the state |ΨF 〉
with any coefficients b (nh)) is obtainable by choosing
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an appropriate set of control parameters θmi
, ϕmi

. For
the proof, we write the state (6) in the form |ΨF 〉 =

b (Na) c (Na)
∑Na

nh=0 b
′ (nh)

(

s†0

)nh
(

s†1

)Na−nh

|G〉,
where b′ (nh) = c (nh) b (nh) / [b (Na) c (Na)], and with-
out loss of generality we have assumed b (Na) 6= 0.
Each of the atomic excitation operators Pmiµ can be

expressed as Pmiµ ∝
(

s†0 − rmiµs
†
1

)

, where the com-

plex coefficient rmiµ, determined by the real parame-
ters θmi

, ϕmi
, is the relevant control parameter. To pre-

pare a desired state |ΨF 〉 with the superposition coef-
ficients b′ (nh), we need to choose the parameters rmiµ

to satisfy the algebraic equation
∏Na

i=1

(

s†0 − rmiµs
†
1

)

=

∑Na

nh=0 b
′ (nh)

(

s†0

)nh
(

s†1

)Na−nh

. It immediately follows

from this equation that the parameters rmiµ should be
the Na solutions of the Nath-order algebraic equation
∑Na

nh=0 b
′ (nh)x

nh = 0, where x denotes the variable. In
the complex domain, there always exist Na solutions to
the Nath-order algebraic equation, and the parameters
rmiµ are uniquely determined from these solutions if we
do not care about the order of the excitation operators
Pmiµ (note that they commute with each other).
This proves constructively that we can generate any

superposition of the Dicke states by choosing appropri-
ate parameters θmi

, ϕmi
. Of course, to prepare such a

superposition, the success probability of the scheme is
typically significantly smaller than that for preparation
of a Dicke state. However, for a few atoms, it is still
reasonable to employ this scheme to prepare arbitrary
superpositions of the states |Na, nh〉. Eq. (6) represents
the complete set of states in the symmetric subspace for
all the atoms, and is the largest set that can be prepared
without separate addressing of different atoms. The sym-
metric states |ΨF 〉 include many interesting states as
their special cases, such as the well-knownNa-party GHZ
state |ΨGHZ〉 = (|Na, 0〉+ |0, Na〉) /

√
2, which is simply

a superposition of two Dicke states.
In summary, we have presented a methodology for ef-

ficient engineering of multi-atom entanglement in opti-
cal cavities. Our schemes are inherently robust to many
sources of practical noise and technical imperfections,
and thus well fit the status of the current experimen-
tal technology. Our estimates suggest that it would be
reasonable to exploit these ideas to generate high-fidelity
entangled states for a sample of Na ∼ 10 atoms based on
current capabilities in cavity QED [16], which represents
a very exciting experimental possibility.
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FIG. 1. 1a. The schematic setup to generate entanglement
between two atoms in different cavities L and R. (2b). The
relevant atomic level structure and the laser configuration.
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FIG. 2. 1a. The schematic setup to generate entanglement
between multiple atoms in the same cavity. The polarization
rotator R (θ, ϕ) is only required for generation of superposi-
tions of the Dicke states.
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